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Au lecteur non-mathématicien

C’est a toi, lecteur curieux, qui a tourné la page des remerciements pour savoir ce qu’est une
«thése de mathématiques», et plus précisément cette these de «statistique», que ces deux pages
sont dédiées.

Cette thése s’inscrit dans le domaine de I'apprentissage statistique. Elle a pour objet principal
d’étudier une méthode statistique, le rééchantillonnage, ainsi qu'un probléme statistique, la sélec-
tion de modéles. Plus précisément, il s’agit d’étudier comment ’on peut utiliser cette méthode
pour résoudre au mieux ce probléme. Le restant de cette page a pour but d’expliquer ces trois
termes de maniére simple.

La statistique — d’aprés Littré — est la «science qui a pour but de faire connaitre ’étendue,
la population, les ressources agricoles et industrielles d’un Etat». En mathématique, le terme
«statistique» désigne un domaine dont l'objet est d’étudier les procédés d’inférence : étant données
des observations, que peut-on dire sur le processus qui les a générées?

Par exemple, supposons que I’on dispose de mesures d’un indicateur de pollution! en un point
de Paris a différents instants. Pour chaque mesure, on dispose d’indicateurs quantitatifs de dif-
ferents phénomenes susceptibles d’expliquer? le taux de pollution (par exemple, la température, la
pression, la vitesse du vent, la direction du vent, I'intensité du traffic automobile, I’ensoleillement,
etc. ; mais aussi les valeurs de ces mémes indicateurs et du taux de pollution au cours des jours
qui ont précédé la mesure). L’ensemble de ces données constitue un échantillon.

Un probléme statistique classique est alors celui de la prédiction : connaissant toutes ces
covariables (température, etc.), quel est le taux de pollution attendu? Ceci revét un intérét par-
ticulier si I'on & acces plus facilement aux covariables qu’au taux de pollution. Et si I'on dispose
de prévisions pour toutes les covariables, on pourra réellement prévoir le taux de pollution.

Pour résoudre un tel probléme, une idée naturelle est de fixer un modéle (i.e. un ensemble
de régles de prédiction, de «prédicteurs» ; chacun associe une valeur du taux de pollution & un
ensemble de covariables), puis d’«ajuster» le modéle aux données, i.e. déterminer le prédicteur
du modele qui se trompe le moins. Cependant, il existe de nombreuses maniéres de modéliser le
lien entre le taux de pollution et ses covariables, aucune® n’étant universellement «la meilleures.
Ainsi, un prédicteur issu d’un modele trés simple (e.g. n’utilisant qu’une ou deux covariables) ne
dépend que peu du bruit*, mais commet inévitablement des erreurs de par sa structure simpliste
(on parle de biais). A I'inverse, un modéle trés complexe (le cas extréme étant I’ensemble de toutes
les régles de prédiction imaginables), n’est en général que peu biaisé, mais le prédicteur qui en
résulte est beaucoup trop dépendant du bruit (on dit d’un tel modeéle qu’il a une forte variance).

Lje précise que je n’ai jamais travaillé sur I’exemple du taux de pollution dans cette thése.

21 ne s’agit pas ici de relation de cause & effet, mais simplement d’une «corrélation». Ce n’est que dans le cadre
d’une expérimentation scientifique qu’une étude statistique peut mettre en évidence la nature et la direction d’un
lien entre deux phénoménes.

3en se limitant & des modeles «suffisamment génériquesy.

Ye bruit modélisant les erreurs de mesures et des incertitudes lices a tous les parameétres non-observés.
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Déterminer le niveau de complexité adapté a ’échantillon est la problématique de la sélection
de modeéles. Si 'on dispose de peu de données trés bruité, le meilleur modéle est parmi les plus
simples; & l'inverse, avec beaucoup de données peu bruitées, il vaut mieux choisir un modéle
complexe. Dans les situations intermédiaires, il s’agit de réaliser un compromis entre le biais et
la variance. Ceci nécessite de quantifier précisément 1’écart qu’il y a entre la qualité d’ajustement
auz données (qui mesure l'erreur commise sur l’échantillon du prédicteur obtenu en utilisant ce
méme échantillon) et la qualité de généralisation (comment se comportera le prédicteur avec de
nouvelles données). Cette différence est alors d’autant plus grande qu’un modeéle est complexe.
On appelle pénalité toute estimation de cette quantité. Le principal objectif de cette thése est la
calibration précise de pénalités pour la prédiction.

Une méthode naturelle pour évaluer la qualité d’'un modéle pour la prédiction est de découper
I’échantillon en deux parties : on n’utilise que la premiére (échantillon d’entrainement) pour ajuster
le modeéle aux données. Avec la seconde partie (échantillon de validation), on peut alors évaluer
I’erreur commise sur de nouvelles données. Il s’agit bien 1a d’une erreur de prédiction et non d’une
simple qualité d’ajustement. Une telle méthode — appelée validation — peut étre utilisée pour
la sélection de modeéles. En général, il est préférable de répéter au moins une dizaine de fois cette
opération de découpage en deux sous-échantillons. On évalue alors plus précisément l'erreur de
prédiction. L’un des chapitres de cette thése étudie les propriétés théoriques de cette méthode,
trés couramment utilisée.

On peut également penser utiliser cette technique de sous-échantillonnage pour construire
une pénalité. L’idée est la suivante : la pénalité doit refléter I’écart qu’il y a entre I’échantil-
lon et la distribution de nouvelles données (par exemple, un nouvel échantillon indépendant du
précédent). D’une certaine maniére, c’est déja ce que fait la validation, en supprimant une par-
tie de ’échantillon pour I'ajustement (I’échantillon de validation), pour mieux l'utiliser ensuite
comme «nouvel échantillon». Le théme principal de cette thése est 'idée de rééchantillonnage, qui
généralise celle de sous-échantillonnage : au lieu de supprimer une partie de ’échantillon, on s’au-
torise notamment a donner un poids double ou triple a certaines observations et & en supprimer
d’autres. L’heuristique sous-jacente est alors que la distance entre échantillon et le rééchantillon®
est proportionnelle & la distance entre 1’échantillon et un nouveau jeu de données indépendant.

51’.6., ce «faux nouvel» échantillon.



Avertissement

La présente thése réunit des travaux sur le rééchantillonnage et/ou la sélection de modéles, du
point de vue non-asymptotique. Mise a part leur motivation commune, ces travaux ont des statuts
quelque peu hétérogénes, allant du travail en cours a l'article soumis ou publié. A I’exception du
Chap. 10, fruit d’une collaboration avec Gilles Blanchard et Etienne Roquain, tous les autres
chapitres sont issus d’un travail personnel (et original, sauf indication contraire explicite).

Chaque chapitre peut étre lu indépendamment des autres (ce qui est a l'origine de quelques
répétitions), a I'exception des chapitres 8 (qui est un appendice aux Chap. 5 & 7) et 11 (qui est
la conclusion de ce travail de thése). Nous avons cependant souligné les liens qui unissent ces
différents chapitres, en particulier en utilisant des notations consistantes (qui sont rassemblées
pour la plupart avant le Chap. 2, puis redéfinies dans chaque chapitre ou elles sont utilisées).
Cette thése est organisée comme suit :

— Le Chap. 1 est une présentation générale des connaissances actuelles

— Le Chap. 2 introduit et motive plus précisément les Chap. 3 & 9, qui visent tous & définir
des procédures de sélection de modéles optimales.

— Les Chap. 3 et 4 traitent de sélection de modéles par pénalisation, pas nécessairement par
rééchantillonnage.

— Dans les Chap. 5 & 9, nous considérons plusieurs procédures de choix de modeles par rééchan-
tillonnage : la validation croisée V-fold au Chap. 5, la pénalisation V-fold et par rééchantil-
lonnage aux Chap. 5 a 8, les complexités par rééchantillonnage globales au Chap. 9. Alors
que les Chap. 5 et 6 sont sur le point d’étre soumis, les trois derniers contiennent soit des
résultats complémentaires, soit des travaux encore a compléter.

— Le Chap. 10 traite également de rééchantillonnage, mais avec des objectifs différents, a
savoir les régions de confiances et les tests multiples. C’est une version enrichie d’un article
publi¢ [ABRO7|.

— Le Chap. 11 met en valeur les conclusions principales de ce travail, sous différents points de
vue. Il rassemble également quelques problémes ouverts qui mériteraient d’étre l'objet de
recherches théoriques futures.

A Texception du Chap. 1, 'ensemble de cette thése est rédigé en anglais. C’est pourquoi nous
avons fait précéder chaque chapitre d’un cours résumé en francais.

Notons également que les cadre de la régression sur de modeéles d’histogrammes est considéré
& plusieurs reprises, plusieurs preuves étant similaires et fondées sur les mémes outils techniques.
Bien que nous avons essayé¢ de rendre les chapitres aussi indépendants les uns des autres que
possible, il reste certains liens entre chapitres (limités aux outils probabilistes et a des résultats
techniques). Ils sont organisés de la facon suivante. Mises & part quelques preuves techniques
reportées au Chap. 8, le Chap. 5 peut étre lu isolément. Les Chap. 3 et 6 contiennent les preuves
complétes de leurs résultats principaux, mais les preuves de plusieurs résultats intermédiaires
renvoient aux Chap. 5 et 8.






Foreword

The present dissertation collects works on resampling and/or model selection, from the non-
asymptotical viewpoint. Apart from their common motivation, the status of these works are
somehow heterogeneous (published, to be submitted, or still in progress). Chap. 10 is a joint
work with Gilles Blanchard and Etienne Roquain, while all the other chapters are personal.

Each chapter can be read separately (this induces some redundancy), except Chap. 8 (which
is mainly an appendix to Chap. 5 to 7) and the conclusion (Chap. 11). However, we have put
a great attention on highlighting the links between chapters, in particular by using consistent
notations (which are summed up before Chap. 2, and redefined in each chapter). This thesis is
organized as follows:

e Chap. 1 is a general presentation (in french), of both the state-of-the art and the contri-
butions of this thesis.

e Chap. 2 motivates more precisely Chap. 3 to 9, which deal with optimal model selection.

e Chap. 3 and 4 are about model selection by penalization, not necessarily through resam-
pling.

e In Chap. 5 to 9, we consider several resampling model selection procedures: V-fold cross-
validation in Chap. 5, V-fold and resampling penalties in Chap. 5 to 8, global resampling
complexities in Chap. 9. While Chap. 5 and 6 are about to be submitted, the last three
ones contain either additional material or works in progress.

e Chap. 10 is still about resampling, but with different aims, i.e. confidence regions and
multiple testing. It is the long version of a published paper [ABROT].

e Chap. 11 highlights the main conclusions of this thesis, from several viewpoints. It also
collects some open problems, which may deserve further theoretical researches.

Notice also that we consider several times the regression histogram framework, making several
proofs similar and based upon the same technical tools. Although we have tried to make chapters
as independent as possible, we could not avoid some cross-references (limited to probabilistic tools
and technical results). They are organized as follows. Chap. 5 remains entirely self-contained (up
to some technical proofs reported to Chap. 8). Then, both Chap. 3 and 6 contain the entire proofs
of their main theorems, but several ingredients of these proofs can be found in Chap. 5 and 8.
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CHAPITRE 1

Introduction

La théorie, c’est quand on sait tout et que rien ne fonctionne. La pratique,
c’est quand tout fonctionne et que personne ne sait pourquoi. Ici, nous avons
réuni théorie et pratique : rien ne fonctionne. .. et personne ne sait pourquoi !

ALBERT EINSTEIN

Développer la théorie pour éclairer 1'utilisation pratique de procédures statistiques est 1'un
des principaux objectifs de cette thése. Il y a en effet un réel fossé entre utilisateurs et théoriciens
de la statistique, qui semblent parfois ne joindre leurs efforts que pour le creuser davantage. On
peut modérer le pessimisme de ce constat en raison du développement de la théorie statistique
de 'apprentissage depuis les années 1960. Celle-ci aborde en effet le probléme de I'inférence sans
modéliser excessivement les données (approche non-paramétrique), et sans supposer la taille de
I’échantillon trés grande (approche non-asymptotique). Cette derniére hypothése est en particulier
déraisonnable lorsque la dimension des données est supérieure & la taille de I’échantillon®, ce qui
arrive fréquemment en pratique (par exemple les données de puces & ADN). Il y a donc une certaine
convergence entre théorie et pratique sur ce qu’est une hypothése «raisonnable», de méme que sur
les objectifs & atteindre (prédiction, adaptation, identification, etc.). Toutefois, les points de vue
divergent sur ce qu’est une «bonney» facon d’atteindre I’'un de ces objectifs.

En pratique, une bonne méthode est simple a expliquer, peu cotliteuse en temps de calcul,
valide dans un cadre assez général, robuste?, stable® et retourne un résultat facilement utilisable’.
Les méthodes de rééchantillonnage telles que la validation croisée «V-fold» et le bootstrap sont
de bons candidats, trop mal connus encore en théorie non-asymptotique.

En général, pour un théoricien, une bonne méthode est avant tout simple & étudier, et se
place dans un cadre aussi abstrait que possible. Par exemple, la validation («hold-out») repose
sur un découpage en deux partie indépendantes de 1’échantillon, ce qui simplifie grandement les
preuves (et, en général, les rend tout simplement possibles). Mais, qu’on l'utilise telle quelle ou
avec une méthode d’agrégation, la validation se fonde sur des estimateurs construits avec une
partie des données seulement. A taille d’échantillon fixée, ses performances risquent donc d’étre
moins bonnes que celles d’une procédure fondée sur des estimateurs utilisant directement toutes
les données.

Cette thése se situe dans le cadre de la théorie statistique de ’apprentissage, en proposant
une étude non-paramétrique et non-asymptotique de diverses méthodes de rééchantillonnage.
L’un de nos principaux axes d’étude est la sélection de modéles, dont nous introduisons plus
particuliérement les enjeux au Chap. 2. Nous proposons tout d’abord une méthode pour calibrer
des pénalités & partir des données uniquement, en utilisant ’heuristique de pente (Chap. 3). Nous

1On parle alors de «fléau de la dimensiony.

2n’est pas trop perturbée par la présence d’une petite proportion de points aberrants.

3son résultat varie peu si une nouvelle donnée est ajoutée ou retirée. Voir a ce sujet Bousquet et Elisseeff [BEO02].
“une valeur prédite doit pouvoir étre calculée rapidement ; en identification, on veut pouvoir interpréter simplement
un résultat.
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prouvons en particulier qu’elle reste valide dans un cadre hétéroscédastique, ot de nombreuses
pénalités classiques (linéaires en la dimension) ne fonctionnent plus (Chap. 4). Il apparait donc
nécessaire de définir des pénalités de forme plus générale, & partir des données.

Nous définissons alors une famille de pénalités par rééchantillonnage (Chap. 5 a 8), dont nous
prouvons des qualités d’adaptation (notamment & la régularité en régression). Elles sont également
robustes & I’hétéroscédasticité du bruit, 14 ot les pénalité linéaires échouent. En comparaison
avec la validation croisée V-fold, elles sont plus flexibles, ce qui se traduit par de meilleures
performances, en particulier du point de vue non-asymptotique. Des éléments théoriques nous
encouragent a penser que les bonnes propriétés mises en évidence dans un cadre de régression sont
valables plus généralement, en particulier en classification (Chap. 7). Leur calibration devra alors
étre assurée par l'heuristique de pente, comme le souligne une étude théorique de la calibration
de certaines pénalités globales par rééchantillonnage en classification (Chap. 9).

Enfin, nous montrons comment il est possible d’utiliser le rééchantillonnage pour construire
des régions de confiance et des procédures de test multiple sur des données de grande dimension
(Chap. 10). Il apparait en particulier que le rééchantillonnage «apprend» implicitement les cor-
rélations entre les coordonnées, qui n’ont donc pas besoin d’étre modélisées ou supposées simples.
Ceci nous permet de résoudre des problémes qui se posent par exemple en imagerie cérébrale (voir
Sect. 1.4.2).

Loin de mettre un point final & toutes ces questions, cette thése se veut avant tout une
ouverture vers de nombreuses voies de recherche. Nous en esquissons quelques-unes au Chap. 11.

1.1. Rééchantillonnage

Rééchantillonner, c’est utiliser un jeu de données (1’échantillon) pour construire un ou plusieurs
nouveaux échantillons (les rééchantillons). Derriére une description aussi simple se cachent de
nombreuses méthodes statistiques :

— le sous-échantillonnage consiste dans la sélection (aléatoire ou non) d’une partie des données

initiales. C’est le cas du jackknife.

— le bootstrap (non-paramétrique) consiste dans la génération aléatoire un n-échantillon i.i.d.,
suivant la loi uniforme sur I’échantillon initialement observé. Autrement dit, on effectue n
tirages avec remise dans les observations.

Dans ces deux cas, on peut — entre autres — estimer le biais ou la variance d’un estimateur en
comparant le(s) rééchantillon(s) & I’échantillon initial, ou les rééchantillons entre eux.

Une autre méthode de rééchantillonnage est la validation (ou hold-out). Elle consiste & couper
(aléatoirement ou non) I’échantillon en deux parties®. C’est donc une forme de sous-échantillonnage
ou l'on utilise aussi les données «supprimées». Le premier sous-échantillon (échantillon d’entraine-
ment ou d’apprentissage) est utilisé par exemple pour construire un estimateur. Le second (échan-
tillon de validation) permet alors d’évaluer la qualité de cet estimateur. Lorsqu’un tel découpage
est répété, on parle de walidation croisée. Suivant les maniéres d’effectuer ces découpages, on
obtient par exemple le leave-one-out® ou la validation croisée par blocs («V-fold).

Il existe bien d’autres formes de rééchantillonnages, et leur utilisation ne se limite pas a
I’évaluation du biais et de la variance d’un estimateur. Nous ne verrons, dans cette introduction
puis dans le reste de cette these, qu’un mince aper¢u du vaste monde du rééchantillonnage en
statistique.

5dans les applications, lorsque I’échantillon de validation sert a sélectionner un estimateur parmi plusieurs choix, on
découpe souvent ’échantillon en trois parties : les deux premiéres sont ’échantillon d’entrainement et ’échantillon
de validation ; la troisiéme, dite échantillon test, sert a évaluer (sans biais) 'erreur de Pestimateur final.

6pechantillon de validation a alors un seul élément, et 'on décrit exhaustivement les n découpages possibles.



1.1. REECHANTILLONNAGE 17

échantillonnage

Monde réél : P §1.n — 5(51...71)
5
!
!
!
!
!
v _. rééchantillonnage « ~
Monde bootstrap : P §.n—=0 (&1.0)

Fia. 1.1. L’heuristique de rééchantillonnage, selon Efron [Efr79]|. Schéma inspiré
de la Fig. 1 de |[Efr03].

1.1.1. L’heuristique d’Efron. L’heuristique qui sous-tend la plupart des utilisations du
rééchantillonnage est le principe de «plug-in», décrit par Efron au sujet du bootstrap [Efr79,
Efr03]. Une autre description intuitive de cette heuristique se trouve dans l'introduction du livre
de Hall [Hal92|.

Considérons la situation suivante : n observations &1, ...,&, € Z ont été générées indépendam-
ment avec une méme loi P inconnue. On souhaite estimer un paramétre d’intérét 6 = ¢(P) (par
exemple la moyenne, la variance, un quantile; mais aussi des paramétres plus complexes telles
qu’une fonction de régression ou un prédicteur). Pour cela, on dispose d’un estimateur §(§1n)
La question qui se pose alors est : comment évaluer la qualité de cet estimateur? C’est-a-dire,
évaluer son biais, sa variance, construire un intervalle de confiance, ou — s’il s’agit d’un prédicteur
— déterminer son erreur de prédiction.

L’heuristique proposée par Efron est de construire un «monde bootstrap», miroir du «monde
réel» mais dans lequel aucune quantité n’est inconnue (voir Fig. 1.1). La loi inconnue P est rem-
placée par une estimation P. Le processus d’échantillonnage est remplacé par celui de rééchan-
tillonnage. Dans le cas du bootstrap, les processus d’échantillonnage et de rééchantillonnage sont
identiques (i.e. &7, ..., & sont i.i.d. de loi ]3) L’heuristique d’Efron se raméne donc a un principe
de «plug-in» : on remplace P par son estimateur ]3, les autres quantités en découlant selon des
processus inchangés.

La qualité d’un estimateur §(§1n) — de méme que de nombreuses autres quantités — s’écrit
sous la forme R(P, & ). Cette quantité est inaccessible car P est inconnue, mais son équivalent
dans le monde bootstrap R(ﬁ,g’fmn) ne dépend que des observations. On peut donc le calculer,
au besoin en faisant une approximation de type Monte-Carlo (voir Hall [Hal92], Appendice II et
Efron et Tibshirani [ET93|, Chap. 23). L’heuristique de rééchantillonnage se formalise donc ainsi
(L(X) désignant la loi de la variable aléatoire X) :

LR(P&a)) = L(R(P.&i )| €rn)

L’un des principaux attraits du rééchantillonnage réside dans sa simplicité et sa généralité.
En effet, la plupart des problémes statistiques (fréquentistes) ont pour origine le fait que la loi
qui a généré les observations est inconnue. En construisant un «monde bootstrap» oil toutes les
quantités sont accessibles (aux problémes de temps de calcul prés), on peut penser avoir trouvé
la solution & tous ces problémes. Il faut cependant garder & l’esprit que le rééchantillonnage a
ses limites. Contrairement a ce que sous-entend le terme de bootstrap,” le «monde bootstrap» ne

"En anglais, ’expression «to pull oneself up by one’s bootstraps» signifie «réussir uniquement par ses propres
efforts ou capacités». Son étymologie serait a trouver dans les aventures du baron de Miinchhausen (relatées en
1785 par Rudolph Erich Raspe, puis Gottfried August Biirger en 1786), lequel est censé étre sorti d’'un marécage
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contient pas plus d’informations qu’il n’y en a dans les données. De plus, on connait un certain
nombre de situations dans lesquelles le bootstrap doit étre modifié ou ne fonctionne pas du tout.
Nous aborderons cette question plus loin dans cette introduction.

Rééchantillonnage paramétrique ou non-paramétrigue. Dans ’heuristique de la Fig. 1.1, on
remplace la distribution P inconnue par un estimateur P. 1l y a deux catégories «classiques»
d’estimateurs P :

— dans un cadre non-paramétrique, on ne dispose d’aucune information a priori sur P. On

utilise alors la mesure empirique P=P,=n"! S Oe,. Il est également possible d’estimer
P al’aide d’une version régularisée de P,, on parle alors de «rééchantillonnage lisse»®.

— dans un cadre paramétrigue, on suppose que P appartient & une famille (Qq)aca de distri-
butions, avec A C R?%. Etant donné un estimateur @ du paramétre aq tel que P = Qa, (par
exemple l'estimateur du maximum de vraisemblance), on pose alors P= Qa-

Dans cette thése, nous nous plagons exclusivement dans un cadre non-paramétrique, et nous ne
considérerons que le cas ou pP= P,.

Différents types de rééchantillonnages. 1l existe une multitude de maniéres de rééchantillonner.
Outre les méthodes déja évoquées (jackknife, sous-échantillonnage, validation croisée, leave-one-
out, bootstrap), on peut ajouter :

— le «delete d-jackknife» (équivalent au «leave-p-out») est un cas particulier de sous-échantil-

lonnage : on supprime d = p < n données choisies uniformément.

— la validation croisée V-fold consiste & partitionner les observations en V' groupes. On en
choisit alors un aléatoirement uniformément® : c’est I’échantillon de validation. La réunion
des V — 1 groupes restants constitue ’échantillon d’entrainement.

— le bootstrap «m out of n» est similaire au bootstrap, avec des rééchantillons de taille m < n.

Nous nous sommes pour l'instant limités & des cas ou les rééchantillons peuvent s’écrire
&, ..., &y, pour un certain m € N\ {0} (éventuellement aléatoire). En général, on ne consid-
ére que des quantités (estimateurs, statistiques de tests, etc.) qui ne dépendent que de la mesure
empirique P, =n~ 13" | d,. On peut alors utiliser 'heuristique de la Fig. 1.1 en remplacant le
rééchantillon par une mesure de probabilité aléatoire P}, dont la loi conditionnellement & &;_,, est
connue. Dans les cas précédemment cités, cela revient & poser Py = m ™1 > Ogr-

En redéfinissant le rééchantillonnage ainsi, on augmente considérablement le nombre de fagons
de rééchantillonner. Mason et Newton [MIN92]| et Preestgaard et Wellner [PW93] ont notamment
introduit la notion de «bootstrap a poids échangeablesy, ou

1 n
P .= PV .= - Z Wide,
=1

ot il était embourbé uniquement en se tirant par les bottes, se propulsant ainsi dans les airs. Les «bootstraps» sont
les anneaux, en cuir ou en tissu, cousus sur le rebord des bottes et dans lesquels on passe les doigts pour s’aider a
les enfiler. Le terme de «bootstrap» est désormais utilisé dans de nombreux domaines, notamment en informatique
pour désigner le processus de démarrage d’un ordinateur.

8Dans le cas du bootstrap c’est le smooth bootstrap (Efron [Efr82], Silverman et Young [SY87], Hall, DiCiccio
et Romano [HDRS89]). Au sujet des avantages de celui-ci par rapport au bootstrap pour des problemes liés a
Pestimation de quantiles ou de densités, cf. Falk et Reiss [FR89], Hall et Martin [HM88, HM89)].

9Dans la validation croisée V-fold “classique” (en sélection de modéles), on parcourt exhaustivement les V' choix
possibles.
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avec W = (W1,...,W,) € R™ un vecteur de poids aléatoire, échangeable!® et indépendant de
&1..n- Notons que I'on ne suppose pas nécessairement que les W; sont entiers, ni méme positifs.
Par contre, il est en général préférable d’avoir E [W;] = 1. Parmi les poids classiques et/ou utilisés
dans cette these, on trouve!! :

~ Efron (m), m € N\ {0} : mn~1W suit une loi multinomiale de paramétres (m;n=',... n=1).
Lorsque m = n, c’est le bootstrap. Lorsque m < n, c’est le «m out of ny bootstrap.

— Random hold-out'? (q), g € {1,...,n —1} : W; = ng '1;cr avec I un sous-ensemble aléa-
toire de {1,...,n}, choisi uniformément parmi les parties de cardinal ¢. Mise & part la con-
trainte sur la loi de I, il s’agit de poids de sous-échantillonnage (subsampling), également
appelé «bootstrap without replacement». Lorsque ¢ = n — 1, on retrouve le leave-one-out.

— Bootstrap a poids i.i.d.** : W; = V;/V avec Vi,...,V, iid. strictement positives et V =
nt Yy Vi
Des choix classiques pour la distribution de V; sont la loi exponentielle de paramétre 1 (c’est
le bootstrap bayésien de Rubin [Rub81|) et la loi Gamma de parameétre 4 (Weng [Wen89]).

— Wild bootstrap : Wh,..., W, sont indépendants, de méme loi et vérifient E[W;] = 1,
E[(W; —1)?] = 1et E[(W;—1)*] =1 (Wu [Wu86], Liu [Liu88], Hérdle et Mammen
[HM93]).

~ Rademacher (p), p € (0,1) : pWy,...,pW, sont i.i.d., de loi Bernoulli de paramétre p. Le
nom Rademacher provient du cas p = 1/2 ou les poids sont (& translation prés) des variables
Rademacher i.i.d. A la normalisation de PV prés, il s’agit de poids de sous-échantillonnage.

— Poisson (u), >0 : pWi, ..., uW, sont i.i.d. de loi Poisson de parameétre .

On peut également considérer PV avec des poids non-échangeables, en s’inspirant de la vali-

dation ou de la validation croisée V-fold :

~ Hold-out (q) : I C {1,...,n} de cardinal q étant fixé, on pose W; = nqg 1 1;¢;.

— Validation croisée «V-foldy : (Bj)i<j<v étant une partition fixe de {1,...,n}, on définit
W; = %]li@;] avec J indépendant de &, et de loi uniforme dans {1,...,V }.

L’intérét de disposer de nombreuses maniéres de rééchantillonner est qu’on peut choisir celle

qui est la plus adaptée au probléme que l’on se pose (Barbe et Bertail [BB95|, Chap. 2).

1.1.2. Un peu d’histoire. Bien qu’il ait connu un essor sans précédent & partir des travaux
fondateurs d’Efron [Efr79, Efr82], le rééchantillonnage a des origines plus anciennes. Tout
d’abord, aux racines du bootstrap se trouve le jackknife, utilisé comme un moyen d’estimer le biais
(Quenouille [Que49]) ou la variance (Tukey [Tuk58]) d’un estimateur. On peut également citer
les tests par permutation, le sous-échantillonnage (voir notamment Hartigan [Har69, Har75]) et
la validation croisée (Allen [All74], [Sto74|) comme méthodes de rééchantillonnage antérieures
au bootstrap. D’autres références et d’autres travaux précurseurs ont également été recensés par
Hall [Hal03].

De nombreux travaux ont suivi les articles initiaux d’Efron, sur le bootstrap lui-méme, puis sur
d’autres formes de rééchantillonnage. Ainsi, Mason et Newton [MIN92] et Preestgaard et Wellner
[PW93| ont introduit le bootstrap & poids échangeables. Plus encore, le bootstrap a permis de

Oy e R™ est échangeable si et seulement si pour toute permutation o de {1,...,n}, W a la méme distribution
que (Woy(1), ..., Wo(ny ). Voir par exemple Aldous [Ald85].

HDans cette énumération, nous indiquons en premier ’appelation utilisée dans cette thése, qu’elle soit classique
ou non.

12que l’on peut traduire par «validation aléatoire», & rapprocher de la validation croisée.

13Cette dénomination est classique mais trompeuse, car les poids W; ne sont précisément pas i.i.d. car de somme
égale a un. On parle parfois aussi de “i.i.d. generated weights”. Faire attention & ne pas la confondre avec le
wild bootstrap ci-aprés. Notons toutefois que le wild bootstrap est souvent utilisé en imposant a posterior: la
normalisation ), W; = 1, auquel cas il reléve également du «Bootstrap & poids i.i.d.».
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porter un regard neuf sur l'idée ancienne de sous-échantillonnage, comme le montre le livre de
Politis, Romano et Wolf [PRW99|.

Aujourd’hui, on peut voir I'impact des méthodes de rééchantillonnage par une simple recherche
sur Google Scholar. On trouve 350 000 résultats pour «bootstrap», 130 000 pour «cross validation»
et 92000 pour «resampling».

1.1.3. Champs d’application. De par sa formulation simple et trés générale, le rééchan-
tillonnage (en particulier le bootstrap et la validation croisée) est désormais un outil statistique
utilisé dans un grand nombre de domaines. Les évoquer tous dépasserait largement le cadre de
cette introduction, nous nous limiterons a citer quelques exemples en relation avec le cadre de
cette thése. Nous renvoyons a Young [You94| et & [Cas03| pour un large éventail d’applications
du bootstrap. La validation croisée, quant a elle, s’applique au dela du monde de la statistique, en
particulier depuis I’essor du «machine learning» (voir par exemple Hastie, Tibshirani et Friedman
[HTFO01]).

A lorigine, l'objectif d’Efron se limitait 4 I’estimation du biais et de la variance d’un esti-
mateur, suivant en cela les travaux antérieurs sur le jackknife. Le bootstrap a ensuite été utilisé
fructueusement pour construire des intervalles de confiance (DiCiccio et Efron [DE96]), calculer
des p-valeurs pour des statistiques de test (voir notamment Boos [Boo03|, Beran |[Ber03] et
Ge, Dudoit et Speed [GDS03]), estimer une erreur de prédiction (Wu [Wu86]|, Efron et Tibshi-
rani [ET97] et Molinaro, Simon et Pfeiffer [MSPO5]), faire de la sélection de modeéles (Efron
|Efr83|, Shao [Sha96|), agréger des classifieurs (c’est le «bagging», contraction de «bootstrap
aggregatingy ; voir Bithlmann et Yu [BY02]), etc.

Notons que l'on peut utiliser d’autres types de rééchantillonnage, en particulier le sous-
échantillonnage, pour construire des intervalles de confiance ou des tests (Politis, Romano et
Wolf [PRW99|), et pour bien d’autres applications encore. La validation (croisée ou non) ne
s’applique donc pas que pour évaluer 'erreur de prédiction ou sélectionner des modéles.

1.1.4. Avantages et limites. Comme nous 'avons déja remarqué, le principal avantage du
rééchantillonnage est sa simplicité. Le bootstrap et la validation croisée peuvent étre décrits trés
intuitivement, et sont d’autant plus faciles & mettre en ceuvre aujourd’hui que les capacités de
calcul des ordinateurs ont trés significativement augmenté. C’est notamment pour cela que le
rééchantillonnage a de nombreux utilisateurs, bien au-deld du monde de la statistique.

Un deuxiéme point fort est qu’il n’est pas nécessaire de faire des hypotheéses fortes a prior: sur
la distribution des observations. Par exemple, on peut utiliser le rééchantillonnage pour construire
un intervalle de confiance sur une quantité qui est loin d’étre gaussienne, par exemple parce que
le nombre d’observations est insuffisant pour faire une telle approximation.

Enfin, utiliser plusieurs rééchantillons permet de «stabiliser» ou de «régulariser» un algo-
rithme. Ceci est particuliérement utile en classification, ott nombre d’algorithmes sont trés sen-
sibles & une perturbation par un petit nombre de données. Une partie des observations étant
absente dans chaque rééchantillon, on peut ainsi obtenir un algorithme dont la sortie varie treés
peu si l'on supprime un petit nombre de données. Citons ici les foréts aléatoires (notamment util-
isées pour stabiliser 'algorithme de classification CART, introduit par Breiman et al. [BFOS84])
et le bagging, entre autres algorithmes «stabilisateurs».

La simplicité du rééchantillonnage le rend cependant facile & utiliser abusivement. Tout
d’abord, rééchantillonner ne fournit pas de nouvelles observations, mais simplement plus d’infor-
mations sur les mémes observations. Cette constatation peut sembler évidente, mais elle implique
notamment une difficulté & estimer les queues de distributions lorsque celles-ci sont plus lourdes
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que gaussiennes (voir par exemple Hall [Hal90]). Cette difficulté peut notamment étre contournée
en remplacant le bootstrap d’Efron par le bootstrap «m out of n» pour un m < n bien choisi
(Bretagnolle [Bre83]).

De plus, dans sa formulation non-paramétrique'®, le rééchantillonnage (a poids échangeables)
donne le méme poids & toutes les données. Il est donc important que celles-ci soient échangeables.
Si ce n’est pas le cas, il faut alors faire trés attention a la maniére d’appliquer 'heuristique de
rééchantillonnage. Par exemple, dans le cadre de la régression sur un plan d’expérience (design)
fixe, les données sont de la forme (X1,Y7),...,(X,,Y,) avec X;_,, déterministes, Y; = s(X;) + ¢;
et les ¢; sont i.i.d. On est donc amené & rééchantillonner les résidus. L’idée est la suivante : on
estime les résidus €j,...,€, par €1,...,6, puis on «rééchantillonne»® (€),.,., en construisant
(€ )1<i<y- Enfin, on définit le rééchantillon (X;, s(X;)+€)1<i<n. Dans le cas hétéroscédastique, le
niveau de bruit ¢o; dépend de I'indice i et ce sont les €;/0; qui sont i.i.d., avec (0;);;<,, inconnu.
Le probléme devient alors encore plus délicat (Wu [Wu86]), et il devient nécessaire d’utiliser
le wild bootstrap. L’alternative «bootstrapping pairs»'® contre «bootstrapping residuals»'” est
également considérée a la Sect. 9.5 du livre d’Efron et Tibshirani [ET93).

Lorsque les données sont dépendantes, 'inconsistance du bootstrap a rapidement été prou-
vée (Singh [Sin&1]), mais une telle astuce ne peut plus étre appliquée. Le cadre le plus étudié
jusqu’a présent est celui des séries temporelles (Politis [Pol03]), et en particulier les méthodes
de rééchantillonnage par blocs («block resamplingy, ou I'on ne rééchantillonne plus des données
individuelles, mais des groupes de données, a 'intérieur desquels la dépendance des observations
est conservée).

Notons également que le jackknife ne permet pas d’obtenir des intervalles de confiance satis-
faisants (ce en quoi il a trés vite été surpassé par le bootstrap). Pour le méme genre de raisons,
il est trés périlleux d’utiliser le leave-one-out (ou jackknife) en faisant une approximation Monte-
Carlo, ne serait-ce que parce que l'on n’utilise pas toutes les données séparément. Cela conduit
en général a perdre leffet stabilisateur du rééchantillonnage. On préfére alors utiliser la valida-
tion croisée V-fold (avec un V notamment adapté au temps de calcul disponible), ou bien faire
une approximation Monte-Carlo avec le bootstrap ou le bootstrap échangeable avec des poids
«Rademacher» ou «Random hold-outy» (définis Sect. 6.3.3).

Ceci n’est évidemment pas une liste exhaustive de limitations du rééchantillonnage. Pour le
cas du bootstrap, nous renvoyons en particulier & Mammen [Mam92| et & [Cas03].

1.1.5. Résultats théoriques. Tout comme pour ce qui concerne les applications, les études
théoriques sur le rééchantillonnage se sont multipliées depuis les travaux d’Efron. On peut citer
par exemple les livres d’Efron [Efr82|, Efron et Tibshirani [ET93]|, Hall [Hal92|, Shao et Tu
[ST95] (sur le bootstrap), Barbe et Bertail [BB95]| (sur le bootstrap a poids).

Pour la majorité des cas, on peut distinguer deux types de résultats : des calculs exacts (d’e-
spérance, de variance, de ’estimateur bootstrap, etc.) et des résultats asymptotiques (consistance,
théoréme central limite, etc.). Les premiers — quoi que trés instructifs sur les «bonnesy fagons
de rééchantillonner — sont souvent limités & des cas particuliers, et peu utilisables dans d’autres
cadres. C’est pourquoi nous n’en mentionnerons pas ici.

1 dans le cas paramétrique, tout dépend de I'estimateur .

eeci ne peut pas étre fait avec n’importe quel type de rééchantillonnage, car on a besoin d’un vrai rééchantillon

de taille n.
16psachantillonner les couples de données (X;,Y;).

Treéchantillonner les résidus.
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Résultats asymptotiques. L’essentiel des résultats en dimension 1 sur le bootstrap peuvent étre
trouvés dans le livre de Hall [Hal92]. Celui-ci, grace aux développements d’Edgeworth, met en év-
idence la propriété «stabilisatrice» du bootstrap. Dans diverses circonstances, en particulier pour
construire des intervalles de confiance, le bootstrap fournit ainsi des quantités asymptotiquement
correctes au second ordre. Des résultats similaires au sujet du bootstrap & poids échangeables
peuvent étre trouvés dans le livre de Barbe et Bertail [BB95|.

Une approche du bootstrap fondée sur les processus empiriques est a trouver dans les arti-
cles de Giné et Zinn [GZ90] puis Arcones et Giné [AG92|. Dans le cas du bootstrap a poids
échangeables, des énoncés similaires sont énoncés au Chap. 3.6 du livre de van der Vaart et Well-
ner [vdVW96| (voir aussi le cours de Saint-Flour de Giné [Gin97]). Ceux-ci se fondent sur les
résultats de Mason et Newton [MIN92]| (consistance), Praestgaard et Wellner [PW93] (normalité
asymptotique), Huskova et Janssen |[HJ93| (cas des U-statistiques), ou encore Hall et Mammen
[HM94]| (propriétés du second ordre).

La clé de votite de ces résultats est sans doute le «Conditional Multiplier Central Limit
Theoremy, que l'on trouve au Chap. 2.9 du livre de van der Vaart et Wellner [vdVW96]|. On en
déduit alors le résultat suivant (ot ’on a omis des conditions de mesurabilité sur F pour simplifier
I’énonce) :

THEOREME 1.1 (Théoréeme 3.6.13, van der Vaart et Wellner [vdVW96|). Soit F une classe
de Donsker de fonctions mesurables. Pour tout n € N, soit (Wy1,...,Wy.) un vecteur aléatoire
positif, échangeable, indépendant de &1, ,, tel que

n oo
Slelg HWn,l — W’“H2,1 < 00 avec W, =n"" ZWM et ||ZH2’1 = /0 VE(|Z] > t)dt
" i=1

n

n~ 2K | max !Wm —Wn@ ﬂ 0 et n_lz (Wm —Wn)2 ﬂ >0 .
=1

1<i<n

Alors, lorsque n tend vers linfini,

sup [Ew [h (@) | —E[h(cB)] LN

heBL1

n
avec @n = %;Wm (0g; — Ppn) = \/ﬁ(PXV —WnPn) ,

G étant un processus gaussien de moyenne nulle et de fonction de covariance cov(f,g) = P(fg) —
P(f)P(g) et BLy l’ensemble des fonctions 1-lipschitziennes et bornées par 1 (pour la norme ||-|| ).

Résultats non-asymptotiques. Si la théorie probabiliste asymptotique du bootstrap a poids
échangeables est assez bien documentée, ce n’est pas le cas de son pendant non-asymptotique.
Au sujet du sous-échantillonnage, on mentionnera les inégalités de concentration sur la somme de
Serfling [Ser74|. Dans le cadre de la sélection de modeéles, voir aussi Gyorfi et al. [ GKKWO02] et
van der Laan, Dudoit et Keles [vdLDKO04]|.

Pour ce qui est du bootstrap et du bootstrap a poids échangeables, plusieurs inégalités en
espérance sont disponibles. Lorsque les poids W; — 1 sont i.i.d. symétriques, on peut utiliser une
inégalité de symétrisation classique (voir par exemple Giné et Zinn [GZ84], ou le lemme 1 de
Fromont [Fro07]) :

LEMME 1.1 (Inégalité de symétrisation). Soit F une famille de fonctions et Wr, ..., W, une
suite de variables aléatoires i.i.d. L', symétriques (i.e. W1 —1 ~1—W;), indépendantes de & .
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Alors,
2
E [sup(P — P,)(f)| < =———=F [sup(P, — P,")(f)
feF " EWi =117 |jer " "
Lorsque les poids Wh,..., W, sont échangeables de somme constante égale a n, la méme

inégalité est prouvée par Fromont [Fro07], dans la preuve de sa Prop. 2. Mentionnons également
I'inégalité de Poissonisation de Le Cam, qui permet de relier le bootstrap au bootstrap a poids
Poisson (u) (avec p = 1), qui ont 'avantage d’étre indépendants.

LEMME 1.2 (Lemme de Poissonnisation de Le Cam). Soit N,, une variable de Poisson de
moyenne n, indépendante d’une suite (&)i>1 de v.a.i.i.d &1, de loi commune P. Alors, pour
toute classe de fonctions F,

<1 - 1) E [supi (f(&) — P(f))

fer 4

Par ailleurs, Fromont [Fro07| prouve plusieurs inégalités de concentration (Prop. 1 et 2)
fondées sur l'inégalité de McDiarmid [McD89| (rappelée avec la Prop. 8.7, Sect. 8.5), d’ou des

termes de reste en n~1/2 :

ProprosITION 1.3 (Fromont [Fro07], Prop. 1). Soit F une famille dénombrable de fonctions
= [0;1] et Wh,..., W, une suite de variables aléatoires i.i.d. L', symétriques (i.e. Wi — 1 ~
1 =W ), indépendantes de &1, Alors, pour tout x > 0, on a avec probabilité au moins 1 — e~

x
-1—3\/% .

La Prop. 2 de Fromont [Fro07| donne un résultat similaire lorsque les poids sont échangeables

x .

Sup(Pn_Pw‘z/V)(f)
feF

sup(P — P,)(f) <

R, "

de somme n. Mais la majorité des résultats non-asymptotiques concernent les poids Rademacher,
car ils correspondent aux complexités de Rademacher bien connues en théorie de 'apprentissage.
Voir par exemple la revue de Boucheron, Bousquet et Lugosi [BBLO5|.

1.2. Sélection de modéles

Apres I'idée de rééchantillonnage, le théme principal de cette thése est la sélection de modéles,
considérée d’un point de vue non-asymptotique. La principale référence de cette section est le cours
de Saint-Flour de Massart [Mas07]. Nous commencons par présenter le probléme de la prédiction,
dans lequel les travaux de cette thése s’inscrivent plus particuliérement (sans s’y restreindre). Nous
décrivons ensuite la problématique de la sélection de modéles, différentes stratégies pour ’aborder,
et quelques résultats théoriques sur ces stratégies.

1.2.1. Cadre de la prédiction. Le probléme de la prédiction s’inscrit dans la théorie statis-
tique de 'apprentissage (pendant statistique du «machine learning» ), qui a notamment été initiée
par les travaux de Vapnik [Vap82, Vap98|. On peut le décrire comme suit. On observe n réal-
isations indépendantes & = (X1,Y1),...& = (Xn, Yy) € E = X x ) d’une variable aléatoire!®
¢ € (X,Y) de loi inconnue P. Etant donnée une nouvelle réalisation &,11 = (Xni1, Yns1) de
(X,Y), indépendante des précédentes, on aimerait pouvoir prédire Y;,11 a 'aide de X, 1 (et des
n observations précédentes). Autrement dit, on cherche a construire un prédicteurt : X +— ). Typ-
iquement, X est beaucoup plus facilement observable qu’une quantité d’intérét Y, et un prédicteur
permet d’y accéder & moindre colit, ou méme de ’évaluer lorsque elle est inaccessible.

1813 notation & = (X;,Y;) indique que la prédiction s’inscrit dans le cadre présenté en Sect. 1.1. Dans la suite de
cette introduction, par souci de généralité, nous utiliserons la notation générale £; aussi souvent que possible.
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Pour mesurer la qualité d’un prédicteur, on a besoin d’une mesure de «distance» entre (X, 11)
et Y,,11. Notons S I’ensemble des prédicteurs. Etant donné un contraste v : S x (X x J) — RY,
la qualité d’un prédicteur ¢ est mesurée par son risque

P'Y(tv ) = IE(X,Y)NP [’7 (tv (Xv Y))] =K [’7 (tv (Xn+17Yn+1)) | t]

Dans la suite, on utilisera la notation fonctionnelle Q~(t) définie ci-dessus avec @Q = P pour
différentes mesures de probabilités @), et différents estimateurs ¢. En particulier, nous insistons ici
sur le fait que si ¢ est aléatoire (par exemple fonction de &;.,,), alors Py(t) est lui-méme aléatoire.
Implicitement, l'intégration n’est réalisée que relativement & la nouvelle observation §,41 (dans
le membre de droite de la définition du risque).

Le risque minimal n’étant pas nul en général, on préfére au risque la notion d’ezcés de risque

l(s,t) := Py(t) — inf {Py(u)} 20

Le prédicteur idéal s, lorsqu’il existe, est appelé prédicteur de Bayes, est celui qui minimise le
risque, c’est-a-dire
s € argmin { P~(t
gumin { P()}

Notons qu’il n’est pas nécessairement unique.

Exemples. Avant d’aller plus loin, nous présentons deux exemples, la régression et la classifi-
cation, dans lesquels se situent ’essentiel des résultats de cette thése.

EXEMPLE 1.1 (Régression). La variable d’intérét Y est un scalaire et prend des valeurs con-
tinues (7.e. ) est un intervalle de R). Par exemple, un indicateur du taux de pollution au centre
de Paris. La variable explicative X peut étre de nature assez générale, mais un cas typique est
X € X ¢ R% Autrement dit, on cherche a prédire Y a 'aide de d paramétres scalaires. Dans
I’exemple du taux de pollution, les coordonnées de X peuvent par exemple étre 'intensité du trafic
automobile en différents endroits, la vitesse du vent, la température, la pression atmosphérique,
etc.

Une autre maniére de formuler un probléme de régression est la suivante :

Y =n(X)+o(X)e avec n(X)=E[Y| X]

La fonction n : X +— Y est la fonction de régression, € est un terme de bruit (centré et de variance
1 conditionnellement & X, mais pas forcément indépendant de X), o : X — RT est le niveau de
bruit. Dans I’écriture ci-dessus, on a séparé o et € pour insister sur la possibilité d’avoir un niveau
de bruit variable. Nous nous placerons dans un tel cadre, dit hétéroscédastique, dans plusieurs
résultats de cette these.

Un contraste souvent utilisé en régression est le contraste des moindre carrés

2
vt (2,y) = (He) —y)
Celui-ci est naturel car le prédicteur de Bayes est alors la fonction de régression s = 1. En effet,
pour tout prédicteur t,

E(H(X) = Y)* = E (H(X) = n(X))* + 2E [(¢(X) = n(X)E[(n(X) = Y) | X]]+E(n(X) - Y)
—E(#(X) — (X))’ +E(n(X) = Y)’ Z E(n(X) - Y )?
Par conséquent, I’excés de risque des moindre carrés est le carré de la distance L? & s :

Us,t) =E | (1(X) - s(X))
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Notons que le probléme de régression décrit ici est aussi appelé régression sur un plan d’-
expérience (design) aléatoire, 'objectif étant de prédire Y, 1 avec X,y1 copie indépendante
de X;. On peut également considérer le cas du design fize, o X,41 est choisi uniformément
parmi X1,...,X,. Ceci revient & considérer que X1, ..., X, sont déterministes, €1,..., €, i.i.d. et
Y; = n(X;) + o(X;)e;. Pour la distinction entre ces deux cadres, on consultera I'introduction de
Breiman [Bre92|, ou encore Baraud [Bar00, Bar02].

EXEMPLE 1.2 (Classification binaire supervisée). En classification (supervisée!?), la variable
d’intérét Y est discréte, c’est-a-dire ) est fini. Autrement dit, & chaque variable X, on associe une
étiquette Y € ). Pour simplifier, nous nous concentrerons sur le cas de la classification binaire,
c’est-a~dire lorsque Y ne prend que deux valeurs : ) = {0,1}.

Ceci correspond & de nombreux problémes réels, par exemple :

— Aide au diagnostic médical : étant donnés les résultats (X) de différents examens, un patient
est-il malade ou sain (Y)? Et s’il est malade, quelle est sa maladie? En particulier, on
peut utiliser les données de puces & ADN pour répondre a ces questions (Tibshirani et al.
[THNCO3)).

— Bioinformatique : détection de génes dans une séquence ADN (X = {A,T,C,G }N), de sites
actifs dans une protéine (X = {acides aminés }"') ; catégorisation de protéines, etc.

— Reconnaissance et identification de caractéres manuscrits : X est une image en niveaux de
gris, i.e. X = [0,1]% ot K est le nombre de pixels. L’étiquette Y indique si X représente
ou non un caractére donné.

— Classification des e-mails entre spams et non-spams.

— Catégorisation de textes : Y indique alors si le texte X reléve ou non d’une thématique
donnée.

— Reconnaissance de paroles (X est une donnée sonore), de formes (X est une image digitale),
etc.

En général, I’ensemble X est complexe ou de grande dimension, si bien qu’il n’est pas envisageable
d’estimer directement la fonction de régression n(X) =P (Y =1| X ). La «simplicité» de ) en
classification est ainsi compensée par la grande complexité de X'

Il existe différents contrastes classiques en classification. Nous ne considérons ici que le con-

traste 0-1, i.e.

v (tv ($7y)) = ]lt(w)yéy )
qui coincide avec le contraste des moindre carrés car on a choisi ) = {0,1}. Ainsi, le risque de ¢
est le nombre moyen d’erreurs commises par .

On peut alors exprimer le prédicteur de Bayes a ’aide de la fonction de régression :

Ve € X, s(z) = ]ln(x)zé .
En effet, pour tout prédicteur ¢,
Py(t) = Py(s) + E [Lyx)zy — Lox)v |
= Py(s) + E [Lyx)s0)E [Lsx)=yex) = L=y zsx) | X1
= Py(s) + E [ Lyx)psx) 120(X) — 1]] > PA(s) ,

90n distingue trois types de classifications : supervisée (lorsque ’on observe 1’étiquette Y; pour toutes les données
X;), non-supervisée (lorsque l'étiquette Y; n’est jamais observée; on cherche alors uniquement & constituer des
groupes cohérents, c’est le clustering), et semi-supervisée (ou I'on n’observe ’étiquette Y; que pour une partie —
en général petite — des données). Dans cette thése, nous ne considérons que la classification supervisée.
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d’ou
I(s, ) = E[[t(X) — s(X)[|2n(X) —1]] . (1.1)
Notons que s n’est pas nécessairement unique, son risque ne dépendant pas des valeurs qu’il prend
sur {z € X t.q. n(z) = 3 }.
Au sujet de la classification, on consultera notamment la revue de Boucheron, Bousquet et
Lugosi [BBLO5|.

N

Minimasation du risque empiriqgue. Pour construire un prédicteur & partir des données, une
méthode naturelle est de remplacer?® dans la définition de s la distribution P inconnue par la
distribution empirique

1 ¢ L . J1g
P, = " ;5& , soit Ss € argrtrélanfy(t, )= arg min | — ;’y(t,ﬁi)
1= 1=

Remarquons que 1’on a remplacé ici I’ensemble S de tous les prédicteurs par un sous-ensemble S
arbitraire (appelé modéle). En effet, en conservant la minimisation sur S tout entier, le minimum
est atteint en toutes les fonctions qui valent Y; en chacun des X; (si les X; sont tous distincts),
si bien que s(z) n’est pas défini de maniére unique sur X\ {Xy,..., X, }. Le modeéle S = S ne
fournit donc pas de solution satisfaisante au probléme de prédiction.
Si s ¢S, on définit
55 € arg min P(t)

un minimiseur du risque dans S, auquel I'estimateur 55 se compare plus naturellement. En effet,
le risque de Sg est nécessairement supérieur a celui de sg, si bien qu’on peut le décomposer en la
somme de deux termes positifs :

I(s,55) = U(s,s5) + (Py(55) = Py(ss))

Le premier terme est appelé biais, il mesure la distance de s au modéle S. Le second terme est un
terme de variance, il quantifie la difficulté d’estimation de sg a 1’aide de I’échantillon (X;, Y;)1<i<n-
Nous revenons maintenant sur les deux exemples de la régression et de la classification.

ExEMPLE 1.3 (Régression, suite). En régression, on considére souvent des modeéles qui sont

des sous-espaces vectoriels?! de S. Des exemples classiques sont :

— lorsque X = [0,1]*, I’espace engendré par les premiers vecteurs d’une base de Fourier,
d’ondelettes, etc.

— lorsque X C R¥, I’espace engendré par les projections sur un sous-ensemble de coordonnées.
On essaie alors d’exprimer Y comme une combinaison linéaire d’une partie des variables
contenues dans X, c’est la sélection de variables.

— étant donnée une partition (I )y, de &, on appelle «<modeéle d’histogrammes associé a la
partition (/y)ycp» l'espace des fonctions & +— R constantes sur chacun des I. On dispose
alors d'une base (1,)aea, qui a avantage d’étre orthogonale dans L?(u) pour toute mesure
de probabilité p sur X'. Par conséquent, il est particuliérement simple d’exprimer sg et Sg
dans cette base :

SS:ZﬁA% avec O =E[Y ] X € I,]
AEA

200n peut donc considérer la minimisation du risque empirique comme une application de I’heuristique de rééchan-
tillonnage : si 'on note s = F(P), on a ss = F(P,).

2lce qui suppose implicitement que )V = R! pour un entier [ > 1; c’est le cas le plus courant, car on ne peut pas
déterminer le support de Y avec un nombre fini de données.
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- ~ ~ 1
S5 = Z Bl avec B = Z Yi
Nen Card {XZ S I)\} X.el

Card X; € I

en notant px:=P(I)) =P(X € 1) Pa = Po(I)) =

Dans la suite de cette thése, nous considérerons régulierement cet exemple, dans lequel les
calculs sont plus aisés.
Un modéle S étant fixé, il existe de nombreux résultats sur le minimiseur du risque empirique.
Voir par exemple le livre de Gyorfi, Kohler, Krzyzak et Walk [GKKWO02].

EXEMPLE 1.4 (Classification binaire, suite). En classification, les modeéles sont de la forme
{14 t.q. A € A} pour un certain ensemble A de parties de X'. Des exemples classiques d’ensembles
A sont les demi-espaces de X = RF, les parties convexes de X. Lorsque X = [0,1], on peut
également considérer les segmentations de X en k morceauz, c’est-a-dire

A= U [a2i+5,a21+1+5] t.q.O:a0<a1<---<akzlet€€{0,1}
0<i<(k—1—¢)/2
11 est délicat de définir une mesure de la complexité des modeéles en classification. Une premiére
mesure est la dimension de Vapnik-Cervonenkis [VC74|, qui se définit de la maniére suivante :

V:=sup{N €N t.q. mA(N):2N}<oo

avec ma(N) := sup {Card(ANC) tq. Ac A} .
CccXx,Card(C)=N
Son principal inconvénient est d’étre indépendante de la distribution, et donc souvent trop pes-
simiste. D’autres mesures ont été introduites depuis, en termes d’entropie (entropie métrique,
entropie a crochets, etc.; voir notamment Tsybakov [Tsy04]) ou de processus de Rademacher
(voir par exemple Koltchinskii [Kol01]|, Bartlett, Boucheron and Lugosi [BBLO02|, Bartlett et
Mendelson [BMO02]).

Comme en régression, de nombreux résultats existent sur le minimiseur du risque empirique
pour un modeéle donné. On consultera entre autres le livre de Lugosi [Lug02]|, et la revue de
Boucheron, Bousquet et Lugosi [BBLO5]| pour les contributions les plus récentes. En particulier,
on peut prouver dans différents cadres que le minimiseur du risque empirique a un risque optimal
(& constante prés), au sens du minimax, pour un choix adéquat de S (voir par exemple Massart
et Nédélec [MNO6]). C’est donc un bon candidat pour construire des procédures adaptatives.

Un cadre qui a recu une attention particuliére ces derniéres années est celui ol pour tout
prédicteur ¢, la variance du processus (¢, -)—7(s, -) peut étre majorée en fonction de son espérance,
i.e. de 'exces de risque [(s,t). Une telle inégalité, appelée condition de marge, a été introduite
par Mammen et Tsybakov [MT99] et peut s’écrire

varp (7(t,) = y(s,7)) < w (I(s,1))

pour une fonction w : (0,00) — (0,00), croissante, avec x — w(x)/x décroissante. Par exemple,
lorsque |2n(X) — 1| > h > 0 p.s., la condition de marge est satisfaite avec w(e) = h~2¢ (en
utilisant (1.1)). Sous des hypothéses moins restrictives, Tsybakov |Tsy04]| considére des fonctions
w de la forme w(e) = ce avec 6 € (0, 1].

Lorsqu’une telle condition est satisfaite, on peut prouver que le risque du minimiseur du
risque empirique décroit avec une vitesse rapide, i.e. plus rapide que la vitesse minimax globale
en n~ /2 (Massart et Nédélec [MINO6]; Tsybakov [Tsy04]). Une telle analyse repose sur l'idée
de localisation, qui tient compte du fait que la variance du processus 7y(¢,-) — y(s, ) est faible en
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— true function = X - sin(TTx)
oracle estimator : D =7

>0/_\

— true function = X - sin(Tx)
---- smallmodel : D=1
--- large model : D = 37

o 05 o o s T
X X
(a) A éviter : D =1et D =37 (b) Choix optimal : D =7

F1G. 1.2. Un échantillon de taille n = 200 avec s(z) = sin(nx) et o = 1 : différents
histogrammes réguliers pour estimer s.

t = S;,. On mesure alors la complexité du modeéle S a l'aide d’une majoration du type

Vi € 8, Y0 > 0 t.q. dm(0) < Vio?, Ak [ sup {(Po = P) (v(w) =1t} | < (o) ,
teS, varp[vy(u, ) —v(t, ) |<o?

ou ¢ est croissante, positive, avec x — ¢(x)/z décroissante (ce cadre, qui est celui de [MINO06], est

exposé plus en détails a la Sect. 7.2). La quantité importante est alors I'unique solution strictement

positive ¢* de I’équation \/ne? = ¢(w(e)). Massart et Nédélec [MINO6| ont ainsi montré que 1’on

peut majorer ’excés de risque du minimiseur du risque empirique sur S a ’aide de €* :

Va > 0, IP’(Z(S,?S) < 2l(s,S)+m:(e*)2> >1—e ",

pour une constante absolue x > 0.

1.2.2. Sélection de modéles.

Principe. D’apreés les résultats précédemment évoqués, le minimiseur du risque empirique est
un bon candidat pour ’adaptativité, a condition que I’on soit capable de choisir convenablement
le modéle S.

Par exemple, en régression, si I'on se limite aux modéles d’histogrammes réguliers (i.e. tels
que les éléments I de la partition sont tous de méme taille), la question du choix de modeles
revient & choisir le nombre D d’éléments de la partition. Ce choix est crucial. En effet, choisir
D =1 fournit un estimateur trés peu sensible aux erreurs de mesures, mais de trés faible qualité
dés lors que s est loin d’étre constant. Le défaut d’un tel modéle est son grand biais, mesuré par
I(s,S) = I(s,s5) (autrement dit, la distance de s & S). A I'inverse, en choisissant D de 1’ordre de
n, on obtient un estimateur trés sensible au bruit, et certainement trés mauvais (si le niveau de
bruit est non-nul) en prédiction, méme si s € Sp. Pour visualiser ce probléme, on a représenté les
minimiseurs du risque empirique sur des modéles d’histogrammes réguliers & la Figure 1.2. Les
choix extrémaux D =1 et D = 37 sont clairement & éviter, en comparaison avec le choix D =7
(appelé oracle, avec la terminologie détaillée ci-dessous).

On peut mettre en lumiere ce probléme en calculant 'espérance du risque de sg dans le cas
de la régression sur un design fixe (pour simplifier, mais le méme phénomeéne se produit lorsque
le design est aléatoire), avec le contraste des moindre carrés. En supposant le niveau de bruit o
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constant, et S un espace vectoriel de dimension D, on a
2
E[i(s,5s)] :l(s,S)—l—% . (1.2)
Le premier terme est le biais, le second terme est appelé variance. Il montre pourquoi choisir un
modéle de grande dimension fournit en général un mauvais prédicteur. En d’autres termes, choisir
un bon modéle S revient & trouver un bon compromis entre le biais et la variance.

Une description plus générale de la problématique de la sélection de modéles peut étre trouvée
dans le cours de Saint-Flour de Massart [Mas07]. En particulier, celle-ci ne se limite pas au cadre
de la prédiction, mais concerne aussi ’estimation de densité ou encore le probléme de l'identifi-
cation. Etant donnée une famille d’estimateurs®? (5,,,)mert, (ou de résultats d’algorithmes), la
question posée est celle du choix de m. On aimerait déterminer un bon modéle m & 1’aide des obser-
vations uniquement, c’est-a-dire construire un estimateur m(&;. ). Les 5, peuvent étre obtenus
en minimisant le risque empirique sur une famille de modeéles (S;,)men,,, mais la problématique
du choix de modéle ne se limite pas & ce cadre. Par exemple, en classification, on peut considérer
la famille (5j)g>1 la famille des estimateurs des k plus proches voisins (voir notamment Devroye
et Wagner [DW77, DWT8|), ou encore la famille des estimateurs par Support Vector Machines
(cf. Scholkopf et Smola [SS01|) avec différents noyaux (K, )menm,, . On consultera également le
Chap. 7 du livre de Hastie, Tibshirani et Friedman [HTFO01| & propos de la sélection de modéles
en apprentissage. Pour le cadre plus spécifique de la régression, voir le livre de Gyorfi, Kohler,
Krzyzak et Walk |GKKWO02].

Sélection de modéles idéale.
Prédiction. Une procédure idéale pour la prédiction serait celle qui choisirait [’oracle

e e mim (s
m* € arg min {1(s.5)}

Remarquons que loracle m* dépend de la vraie distribution P et des données. Ceci a deux
conséquences principales. D’une part, ’oracle est inaccessible en pratique, c’est le choix idéal que
I’on tente seulement d’approcher. D’autre part, l'oracle n’est pas forcément le «vrai» modeéle m, si
celui-ci existe. Par exemple, si s € S5 un modéle de grande dimension, avec une taille d’échantillon
n petite ou un niveau de bruit o élevé, m ne réalisera pas le compromis biais-variance & cause
de son terme de variance?3. Insistons également ici sur le fait qu’en prédiction, on ne suppose pas
que 'un des modéles est exact, c’est-a-dire que s € UmeMn Sm.-

Une procédure de sélection de modéles est donc bonne lorsqu’elle a des performances compa-
rables a celles 'oracle. Pour valider théoriquement une procédure, on cherche donc a montrer :

— L’optimalité asymptotique de m :

P(infmeﬂlj?iﬁ(g,gm)} s 1) =1. (1.3)

C’est le critére asymptotique le plus classique.
— Une inégalité oracle (non-asymptotique) :

E[U(s,53)] <€ inf {E[l(s,5n) + R(m,m)]} . (14)

22 ;3 famille des indices M., peut dépendre de n en toute généralité. C’est une des principales motivations pour le
point de vue non-asymptotique que nous considérons ici.

23est pourquoi il ne faut pas surinterpréter le choix d’un modeéle m dans une procédure visant a une prédiction
optimale. C’est simplement un modéle qui utilise au mieux les données disponibles pour prédire de nouvelles
données.
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pour une constante C' > 1 (aussi proche de 1 que possible), et un terme de reste R(m,n) > 0
éventuellement aléatoire, dans la mesure du possible petit devant I(s,5,,). Notons qu’une
telle inégalité compare m au meilleur choix déterministe de m, si bien qu’on pourrait trouver
un cadre ou elle serait satisfaite avec C' < 1. C’est pourquoi nous préférons dans cette thése
I'inégalité oracle plus forte?* suivante, qui compare m a Poracle :

E[l(s,57)] < CE | inf {I(s,3,)+R(m,n)}| . (1.5)

Notons toutefois que (1.5) est plus rarement considérée que (1.4), principalement parce
qu’elle est plus difficile & démontrer.

— Une inégalité oracle «trajectorielles : avec grande probabilité (par exemple 1 — Ln~2, ot L
est une constante),

1(s,5m) < leer}\f/ln {U(s,5m) + R(m,n)} . (1.6)

La différence avec (1.5) est que nous comparons ici m & ’oracle sur un événement de grande
probabilité. C’est donc une version non-asymptotique de 'optimalité asymptotique (1.3).
Du point de vue de la prédiction, il est plus naturel de considérer (1.6), qui donne un
résultat pour presque tout jeu de données, plutét que (1.5) qui se limite & une comparaison
en moyenne®>. Remarquons également que (1.6) implique (1.5) lorsque la fonction de perte
I(s,t) est uniformément bornée par B < oo, au prix d’un terme de reste supplémentaire
BLn~? (qui majore simplement l'espérance de I(s, 35,) sur '’événement défavorable).
Adaptativité. L’adaptation est également une qualité recherchée pour un estimateur Sz obtenu
par choix de modeéles (voir par exemple Birgé et Massart [BM97]). De maniére générale, on
peut décrire 'objectif de I’adaptation comme suit. Supposons que la vraie distribution P € P =
Uaca Pa, le parametre inconnu o tel que P € Py, représentant une propriété de P (par exemple,
Pordre de la régularité holderienne de s en régression). On dit alors qu'un estimateur sz est
adaptatif au paramétre « s'il n’utilise pas la connaissance de «g tout en étant aussi bon (par
exemple en termes d’erreur de prédiction) que tout estimateur S,, qui utiliserait ay.
On peut notamment évaluer ’adaptativité d’un estimateur en comparant son risque E [I(s,57)]
avec le risque minimaz. Nous rappelons ici rapidement la définition de ce dernier. Etant donnée
une famille P de lois de probabilités, le risque minimax de la famille P est

Rminmax(P) :=inf sup E [i(s,5)]
s PeP

ou 'inf est pris sur tous les estimateurs. Le risque minimax mesure donc le pire cas sur la classe
P, si bien qu’un estimateur minimax?® pour une trés grande famille P n’est pas nécessairement un
bon estimateur en pratique. On dira donc d’un estimateur qu’il est adaptatif au sens du minimazx
si pour tout ag € A, pour toute vraie distribution P € Py,

E [l(s,§m)] < KRminmax (Pao)

pour une constante?” K > 0.

En classification, le risque minimax global (avec P la famille des lois de probabilité sur X' x

—1/2

telles que s € S un modeéle de dimension de Vapnik fini) décroit en n , alors qu’avec une

condition de marge supplémentaire sur les P € P, ce méme risque peut atteindre des vitesses

240n a en effet Pimplication (1.5) = (1.4), la réciproque étant fausse en général.

256t donc ne peut pas détecter une éventuelle sous-optimalité de im si celle-ci n’a lieu que pour des échantillons

tels que I(s, Sm*) est bien plus petite que son espérance.
26; ¢. un estimateur dont le risque est majoré par LRminmax(P) pour une constante numérique L.

27idéalement, une constante absolue ; en général, L dépend de ap, mais jamais de P ni de la taille n de I’échantillon.
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en n~“ avec a € (1/2;1] (Tsybakov |Tsy04|, Massart et Nédélec [MNO6]). C’est pourquoi 'on
parle de «vitesses rapides». Construire un estimateur s’adaptant a la condition de marge est un
probléme de recherche de grand intérét actuellement.

En régression, les quantités auxquelles on aimerait s’adapter son notamment la régularité de
la fonction de régression et le niveau de bruit o : X + [0,00). Ainsi, supposons que X = [0, 1]¥,
o est constante et s appartient & une boule de Holder d’ordre «, i.e.

s€Hla,R) :={f: X = Rt.q Ve, 20 € X, |f(x1)— f(z2)] < R||x1 —$2Hg‘o} .

Alors, le risque minimax est donné par (Stone [Sto80])

_da
Roninmax ({ P t.q. s € H(a, R) et 0 = 09 }) = L1 ()02 F Raatip~20/(2a+k)

pour une constante Lj(«) > 0. Par ailleurs, si k = 1 et o n’est plus constante mais réguliére, alors
Galtchouk et Pergamenschikov [GP05| ont montré que

e

R min max ({P t.q. s € H(e, R), o réguliere et |[of| 2oy < 00}) = LQ(O&)O’FRﬁn_Qa/(Qa—H)

pour une constante absolue La(a) > 0.
Identification. Déterminer le «vrai» modeéle peut également étre un objectif d’une procédure

de sélection de modeéles. On suppose alors que s € UmEMn S, et 'on note m¥

Hent 1€ «vrai modele,

C’est-a-dire le modeéle m le moins complexe?® tel que s € S),.

*

Dans ce cadre, 'objectif est de déterminer m tel que P(m = mfy,

) soit maximale. Le pendant
de 'optimalité asymptotique est alors la consistance :
-~ *
IPJ(’rn:Tn’ident) ml . (17)

Incompatibilité. Ces trois objectifs ne sont pas toujours compatibles. En effet, Yang [Yan05] a
montré qu’un estimateur ne peut pas étre simultanément asymptotiquement minimax (& constante
multiplicative prés) et consistant. Autrement dit, on ne peut pas utiliser les mémes méthodes
pour 'adaptation et 'identification. Le plus souvent, on prouve l’adaptativité d’une procédure
par le biais d’une inégalité-oracle (par exemple avec AIC ou le C), de Mallows), en prenant une
famille de modéles suffisamment riche. Dés lors, prédiction et identification sont incompatibles
pour de telles familles de modéles. Des résultats similaires peuvent également étre trouvés dans
[Shi86, FG94, LPO05].

Dans le cas de la sélection de modeles linéaires, Shao [Sha97| propose une classification
des principales méthodes de sélection de modeéles en trois classes. Ces méthodes fonctionnent
asymptotiquement ou non (au sens de (1.3) ou (1.7)), selon qu’il existe ou non des modéles corrects
de dimensions fixes. Notons toutefois qu’il existe des conditions dans lesquelles prédiction et
identification reviennent au méme (comme l'illustre la Prop. 1 de Shao [Sha97]). Il est également
possible, dans de nombreuses situations, de combiner les avantages de AIC et BIC (Yang [Yan03|,
van Erven, Griinwald et de Rooij [VEGdROT7]|, et les références citées par Yang [Yan05]).

Dans cette theése, nous nous focaliserons essentiellement sur les objectifs de prédiction et
d’adaptation, si bien que les procédures que nous établirons ne seront pas consistantes en termes
d’identification. Nous verrons cependant dans la sous-section suivante que les critéres de prédiction
(tel AIC) et d’identification (tel BIC) sont reliés, si bien que ’on peut penser modifier un critére
de prédiction pour obtenir un bon critére d’identification.

28Lorsque les modéles sont emboités, cette notion de complexité minimale ne pose pas de probléme. En général, il
se peut que mjy.,, Ne soit pas unique.
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M¢éthodes de choix de modéles. De méme que ’on a remplacé la vraie loi P par la loi empirique
P, pour définir I'estimateur de minimisation du risque empirique, on pourrait utiliser la méme
substitution pour choisir un modéle :

m € arg min { Py (5m)}

Le défaut de ce critére (appelé risque de resubstitution, ou erreur d’entrainement) est qu'’il sous-
estime fortement le risque. Par exemple, si S, minimise dans S,, le risque empirique, cela con-
duirait systématiquement a choisir le plus grand modeéle (celui qui explique le mieux les données,
et non celui qui les prédit le mieux). Plus généralement, l'utilisation des mémes données pour
construire 5, et mesurer son risque risque de conduire & une forte sous-estimation du risque.

Dans le cas de la régression homoscédastique sur un design fixe, on peut calculer ’espérance
de ce critére (en notant D,, la dimension du modéle S,, comme espace vectoriel) :
o’D,,

n

E[Poy (5m)] = Py (sm) —

Celui-ci sous-estime donc le biais du modele S,,, a fortiori le risque de ;.

(1.8)

Validation. Pour éviter les écueils de 'erreur de resubstitution, une idée naturelle est de ne
pas utiliser les méme données pour construire les estimateurs (8, ),,caq, €t pour évaluer leurs
risques. La maniére la plus simple d’utiliser ce principe est de découper les données en deux échan-
tillons. Avec le premier, appelé échantillon d’entrainement, on construit une famille d’estimateurs

<4e>

Sm ) (par exemple en minimisant le risque empirique sur l’échantillon d’entrainement).
me n

Avec le second (I'échantillon de validation), on choisit le modéle qui minimise I'estimateur naturel
du risque P,SU)V (’s(ni) ), ou P,SU) désigne la mesure empirique associée a I’échantillon de validation.
Ainsi, le modéle

i € arg min {Rng (:s\(ﬂ?) } (1.9)
)

est obtenu en minimisant un estimateur sans biais du risque de Sy, qui doit étre proche de celui
de 5,,.

Une telle méthode peut bien étre généralisée a des découpages aléatoires successifs (qui relévent
tous de 'idée de sous-échantillonnage, donc de rééchantillonnage). Nous reviendrons sur ces procé-
dures dans la Sect. 1.3.1.

Pénalisation. Une autre approche consiste & remarquer que lerreur de resubstitution P,y (S, )
ne sous-estime le risque qu’a cause d’un terme de complexité. Par exemple, en régression, ce biais
est de 'ordre de 20%°n~'D,,, ot D,, désigne la dimension du modéle m. On peut donc chercher
4 obtenir un estimateur sans biais du risque P~y (S,,) en ajoutant au risque empirique de S,
«pénalitéy :

m € arg min { P,y (5,)+ pen(m)}
meMy

ou pen : M +— R mesure la complexité du modéle m. Ce dernier terme, le plus souvent positif,
sert a pénaliser les grands modéles, qui s’adaptent «trop bien» aux données et sont donc inadaptés
a la généralisation. On parle alors de minimisation d’un critére empirique pénalisé, ou encore de
pénalisation.

Une telle procédure est également appelée minimisation du risque structurel par Vapnik
[Vap82|, la pénalité reflétant la structure du modeéle m (via sa complexité). Cependant, une
bonne pénalité doit également tenir compte des données (par exemple, en régression, a travers le
nombre d’observations n et le niveau de bruit o, étant donné (1.8)). En poussant ce raisonnement
jusqu’au bout, ceci & conduit ces derniéres années a 'introduction de pénalités aléatoires, calculée
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—

en fonction des données (et pas uniquement & travers un estimateur de la variance 02). Une bonne
partie des résultats de cette thése étant reliés & des méthodes de pénalisation, nous reviendrons
dessus plus en détails & la Sect. 1.2.3.

Agrégation. Une méthode concurrente de la sélection de modeéles est 1’agrégation, qui consiste
& définir un estimateur agrégé de la forme

gagreg = Z wm(&l...n)é\m )
meMy
les poids (wm ),,epq, ¢tant de somme 1 et déterminés & partir des données. Voir par exemple
Nemirovski [Nem0O|, et pour des résultats plus récents (notamment en classification, sous des
hypothéses de marge) la thése de Lecué [Lec07a].

L’inconvénient d’une telle méthode est qu’elle suppose généralement les estimateurs s, don-
nés, indépendants des observations &1, ,, si bien que les poids sont calculés avec des données
indépendantes des estimateurs (5, ),,c M, - En pratique, ceci peut étre fait en découpant préal-
ablement 1’échantillon en deux, la premiére moitié servant & construire les estimateurs, la seconde
moitié & les agréger. Autrement dit, il faut recourir & la validation («hold-outy), et il ne semble
pas évident de limiter 'influence du choix d’un découpage comme avec la validation croisée en
sélection de modéles.

Ainsi, 8'il peut étre préférable d’agréger plutot que de sélectionner un modéle (Lecué [Lec07b]),
ce n'est que lorsque la famille (5, ) est préalablement donnée. La nécessité de recourir a la val-
idation laisse ouverte la question du choix optimal du découpage (au moins du point de vue
pratique), et la comparaison avec une méthode de sélection de modeéles n’est pas aisée. En effet,

)

seulement n. données (la taille de I’échantillon d’entrainement), tout en supposant que n, (la taille

les résultats concernant l’agrégation comparent s,greg aul meilleur des fs\(ni , qui sont construits avec
de I’échantillon de validation) est assez grande (proportionnelle a n). Il est alors difficile de savoir
si une inégalité oracle avec constante 1 en agrégation est meilleure qu'une inégalité oracle avec
constante 1+ €, en sélection de modeéles, ot 'on se compare au meilleur des 5, (construits avec
n > n, données, donc plus performants).

Notons toutefois que 1’agrégation permet d’obtenir des procédures adaptatives & la condition
de marge en classification binaire (Lecué [Lec07a]), chose qui n’a pu étre prouvée pour une
procédure de choix de modeles que dans le cas du hold-out (Blanchard et Massart [BMO06d|).
Aux constantes multiplicatives prés, I'agrégation permet d’obtenir des procédures optimales dans
un tel cadre.

L’objectif principal de cette thése est précisément de décrire des procédures pour lesquelles
ces constantes multiplicatives sont proches de 1, au moins d’un point de vue pratique. Nous
ne nous contenterons donc pas de procédures de type validation, dont les faiblesses sont bien
connues des praticiens (en particulier la sensibilité au choix d’un découpage de 1’échantillon).
Nous ne reviendrons pas sur les méthodes d’agrégation dans la suite, mais nous soulignons ici que
la compréhension fine des méthodes de sous-échantillonnage devrait aider & élaborer des stratégies
de découpage d’échantillons dans les procédures d’agrégation.

1.2.3. Pénalisation. Rappelons que l'idée de la pénalisation est de choisir un modéle
m € arg min { P,y (S,)+ pen(m)} (1.10)
meM'n

ou pen : M — R est une «pénalité», en général positive, qui mesure la complexité du modele
m. Nous décrivons dans cette section la maniére dont pen doit étre choisie, et nous indiquons
quelques pénalités classiques. Ceci dépendant de l'objectif & atteindre, nous distinguons les cas
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de la prédiction et de l'identification (qui souffrent d’incompatibilités, comme nous I'avons déja
remarqué; cf. Shao [Sha97| et Yang [Yan05]).

Prédiction. En prédiction, le critére idéal (que l'oracle m* minimise) est Py (S, ). Il existe
donc une pénalité idéale, qui est la différence entre ce critére et ’erreur de resubstitution :
penyg(m) := Py (Sm) — Py (5m) - (1.11)
L’heuristique de Akaike et Mallows est qu'une bonne pénalité doit étre sans biais, i.e. telle
que
Vm e M, E [pen(m)] = E [penjy(m)]
Ceci a conduit notamment a l'introduction des critéres FPE?” (Akaike [Aka70]), AIC?® (Akaike
[Aka73]), SURE3! (Stein [Ste81]) et C,, de Mallows (Mallows [Mal73]). Ce dernier, dans le cas

de la régression homoscédastique sur un design fixe, est la somme du risque de resubstitution et

de la pénalité
202D,
penMallows(m) = n

La seconde égalité provient de la combinaison de (1.2) et (1.8). De tels critéres sont alors as-

— E [peny(m)] - (1.12)

ymptotiquement optimaux sous différentes hypothéses, comme cela a été prouvé successivement
par Shibata [Shi81|, Li [Li87| et Baraud [Bar00, Bar02|. On peut également considérer des
pénalités plus générales, de la forme )\n;}Dmnfl, ou ;5 est un estimateur de 0. Shao [Sha97]
les appelle GIC), 32 et montre que A, = 2 fonctionne (asymptotiquement) en prédiction, A, — 0o
fonctionne (asymptotiquement) en identification, et 2 < A\, < oo est un compromis entre ces
deux méthodes. Les pénalités AIC, C), et SURE peuvent également entrer dans le cadre général
des pénalités covariance (Efron |[Efr04]), qui estiment 2cov (g(5,,(X;)), Y;) pour une fonction g
dépendant du contraste utilisé pour mesurer le risque. Il est donc possible de les adapter a des
contrastes autre que celui des moindre carrés ou la log-vraisemblance.

Depuis la mise en évidence du phénomeéne de concentration de la mesure (voir notamment
Ledoux et Talagrand [LT91], Talagrand [Tal96| et Ledoux |[Led01]), une analyse non-asymptoti-
que des procédures de pénalisation a pu étre développée, en particulier avec les travaux de Massart
[MasO07]. Le point de départ en est le calcul suivant, qui utilise uniquement les définitions (1.10)
de m et (1.11) de pen;y. Pour tout modeéle m € M,,,

1(s,8m) = Poy (Sm) + penjg(m) — Py(s)

= P,y (57 ) + pen(m) + (penyg — pen) (M) — Py(s)
< Py (8m) + pen(m) + (pen;g — pen) (m) — Py(s)
= U(s,8m) + (pen — penyq ) (m) + (pen;q — pen) (M) ,
soit
I(s,57) + (pen —penyy ) (M) < mlenAfAn {1(s,8m) + (pen —penyq ) (m) } . (1.13)

Par conséquent, si pen > pen;q uniformément sur m € M,,, alors on a l'inégalité oracle

U(5,5) < _inf {1(s,3n) + (pen—pengg) (m) }
me n

29Final Prediction Error : erreur de prédiction finale.

30 Akaike Information Criterion : critére d’information d’Akaike.
31Stein’s Unbiased Risque Estimate : estimateur non biaisé du risque.
32Generalized Information Criterion.
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Ensuite, si la pénalité pen n’est pas beaucoup plus grande que pen,q, le terme de reste de cette
inégalité oracle est négligeable. L’intérét de ce calcul est de mettre en relief I'ordre des priorités
pour la calibration d’une pénalité :

(1) Ne pas sous-pénaliser : pen > pen;y uniformément en m € M,, (ou du moins pour les
modeles susceptibles d’étre sélectionnés).

(2) Dans le mesure du possible, ne pas trop sur-pénaliser : pen < (1 + €) pen;q avec € > 0
petit.
Une stratégie naturelle est donc de prendre un estimateur sans biais de pen;; comme pénalité,
et de montrer qu’il est proche de pen;y uniformément sur m € M,, & l'aide d’inégalités de
concentration. Ceci tend donc & justifier I’heuristique de Mallows dans un cadre assez général.

Cependant, la hiérarchie entre les inégalités pen > penyy et pen < (1 + €) pen;y indique les
limites d’une telle heuristique.

D’une part, lorsqu’il y a beaucoup de modéles®®, une comparaison uniforme de pen et peniy
est délicate. I devient alors en général nécessaire de prendre une pénalité telle que E [pen(m)] >
E [pen;q(m)], afin de compenser les fluctuations de pen — pen;q uniformément en m € M,,. En
régression, ceci a conduit & l'introduction de formes de pénalités plus générales que celle de
Mallows. On consultera a ce sujet les travaux de Baron, Birgé et Massart [BBM99|, Birgé et
Massart [BMO1] et Sauvé [Sau06]. Par exemple, lorsque la famille M,, contient (g) modéles de
dimension D, Baron, Birgé et Massart [BBM99| proposent d’utiliser une pénalité de la forme

pen(m) = Klf’” (1 + Ky log (Di>> : (1.14)

m

ou K et K9 sont des constantes absolues a déterminer. Les travaux de Birgé et Massart [BM06c¢]
ont montré que ce terme supplémentaire en log(n/D,,) est inévitable. Cette nécessité d’augmenter
la pénalité peut étre interprétée de la facon suivante. Tous les modeéles de méme dimension D
ont une complexité similaire, et doivent donc étre pénalisés de la méme maniére®*. En écrivant
pen(m) = pen(D,,), la procédure (1.11) revient donc & minimiser le risque empirique sur chaque
modeéle agrégé

Sp=J Sm = sp € argmin { Py(t) }
Dy=D teSp

puis pénaliser chaque modéle Sp en fonction de sa complexité. Lorsque le nombre de modeles
de dimension D est grand, la complexité de S p est clairement plus grande que celle de 'un des
modeles Sy, de dimension D. C’est pourquoi la pénalité (1.12) n’est plus suffisamment grande.
D’autre part, méme lorsque la famille m € M,, est de petite taille, il se peut qu'une pénalité
donne de moins bons résultats qu’une pénalité légérement plus grande (voir par exemple les
simulations des Sect. 5.4 et 6.5). Ceci provient du fait que les fluctuations de pen — pen;q peuvent
étre importantes lorsque n est petit et o grand, si bien qu’'une pénalité sans biais risque de choisir
un modéle de trop grande dimension avec une probabilité non négligeable. A notre connaissance,
un tel phénomeéne n’a jamais été étudié en profondeur, alors qu’il nous semble important d’en tenir
compte d’un point de vue non-asymptotique. Nous reviendrons sur cette question en conclusion.

Pénalités minimales et heuristique de pente. Récemment, Birgé et Massart [BM01, BMO06c|
se sont intéressés a la question de la calibration optimale d’une pénalité. Se placant dans le cas de
la régression sur un design fixe avec un bruit gaussien homoscédastique, ils montrent qu’il existe
une pénalité minimale pen,;, (m), satisfaisant les propriétés suivantes.

33par exemple, plus qu’'un nombre polynomial cn®, pour toutes constantes ¢, a > 0.
34Notons que ceci n’est pas valable en général dans un cadre hétéroscédastique, voir Chap. 4.
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(1) Si pen : M,, — [0,00) vérifie pen(m) < (1 — €) pen,,;,(m) pour tout modele m € M,
avec € > 0, alors le modeéle m défini par (1.10) est avec grande probabilité de «grande
dimensiony, et de risque bien plus grand que l'oracle, méme si la cible s appartient & un
modéle de petite dimension.

(2) Sipen(m) ~ 2pen,,;,(m) pour tout modele m € M,,, alors la procédure (1.10) satisfait
une inégalité oracle avec constante presque 1.

La conséquence du premier point est une illustration supplémentaire de la hiérarchie des inégalités
dans la comparaison entre pen et pen;y. Sous-pénaliser peut avoir des conséquences dramatiques,
alors que surpénaliser ne fait perdre qu’une constante multiplicative. En particulier, Birgé et Mas-
sart justifient la forme (1.14) de la pénalité lorsque la famille M,, est riche. D’autres minorations
de la pénalité dans le cas ou la variance o2 est inconnue ont été obtenus par Baraud, Giraud et
Huet [BGHOT].

Le second point (comparé au premier) a une conséquence encore bien plus intéressante pour
la calibration de pénalités a I’aide des données. Se fondant sur 1'heuristique de pente® selon

laquelle 2 pen,;, est une pénalité optimale, Birgé et Massart proposent 'algorithme suivant (on

min
s’est restreint ici au cadre ou la pénalité minimale est linéaire en D,, ; Birgé et Massart [BM06c¢]

proposent une forme de pénalité plus générale, mais toujours avec pen(m) = F(D,,)) :
(1) Calculer m(K) € arg ming,em, { Poy (Sm) + KDy, } pour tout K > 0.

(2) Déterminer Ky, = K telle que Dgy () est «grandey lorsque K < Kpin, et Dy () est
«raisonnable» lorsque K > Kin.
(3) Choisir i = (2K ).
Une telle méthode peut également étre appliquée lorsque la pénalité minimale est de la forme
(1.14). Lebarbier |Leb05] a ainsi pu l'utiliser avec succes en détection de rupture, afin de calibrer
les constantes K et K. Dans le cas ou la pénalité de Mallows (1.12) fonctionne, I’heuristique de
pente permet d’estimer la variance o2, & travers le choix de la constante K= ;Enfl.
Le résultat théorique a la base de cette heuristique est la proximité des deux quantités suiv-
antes :
pr(m) i= P (7 () =7 (sm)) = Pa (7 (3m) =7 (8m)) = pa(m) . (1.15)
Le terme de droite représente (en espérance) I’écart entre le biais Py (s,,) et 'erreur de resub-
stitution P,y (S, ). En pénalisant moins que py(m), on choisit m suivant un critére inférieur au
biais de S, (en espérance). Le modéle sélectionné a donc tendance a étre de grande dimension,
d’ott une explosion du risque. Le terme de gauche est 1’écart entre le critére idéal (le risque) et
le biais. La pénalité idéale (celle qui conduit & une sélection de modeéles optimale) est donc —
au moins en espérance — égale & p1(m) 4 pa(m). L’heuristique (1.15) implique donc I’heuristique
de pente pen,y,, = 2peny;,, quelle que soit la forme de la pénalité minimale. C’est ainsi qu’au
chapitre 3, nous avons étendu les résultats de Birgé et Massart dans un cadre hétéroscédastique,
ou la pénalité minimale ne dépend pas nécessairement de la dimension.

Prédiction en classification. Nous nous sommes pour l’instant concentrés sur le cas de la
régression, oul les méthodes de pénalisation sont plus simples & comprendre qu’en classification.
Dans ce dernier cadre, on distingue deux types de pénalités.

35Le nom de cette heuristique est lié au cas ou pen,; (m) est linéaire en la dimension D,,. La constant K obtenue
par l'algorithme de Birgé et Massart peut alors étre vue comme la valeur absolue de la pente de l'erreur de
resubstitution P,7 (Sm ), vue comme une fonction de D, qui est quasi-linéaire lorsque D, est grand.
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Les pénalités globales. sont des estimations de
penyq g (m) = sup {(P=Fo) (7 (1))} = (P = Pa) (7 (5m)) = penjg(m) -

Le terme «global» renvoie au fait que ’on considére un sup sur S, tout entier, sans chercher a
exploiter le fait que S, n’est pas situé n’importe ou dans S,,.

De fagon générale, lorsque pen(m) > penyq ,(m) pour tout modéle m € M, on peut montrer
(Massart [Mas07], Thm. 8.1) que la procédure de choix de modeéles qui en résulte satisfait une
inégalité oracle de la forme

K

E[l(s,87)] < mleI}\f/ln {i(s, sm) + pen(m) } + N

Lorsque S, est une classe de Vapnik de dimension V,,,, on peut par exemple prendre

pen(m) = K/ 2 |
n
pour une constante absolue K > 0, auquel cas on peut obtenir une procédure adaptative & V du
point de vue minimax global.
Ceci peut étre amélioré en utilisant des mesures de complexité prenant en compte 1’échan-
tillon &;. 5, par exemple l'entropie combinatoire de Sy, (voir Massart [Mas07], Sect. 8.2.1) ou
la complexité de Rademacher (introduite indépendamment par Koltchinskii [Kol01] et Bartlett,

Boucheron et Lugosi [BBL02])
€1n] )

ou €1, ..., €, sont des variables de Rademacher (valant +1 avec méme probabilité) indépendantes
entre elles, et indépendantes de &;._,. D’autres pénalités globales ont également été introduites,
notamment la complexité gaussienne, la contradiction maximale (ou maximal discrepancy, cf.
Bartlett et Mendelson [BMO02|), et les pénalités bootstrap globales (Fromont [Fro04]). Dans
la mesure ou celles-ci (de méme que les complexités de Rademacher) relévent d’une forme de
rééchantillonnage, nous reviendrons dessus en Sect. 1.3.2.

Notons que malgré le fait que ces pénalités globales prennent en compte les données, elles
ne permettent pas d’obtenir les vitesses de convergence rapides qui découlent de la condition de
marge. Il est pour cela nécessaire d’utiliser ’approche locale.

Une pénalité locale. cherche a l'inverse a approcher directement pen;q(m), en tenant compte
de la position de s, dans S,,. Jusqu’a présent, les pénalités locales en classification sont toutes
du type «complezités de Rademacher localesy (Bartlett, Mendelson et Philips [BMPO04]; Lugosi
et Wegkamp [LWO04]|; Bartlett, Bousquet et Mendelson [BBMO5]; Koltchinskii [Kol06]). En
général, elles estiment par rééchantillonnage (avec des poids Rademacher i.i.d.) une majoration

n

-ﬁn(m) = %E lsup 2617(t7§i)

de penyy qui tient compte de la localisation (cf. Sect. 1.3.2). Au Chap. 7, nous proposons et
étudions les propriétés de pénalités locales en classification, ne faisant pas intervenir de constantes
inconnues. Nous conjecturons que de telles pénalités induisent une procédure optimale en termes
de prédiction, qui serait donc adaptative & la condition de marge.

*

iden
tenant la cible s, la pénalité idéale n’est bien sir plus pen;y. En effet, I'objectif étant d’avoir
m = mfy,,. avec probabilité presque 1, une bonne pénalité doit empécher de sélectionner un mod-

¢le m’ de dimension Dpyx, 41 et contenant également s. Avec un critere de type C), I'espérance

Identification. Lorsque 'on utilise la pénalisation pour identifier le «vrai» modele m3,, . con-
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de la différence crit (m’) — crit (mf,,) est o?n~!, qui est de lordre des fluctuations de cette
méme différence.

En revanche, en utilisant une pénalité telle que BIC?® (Schwarz [Sch78]), qui s’écrit

2
pengyc(m) = 7111(”); Dom
en régression, on obtient une procédure d’identification consistante. Voir notamment & ce sujet
Shao [Sha97]|, Burnham et Anderson [BA02] ou encore Yang [Yan06| (et les références qu’ils
contiennent). Parmi les autres pénalités classiques pour l'identification, on peut notamment citer
MDL3" (Rissanen [Ris78]).

La construction de pénalités pour identifier le vrai modéle n’est pas le théme central de cette
theése, et le résultat d’incompatibilité de Yang [Yan05] montre qu’en visant a l’adaptation, on
obtient des procédures inconsistantes. En revanche, les pénalités BIC et et Mallows ne différant
que par un facteur In(n)/2, on peut raisonnablement penser qu'une méthode de pénalisation
fonctionnant dans le cadre de la prédiction peut étre modifiée pour identifier le vrai modeéle en
multipliant la pénalité par un facteur proportionnel a In(n). Une telle flexibilité n’est ici possible
qu’avec la formulation en termes de pénalités, alors qu’'une méthode directe de type validation
croisée ne permet pas une telle modification.

1.2.4. Contributions de la thése. Si cette thése est principalement consacrée a I’étude de
méthodes de rééchantillonnage, notamment en sélection de modéles, plusieurs résultats concernent
la sélection de modeéles de maniére plus générale. Ils sont développés dans les Chap. 3 et 4.

Heuristique de pente. Le premier résultat (Chap. 3) concerne ’heuristique de pente, énoncée
par Birgé et Massart [BMOG6c| sur la base de résultats limités au cas de la régression sur un
design fixe, avec un bruit homoscédastique. Nous nous placons dans le cadre de la régression avec
un design aléatoire et un bruit hétéroscédastique, et nous montrons que ’heuristique de pente
reste valide dans le cas de modeéles d’histogrammes. Ce résultat indique en particulier que cette
heuristique ne se restreint pas & des pénalités de la forme K D, ni méme & des fonctions de la
dimension D,,.

Plus précisément, nous définissons la «pénalité minimale» suivante :

Pelyin(m) = E [Py (7 (8m) — 7 (8m))]

Lorsque pen < (1 —€) pen,;, uniformément sur m € M,, la dimension sélectionnée est de l'ordre
de nln(n)~!, tandis qu’elle est inférieure & n'=7 avec n > 0 dés lors que pen > (1 + €) pen,,

(Thm. 3.2). Il y a donc un saut de dimension au voisinage de pen = pen De plus, un choix de

min-
pénalité pen &~ 2 pen,;, suffit pour obtenir une inégalité oracle (non-asymptotique) avec constante
presque 1 (Thm. 3.1).

Si l'on connait (ou si 'on a estimé) la forme peng(m) de la pénalité optimale & une con-
stante multiplicative pres, nos résultats suggeérent un algorithme pour choisir K de telle sorte
que pen(m) = K peng(m) fournisse une procédure de choix de modeéle optimale en prédiction

(algorithme 3.1) :
(1) Estimer la forme optimale de pénalité peny(m)

(2) Pour tout K > 0, calculer
m(K) € arg min { P,y (5m) + K peng(m) }
mEMn

36Bayesian Information Criterion.
37Minimum Description Length.
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(3) Trouver l?min > 0 correspondant au «saut de dimension»
(4) Choisir le modeéle m = m (2[?min>.

La seconde étape de cet algorithme peut étre réalisée en temps polynomial en Card(M,,) (voir
Sect. 3.4), si bien que cette méthode peut réellement étre utilisée en pratique.

Quant a ’estimation de la forme optimale de pénalité, les Chap. 5 & 8 nous suggérent d’utiliser
l'une des pénalités par rééchantillonnage (V-fold ou échangeable). En particulier, les théorémes 5.1
et 6.1 justifient leur usage dans le cas des histogrammes. Nous conjecturons que cela reste possible
dans un cadre bien plus général. Notons également que si ’on dispose d’un autre estimateur de
peng, ou d’informations spécifiques indiquant quelle doit étre la forme de la pénalité, les résultats
du Chapitre 3 restent applicables, quelle que soit cette forme de pénalité.

Limites des pénalités linéaires. Le second résultat (Chap. 4) souligne I'une des difficultés
induites par I’hétéroscédasticité du bruit. Nous montrons, en considérant un exemple particulier
(mais ou s et o ont des formes trés simples), qu'une pénalité linéaire en la dimension D,, ne
peut pas étre asymptotiquement optimale en termes de prédiction (Prop. 4.1). Ce résultat est fort,
puisqu’il concerne également les pénalités de la forme K (P, P)D,, qui utiliseraient les données
et leur vraie distribution P.

Une maniére d’éclairer les raisons de cette limite est de calculer explicitement ’espérance de
la pénalité idéale, dans le cas d’un modéle d’histogrammes (Sect. 4.2) :

E [penyq(m)] = % > @4 0u) (B[(0(X))?]| X € L] +E[(5(X) = 5u(X))*| X € 1])
AEA,

avec limy, .o 05, = 0. Celle-ci n’est donc pas linéaire en D,,, lorsque le bruit est hétéroscédastique,

ou lorsque la cible s est suffisamment irréguliére pour étre éloignée de son approximation s,, par

un histogramme (ce dernier terme n’apparaissant que parce que les X; sont aléatoires).

Les résultats du Chapitre 4 soulignent ainsi I'intérét d’avoir étendu ’heuristique de pente & des
formes de pénalités quelconques, au Chapitre 3. Ils montrent surtout le besoin réel de pénalités
capables de s’adapter & un bruit hétéroscédastique ou & l'aléa des X; avec s irréguliére. Une
solution possible a ce dernier point est apportée par les pénalités par rééchantillonnage (Chap. 5
a 8), en particulier & travers l'algorithme 11.1.

1.3. Sélection de modéles par rééchantillonnage

1.3.1. Validation croisée. Le principe de la sélection de modéles par validation — que
nous avons déja décrit, voir (1.9) — est le suivant. On découpe les données en un échantillon
d’entrainement (e) de taille n. et un échantillon de validation (v) de taille n,, puis 'on choisit

m € arg min {Pé”)'y (§(n§)) }

mEMn

Blanchard et Massart [BMO06d| (voir aussi Massart [Mas07], Sect. 8.5) ont montré assez sim-
plement que la validation permet d’obtenir 'adaptation a la condition de marge, fait qui est trés
délicat & prouver pour d’autres procédures. Ce résultat souligne 1’écart entre la théorie (qui ne
peut pas distinguer la validation de méthodes plus élaborées) et la pratique. En effet, la validation
est connue pour étre trés variable, car elle repose sur le choix arbitraire d'un découpage (qui n’a
pas de raison d’étre dés lors que les données sont échangeables).

Pour réduire cette variabilité, un méthode consiste a réaliser successivement plusieurs dé-
coupages. On parle alors de walidation croisée. Du point de vue théorique, il est alors beaucoup
plus difficile d’étudier les performances d’une telle procédure, puisque I'on n’a plus deux jeux de
données indépendants servant a deux taches entiérement distinctes.
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Nous décrivons dans cette section différentes stratégies relevant de ce méme principe. S’il y a
peu de résultats théoriques a leur sujet, en revanche de nombreuses comparaisons expérimentales
ont été réalisées. On consultera par exemple Efron [Efr83, Efr86|, Efron et Tibshirani [ET97],
Zhang [Zha93| et Molinaro, Simon et Pfeiffer [MSPO05|. L’'un des objectifs de cette thése est
d’améliorer la compréhension théorique de ces procédés.

Découpages exhaustifs. Dans sa version initiale, la validation croisée (Allen [All74], Stone
[Sto74], Geisser [Gei75]) ou leave-one-out est proche du jackknife. Elle consiste & retirer succes-
sivement chacune des données &;, et I'utiliser comme échantillon de validation, le reste des données
servant & l’entrainement :

1 — , , 1
~ ' 2 Z A=), ¢, ) ' Z £
Moo € arg min { n 2 y (sm 7:5@) } ou S, ’ € arg min y (t7fj)

My, t€Sm -1
me € n P
On peut ensuite généraliser au leave-p-out, aussi appelé «delete-p CV», de méme que le «delete-
p jackknifey généralise le jackknife :

1 c
e e arg min | L T P (309 (1.16)
meM,, (p) Ic{1,..,n},Card(I)=p ( )

ot P i= by Ser 0, et 31 € argminess, {Pyc)'y (t)}

Dans le cas de modeéles linéaires, Craven et Wahba [CW79] ont défini la walidation croisée
généralisée®®, qui est une version invariante par rotation de la validation croisée classique. En
réalité, malgré son nom, la validation croisée généralisée est plus proche des criteres C), et O, de
Mallows que de la validation croisée elle-méme (Efron [Efr86]).

Suivant la classification proposée par Shao [Sha97|, on peut distinguer trois types de com-
portements asymptotiques pour le leave-p-out en fonction de p :

— lorsque p < n, le leave-p-out est asymptotiquement optimal (en prédiction), mais inconsis-
tant pour l'identification. Lorsque p = 1, on trouve également ce résultat dans un article
de Li [Li87|, qui considére également la validation croisée généralisée ; les deux procédures
sont asymptotiquement équivalentes au critére C, de Mallows.

— lorsque p ~ An avec A € (0,1), le leave-p-out est asymptotiquement équivalent au critére
FPE,

o?D,,

n

critppg, = Py (Sm) + « avec  a=(2-N/1-X)>2,
o2 étant un estimateur du niveau de bruit (Zhang [Zha93|). Le leave-p-out surestime donc
Ierreur de prédiction, sans toutefois étre consistant pour l'identification. La raison en est
que l’estimateur leave-p-out estime le risque d’un estimateur construit avec n —p < n
données, qui est donc plus grand que celui d’un estimateur construit avec n données. En
estimation de densité, le résultat de van der Laan, Dudoit et Keles [vdLDKO04| indique le
méme comportement.

— Lorsque p ~ n et n —p — o0, le leave-p-out est consistant pour lidentification (Shao
[Sha93, Sha97]|).

Meéthodes moins cotiteuses. Lorsque le temps de calcul est pris en compte, il est rarement
possible de réaliser un leave-one-out exhaustif, et encore moins un leave-p-out avec p > 1. Plusieurs
autres méthodes ont alors été proposées, la premiére étant la validation croisée «V-fold» (Geisser

38Generalized cross-validation.



1.3. SELECTION DE MODELES PAR REECHANTILLONNAGE 41

[Gei75]). L’idée est de découper ’échantillon en V' blocs®?, et d’utiliser successivement chacun de
ces blocs comme échantillon de validation. Autrement dit, (B;)i<j<y étant une partition fixée de
{1,...,n}, on choisit le modele

v
myrcy € argmrél/i\l}ln %; PéBj)fy (§(m_9)> ou ) ¢ argfélsiﬂ {PTSBj )’y (t)}
Dans le cadre de I’estimation de densité, Celisse et Robin [CRO06]| ont montré que le choix arbitraire
d’une partition (Bj)i<j<v induit une variabilité supplémentaire par rapport au V-fold (lorsque
p=n/V), dont ils donnent une expression explicite.

Une telle procédure souffrant du méme défaut que le leave-p-out pour p ~ n/V, Burman
[Bur89, Bur90| a proposé une correction du biais de la validation croisée V-fold. Elle consiste a
remplacer le critére V-fold classique (noté critypcy) par

.
. . ~ 1 —j
criteorr. vrov (m) = critvrov(m) + Poy (8m) — v Z Pny (g(mj)) ;
=1

qui est asymptotiquement non biaisé¢ (& un terme d’ordre (V — 1)n~2 prés). Notons que cette
correction ressemble & une correction du biais par rééchantillonnage (cf. Hall [Hal92]|, Sect. 1.3
et 3.10).

Une autre approche est celle de méthodes d’apprentissage-test répéte*? (Breiman, Friedman,
Olshen et Stone [ BFOS84|). L’idée est d’utiliser (1.16) en ne considérant que B sous ensembles
I,...,Ip C {1,...,n} aléatoires indépendants, choisis uniformément parmi les sous-ensembles
de taille p. En d’autres termes, on utilise une approximation de type Monte-Carlo pour le proces-
sus de sous-échantillonnage. Dans le cas de la régression linéaire, Zhang [Zha93| montre que
cette méthode est asymptotiquement équivalente au leave-p-out, pourvu que B > n?. Enfin, de
méme que la validation croisée V-fold, cette méthode peut étre corrigée pour son biais (Burman
[Bur89|). Sous certaines hypothéses (Burman [Bur90]), elle fournit alors une bonne estimation
de l'erreur de prédiction pourvu que n/(pB) reste borné quand n — co.

Choixz de V', p, ny, etc. Une question importante reste celle du choix de la taille n, de I’échan-
tillon de validation (ou, de fagon équivalente, le choix de p ou de V).

Pour la prédiction, au vu de [Zha93, Sha97, vdLDKO04], il est nécessaire d’avoir n, < n.
pour obtenir 'optimalité asymptotique d’un estimateur par validation ou validation croisée, a
moins d’utiliser I'une des corrections proposées par Burman [Bur89] (mais pour lesquelles aucun
résultat en sélection de modéles n’a encore été prouvé, mis & part le Chap. 5 de cette thése).

Malgré cela, on reproche souvent au leave-one-out sa variabilité (Hastie, Tibshirani et Fried-
man [HTFO1]|, Sect. 7.10; voir aussi Breiman [Bre96]). En particulier, lorsqu’il est utilisé pour
évaluer l’erreur d’algorithmes instables (k plus proches voisins, CART, minimisation du risque 0-1
sur des modeles trés riches en classification, etc.; voir Breiman et Spector [BS92|), le leave-one-
out fournit un estimateur variable de ’erreur de prédiction. D’aprés Molinaro, Simon et Pfeiffer
[MSPO05|, un tel défaut disparait lorsque les algorithmes utilisés sont suffisamment stables. Pour
corriger la variabilité du leave-one-out, plusieurs méthodes fondées sur le bootstrap ont été pro-
posées par Efron [Efr83], auxquelles nous consacrons le paragraphe suivant.

Le choix de p repose donc sur un compromis entre le biais (qui est petit quand p est petit) et
la variabilité (qui semble plus grande lorsque p = 1). En estimation de densité, un calcul explicite

39de tailles comparables, et choisis aléatoirement pour éviter tout biais lié¢ & un ordre particulier des données.
40Repeated learning testing methods.
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permet a Celisse et Robin [CRO06| de définir un critére de choix de p, qui minimise la somme
d’un terme de biais et d’un terme de variance. Voir aussi le Chap. 9 du livre de Politis, Romano
et Wolf [PRW99] & ce sujet.

A Dinverse, pour l'identification, Shao [Sha93] a montré (dans un cadre de régression paramé-
trique) que la consistance du leave-p-out nécessitait p ~ n et n —p — oo. Autrement dit, il faut
prendre un échantillon d’entrainement de taille n. négligeable devant celle de ’échantillon de
validation, ce qui semble hautement contre-intuitif. Les simulations de Zhang |[Zha93] indiquent
le méme phénomeéne dans le cas V-fold, puisque le vrai modele est choisi plus souvent lorsque
V est petit. C’est ainsi que Dietterich [Die98| puis Alpaydin [Alp99] ont proposé d’utiliser une
version répétée de la validation croisée 2-fold pour identifier le meilleur de deux algorithmes. Ce
phénomene est appelé le paradoze de la validation croisée par Yang [Yan06, Yan07], qui I’étudie
en régression et en classification lorsqu’il n’y a que deux procédures & comparer. Il donne alors des
conditions suffisantes plus générales sur n. et n, pour que la validation (ou la validation croisée)
soit consistante. Lorsque les deux procédures ont une vitesse de convergence non-paramétrique, il
s’avere que les conditions énoncées par Shao ne sont plus toujours nécessaires, et ’on peut avoir
Ne > Ny.

Dans le cas de la validation croisée V-fold, une complication supplémentaire vient du fait que
V gouverne simultanément la taille de n,, = n/V, la variabilité de ’estimateur (lorsque V" est petit,
la variabilité diminue avec V' qui correspond au B des méthodes d’apprentissage-test répété; ce
n’est plus toujours le cas lorsque V' = n, ot ’on peut retrouver les défauts déja évoqués du leave-
one-out) et le temps de calcul. D’aprés les calculs asymptotiques de la variance de lestimateur
V-fold (corrigé ou non) de Burman [Bur89|, il faut cependant choisir V' aussi grand que possible,
du point de vue asymptotique. La valeur optimale de V' (si le temps de calcul ne pose pas de
probléme) doit donc tendre vers l'infini avec n, mais sans étre trop proche de n. L’estimation
précise de la variance du critere V-fold crityrpov est cependant délicate, Bengio et Grandvaler
[BG04] ayant montré qu’il n’en existe pas d’estimateur universellement non-biaisé.

D’un point de vue pratique, le temps de calcul doit rentrer en ligne de compte. Il semble que
bien des praticiens considérent «5 < V' < 10 est optimaly comme une régle quasi-universelle®!,
en particulier en classification ou le leave-one-out demande un temps de calcul plus important au
risque d’une plus grande variabilité.

Le bootstrap .632. De méme que I'on peut utiliser le bootstrap pour stabiliser un algorithme*?,
on peut 'utiliser pour diminuer la variabilité du leave-one-out en classification. C’est le leave-one-
out bootstrap, défini de la facon suivante. Pour tout ¢ € {1,...n}, en retirant la donnée i de

I’échantillon &7, ,,, on définit (Wj(i)> ~un vecteur de poids bootstrap indépendant de &;. , et on

J#i
W (3) le minimi du i .. b d Lesti 1
note spm, e minimiseur du risque empirique bootstrap correspondant. L’estimateur leave-one-out

bootstrap s’écrit alors

Critioe boot (172) 1= %zn:E [7 (/8\71/711/(@;&) ‘ fl...n}
i=1

41La recommandation V = 2 de Dietterich [Die98| n’a pas été suivie par les praticiens, car elle conduit & un choix
trop conservatif, son erreur de premiére espéce étant basse ('identification du meilleur de deux algorithmes est
en effet une procédure de test). Ainsi, elle ne permet que trop rarement de montrer la supériorité d’une nouvelle
procédure par rapport aux méthodes préexistantes...

“2en remplagant la sortie A(&1..,) par la moyenne des sorties A (& ,,) obtenues avec différents échantillons
bootstrap.
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C’est une version régularisée de 'estimateur leave-one-out
1 n
Critioo(m) := - Z;’Y (g(nﬁfz);&) ;
1=

puisque I'on a remplacé chaque terme par une moyenne sur les rééchantillons bootstrap de (&) .-
L’inconvénient du leave-one-out bootstrap est qu’il estime sans biais le risque d’un estimateur
construit avec environ (1 — e~!)n données en moyenne, donc critjoopoot () surestime le risque
P~ (Sy,). Efron [Efr83| a donc proposé 'estimateur .632 qui corrige ce biais en utilisant le fait
que l'erreur de resubstitution sous-estime le risque :

crit g32(m) = w critioo boot (M) + (1 — W) Pyy (5m) (1.17)

avec w = 1 — e~ ! ~ 0.632. Il apparait cependant que 'estimateur .632 sous-estime légérement
le risque. C’est pourquoi Efron et Tibshirani [ET97]| ont introduit l'estimateur .632+, qui a la
forme (1.17) avec w > .632 calculé & l'aide du «taux d’erreur non-informatif»*?. Le principal
inconvénient de ces deux estimateurs est, comme le reconnaissent Efron et Tibshirani, la faiblesse
des arguments théoriques qui sous-tendent leur construction. Des études de simulation montrent
en revanche la qualité des performances de l'estimateur .632+ dans différents cadres (Efron et
Tibshirani [ET97|, Molinaro, Simon et Pfeiffer [MISP05]).

1.3.2. Pénalités par rééchantillonnage. Notons que la distinction entre critéres pénalisés
et critéres non-pénalisés est un peu artificielle, puisque ’on peut toujours écrire

crit(m) = P,y (Sm ) + pen(m) avec pen(m) = crit(m) — P,y (5m)

4 avec la

Par exemple, les critéres .632 et .632+ peuvent étre vus comme des critéres pénalisés?
pénalité

pen gso(m) = w (critioo boot (M) — Py (Sm))
Le choix w > .632 du critére .632+ s’interpréte alors comme une forme de surpénalisation.

Dans le cas de critéres par rééchantillonnage, cette distinction peut étre fondée sur les quantités
que 'on cherche & estimer par rééchantillonnage. D’une part, les critéres de type «validation
croisée» de la Sect. 1.3.1 cherchent a estimer directement ’erreur de prédiction P~ (s, ). Utiliser
le bootstrap de cette maniére conduirait & minimiser le critére

Ew [Py (3h)]

mais celle-ci donne d’assez mauvais résultats d’aprés Efron [Efr83| (Sect. 8), qui les explique par
un fort biais.

D’autre part, les pénalités par rééchantillonnage cherchent & estimer la pénalité idéale (P —
P)7y (8m) (ou son espérance, ou son majorant penyq ;). Une quantité trés semblable®® est egale-
ment appelée «optimismey» par Efron [Efr83|. Cette seconde approche tient donc plus de 'idée
de rééchantillonnage itéré (Hall [Hal92], Sect. 1.4), qui permet de diminuer le biais d’un ordre de
grandeur.

Pénalités bootstrap. Efron |[Efr83| propose ainsi la pénalité bootstrap

penEfron(m) = Ew [Pn7 (gﬂVg) - P7¥V7 (gfrvrlz/)] 5

43} 0-information error rate. Voir la section 3 de [ET97] pour une définition précise de w.
4 est drailleurs de cette maniére que Vintroduit Efron [Efr83], Sect. 6.
PE [Py (8m)] = Puy (8m)
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qui a une faible variabilité, mais peut sous-estimer fortement la pénalité idéale. Le méme type
de pénalité a été proposée, lorsque le contraste est mesuré par la log-vraisemblance, par Ishig-
uro, Sakamoto et Kitagawa [ISK97|, qui 'appellent EIC (ce critére généralisant WIC proposé
précédemment par Ishiguro et Sakamoto [IS91]). Toujours avec la log-vraisemblance, pour la
sélection de modeles a espaces d’états, Cavanaugh et Shumway [CS97| ont proposé le critére
AICD suivant :
penyicy(m) = 2By [Po (v(50) — ¥(5m)) |

Il s’agit d'une estimation par rééchantillonnage de 2P (v (Sp) —v(Sm)), qui est proche de
pen;q(m) d’apres 'heuristique de pente (Birgé et Massart [BMO06c¢|). L’équivalence asymptotique
de AIC et des pénalités bootstrap, WIC, EIC et AICb a été prouvée par Shibata [Shi97|, dans
le cas de la log-vraisemblance. En particulier, toutes ces procédures sont alors asymptotiquement
optimales.

Pour corriger le biais de pengy,.,,, Efron [Efr83] a proposé une pénalité bootstrap double, qui
s’écrit

PeNgfron double(m) = penEfron(m) + corr(m) ,
ou corr(m) est une estimation bootstrap de penyy(m) — penggo,(m). Il s’agit ici de bootstrap
itéré proprement dit. Le principal inconvénient d’une telle méthode est évidemment le temps de
calcul, puisque pour chaque échantillon bootstrap simulé, il faut considérer B sous-échantillons
bootstrap, avec B aussi grand que possible.

D’autres pénalités bootstrap, de type «pénalité covariance», ont été proposées par Efron
|Efr04]. Celles-ci apparaissent comme des versions «stabilisées» du leave-one-out, ce qui propose
une nouvelle illustration de la variabilité de ce dernier.

Pour l'identification, Shao [Sha96| a montré que la pénalité bootstrap pengg,.,, est inconsis-
tante, dans le cadre de la régression avec un critére des moindre carrés. En revanche, si 'on utilise
le bootstrap «m out of n» avec n > m — oo, la méme pénalité se révele alors consistante pour
I'identification, résultat que 1’on peut rapprocher de celui sur le leave-p-out (Shao [Sha93|). Dans
le cadre de la sélection de variable (en régression sur un design fixe), on consultera également
Breiman [Bre92]|, qui définit une procédure appelée «little bootstrap».

Dans la mesure ou le jackknife est une approximation du bootstrap (Efron [Efr79]), on
peut également construire une pénalité jackknife, qui est alors une approximation quadratique
de pengg.o,- Efron [Efr83] la définit comme suit :

PeNjycicknife (M) 1= % zn: ['7 (g(n;i); €i) — Py (g(”;i) ”

Le critére qui en résulte est alors trés proche du critére leave-one-out classique.

L’un des principaux apports de cette thése consiste dans une étude non-asymptotique d’une
famille de pénalités qui généralise la pénalité bootstrap d’Efron. C’est l'objet des Chap. 5 & 8.
Nous décrivons ces pénalités et les résultats prouvés a leur sujet dans la sous-section suivante.

Classification. Dans le cadre de la classification binaire, les pénalités définies ci-dessus peuvent
bien évidemment étre utilisées. C’est d’ailleurs dans ce cadre qu’Efron les introduit [Efr83]. En
particulier, ’estimateur .632 a été construit pour résoudre le probléme de la variabilité du leave-
one-out (voir notamment Efron [Efr83|, remarque F).

11 est également possible de définir une pénalité bootstrap randomisée (Efron |[Efr83]), comme
suit. Au lieu de rééchantillonner & partir de I’échantillon (X1,Y7),...,(X,,Y,) avec des poids
uniformes, on rééchantillonne a partir de (X3,Y7), (X1,1 — Y1),...,(Xn, Ya), (Xpn,1 — Yy), en
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donnant un poids n~!7(X;, &1.,) < n~ta (X;,Y:), et un poids n (1 — 7(Xy,&1.,)) > 0 pour
(X;,1=Y;). On peut soit choisir des poids 7(X;,&1..,) = 0.9, soit les choisir & partir des données
(cf. [Efr83]).

D’autres pénalités par rééchantillonnage ont été introduites depuis la fin des années 90, dans le
cadre de la théorie de 'apprentissage statistique. Celles-ci ont notamment vocation a s’appliquer
au probléme de la classification binaire.

Ainsi, Koltchinskii [Kol01] et Bartlett, Boucheron, Lugosi [BBL02]| ont introduit indépen-
damment la pénalité de Rademacher globale

gln] )

avec €1,...,€, des variables de Rademacher (i.e. uniformes sur {—1,1}) i.i.d. indépendantes de

sup Y ey(t, &)

EN 1
penRadg(m) = R,(m) =—-E
tESm i=1

n

&1..n- Comme l’a remarqué Koltchinskii [Kol01], cette pénalité est un cas particulier de pénalité
par rééchantillonnage bootstrap a poids échangeables. Suivant cette remarque, Fromont [Fro03,
Fro07] a construit des pénalités bootstrap globales de la forme

61 | = Ew | sup (B~ B (1)}

tESm

1 n
Pelloor g (M) = —E [tseléi ; Zin(t,&)
avec Z; = 1—W,;. La deuxiéme formulation souligne que de telles pénalités ne sont rien d’autre que
des estimations par rééchantillonnage de la pénalité globale idéale pen;q ,(m). Fromont considére
deux cas :

- Z1,...,Zy sont ii.d. symétriques, indépendantes de &, (par exemple, des variables de
Rademacher)

- Z1,...,2Z, échangeables de somme p.s. égale & (. Par exemple, le bootstrap, ol les poids
W1, ..., W, sont multinomiaux.

Fromont [Fro03, Fro07| prouve alors des inégalités oracle non-asymptotiques pour les procédures
fondées sur de telles pénalités, qui généralisent les résultats précédemment prouvés sur les pénalités
de Rademacher globales. En particulier, ces pénalités sont adaptatives a la dimension de Vapnik
du point de vue minimax global.

La grande attention portée aux poids Rademacher plutdt qu’a des poids de rééchantillon-
nage plus généraux a pour cause la possibilité d’utiliser des outils de symeétrisation tels que le
Lemme 1.1. Les résultats de Fromont reposent sur une généralisation du Lemme 1.1 pour les deux
types de poids qu’elle consideére®. La constante 2 est alors remplacée par 1/E (Z;) 4

Les résultats théoriques ne justifient donc 'usage de telles pénalités que si on les multiplie par
ce facteur 1/E (Z1), > 1, alors que celui-ci semble inutile en pratique (Lozano [Loz00], Fromont
[Fro07|). Nous montrons au Chap. 9 que ce facteur est nécessaire du point de vue théorique, si bien
que la calibration de telles constantes peut poser probléme dans certains cas extrémes. Cependant,
les contre-exemples considérés au Chap. 9 laissent penser que ces limitations ne se produisent que
dans les cas «raisonnables». Un résultat théorique avec de bonnes constantes pourrait donc étre
prouvé, au prix de I’ajout d’hypothéses minimes (par exemple, le meilleur classifieur du modéle
n’est pas excessivement bon : Py (s,,) > n~1).

Approche locale. Cependant, comme ces pénalités globales estiment un majorant large de la
pénalité idéale, elles ne permettent pas d’obtenir I'adaptation dans un cadre ou une condition
de marge (décrite dans l'exemple 1.4) est vérifice. Pour tenir compte du fait que le minimiseur

4616 deuxieme ingrédient dans les preuves de Fromont est 'inégalité de concentration de McDiarmid, qui fonctionne
car le contraste v est borné.
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du risque empirique S, n’est pas situé n’importe ou dans S,,, diverses pénalités locales ont été
introduites (Bartlett, Mendelson et Philips [BMP04]|; Lugosi et Wegkamp [LWO04]; Bartlett,
Bousquet et Mendelson [BBMOS5]; Koltchinskii [Kol06]). On peut généralement les définir®” a
I’aide de points fixes de fonctions de la forme

5171]

Il s’agit encore une fois d’estimation par rééchantillonnage (avec des poids Rademacher (1/2), en

n

fr)=E sup { L > en(t&) }

t€Sm, 17 <Pn(y(t)=v(3m ) )<ecar | ™ ;5

utilisant la terminologie introduite en Sect. 1.1) du point fixe r* de

flr) = sup {(P=P)(v(t)=7(s))} ,

tESm, c1r<l(s,t)<car

qui est une mesure de complexité locale (avec ¢; > 0, co > 0 et au moins une constante multi-
plicative devant r* a calibrer’®; éventuellement, ¢; = 0). Une vision unifiée de ces pénalités de
Rademacher locales est donnée par l'article de Koltchinskii [Kol06] et la discussion qui le suit.

Ce n’est cependant pas la seule stratégie envisageable pour construire des pénalités tenant
compte du phénomeéne de localisation. Dans la discussion de [Kol06|, van de Geer [vdGO6]
a ainsi proposé une pénalité construite par sous-échantillonnage (de type «validation» simple),
et utilisant ’expression exacte de la fonction w intervenant dans la condition de marge. Cette
pénalité ne peut donc pas étre utilisée en pratique, mais elle ouvre une nouvelle piste en direction
de pénalités adaptatives & la condition de marge.

Rappelons également que la validation, telle quelle, permet d’obtenir 'adaptation & la con-
dition de marge (Blanchard et Massart [BMO06d]). Ce sont principalement les défauts de cette
méthode en pratique qui rendent nécessaire la recherche de pénalités locales précises. En 1'é-
tat actuel des recherches, aucune des deux stratégies évoquées ci-dessus ne semble suffisamment
performante pour un praticien.

Enfin, on peut considérer la pénalité bootstrap pengy,,, introduite par Efron comme un bon
candidat & Padaptation a la condition de marge. Elle tient en effet compte de la position de s,
dans le modeéle S,, en considérant le processus (P, — PV)vy(t) en t =3V En comparaison avec
les pénalités de Rademacher locales, elle est non seulement beaucoup plus simple & calculer (sans
parler des problémes de calibration, largement en faveur de la pénalité bootstrap), et en principe
plus précise puisqu’elle cherche a estimer directement pen;y, et non son majorant r*.

L’objet des Chap. 5 & 8 de cette thése est d’étudier les propriétés d'une grande classe de
pénalités, dont pengg.,, n'est qu'un exemple. Le Chap. 7 considére en particulier le cas de la
classification. Le résultat de concentration qui y est prouvé encourage a poursuivre les recherches
dans cette direction.

1.3.3. Contributions de la thése.

Un nouwveau regard sur la validation croisée V -fold. Tout d’abord, le Chap. 5 propose un nou-
veau regard sur la validation croisée V-fold. Comme nous I’avons indiqué dans la Sect. 1.3.1, 'un
des défauts de celle-ci est son biais, car elle estime ’erreur de prédiction d’un estimateur construit
avec n(V —1)/V données au lieu de n. Dans le cadre de la régression sur des histogrammes, on

4Tyoir [Kol06] pour une définition précise et rigoureuse.

48dans de «bonnes» situations (e.g. Koltchinskii [Kol06], Sect. 6.1, olt 'on suppose que s appartient a I'un des
modeles), on dispose de trés grandes bornes supérieures sur ces constantes; en général, la pénalité fondée sur r*
dépend de quantités inconnues telles que la fonction w intervenant dans la condition de marge (e.g. Koltchinskii
[Kol06], Sect. 5.2).
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peut alors calculer explicitement 1’espérance du critére correspondant (Prop. 5.1) :

. Vv
E [crityrov(m) ] = P’y(sm)—i—m )\g\:m (1 + (57(1‘;1) (E[o(X)*+ (s — sm) (X)? | X e1,])

avec limy, oo (57(1‘;) = 0. Au vu des résultats de concentration prouvés a la fin du Chap. 5, ce calcul

en espérance gouverne le comportement de la validation croisée V-fold dans ce cadre.

En comparant ce calcul avec celui du critére idéal (5.3), il apparait donc que la validation
croisée V-fold présente des propriétés d’adaptation & I’hétéroscédasticité du bruit. En revanche,
le terme de variance est surestimé car V/(V — 1) > 1. Considérant critypcy comme un critére
pénalisé, le calcul ci-dessus montre que la pénalité correspondante vaut en espérance

E [CritVch(m) — Pn’Y (gm)] - <1 + + 6(”? m)> E [penid(m)]

1
2(V—-1)
avec liMppin, ¢y {npy }—oo e(n,m) = 0. Ainsi, la validation croisée V -fold avec V' borné surpénalise,
et ce facteur de surpénalisation est d’autant plus grand que V est petit.

Cette vision des choses est cohérente avec les résultats cités & la Sect. 1.3.1, notamment ceux
de Burman [Bur89| et Zhang [Zha93|. Mais elle permet également de mettre en relation le role
de V avec l'idée qu’il est parfois avantageur de surpénaliser, en particulier lorsque la taille de
l’échantillon est petite ou le niveau de bruit élevé. Nous avons expliqué en Sect. 1.2.3 que les
raisons de ce fait sont essentiellement la variabilité du critére utilisé pour le choix de modéles.
Dans le cas V-fold, celle-ci dépend certes de V' (V' = 2 donnant toujours un critére variable, et
V = n pouvant l'étre, en particulier en classification), mais aussi de n est o. C’est pourquoi il
n’est pas surprenant que les simulations de la Sect. 5.4 indiquent que le meilleur choiz de V' pour
la prédiction est parfois V = 2. Ce phénomeéne n’a — a notre connaissance — jamais*® été mis en
avant dans la littérature V-fold, ce qui s’explique notamment par sa nature non-asymptotique.

La conclusion de notre analyse est donc que le choix de V est encore plus difficile qu’il n’y
parait. La régle «<5 < V < 10 est optimal», que bien des praticiens considérent comme quasi-
universelle, est donc & remettre en cause dans des situations «non-asymptotiques».

Une autre option : la pénalisation V -fold. En réponse a cette analyse quelque peu pessimiste
de la validation croisée V-fold, nous proposons a la Sect. 5.3 la pénalisation V -fold comme méthode
concurrente de la validation croisée V-fold.

Cette procédure peut étre vue comme une version «validation croisée V-fold» de la pénalisation
bootstrap pengg,,. De facon générale, on définir la pénalité V-fold comme suit. Soit (Bj)i<j<v

B¢ .
une partition de {1,...,n}, RS ;) et §(m 7) Jéfinis comme en Sect. 1.3.1. Alors,
\%
C B¢ _(Be
penypcy (m) = VJZ; (Pn - P?E J)> ¥ <51(n J)> )

avec C >V — 1.

Lorsque C = V — 1, on retrouve le critére de validation croisée V-fold corrigé par Burman
[Bur89] (Remarque 5.2). L’intérét de laisser C' variable est de permettre une surpénalisation,
dans les situations ou cela semble nécessaire, indépendamment de la valeur de V.

De plus, nous prouvons (Thm. 5.1) une inégalité oracle trajectorielle non-asymptotique, avec
constante presque 1, et sans terme de reste, dans le cadre de la régression sur des histogrammes.

494 ce n’est dans un cadre de test (Dietterich [Die98], Alpaydin [Alp99]), qui s’apparente donc plus & l'identifi-

cation qu’a la prédiction ; voir aussi Zhang [Zha93].
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Malgré la force de la restriction aux histogrammes (uniquement motivée par la possibilité de cal-
culer explicitement la pénalité V-fold et la pénalité idéale), nous pouvons raisonnablement penser
que le méme type de résultat reste valide dans un cadre beaucoup plus large. Cette conjecture est
en particulier supportée par le fait que nos résultats ne nécessitent que trés peu d’hypotheéses sur
le bruit. En particulier, celui-ci peut étre fortement hétéroscédastique et mon-gaussien, sans que
cela ne perturbe la qualité de la procédure.

D’un point de vue pratique, les pénalités V-fold semblent bénéficier des avantages de la vali-
dation croisée V-fold (rapidité de calcul, simplicité et généralité de la définition, adaptation & une
grande classe de problémes, robustesse, etc.), tout en étant plus flexible. En effet, le paramétre V'
ne gouverne plus que le temps de calcul et la variabilité de ’estimation, tandis que le paramétre C
permet de choisir un critére sans biais ou légérement surpénalisant. Les simulations de la Sect. 5.4
illustrent 'intérét de ces pénalités dans diverses situations «difficiles» : bruit hétéroscédastique,
fonction de régression présentant des sauts, etc.

Pénalisation par rééchantillonnage échangeable. Au Chap. 6 (puis au Chap. 8 pour des résul-
tats et commentaires annexes), nous étudions une famille de pénalités par rééchantillonnage dont
un cas particulier est la pénalité bootstrap proposée par Efron [Efr83]. Etant donnés des poids
de rééchantillonnage Wy, ..., W,, échangeables, on définit la pénalité

pen(m) = CEw [(P,— B )v(50)]

ou C' > Cy o, cette derniére ne dépendant que de la variabilité des poids W;. Par exemple, dans le
cas des poids Efron (n), Random hold-out (n), Rademacher (1/2) et Poisson (1), on a Cyy = 1.
Dans le cas des poids Leave-one-out, on a Cy,o = n — 1. Lorsque C' = Cyy,«, nous montrons
que cette pénalité est non biaisée au premier ordre (dans le cas des histogrammes), tandis que le
choix de C' > Cyy, permet de surpénaliser si cela est nécessaire.

Cette famille de pénalités comprend des procédures déja étudiées dans d’autres cadres, et
fournit une explication simple aux résultats qui les concernent. Ainsi, avec des poids Efron (n),
on retrouve la pénalité pengg., proposée par Efron [Efr83| (avec un contraste de type log-
vraisemblance). Avec des poids Efron (m), on retrouve la procédure considérée par Shao [Sha96|,
pour laquelle il ne multiplie pas la pénalité par C. Notre calcul de Cy,oc = n/m permet donc
d’interpréter le choix m <« n comme une surpénalisation, de méme que le critére BIC s’obtient
a partir de AIC en multipliant la pénalité par In(n)/2. Nos calculs permettent également de
retrouver un analogue du résultat de Shibata [Shi97] a propos de pengg,q, et penacp-

Au dela d’un simple calcul d’espérance, des inégalités de concentration (dérivées notamment
des inégalités de moments de Boucheron, Bousquet, Lugosi et Massart [BBLMO5]) nous per-
mettent de prouver deux résultats théoriques sur ces pénalités, toujours dans le cadre de la
régression sur des histogrammes. Le premier (Thm. 6.1) est une inégalité oracle trajectorielle
non-asymptotique, analogue & celle concernant les pénalités V-fold. Au prix d’une preuve légére-
ment plus longue, nous proposons plusieurs jeux d ’hypotheéses sous lesquels ce résultat reste valide,
soulignant ainsi la robustesse de la procédure.

Le second résultat (Thm. 6.2) est I’adaptation a la régularité holder de la fonction de régression
s. En choisissant la famille des histogrammes réguliers, nous prouvons que ’estimateur sélectionné
par notre procédure atteint (& constante multiplicative prés) le risque minimaz non-asymptotique

_ 4o
La’kR72§ikn72aiak o] Z2¥F

lorsque X C R” et s appartient a la boule de holder H(a, R) pour o € (0,1] et R > 0, avec supy s—
infy s > € > 0. Un fait remarquable est que cette borne ne fait quasiment pas d’hypothéses sur



1.3. SELECTION DE MODELES PAR REECHANTILLONNAGE 49

le niveau de bruit o(X). Lorsque ce dernier est supposé régulier, nous retrouvons (a constante
multiplicative pres) le risque minimaz hétéroscédastique calculé par Galtchouk et Pergamenschikov
|GPO05]|, avec la bonne dépendance en o :

4o
Loy R0 75 o] Bif,
Comme Ul'illustre une étude de simulations (Sect. 6.5), ces pénalités par rééchantillonnage
échangeable montrent tout leur intérét face & des problémes difficiles. Comparées aux pénalités
V-fold, on observe un léger gain en précision & considérer des poids échangeables, qui se traduit
également par de meilleures bornes dans les résultats de concentration de pen dans le cas échange-
able par rapport au cas V-fold. Nous ne savons pas toutefois si ces bornes sont du bon ordre de
grandeur, si bien qu’il est difficile de tirer des conclusions d’une telle comparaison. Il n’est en
revanche pas certain qu’en pratique 1'utilisation de poids échangeables soit réellement bénéfique,
son temps de calcul étant prohibitif (& 'exception peut-étre du Leave-one-out). Il semble donc
raisonnable d’utiliser une approximation Monte-Carlo, le nombre B de vecteurs de poids consid-
érés étant alors a rapprocher du V du V-fold.
Nos simulations, ainsi que des calculs supplémentaires, permettent également de comparer les
différents poids échangeables entre eux. Si toutes les pénalités sont équivalentes au premier ordre
(lorsque C' = Cyy.o0), il apparait au second ordre®® (6.15) que

penRad (1/2) ~ penRho (n/2) > penLoo >> penEfr .

Ceci confirme la constatation d’Efron d’une légére sous-pénalisation avec pengg.,,. La pénalité
leave-one-out s’avére étre la moins biaisée, si bien qu’elle a des performances légérement moins
bonnes dans un cadre non-asymptotique (qu’une légére surpénalisation suffit & compenser, via
une augmentation de C'). Enfin, les pénalités Rademacher et Random hold-out sont celles qui ont
montré les meilleures performances dans nos simulations.

Le bilan de cette étude est que le choix des poids doit principalement étre effectué en fonction
du temps de calcul (sachant qu’il faut exclure une approximation Monte-Carlo avec des poids
leave-one-out). Ensuite, en fonction des poids choisis, on ajuste la constante C' pour surpénaliser
au bon niveau. En particulier, si l'objectif est lidentification, il suffit de surpénaliser en prenant
C =~ Cw,In(n)/2. L'utilisation de poids Efron (m) avec m < n n’est donc en rien nécessaire
pour l'identification.

L’utilisation de rééchantillonnage (V'-fold ou échangeable) pour construire des pénalités ouvre
également une nouvelle piste pour déterminer a l’aide des données le bon niveau de surpénalisation.
Dans la discussion de la Sect. 6.6 (voir aussi Sect. 11.3.3), nous proposons de ne plus utiliser
Pespérance Eyy [-] mais des quantiles conditionnellement & &, ; il reste alors a choisir le bon
«niveau de confiance» pour une prédiction optimale.

Premiers résultats en classification. Les résultat que nous venons de décrire sont limités a la
régression sur un type particulier de modéles, mais les pénalités V-fold et par rééchantillonnage
échangeable peuvent étre définis dans un cadre beaucoup plus général. Un cas qui nous intéresse
particulierement est celui de la classification binaire, ou la définition de pénalités adaptatives &
la condition de marge, calculables en pratique et suffisamment peu variables, reste un probléme
largement ouvert. Le Chap. 7 indique ce que nous sommes capable de montrer pour le moment,
et ce qu’il reste a faire.

50dans la comparaison, « > » signifie une petite différence et «>>» une différence plus grande. Il faut cependant
se rappeler que ces quatre pénalités sont toutes égales au premier ordre.
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Si le chemin restant est long, nous disposons d’ores-et-déja d’un premier résultat encourageant
(Thm. 7.1). 1l s’agit d’une inégalité de concentration pour

pa(m) :==Ew [P (v (5m) =7 (i )]
valide dés lors que le contraste v est borné et le processus de rééchantillonnage de type «sous-
échantillonnage» (Random hold-out, Leave-one-out, V-fold). Ce résultat découle directement
d’une inégalité de moments de Boucheron et Massart [BMO04| pour P, (7 (sm) — 7 (5m))-
Nous proposons ensuite deux pistes :
— Si I'heuristique (1.15) est valide, alors 2Cyy,op2(m) pourrait étre utilisée comme pénalité.
— Si l'on peut prouver une inégalité de moments pour P (v (S,,) — v (S )) analogue a celle
de Boucheron et Massart [BMO4], alors, le méme raisonnement fournirait un résultat de
concentration sur la pénalité par rééchantillonnage compléte.
Dans les deux cas, il reste a savoir comparer la pénalité par rééchantillonnage et la pénalité idéale
en espérance, ce qui semble loin d’étre simple.
Notons que la constante Cyy o dans le cas de la classification n’a pas besoin d’étre connue de
maniére précise, puisque l'on peut utiliser 'heuristique de pente (voir Chap. 3) pour la déterminer
a partir des données (sous réserve que cette heuristique reste valide en classification).

Calibration des pénalités globales. Enfin, au Chap. 9, nous présentons des remarques sur la cal-
ibration des pénalités globales définies par Fromont [Fro04]|, dont les complexités de Rademacher
globales sont un cas particulier.

Si ces résultats sont moins aboutis que ceux des autres chapitres, ils indiquent toutefois que la
calibration de ces constantes peut poser probléme dans certains cadres un peu extrémes. Il apparait
en effet que la constante 1/E (Z7 ), exigée par la théorie est nécessaire en toute généralité (d'un
point de vue non-asymptotique, Sect. 9.3), mais ne I’est plus sous une condition de symétrie (trop
contraignante en classification), ni d’un point de vue asymptotique (Sect. 9.2). Les calibrations de
Lozano [Loz00] et Fromont [Fro07] sont donc confirmées «en généraly, mais infirmées du point
de vue théorique non-asymptotique.

Cependant, les contre-exemples que nous exhibons nous suggérent que des bornes plus fines
de comparaison en espérance pourraient étre obtenues, au prix d’une hypothése empéchant de
considérer des modeéles ot le meilleur prédicteur s,, aurait un risque Py (s, ) < n~ '

Le phénoméne qualitatif mis en lumiére au Chap. 9 nous semble également étre un argument
supplémentaire en faveur de 'utilisation de 'heuristique de pente (voir Chap. 3) pour calibrer une
pénalité. En effet, sila «bonne constante» devant la pénalité dépend de la loi inconnue P, il devient
nécessaire de l'estimer & partir des données. Cette dépendance étant complexe, I’heuristique de
pente présente l'avantage d’étre assez simple & mettre en ceuvre.

Outils probabilistes. Les résultats que nous venons de décrire reposent sur des inégalités de
concentration et des comparaisons d’espérances entre pénalités idéales et pénalités par rééchan-
tillonnage.

Dans le cas des histogrammes, le fondement de nos preuves est un calcul ezplicite de penyy
et de sa version rééchantillonnée, lorsque les poids sont échangeables (Lemme 5.7, Sect. 5.7.2).
Conditionnellement aux indices des X; qui appartiennent & chacun des éléments I de la partition
associée au modele S,,, ces deux quantités sont des U-statistiques d’ordre 2. Nous montrons
qu’elles se concentrent autour de leurs espérances conditionnelles & ’aide d’inégalités de moments
(Prop. 5.5, Sect. 5.6.3) qui découlent des résultats de Boucheron, Bousquet, Lugosi et Massart
[BBLMOS5|.
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Pour des raisons principalement techniques (liées au fait que les X; sont aléatoires), nous
avons également besoin d'une inégalité de concentration pour Z = Y .\ ax <)%A AT ), avec

ay > 0 et (X)) un vecteur multinomial (Lemme 5.4, Sect. 5.6.2). Nous l'obtenons en évaluant les
moments exponentiels d’inverses de binomiales, puis en utilisant la notion d’association négative
pour utiliser la méthode de Cramér-Chernoff (Dubhashi et Ranjan [DR98]).

Dans le cas de la classification (Chap. 7), les inégalités de concentration obtenues découlent
d’une inégalité de concentration de Boucheron et Massart [BIMO04], qui repose sur des techniques
de localisation (inégalités maximales, concentration de processus empiriques pondérés par peeling).

Les résultats en espérance proviennent de deux méthodes distinctes. D’une part, dans le cas
des histogrammes, le calcul explicite nous raméne & évaluer E[1/Z| Z > 0] pour une variable
aléatoire Z qui suit une loi binomiale (Lemme 5.3, Sect. 5.6.1), Poisson (Lemme 6.3, Sect. 6.7) ou
Hypergéométrique (Lemme 6.2, Sect. 6.7).

D’autre part, dans le cas de pénalités globales (Chap. 9; voir aussi Sect. 10.2.2), nous nous
appuyons sur une inégalité de symétrisation classique (dans le cas des poids i.i.d. symétriques) et
la preuve d’une inégalité prouvé par Fromont dans le cas de poids multinomiaux [Fro07].

1.4. Régions de confiance et tests par rééchantillonnage

Le Chap. 10 de cette thése étudie du point de vue non-asymptotique des régions de confiance et
des procédures de test multiples construites par rééchantillonnage. Nous présentons ici rapidement
ces problématiques, plusieurs motivations pratiques et quelques stratégies pour les aborder (en
particulier celles qui se fondent sur le rééchantillonnage). Enfin, nous décrivons les contributions
du Chap. 10.

1.4.1. Position du probléme. Dans le cas de la régression, nous avons décrit dans les
deux sections précédentes diverses méthodes aboutissant & la construction d’un estimateur s de la
moyenne s d’un signal bruité Y = s(X)+e. A part dans le cas déterministe, nous savons cependant
que § # s, méme si § est «optimaly. En effet, 'optimalité ici signifie juste que notre estimateur est
l'un des moins four parmi un ensemble d’estimateurs donné. Il nous est ensuite possible d’avoir
une idée de lerreur commise, c'est-a-dire d’estimer®’ E (s(X)—35(X))? Cependant, une telle
mesure ne nous donne pas d’informations sur la répartition de 5(X) autour de s(X).

On peut par exemple accepter d’exclure un événement de petite probabilité «, sur lequel s
est susceptible de se tromper beaucoup, mais vouloir savoir précisément dans quelle zone se situe
s hors de cet événement. Une réponse & cette question est appelée région de confiance pour s de
niveau’? o.

Dans de nombreuses applications, on n’a pas besoin de tant d’informations, et ’on veut sim-
plement savoir si le signal s est nul ou non. Par exemple, si s est la différence entre lactivité
cérébrale du cortex visuel au repos et aprés une stimulation, un signal non-nul signifie que le
cortex visuel est sollicité en réponse a cette stimulation. Il s’agit alors d’un probléme de test.

Dans I’exemple de 'imagerie cérébrale (de méme que dans la plupart des problémes pratiques
actuels, notamment en biologie), on dispose en général de données en de nombreux points du
cortex. Il est alors tentant de réaliser un test en chaque point, et d’agglomérer ces résultats en une
«carte» des points du cortex qui répondent & la stimulation. L’erreur commise ici est la suivante. Si

518 § minimise le risque empirique sur un modele S,, de dimension Dy, Py (Sm )+ 202D,n~! est un estimateur
non-biaisé du risque. En général (notamment si § = 55 a été obtenu par sélection de modéles), on peut estimer
ce risque si l'on a pas utilisé toutes les données pour construire 5. Les observations restantes sont alors appelées
échantillon test.

52de maniére équivalente, on parle de région de confiance de probabilité de couverture 1 — a.
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I’on réalise K = 10000 tests, chacun ne se trompant®?

alors en moyenne au moins 500 réponses des tests seront positives

qu’avec probabilité a = 0.05 (par exemple),
5 meéme si la stimulation n’a
en réalité activé aucune zone du cortex. Pour ne pas commettre ce genre d’erreur, on réalise un

test multiple plutot que de juxtaposer les réponses de nombreux tests simples.

Régions de confiance. Soit 0 € © une quantité d’intérét reliée & la loi P qui a généré des
observations &;_,. Par exemple, la moyenne p € R¥ (avec K = 1, K grand ou K infini), la
variance o2 (qui est un réel dans les cas unidimensionnel et homoscédastique, mais peut étre de
grande dimension en général), etc.

DEFINITION 1.1. Soit v € (0,1). Une région de confiance de probabilité de couverture 1 — «
(ou encore de niveau «) pour € est une partie R (&1..,) C O, telle que
P(OeR(rn))>1-a. (1.18)

Lorsque © est muni d’une distance d, on cherche souvent R sous la forme d’une boule centrée
autour d’un estimateur 6 de 0 :

R (€)= {2 €0 ta d(2.0(8.n)) <Falrn) | - (1.19)

Seul le rayon 7, (&1, ) est alors & déterminer. On parle de boule de confiance, ou encore d’intervalle
de confiance symétrique si © C R.
Dans le cas réel, on considére également souvent des intervalles de confiance unilatéres

R (1.n) = [0~ Ga (€1.0) )

ou des intervalles de confiance bilatéres asymétriques

R (&1n) = [0~ Ga (€1.0) 0+ da (€1.0)]

avec Go (€1.n) et do (€1.5) & définir.
Lorsque © C RE avec K > 1, un choix classique est la distance induite par la norme LP,
p > 1, si les incertitudes sur les coordonnées 61,...,0x sont du méme ordre. Si ce n’est pas le
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cas, on définit alors des ellipsoides de confiance tenant compte des différences entre coordonnées.
Quand p = oo, on parle également d’intervalles de confiance simultanés, puisque R (&1, ) est le
produit de K intervalles de confiance pour les coordonnées 61,...,0x de 6, dont la validité est
assurée simultanément.

Si la distance d est connue®®, construire une boule de confiance de la forme (1.19) revient a

estimer le quantile d’ordre 1 — o de d(6, §(§1n)) :

Qo = inf{t >0tq. P (d (9,§(§1n)) > t) < a}

On distingue essentiellement trois types d’approches :

— l’approche paramétrique : on suppose la loi de §(§1n) connue (par exemple gaussienne
ou poissonienne), avec un petit nombre de paramétres & estimer. On estime alors g, par
plug-in (et éventuellement par simulations si ’on n’a pas de formule pour ¢, ; il s’agit alors
de rééchantillonnage paramétrique).
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au sens de l'erreur de premiére espéce, voir la définition plus bas.

i.e. 500 hypothéses nulles seront rejetées, voir plus bas.

one-sided, en anglais, par opposition aux intervalles de confiance bilatéres (two-sided).

ce n’est pas forcément le cas, d pouvant par exemple dépendre des écarts-types (o ); ;< sur les coordonnées,
qu’il faut alors estimer au préalable.
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— l'approche asymptotique : on détermine la loi asymptotique de d («9, 5({1,”“ )) (convenable-

ment renormalisée), et on utilise le quantile d’ordre 1 — « de cette distribution limite pour
estimer qq.

— D’approche par rééchantillonnage : on calcule d (g(fln),g(ffn» pour différents rééchan-
tillons &7 ,,, et on estime g, & I'aide du quantile empirique d’ordre «. La justification de
telles procédures est en général asymptotique (Hall [Hal92]).

Mentionnons également qu’une approche non-asymptotique (fondée sur la méthode de Lepski,
qui n’est pas sans lien avec la sélection de modéles) a permis a Baraud [Bar04| de construire des
boules de confiance dans un cadre de régression gaussienne.

Au Chap. 10, nous proposons une justification non-asymptotique de régions de confiance

construites par rééchantillonnage. Ceci permet notamment de considérer un parameétre 6 de grande
dimension K, éventuellement plus grande que n.

Tests d’hypothéses. L’un des principaux objets des sciences expérimentales est d’établir des
relations de cause & effet ou, a défaut, des corrélations entre différents phénomeénes. L’objet de la
théorie statistique des tests est de fonder mathématiquement une réponse a une question fermée
telle que : «Y a-t-il ou non un lien significatif 7» Plus généralement, et plus formellement, un test
cherche & répondre & une question de la forme : «la distribution P qui a généré les données &1,
posseéde-t-elle une propriété P 7»

Dans ce but, on formule deux hypothéses®

— une hypothése nulle Hy. En général, elle correspond au cas ot il ne se passe rien, du moins

7.

rien de «nouveau». En un sens, elle modélise ’ensemble des connaissance scientifiques du
présent.
— une hypothése alternative Hy. Elle correspond aux «découvertes» que I’on cherche & établir.
Formellement, on peut voir Hy et H; comme des parties de ’ensemble M des mesures de proba-
bilité sur Z™. Un cas typique est H; = M\ Hy, mais d’autres choix sont possibles.

Un test statistique est alors une application mesurable 7" : Z" — {0,1}. Lorsque T'({1. ) = 1,
on dit que l'hypothése nulle est rejetée (on a fait une découverte). Lorsque T'(£1..,,) = 0, on dit
que Von accepte ’hypothése nulle (pas de découverte). Un test peut donc se tromper de deux
maniéres :

— on parle d’erreur de premicre espéce®® lorsque T(&1. ) = 1 alors que P € Hy, i.e. lorsque

Hj est rejetée a tort.

— on parle d’erreur de seconde espece® lorsque T(€1..,) = 0 alors que P € Hy, i.e. lorsque Hy

est acceptée alors que H; était correcte.

L’approche de Neyman-Paerson consiste & controler d’abord la probabilité d’une erreur de
premiére espéce :

VPeHy Py p(T(¢a)=1)<a, (1.20)

57Notons la disymeétrie entre Ho (la connaissance établie) et H1 (de nouvelles théories, candidates & remplacer les
théories présentes). L’objectif d’un test est de déterminer si les connaissances présentes permettent d’expliquer les
données observées, ou bien si ces données réfutent les théories présentes. On peut ainsi rapprocher cette formulation
de la conception poppérienne de la science : «Une théorie qui n’est réfutable par aucun événement qui se puisse
concevoir est dépourvue de caractére scientifique.» (Karl Popper, Conjectures et réfutations, Chap. 1, Sect. 1).
Mais ceci est une autre histoire...

58type I error.

59type IT error.
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pour un certain o € (0,1) (appelé le niveau du test). Ce n’est qu'une fois ce controle établi (pour
un « fixé) que 'on cherche & minimiser la probabilité d’une erreur de seconde espéce :

vPeH, Pg p(T({1n)=0)<1-0. (1.21)

Lorsque (1.21) est satisfaite, on dit que 7" est de puissance 5 € (0,1). Cette disymétrie souligne
que l'objectif d’un test est avant tout de garantir la validité d’un rejet. Dans un second temps
seulement, on souhaite maximiser la puissance du test (sinon, "= 0 pourrait convenir parfaite-
ment). Le fait d’accepter ’hypothése nulle ne prouve donc en rien que celle-ci est valide, mais
simplement que soit elle est valide, soit les données ne permettent pas de l'invalider (en général
parce que T n’est pas assez puissant, par exemple parce que n est trop petit, ou le niveau de bruit
trop grand).

Mentionnons enfin la notion de p-valeur, souvent utilisée pour formuler le résultat d’un test
sans avoir a choisir un niveau arbitraire (pourquoi a = 0.05 plutot que o = 0.01 7). Lorsque l'on
dispose d’une famille (Ta)ae[o,l} de tests de niveaux «, telle que o — Ty, est croissante et continue
a droite (pour presque toute observation &, ), alors

T, (gln) = ]lp(flmn)ga avec p(fln) = inf{a € [O, 1] t.q. T, (gln) = 1}

(voir [Roq07], Lemme 9.3). La variable aléatoire p est appelée p-valeur. On rejette I'hypothese
nulle lorsque p < « (le niveau peut donc étre fixé a posteriori).

La formulation ci-dessus conduit & la stratégie générale suivante pour construire un test de
niveau « :

(1) Définir une «statistique de test» S : Z" — R, telle que S a tendance & prendre de petites
valeurs sous Hj (c’est-a-dire des valeurs plus petites que celles qu’elle prend sous Hj).

(2) Evaluer le quantile g, (P) d’ordre 1 — a de S sous P € Hy, puis ¢, := SUPpe 1, 4o (P).

(3) Poser T' (&1 ) = Ls(gy ,)<ga-

Par exemple, lorsque Z = R, Hy = { NV (10,0%)®" } («&1..n, sont i.i.d. gaussiens de moyenne y et
de variance 02») et Hy = { N (u,0%)®" t.q. pu # po } («la moyenne n’est pas p»), une statistique
de test possible est S(&1.,) = o in~1/2 1>, (& — po)|- Sous Hy, S est la valeur absolue d'une
variable normale centrée réduite. Notons ® la queue de distribution supérieure d’une gaussienne
standard. Le test qui rejette Hy si et seulement si ® (0‘171_1/2 >i(& — o)) < /2 est donc de
niveau «. Plus généralement, lorsque Hy = { P t.q. S(P) = 0} pour une fonctionnelle S réguliére
(ce qui correspond & de nombreux exemple, voir Bickel et Ren [BRO1]), une statistique de test
naturelle est S(P,) (notée S (&;.. ) dans 'exemple précédent).

Lorsque Hj est de la forme «f = p», on peut facilement construire un test 7' de niveau « a
partir d’une région de confiance R pour 6 de probabilité de couverture 1 — « :
T (&1m) = Loger(er. ) -

Lorsque Hy est de la forme «f € ©¢», on peut appliquer le méme principe en posant

T (&1.n) = Lognr(gr )20

mais 1 risque d’étre trés peu puissant si la forme de R n’est pas adaptée & celle de ©y. Notons
que pour obtenir un test de niveau «, le controle de la probabilité de couverture de R peut n’étre
valide que lorsque P € Hy. Ceci montre en quoi il peut étre plus facile de construire un test qu'une
région de confiance.

Le cadre restreint de cette introduction ne nous permettant pas de poursuivre notre chemin
dans la théorie des tests (simples) d’hypothéses, nous renvoyons le lecteur intéressé au livre de
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Lehmann et Romano [LRO5]. Nous mentionnons cependant ici qu’il est possible d’utiliser la
sélection de modéles pour construire un test. L’idée de la sélection de tests est de considérer toute
une famille d’alternatives (Him),,cq, & 'hypothése nulle Hy, et de sélectionner un test Tr
parmi les plus performants de la famille (7,;)menm, . Voir notamment a ce sujet les articles de
Baraud, Huet et Laurent [BHL03, BHLO5|.

Tests d’hypothéses multiples. Le probléme qui nous intéresse plus particuliérement ici est celui
des tests multiples. Au lieu d’une seule hypothése nulle, nous disposons désormais d’un ensemble
H d’hypothéses nulles que I’on souhaite tester?. Nous supposerons toujours ici que H est fini, de
cardinal K :

H = {H071,- .. ,H07K} .
Par exemple, si 2 = RX, on peut souhaiter tester pour chaque coordonnée k € {1,...,K} si
Mk = pok ou non. En supposant les données gaussiennes de matrice de covariance X connue, cela
correspond aux hypotheéses nulles

Hy = {N(M,Z) t.q. p e R et Mk:HO,k;} pour 1<k<K .

Notons Hy 'ensemble des hypothéses nulles vraies. L’objectif d’un test multiple est alors de
déterminer ’ensemble H{§ des hypothéses nulles qui sont fausses. Une procédure de test multiple
peut donc se formaliser comme une application R : Z" — B ('H ), I'ensemble R (.., ) désignant
I’ensemble des hypothéses nulles rejetées. La qualité d’une telle procédure dépend donc, d’une
part, de la loi du nombre d’erreurs de premiére espéce (Card (R (&1.,,) NHp), et d’autre part,
du nombre d’erreurs de seconde espece (Card (R (&1..,)  NHS).

De méme qu’en test simple, on impose d’abord & un test multiple un controéle sur le nombre
d’erreurs de premiére espéce, qui peut se mesurer de différentes maniéres :
— Le Family-Wise Error Rate (FWER) est la probabilité de rejeter au moins une hypothése
nulle a tort :
FWER(R) :=P(HoNR (&) #0) . (1.22)
— Le False Discovery Rate (FDR, introduit par Benjamini et Hochberg [BH95]) est la propor-
tion moyenne de «fausses découvertesy (hypotheses nulles rejetées a tort) parmi ’ensemble
des hypothéses rejetées :

Card (HoN R (&1.0))

FORUD =8 1 : 1.2
RE) Card (R (&1..0)) Card(R(&1...n))>0 (1.23)

Notons que I'on a toujours FDR(R) < FWER(R), si bien qu'un controle du FWER aboutit a
une procédure plus conservative. En revanche, un contrdle du FDR ne donne pas une réponse
définitive dans le cadre d’une étude scientifique rigoureuse, puisque parmi les «découvertes» mises
en évidence, il reste en moyenne une fraction non-nulle de fausses découvertes. Une procédure
controlant le FDR est donc avant tout utile pour mettre en évidence des hypothéses a tester plus
particuliérement (par exemple, dans le cas de puces & ADN, un petit nombre de génes a étudier
d’une autre maniére). Pour la validation finale d’un certain nombre de découvertes, un controle du
FWER est nécessaire. D’autres mesures du nombre d’erreurs de premiére espéce (moins utilisées
en pratique) existent, nous renvoyons a [GDS03, Roq07] pour leurs définitions.

On dit que la procédure R a un FWER (resp. un FDR) controlé au niveau « lorsque pour
toute distribution P € mHO,kGHO Hy i, FWER(R) < a (resp. FDR(R) < «). Un tel controle est
parfois appelé controle fort, par opposition au controle faible qui n’a lieu que lorsque H = Hg. Ce

60par souci de simplicité, nous supposerons ici implicitement que les hypothéses alternatives sont toutes de la forme
HLk = Hg k-
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controle étant imposé, on cherche une procédure R qui minimise le nombre d’erreurs de seconde
espece, e.g. dont la puissance
E[Card (H§ N R (€1..0))] (1.24)

est maximale.

L’approche naive pour définir une procédure de test multiple consiste a définir K tests simples
Th o, -, TK «, chacun de niveau o, et a poser

R(fln) = {HO,k‘ t-Q- Tk‘,a (gln) = 1} .

Cependant, une telle procédure n’a en général®' quun FWER borné par Ka, en utilisant la borne
d’union
K
FWER(R) = Pe, . op (3k, P e Hy, et T(&.n)=1)< Zpél...nNPEHo,k (T'(&1.n)=1) < Ka .
k=1

Pour obtenir un contréle au niveau «, on peut alors utiliser la correction de Bonferroni, qui
consiste a utiliser K procédures de test simple au niveau a/K :

R(&.n) = {Hop t-q Ty (a/k) (&1.m) =1} .

L’avantage de cette correction est qu’elle est valable quelle que soit la loi jointe des statistiques
Ti o

)

On peut également voir la correction de Bonferroni comme une maniére d’«ajustery des p-
valeurs : on calcule tout d’abord les p-valeurs pi,...,px associés aux K tests simples de Hgy
contre Hj . Ensuite, on définit les p-valeurs ajustées pr = min(Kpg,1). Enfin, 'ensemble des
hypotheses rejetées est

R:={Hytq pr <a} .

Il existe d’autres maniéres d’ajuster des p-valeurs (par exemple step-down et step-up), dont les
validités sont prouvées sous différentes hypothéses sur la dépendance entre les p-valeurs p1, ..., px.
Pour un apercu plus détaillé du monde des tests multiples, nous renvoyons a la revue de Ge, Dudoit
et Speed [GDSO03|, ainsi qu’a l'introduction de la Partie II de la thése de Roquain [Roq07]. Au
sujet des méthodes step-down, on consultera également Romano et Wolf [RWO05].

Notons enfin que 'on peut souvent construire une procédure de test multiple & partir de
régions de confiance. Par exemple, si Hy, est de la forme «fj = ) ¢» pour un parametre ¢, on
peut tester simultanément (Ho ), .., & l'aide d’intervalles de confiance simultanés ([y )<<y
sur les 0. Si leur probabilité de couverture simultanée est supérieure & 1 — v, et si R (&1, ) est
I'ensemble des Hy j, tel que 650 ¢ I, alors le FWER de R est majoré par «. Nous détaillons et
utilisons cette méthode & la Sect. 10.4.1.

1.4.2. Motivations pratiques. Les applications nécessitant 1'utilisation de régions de con-
fiance ou de tests multiples sont nombreuses. Souvent, la dimension des paramétres d’intérét ou
le nombre d’hypothéses & tester est tres grand, alors que le nombre de répétitions indépendantes
est beaucoup plus modeste. Ceci motive ’approche non-asymptotique que nous avons empruntée
au Chap. 10. Nous avons plus particuliérement en téte deux domaines de la biologie ou de telles
procédures sont particuliérement utiles. Nous les présentons dans cette section.

61j] existe des cas oi cette borne d'union est atteinte, voir [Roq07] Sect. 9.4.4.
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Imagerie cérébrale. Nous décrivons ici un probléme typique de magnétoencéphalographie
(MEG). L’objectif est de comprendre quelles zones du cerveau jouent un role dans différentes
activités, par exemple la lecture, le mouvement de la main [JLINT07|, la vision consciente ou
inconsciente [SBD05, DBDO07|. Pour cela, on place un sujet dans un dispositif d’imagerie (par
exemple, de MEG), qui mesure le champ magnétique en différents points de la surface de son crane
au cours d’une expérience faisant intervenir l'activité étudiée. Il s’agit généralement d’une tache
précise a accomplir : lire un texte, déplacer un curseur avec la main, regarder une série d’images
puis répondre ensuite & une question & leur propos. Cette tache est souvent répétée, et chacun de
ces «essais» est séparé du précédent par une période de repos (qui fournit des mesures témoins,
en ’absence de stimulation). Dans le cas de la MEG, la précision temporelle est trés grande : il
est ainsi possible d’obtenir une image par milliseconde, au cours d’expériences durant quelques
secondes.

Les données subissent ensuite un pré-traitement (cf. la thése de Baillet [Bai98]). A chaque
instant, il faut d’abord résoudre un probléme inverse pour reconstruire l'activité électrique a la
surface du cerveau. C’est un probléme difficile (Darvas et al. [ DRP105]) : a partir d'une centaine
de senseurs, on cherche & déterminer I'activité électrique en environ 15000 points. On veut alors
comparer 1’évolution temporelle de cette activité en chaque point entre les périodes de repos et
les périodes de stimulation (généralement limitées a une fenétre de 100 ms peu apres le stimulus).

Une maniére de réaliser ceci est de calculer la différence (en chaque point) entre les deux
évolutions de ’activité mesurée, puis de chercher les points ol celle-ci est significativement non-
nulle. Etant donné le grand nombre de points et d’instants de mesures, on réduit souvent chaque
courbe d’activité a une seule donnée intégrée. Dans les deux cas, on dispose désormais d’un vecteur
£ eRE avec K = E x T, ou E ~ 15000 est le nombre de points et 1 <7 < 1000 est le nombre
de mesures par point. Ainsi, typiquement, 10* < K < 107.

Lorsque ’expérience n’est réalisée qu’avec un seul sujet, les répétitions proviennent du nombre
Ness d’essais successifs. Ce nombre negs est alors limité pour éviter tout phénomeéne d’adaptation
du sujet au dispositif. En général, on a 20 < ness < 100.

L’expérience peut également étre réalisée avec ng,j > 1 sujets (choisis de facon aussi homogéne
que possible, & moins que l'objectif ne soit de déterminer des différences entre deux groupes
donnés). Dans ce cas, on réalise ness essais par sujet, et I'on fait la moyenne de ces répétitions
pour n’obtenir qu’une observation £ par sujet. De cette fagon, on diminue le niveau de bruit, et I’'on
diminue fortement les corrélations temporelles. En effet, I’évolution de 'activité électrique en un
point est souvent oscillante, si bien que les perturbations de la phase de ces oscillations induisent
de fortes corrélations temporelles lorsque ness = 1. Avec plusieurs essais, celles-ci deviennent
négligeables (si negs est assez grand). Dans ce second cas, on dispose donc de ngyj répétitions. En
général, 15 < ng,; < 100. Il peut se produire que 'on dispose de plus de sujets (ng,; = 4000,
Waberksi et al. [WGK™103]), mais cela est malheureusement exceptionnel.

Les données prétraitées ont donc la forme suivante :
e meRE id

avec n < 100 <« 10* < K. Nous nous trouvons donc dans un cadre hautement non-asymptotique.
La loi de & est bien évidemment inconnue. Le probléme posé est de déterminer

{1<k<Ktq u:=E[§]#0} .
Il s’agit d’un probléme de test multiple.
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L’une des difficultés majeures de ce probléme est que les coordonnées de chaque observation
& sont fortement corrélées, et que ces corrélations sont totalement inconnues. Il n’est donc pas
envisageable de définir un modele paramétrique simple pour la loi de £. En effet, ces corrélations
proviennent de facteurs multiples. D’une part, le prétraitement utilisant 150 valeurs pour en
reconstruire 15000, il est clair que le bruit de mesure en chacun des 150 senseurs induit un bruit
fortement corrélé spatialement dans les observations ¢'. De plus, le bruit provient également de
facteurs environnementaux au cours des essais successifs, ou de différences entre sujets. Celui-
ci est donc présent dans l'activité cérébrale réelle, et est fortement influencé par les connexions
neuronales & 'intérieur du cerveau. Il y a donc de nombreuses corrélations «a distance» entre les
différents points du cerveau. Enfin, lorsque 'expérience est limitée & un sujet, il est impossible de
négliger les corrélations temporelles, qui sont alors certainement plus fortes que les corrélations
spatiales. On ne peut méme pas exclure des corrélations spatio-temporelles, l'activité en un point
n’influencant directement ’activité en un autre point qu’avec un certain retard.

Dans de telles conditions, les méthodes couramment utilisées relévent de la théorie des champs
aléatoires ou de tests par permutations ou par rééchantillonnage. Les deux premiéres méthodes
sont comparées par Pantazis et al. [PNBLO05|. L’inconvénient de la troisiéme reste le carac-
tére généralement asymptotique de sa justification. L’un des principaux intéréts des résultats du
Chap. 10 est donc de fournir des résultats non-asymptotiques sur des procédures de test multiple
par rééchantillonnage.

N

L’approche la plus commune en imagerie cérébrale est de chercher & controler la probabilité
de faire au moins une fausse découverte (FWER, défini par (1.22)). Ceci est certainement di au
fait que le FDR a été introduit plus récemment, et est moins connu des neurobiologistes (bien
que Perone Pacifico, Genovese et Verdinelli [PPGVWO04] ont proposé un controle du FDR dans
le cas de champs aléatoires). Cependant, nous pouvons donner un autre argument en faveur du
FWER dans certains cas. En effet, la plupart des expériences font intervenir le systéme visuel
ou le systéme moteur (voire les deux). Lorsque c’est le cas, de grandes zones du cortex sont
activées fortement, si bien que ’on s’attend a ce qu’un grand nombre de moyennes p soient non-
nulles. Cependant, les régions du cortex visuel et du cortex moteur primaire sont bien connues des
neurobiologistes, et les détecter n’apporte que peu d’informations®?. En général, la question qui
se pose porte surtout sur le reste du cortex : y a-t-il d’autres zones concernées par la lecture, le
mouvement de la main, la vision consciente ? Si ces zones existent mais sont petites, une approche
de type FDR n’apportera pas toujours d’informations fiables supplémentaires : on ne pourra pas
savoir si la petite zone détectée fait partie des a = 5% (par exemple) de «fausses découvertesy»
autorisées (en moyenne), ou si ce sont de vraies découvertes. En revanche, avec un controle du
FWER, on obtient une procédure plus conservative, mais chaque rejet d’hypothése nulle apporte
de l'information, indépendamment de l'activité dans le reste du cerveau.

Analyse de données de puces & ADN. Une puce & ADN mesure le niveau d’expression d’un
grand nombre de génes (plusieurs milliers, et jusqu’a plus de 300 000, ce qui représente souvent la
totalité du génome de I'organisme étudié) dans des conditions expérimentales données. Elle permet
ainsi d’identifier®® les génes spécifiques d’un type de cellule, ou bien ceux qui ont un role dans une
maladie. Dans ce dernier exemple, on compare les niveaux d’expression des génes dans une cellule

625 ce n’est une confirmation d’un fait attendu, et une information temporelle, raisons pour lesquelles on ne peut
pas tout simplement «oublier» ces régions.

63En général, une fois ces génes identifiés, les biologistes poursuivent leurs études en se focalisant spécifiquement
sur ces génes. C’est pourquoi un controle du FDR a un sens dans ce cadre. Il s’agit surtout de mettre en évidence
quelques génes & étudier pour comprendre un mécanisme ou une maladie.
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malade et dans une cellule saine («le témoin»). Ces mesures étant naturellement variables®*, ces
comparaisons relévent d’une procédure de test multiple. Le nombre K d’hypothéses & tester est
alors le nombre de génes (donc de 10% 4 10%), alors qu’on dispose en général de peu de répétitions
d’une méme expérience (quelques dizaines en général, en raison du coit élevé des puces & ADN).

Une maniére de formuler le probléme est de considérer la différence f}; de niveau d’expression
pour le géne k, entre les conditions expérimentales et le témoin, pour la i-éme puce & ADN.
L’hypotheése nulle Hy j, «le géne k s’exprime de la méme maniere dans les conditions expérimentales
et dans le témoin» peut donc étre reformulée : E [5%] =0 (les & € RE étant i.id., 1 <i<n).
Comme dans le cas des neuroimages, les K coordonnées de ¢! sont corrélées, et ces corrélations
ont une forme générale (il n’y a d’ailleurs méme plus de notion de distance naturelle, puisque
chaque coordonnée correspond ici & un géne), inconnue, et impossible & estimer.

Pour un apercu des méthodes de tests multiples utilisées dans ’analyse de puces a ADN,
nous renvoyons aux revues de Dudoit, Shaffer et Boldrick [DSBO03]| et de Ge, Dudoit et Speed
|[GDSO03], ainsi qu’aux références qui y sont indiquées.

1.4.3. Méthodes par rééchantillonnage. Les principales utilisations du bootstrap sont
la construction d’intervalles de confiance et le calcul de p-valeurs pour des statistiques de test
(Boos [Boo03|). 11 existe donc un tel nombre d’articles et de livres entiers a ce sujet que nous ne
prétendons pas a ’exhaustivité dans cette introduction. Nous nous bornerons & esquisser quelques
approches classiques, et a donner quelques références, plus particuliérement celles qui sont liées
aux travaux du Chap. 10.

Régions de confiance. Pour plus de simplicité, nous nous focalisons ici sur le cas unidimen-
sionnel, .e. aux intervalles de confiance. La plupart des résultats classiques se limitent & ce cadre,
et 'on peut noter qu'une fois une distance choisie sur O, construire une région de confiance se
raméne au cas unidimensionnel puisque seul le rayon de la boule de confiance est & déterminer.
Lorsque © C RX | une autre approche est de construire des intervalles de confiance simultanés. A
propos de bootstrap et régions de confiance en dimension plus grande que 1, voir notamment la
section 4.2 du livre de Hall [Hal92], ainsi que l’article de Beran [Ber03].

Avant d’aller plus loin, citons quelques références sur les intervalles et régions de confiance.
Avec le bootstrap : Hall [Hal92|, Efron et Tibshirani [ET93]|, Shao et Tu [ST95]|, DiCiccio et
Efron [DE96|. Avec le bootstrap & poids échangeables généraux, Hall et Mammen [HM94|, Barbe
et Bertail |[BB95|. Par sous-échantillonnage : Politis, Romano et Wolf [PRW99|, Chap. 7.

Il y a deux types d’intervalles de confiance classiques par rééchantillonnage : les intervalles
«bootstrap-t» et les intervalles «percentile». Un intervalle bootstrap-t suppose connus un estima-
teur 67(:51”) de 0, ainsi qu’un estimateur 52 (&1, ,, ) de la variance de cet estimateur. L’idée d’un
tel intervalle est d’estimer par rééchantillonnage la distribution de (5— 0)/a. On construit donc
un intervalle de la forme

Ibootstrapft = [é\(gln) -0 (51...71)5(&) (é.ln) ; é\(gln) -0 (é.ln) C/l\(a) (é.ln) )

ot (@ et d@ sont des quantiles empiriques de

0(& ) —0(&n)

(& .n) ’

64entre deux instants de la journée, entre deux individus, ou entre deux répétitions légérement différentes d’une

meéme expérience, sans méme parler d’erreurs de mesure éventuelles ou de différences de sensibilités de deux puces
a ADN.
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conditionnellement a &, (en général calculés avec B échantillons indépendants). Les niveaux de
ces quantiles sont fixés en fonction du type d’intervalle voulu : symétrique, avec une masse «/2
de chaque co6té, de longueur minimale, etc.

A T'inverse, un intervalle bootstrap percentile ne nécessite pas la connaissance de 52 (¢1..,,). 11
repose sur D'estimation de la distribution de (6 — 6) :

Ipercentile = |:‘/9\(€1n) - /g\(a) (gln) ,é\(fln) - C/l\(a) (gln)

ot (@ et d® sont des quantiles empiriques de 8 ( ) 0 (£1..,). De méme, les niveaux de ces
quantiles sont choisis en fonction du type d’intervalle demandé.

La justification de ces méthodes est asymptotique, i.e. les intervalles de confiance construits ont
le niveau « requis lorsque la taille de I’échantillon n tend vers I'infini. En poussant a 1’ordre suivant
I’étude asymptotique, il s’avére que les intervalles bootstrap-t sont plus précis que les intervalles
bootstrap percentile (Hall [Hal92]). La raison en est que le bootstrap estime mieux une statistique
pivotale’® telle que nl/25~1 (67— 9) qu’une statistique non-pivotale comme n'/2 (67— 0).

Il est cependant possible de corriger les intervalles percentile pour leur biais, ce sont les
intervalles BC,5%. Ils sont alors asymptotiquement aussi performants que les intervalles bootstrap-
t, tout en étant plus robustes (en particulier invariants par transformation monotone de ©). De
maniére générale, il est conseillé de passer par une statistique pivotale dans les cas «simplesy, et
d’utiliser la correction du biais dans les cas plus difficiles.

Enfin, il est souvent possible d’approcher les intervalles BC, analytiquement, ce qui réduit
considérablement le temps de calcul de ceux-ci, en particulier lorsque 6 est de grande dimension.
C’est la méthode ABC®.

Tests, tests multiples. Nombre de procédures de test ou de test multiple reposent sur la con-
struction de régions de confiance, via ’argument mentionné en Sect. 1.4.1. Il est également pos-
sible de construire directement des tests, soit en estimant un quantile & ’aide de ’heuristique
de rééchantillonnage (le niveau étant alors controlé asymptotiquement, le plus souvent), soit en
utilisant un argument d’invariance de la loi de I’échantillon par certaines transformations sous
I’hypotheése nulle. Dans ce dernier cas, on parle de tests par randomisation (ou encore tests par
permutations ou par symétrisation, selon le type d’invariance en jeu), et le controle du niveau est
en général exact.

Tests par rééchantillonnage direct. Considérons par exemple le cas d’un test ot

Hy={Ptq. S(P)=0} ,
pour une fonctionnelle réguliére S. Une procédure de test naturelle est alors

T(&1.m) = Lgp)>ta(ern)

ou t, est un seuil & déterminer. Le choix idéal serait le quantile d’ordre 1 — a de S(P,) =
S(P,)—S(P) sous Hy. L’heuristique de rééchantillonnage suggere de l’estimer a 1’aide du quantile
d’ordre 1 —a de £ (S(PY) = S(Py) | &1.m) -

W (&.n) =nf{t>0tq.P(S(PY) =S (P,)>t| &) <a} .

n

65¢est-a-dire dont la loi ne dépend pas (au moins asymptotiquement) de paramétres inconnus. Ici, la variance o
de 6.

66 «Bias Corrected and Acceleratedy, i.e. avec correction du biais et accélération.

67

«Approximate Bootstrap Confidence intervalsy, intervalles de confiance bootstrap approchés.
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Bickel et Ren [BRO1| ont alors montré que cette stratégie fonctionne avec le bootstrap pour
une certaine classe de tests. Elle peut également fonctionner avec des poids Efron (m), avec
n > m — oo, dans des cas ol le bootstrap ne fonctionne pas. A propos du choix de m & partir
des données, voir également Bickel et Sakov [BS05|.

Pour un apercu des méthodes de test par rééchantillonnage, voir aussi Efron et Tibshirani
[ET93|, Chap. 16 (au sujet du bootstrap), Politis, Romano et Wolf [PRW99| (au sujet du sous-
échantillonnage), et enfin Hall et Mammen [HM94]| et Janssen et Pauls [JPO03] (au sujet du
bootstrap & poids échangeables).

Tests par randomisation. Lorsque I’échantillon &, posséde certaines propriétés d’invariance
sous Hy, on peut en tirer parti pour construire un test dont le niveau est contrdlé précisément.
L’idée, qui est ancienne (elle remonte au moins aux années 1930 et R.A. Fisher [Fis35|%), est
la suivante. Soit G un groupe fini de transformations de =" qui laissent invariante la loi de
I’échantillon, i.e.

v9€g7 E(gln) :ﬁ(g(gln))
Alors, pour toute statistique de test S : 2 — R, pour toute distribution P € H,

Pe, .~p(Card{ge G t.q. S(&.n) <S(9(&1.n))} <aCard(G)) <o .

De plus, cette borne supérieure est exacte a 1/ Card(G) pres, puisque |« Card(G)| / Card(G) est
une borne inférieure. On en déduit que la procédure de test

T (&1..n) = Lcard{ g6 t.q. S(€1. n)<S(g(£1. n)) }<aCard(G) (1.25)

est de niveau a.. On parle alors de «test exact» car le niveau de T est égal a « (a 1/ Card(G) prés).

Une telle formulation générale recouvre de nombreux tests classiques, que 1’on peut regrouper

en deux classes principales :

— les tests par permutation : G est le groupe 3, des permutations de (§1,...,&,). Par exemple,

supposons que &1, ...,&, sont i.i.d. de loi @ et xy11,...,2z, dont ii.d. de loi Q2, pour un
certain 1 < m < n. Sous ’hypothése nulle «@Q1 = @Q9», 'échantillon &, est invariant sous
Paction de 3. Le test (1.25) peut donc étre utilisé pour tester I’homogénéité.
Lorsque E = X x Y, on peut aussi considérer le groupe G = X,y qui agit sur &, en
permutant les deuxiémes variables Y7, uniquement. Par exemple, sous I’hypothése nulle
«X1..pn est indépendant de Y7 ,,», la loi de ’échantillon est invariante sous G. On peut donc
utiliser (1.25) pour tester I’indépendance.

— les tests par symétrisation : lorsque Z est un espace vectoriel (par exemple R), on peut
considérer le groupe G = { —1,1}" qui agit sur 2" de la maniére suivante :

Vg € g, V€1.n € Env (gl?--- 7971) : (51?--- 7571) = (91517"' 7971571)

Sous I’hypothése nulle®
Hy = {Q®" t.q. @ distribution symétrique et de moyenne nulle sur E} ,

la loi de I’échantillon est invariante sous 'action de G.
On peut également utiliser un test de symétrisation pour tester Hy : «u = 0», lorsque
&1,...,&, sont i.i.d. de loi symétrique et de moyenne pu.
Le controle du niveau étant non-asymptotique et quasi-exact, les tests par randomisation ont
de bonnes chances d’étre plus puissants que les tests fondés sur I’heuristique de rééchantillonnage.
C’est pourquoi Efron et Tibshirani [ET93| (Chap. 15) conseillent d’utiliser les premiers lorsque

68oir aussi Oden et Wedel [OW75] & propos du test de Fisher.
69par «symétriquey, nous entendons : si £ est de loi @, alors 2E [£] — £ est de loi Q.
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cela est possible. En revanche, les seconds ont ’avantage de s’appliquer dans un cadre beaucoup
plus général, ou il n’y a rien & permuter ni & symétriser.

Toutefois, cette comparaison doit étre modérée. D’une part, les tests par randomisation re-
posent plus fortement sur ’hypothése d’invariance sous l'action de G que les tests bootstrap
équivalents. Ces derniers sont donc plus robustes, par exemple lorsque ’on ne veut tester qu’un
paramétre (e.g. la moyenne d'un échantillon), que les observations soient indépendantes ou non.
Par ailleurs, dans un cadre de tests multiples, nous montrons au Chap. 10 qu’un test multiple
rééchantillonnage peut présenter des avantages sur un test multiple par symétrisation.

Pour d’autres références sur les tests par randomisation, on consultera par exemple Romano
[Rom89, Rom90|, Westfall et Young [WY93], Janssen et Pauls [JPO03|.

Tests multiples. Les méthodes de test multiple par rééchantillonnage sont essentiellement de
trois sortes :

— on construit une région de confiance par rééchantillonnage et on en déduit une procédure
de test multiple (ceci est possible lorsque Hy j s’écrit «f = 6 o», par exemple). A ce sujet,
voir notamment Sect. 10.4.1 et Pollard et van der Laan [PvdLO03|.

— on construit K tests simples par rééchantillonnage, dont on ajuste ensuite les p-valeurs (par
exemple par une méthode step-down ou step-up).

— on utilise le rééchantillonnage pour construire une méthode d’ajustement des p-valeurs.
Ceci permet d’éviter d’avoir a faire trop d’hypothéses sur la loi jointe des p-valeurs. Voir
par exemple Yekutieli et Benjamini [YB99], et Ge, Dudoit, Speed [GDSO03].

Les deux premiéres approches ont déja été évoquées dans le reste de cette section. La troisieme

demanderait de plus longs développements que cette introduction ne saurait accueillir. C’est
pourquoi nous renvoyons le lecteur intéressé aux références précitées, auxquelles nous ajoutons

Westfall et Young [WY93] et Romano et Wolf [RW05, RWO07].

1.4.4. Contributions de la thése. Le Chap. 10 est le fruit d’une collaboration avec Gilles
Blanchard et Etienne Roquain. Une version courte de ces travaux a été publiée dans les actes
de Corr 2007 |[ABRO7|. Nous y construisons des régions de confiance par rééchantillonnage
(notamment pour en déduire des procédures de test multiple), avec un controle non-asymptotique
de la probabilité de couverture.

Probléme considéré. Nous considérons des observations ii.d. & = Y',...,§, =YY" € E =
R de loi symétrique ou gaussienne, mais dont les coordonnées sont corrélées, et ces corrélations
sont générales. Le paramétre qui nous intéresse est leur moyenne commune ;o € R¥, pour laquelle
nous cherchons & construire des régions de confiance de la forme

R(gln) = {33 ERK t'q- ¢ (%Z(&z_w)> <ta(§1...n)} )

i=1
ou ¢ est (par exemple) la norme LP (p > 1) et t, un seuil calculé & partir des données.
L’une des applications qui motive ce travail est 'imagerie cérébrale, ou p indique les régions
du cortex qui répondent & une stimulation donnée (ce sont les positions k telles que pup # 0),
ainsi que l'intensité de cette réponse. Dans ce cadre comme dans beaucoup d’autres, la dimension
K peut étre beaucoup plus grande que le nombre de répétitions n. Une approche asymptotique
est donc & exclure. De plus, les corrélations n’ont pas de forme particuliére, si bien qu’une ap-
proche paramétrique n’est pas envisageable (il y aurait au moins K2 paramétres, contre seulement
nK données pour les estimer). Dans un cadre non-paramétrique, il est naturel d’estimer t, par
rééchantillonnage. La principale nouveauté de notre approche est que nous proposons un contréle
non-asymptotique de la probabilité de couverture.
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Deux méthodes. Le seuil idéal est le quantile d’ordre 1 — « de ¢ (n_1 Yo & — ,u). Nous pro-
posons deux méthodes, chacune fondée sur I’heuristique de rééchantillonnage, afin de 'approcher.

La premiére méthode repose sur plusieurs inégalités de concentration : ¢ (n_l Yo & — ,u)
satisfaisant une inégalité de concentration sous-gaussienne (Prop. 10.4 (i)), on peut majorer le
seuil idéal par un terme d’espérance

Elqé(%il(&—u))]

plus un terme de déviation ne dépendant que de o = (var(&r) )i <p<x-
En appliquant 'heuristique de rééchantillonnage, nous définissons ¢, de la forme
1o 1 ¢
(RGN
i=

=1

tl,a (fln) = B{;}E gln + Rn(a,a) )

avec By explicite (voir (10.4)) et R,, un terme de reste (voir Thm. 10.1). Remarquons la présence
de n! >; Wi au lieu de 1, qui découlerait d’une application directe de I’heuristique. On peut le
voir comme une maniére d'imposer ) . W; = n, pour que le rééchantillon ressemble vraiment a
un échantillon. De fagon équivalente, ce terme revient a recentrer empiriqguement les données :

1 — 1 — 1 — 1 —
E;<Wi_E;Wi>§i:E;Wi<£i_E;§i)

Le point important ici est que cela permet a t; o, d’étre indépendant de la vraie moyenne p € RE.
En particulier, la présence de trés grande coordonnées ne le perturbe pas, ce qui est crucial en
termes de puissance, pour une application en test multiple.

Nous montrons alors (Thm. 10.1) que les régions de confiance fondées sur le seuil ¢; o, ont une
probabilité de couverture contrdlée pour tout n fixé. Ceci est valable pour une grande classe de
fonctions ¢ (dont toutes les normes LP, p > 1), et pour des poids W échangeables ou de type «V-
fold». Ce résultat repose notamment sur une inégalité de concentration (Prop. 10.4 (ii)) montrant
que le seuil rééchantillonné #1 , (&1..m) se concentre autour de son espérance plus 1raupidement70
que ¢ (nfl S & — ,u). Ce fait remarquable permet notamment de combiner ¢; , avec un seuil

déterministe sans perdre de niveau (Cor. 10.1).

La deuxiéme approche est de type «percentile» : on estime directement par rééchantillonnage
le quantile d’ordre 1 — « de ¢ (nfl S & — u), d’otu le seuil
§1n> <a }

1o 1 ¢
oo (15 (m- 15w <)
que nous n’étudions que dans le cas des poids Rademacher (1/2). Notre preuve repose en effet

=1

sur des outils de symétrisation, qui ne sont valables que dans ce cadre. La nouveauté réside ici
dans le terme en n~! >; Wi, qui rend le seuil plus robuste a des moyennes p élevées, mais rend
la preuve plus ardue. C’est pourquoi le résultat que nous prouvons (Thm. 10.2) rend nécessaire
lajout d'un terme de reste a to,. Ce dernier peut par exemple étre obtenu a partir de #; 4, le
point important étant qu’il est négligeable devant ¢, lorsque n est raisonnablement grand.
D’apres une étude de simulations (Sect. 10.5), cette seconde méthode est plus performante que
la premiére (dans le cas ¢ = ||| ), sauf lorsque les coordonnées de £ sont presques indépendantes
(car on peut alors combiner la premiére méthode avec un seuil déterministe qui fonctionne bien
lorsqu’il y a peu de corrélations). Cependant, en termes de temps de calcul, ’approche percentile

704 Péchelle n~" au lieu de n~'/? lorsque W est échangeable ; & 1’échelle V1/2p,71 dans le cas des poids V-fold.
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exige de considérer de nombreux rééchantillons, alors que la méthode par concentration garde une
précision raisonnable avec une approximation Monte-Carlo ou des poids V-fold.

Application auz tests multiples. Nous étudions & la Sect. 10.4 comment utiliser ces régions de
confiance pour construire des procédures de test multiple. Deux problémes peuvent étre résolus :
— test multiple bilatere : lorsque Hy j, est «u; = O», on peut utiliser les seuils t; o avec ¢(z) =
supy, 24].
— test multiple unilatére : lorsque Hpy est «up < O», on peut utiliser les seuils ¢; , avec
o) = supy ().,
L’avantage d’avoir construit des seuils invariants par translation de la vraie moyenne p est qu’ils
ne sont pas sensibles aux grandes valeurs des coordonnées non-nulles de p, contrairement aux
tests par symétrisation classiques (¢f. Cor. 10.11). L’utilisation de procédures step-down permet
de remédier & ce probléme, mais au prix d’un temps de calcul allongé. Dans les applications que
nous avons en vue, ramener le temps de calculs de 48 heures a 24 heures est une amélioration
considérable.

Une étude de simulations (Sect. 10.5) nous montre que nos deux approches sont compétitives
avec les seuils classiques (tels que Bonferroni), lorsque les corrélations entre les coordonnées sont
suffisamment importantes. Le prix de ’adaptation a de fortes corrélations est une légére sous-
optimalité dans le cas indépendant.



Conventions.

Notations

e the generic constants (L, Ly, . p,, L(A)) can change from a line to another, or even

within the same line.

e a null indicator function always has priority over other terms. For instance, 7 11,_q is

equal to 0 when x = 0.

Abbreviations.

a.e.
a.s.
(BA)(m,p)
Bonf

Cv

Efr, penEfr
FDR

FWER

(GA)

Loo, penLoo
LOO

Lpo

Mal

penEfr+, penLoo+, Mal+, ...

Poi

Rad, penRad
Rho, penRho
RP

(SA)

s.t.

VF, penVF
VFCV

w.r.t.

almost every

almost surely

Bounded assumption (Sect. 10.1.4, p. 248)

Bonferroni threshold ((10.11) p. 250)

Cross-validation (Sect. 2.2.2, p. 77)

Efron’s bootstrap weights, penalty (Sect. 6.3.3, p. 154)
False Discovery Rate (Sect. 10.6.2)

Family-Wise Error Rate (p. 258).

Gaussian assumption (Sect. 10.1.4, p. 248)
Leave-one-out weights, penalty (Sect. 6.3.3, p. 154)
Leave-one-out (Sect. 2.2.2, p. 77)

Leave-p-out

Mallows’ C), penalty

penEfr, penLoo, Mal, ... multiplied by a factor 5/4
Poisson i.i.d. weights (Sect. 6.3.3, p. 154)

Rademacher i.i.d. weights, penalty (Sect. 6.3.3, p. 154)
Random hold-out weights, penalty (Sect. 6.3.3, p. 154)
Resampling penalties (Sect. 6.2, p. 151)

Symmetry assumption (Sect. 10.1.4, p. 248)

such that

V-fold weights, penalty (Sect. 5.3.1, p. 123)

V-fold cross-validation (Sect. 2.2.2, p. 77)

with respect to

Mathematical notations (Chap. 2 to 9).
L, L(p1,---,Pk) = Lp,....p» L(a) generic constants (resp. numerical, dependent from

aVb, (a)+
anb, (a)—
axb
a<b

P1,- .-, Pk, dependent from the constants appearing

in the assumption set (A))

the maximum of a and b, the positive part of a (= a V 0)
the minimum of a and b, the negative part of a (= —a Vv 0)
a is proportional to b (i.e. Lia < b < Lsa)

a is negligible in front of b
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log = In, Ing

La]

1g, Card(E), diam(E)
E€, conv(E)

P(E)

H(o, R), He(o, R)

variay s

P, E, varp(X), cov

. D Y

QY(t)

1l

Leb, (55

UE)

N (1, %)

B(n,p)
M(n;p1,. .. pk)
P(n)

H(n,r, q)

+ .0
€z, ¢z

[1]

X, Y,
(X3, Yi)i<i<n, &1.m

€ly...,€n

S, S, Sp, Sy, t
v, 1(s,1), I(s,S)
7, s
o(x)

W, Om, Ex,m

P, s

natural logarithm, binary logarithm

largest integer smaller or equal to a

indicator function, cardinality, diameter of the set F
complementary, convex hull of the set F

set of all subsets of

Hoélderian balls (Sect. 6.4.2, p. 158)

variation of the function s : X — R over X ((6.14), p. 159)

probability, expectation, variance of X ~ P, covariance

law (=distribution), equality in distribution

short for E¢oq [7(t,€) | t]. Notice that if ¢ is random
(e.g. data-dependent), then £ ~ @ has to be independent
from ¢, so that Qv (¢) is random itself.

moment of order g

Lebesgue measure, Dirac measure at &

Uniform distribution on the set F

Gaussian distribution

Binomial distribution

Multinomial distribution

Poisson distribution

Hypergeometric distribution

expectations of inverses (Sect. 6.7, p. 170)

feature space, label space, observation space (often X' x )
samples

error terms

set of all predictors, 3 subsets of S, generic predictor

contrast function, excess loss at t, bias of S (:= [,_¢1(s,1))
regression function, Bayes predictor

noise level at point X =z

margin condition and complexity measures in a general
framework, including binary classification (Sect. 7.2.2, p. 196)

unknown data distribution, Bayes predictor

best predictor over S,

estimators

empirical distribution, empirical risk minimizer over S,
partition of {1,...,n}, subset of {1,...,n}

subsample empirical distributions

validation and training empirical distributions
subsample empirical risk minimizers

resampling weight vector, i.i.d. Rademacher variables
bootstrap or weighted bootstrap empirical distributions
weighted bootstrap empirical risk minimizer
expectation w.r.t. W only
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( Sm )mGMn ’ Dm

m*

*
MYin
m, myrcv, MLoo, - - -
m(K)

Cor; Cpathfor

pen, peilyrcy, PeMallows - - -
beljq, PeLig o

peniy

Pelnin _

p1, p1, p2, P2, 6, &

b1, b2

CulF), Bu(F), Gu(F), B (F)
crit, crit', crityrev, - ..

07 CW,oo

Rz(F)

family of models, dimension of the model m

oracle model (Sect. 2.1.2, p. 71)

linear oracle model (Sect. 4.3, p. 109)

selected models

model selected by penalization, according to the multiplicative
factor K (with linear penalties, Sect. 4.4.1, p. 109 or general
shapes, Sect. 11.3.2, p. 286)

model selection procedure benchmarks ((4.3), p. 110)

penalty functions

ideal penalty, ideal global penalty ((2.13), p. 76)

other ideal penalty (Sect. 5.7.3, p. 139)

minimal penalty (Sect. 3.3.2, p. 92)

parts of the ideal penalty (Sect. 5.7.2, p. 135)

parts of the Resampling Penalty ((5.32) and (5.33) , p. 138)
global complexities of the family of functions F (Chap. 233)
model selection minimization criteria

constants in front of Resampling Penalties (Sect. 6.2, p. 151)
constant in front of global resampling complexities ((9.5), p. 234)

Histogram framework (Sect. 6.3, p. 152 and Sect. 6.8.1, p. 171).

(IA)AeAm

EAn [ ]

Ug: UK) 2PN

Px, Px, DY

Wy

An(@): Bn(m)
Bxs B, @\/V
lﬁ,w, Row

M

VF nW
5”717/\7 67(1717/\)7 57217);3\ )

partition of X

short for E [ | (Ixer, )1§i§n,)\eAm]

variability terms when X € I

true, empirical, resampling empirical frequencies of X in Iy
mean of the weights W; such that W; € I

minimum of the empirical and true frequencies over (I )yca -
coordinates of s,,,, Sm, Sv, in the basis (1, )xer,,

resampling weights constants ((5.31), p. 138)

family of “pre-selected” models

quantities < 1 when np) — o0

Confidence regions and tests (Chap. 10).

I,

Sl &l

(n,n)

< S <FE
M

~Wi

J
Aw, Bw, Cw, Dw, Ew

<

1/p
LP norm of x € RE : if 1 < p < oo, (Zle |xk|>
if p = oo, SUP1<k<K |33k:|
standard Gaussian upper tail function
Binomial upper tail function (p. 255)

K x n data matrix: each column Y? is an individual observation
mean and covariance matrix of Y!

empirical mean n=1 Y, Y?

mean of the weights n=! >, W;

weighted bootstrap empirical mean n~! > W, Y?!

mean of the block j (in the V-fold case) Card(B;)~* Ziij Y

constants related to resampling weights (Sect. 10.2, p. 249
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and Sect. 10.7.5)

L some threshold, at level a

Hy single null hypothesis

[x] either |x| (two-sided context) or = (one-sided context)

Ho null hypotheses (in a multiple testing setting)

R(Y) multiple testing procedure (i.e. data-dependent rejection set)
H, Ho set of null hypotheses, set of true null hypotheses

t subset-based threshold (Sect. 10.4.2, p. 259)

{o(j) s:t.j >}

the set which contains the K — i + 1 smaller coordinates of Y.



CHAPTER 2

Optimal model selection

RESuME. Ce chapitre a pour but d’introduire et de motiver une partie es-
sentielle de cette thése, qui regroupe les chapitres 3 & 9, et dont l'objet est la
calibration «optimale» de procédures de sélection de modéles. Mettant en évi-
dence les différentes formes d’optimalité (théorique ou pratique, asymptotique
ou non), nous montrons qu’il existe un réel fossé entre théoriciens et praticiens
sur la maniére de résoudre ce probléme. Ce travail de thése cherche a réduire cet
écart, en étudiant une méthode de calibration de pénalités a 1’aide des données
(I’heuristique de pente, Chap. 3), ce qui est nécessaire dans certaines circon-
stances (Chap. 9); en proposant des méthodes d’estimation de la forme de la
pénalité (Chap. 5 & 8), qui sont plus robustes que les simples pénalités linéaires
(Chap. 4) ; en proposant une étude théorique non-asymptotique de la validation-
croisée V-fold et d’'une méthode de pénalisation apparentée (Chap. 5).

The aim of this chapter is to introduce and motivate the main part of this thesis, which goes
from Chap. 3 to 9.

Our main motivation is to fill in a gap between theory and practice in model selection. On
the one hand, theoretical results concern procedures that are either untractable (because they
need a huge computation time, or — worse — because they make use of unknown parameters)
or based upon a single data splitting. For instance, in binary classification, fast rates of con-
vergence under margin conditions have only been obtained for local Rademacher complexities
(Koltchinskii [Kol06]), the hold-out (Massart [Mas07|, Blanchard and Massart [BMO06d|) and
some aggregation procedures (Lecué [Lec07a]). The first one makes use of unknown constants
(and is computationally untractable), the last two ones rely on a single split of the data. More-
over, hold-out and aggregation are proved to be optimal compared to estimators built with a first
part of the data, provided that the second part of the data is large enough. So, they may not
be optimal compared with estimators built with all the data. The best choice of the splitting
remains another crucial open problem.

On the other hand, practical users often prefer V-fold cross-validation (VFCV), which selects
an estimator built with all the data. This procedure has several advantages: it is very simple
to explain, computationally feasible (since V' is mainly chosen between 5 and 10), quite stable
(because it does not rely on a single split) and it does not rely on strong assumptions. Simulation
studies always show that the hold-out has quite poor performances, whereas VFCV does generally
much better. Surprisingly, there are very few theoretical results on VFCV, which is far less
understood than the hold-out. The reason for this is that a single data split allows to make use
of the independence between the two parts of the sample. With VFCV, all the data is used for
both fit and selection, making theoretical results very hard to prove.

Our answer to this issue is two-fold. First, we suggest a practical way of tuning penalization
procedures. This is based upon the “slope heuristics” from Birgé and Massart [BMO06c¢|, for
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which we prove results in an heteroscedastic framework (Chap. 3 and 4). Secondly, we study the
non-asymptotic performances of VFCV and define alternative penalization methods (V-fold or
resampling penalties, Chap. 5 to 8). In particular, we prove sharp oracle inequalities for these
procedures in a regression framework, with heteroscedastic noise (Chap. 5 and 6). These penalties
do not involve unknown constants, except maybe a multiplicative one (like global resampling
penalties, see Chap. 9), for which we can use the slope heuristics idea of Chap. 3.

The main drawback of our theoretical evidence is that they often assume a particular structure
for the models, since explicit computations can only be made with histogram models. However, we
are able to make part of the way towards an oracle inequality in a general framework, including
bounded regression and binary classification (Chap. 7). We suggest to make the following use
of our results. For theorists, our complete proofs for histograms could be a guideline towards
sharp oracle inequalities in a general framework. At least, they enlighten conjectures that are
likely to be true, and several difficulties that will have to be solved. For practical users, our
accurate description of the histogram case shows how resampling can be successfully used for
model selection, what does not work in general (without modification), and which modifications
could improve on the performance of resampling in model selection.

2.1. Model selection for prediction

The common goal of users and theorists of model selection is to build optimal model selection
procedures. In order to explain what this means, let us focus on the prediction problem, which is
the main framework of this thesis.

2.1.1. The prediction framework. The prediction problem is part of statistical learning
theory, initiated by the works of Vapnik [Vap82, Vap98|. It can be described as follows. We
observe n independent realizations (X1,Y7),...,(X,,Y,) € X x Y of a random variable (X,Y") of
unknown distribution P. Given a new independent realization (X1, Yn41) of (X,Y), we would
like to predict Y11 (a quantity of interest) thanks to X,,+1 (some feature parameters, easier to
measure) and the past data (X;, Y;)1<i<n. In other words, we would like to build a data-dependent
predictor t : X — ). We have in mind several frameworks among which:

e regression: X contains several feature parameters (e.g. X C R*), and Y is a signal
of interest belonging to a continuous space (e.g. Y C R). We can then write Y =
n(X) + o(X)e where n(X) = E[Y | X] is the regression function, and o(X)e a centered
noise term (with variance o(X)? conditionally to X; o(x) thus quantifies the noise-level
at X = z).

e binary classification: Y is a label (¥ = {0,1}), and X can be of various kinds (a DNA
sequence, a digital image, a curve, to name but a few), generally high dimensional.

In order to define what is a good predictor, we need some measure of the “distance” between
t(Xn+1) and Y, 4. Let S be the set of predictors. Given a contrast function v : S x (X' xY) — R,
the quality of a predictor ¢ is measured by the prediction loss

Py (t) = Euyyer [v (6 X Y)) [ ] =E[y (1 (Xnt1, Yata)) | ]

In the following, we will often make use of the above functional notation P~ (¢) for expectations.
The conditionning w.r.t. ¢t means that the prediction loss of a data-dependent predictor is also
data-dependent. It is often convenient to consider the ezcess loss

i(s,t) = Py(t) — inf {Py(t)} > 0
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instead of the loss. When this infimum is actually a minimum, we call Bayes predictor any
predictor s of minimal prediction loss over S. Remark that the quantity I(s,t) is well-defined
even if s is not. In the following, we focus on some frameworks where s exists.

For instance, in both regression and binary classification, a common contrast function is
v(t, (z,y)) = (t(z) —y)? (in classification, this is the 0-1 loss 1y(2)£y)- Then, in regression, the
Bayes predictor s is equal to the regression function 7 and the excess loss can be written

U(s,t) = E | (H(X) = s(X))*
In binary classification, the Bayes predictor is s : x +— 1 n(@)>1s and the excess loss is
=2

I(s,t) = E[|t(X) = s(X)[[2n(X) = 1] .

A common way of defining a data-dependent predictor with a small excess loss is empirical
risk minimization. Given a set S, of predictors (called a model), the empirical risk minimizer is

defined by
Sm S rg tHléIl nY where n"Y t): n ZE - v t7 1y 41

is the empirical risk. Of course, the excess loss of s, strongly depends on the choice of the model
Sm- On the one hand, if one takes the whole set of predictors S as a model, there will be many
predictors with an empirical risk equal to zero, all with a large excess loss because the data is
noisy. On the other hand, if .S, is small, it generally does not contain s, so that

l(s,5m) > tgé‘fn {l(s,t) } :==1(s,Sm) =1(s,5m)

which can be large (s, denotes a minimizer of the prediction loss over S,,, when it exists). This
lower bound (s, Sy,) is called the bias of S,.

There is thus a trade-off between bias and variance, and one has to balance these two terms
in order to choose a good model S,:

1(s,5m) = 1(s,8m) + P (v (5m) =7 (sm)) - (2.1)

The first term is the bias of S, the second one is a variance term: it represents the difficulty of
estimating s,, because of the noise. For instance, in the framework of homoscedastic regression
on a fixed-design, its expectation is equal to 02D,,n~!, where D,,, is the dimension of the model
m.

2.1.2. Sharp oracle inequalities.

Model selection. We now come to the model selection problem: given a family of models
(Sm)mem,» Which model m gives the best predictor 5,7 That is, according to (2.1), which
model achieves the bias-variance trade-off? Since our goal is prediction, an ideal procedure would
select the oracle model

* . ~
m* e arg min {l(s,5m)} -
However, the oracle depends on the true distribution P, so that it can not be computed in practice.

We would now like to make a few remarks:

e the Bayes predictor s is not assumed to belong to (J,,cnq, Sm (think for instance of
the regression framework, with a smooth target s and the family (Sp),.p,, of models,
where Sp is the set of regular histograms of size D).
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e the family M, is allowed to depend on the sample size n, as in the above example. This
motivates a non-asymptotic approach, in which Card(M,,) (and sometimes the dimension
of the data X') can be much larger than n, even if the sample size itself is large.

e even if s € S5 for some m € M,,, s does not necessarily belong to the oracle model Sy,x.
For instance, assume that Sz has a large dimension, n is small and the noise-level o
large. Then, m does not realize the bias-variance trade-off, and the oracle m* is a much
smaller model (with very high probability). This shows that identification (i.e. find m
with high probability) and prediction are quite different goals (sometimes conflicting, see
for instance Yang [Yan05]).

A common model selection technique is the so-called structural risk minimization (Vapnik
[Vap82]). Starting from the fact that the resubstitution error P,y (s,,) underestimates the
prediction loss P+ (5,,) (and would lead to always choose the largest model), the idea is to
“penalize” the models for their complexity. More precisely, we choose the model

m € arg mHgl/l\I/ll {P.,y(5m)+pen(m)} (2.2)

where pen : M,, — [0,00) is a data-dependent complezity measure of S,,. For instance, in ho-
moscedastic regression, Mallows’ C), corresponds to the penalty 202D,,n~!. More on penalization
can be found in Massart’s Saint-Flour lecture notes [Mas07].

Oracle inequalities. The goal of model selection is to choose m ((X1,Y1), ..., (Xn,Yn)) € M,
such that s5 performs almost as well as the oracle m*, while using only the data. There are at
least three theoretical ways of measuring the performance of such a model selection procedure:

o Asymptotic optimality:

I(s,3m)
g Ly=1. 2.3
( infme/\/ln {Z(S, gm) } n—oo > ( )
o A non-asymptotic oracle inequality:

E(l(s,53)] < C_inf {E[l(s,5,) + R(m,n)]} (2.4)

for some constant C' > 1 (as close to 1 as possible), and a remainder term R(m,n)
that should be small in front of I(s,5,,). Remark that (2.4) compares m to the best
deterministic choice of m, which performs worse than the oracle m* (which is data-
dependent). This is why we will prefer the following kind of oracle inequality, harder to
prove, but more meaningful:

E[l(s,57)] < CE| inf {i(s,8y)+ R(m,n)}| . (2.5)
meMn
o A “pathwise” oracle inequality: with high probability (e.g. 1 — Ln~2, for some constant
L),
I(s,87) < C inf {l(s,5y,)+ R(m,n)} . (2.6)
meMn

The difference with (2.5) is that we here compare m to m* for almost all the samples,
whereas (2.5) only compares their performances in expectation. Since in practice there
is one sample, (2.6) provides a stronger guarantee of performance than (2.5). Notice also
that (2.6) easily implies (2.5) when the contrast is uniformly bounded by some constant
B < oo (up to a small enlargement of the remainder term).

Adaptivity. Instead of an oracle inequality, an appreciated property of a model selection pro-
cedure is adaptivity (see for instance Birgé and Massart [BM97]). Basically, assume that the
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distribution P € P = sep Pp, the parameter [ representing some unknown property of P (e.g.,
in the regression framework, one can assume that s belongs to some holderian ball H(«, R) with-
out knowing the true parameter § = (o, R) = (). Then, we say that Sz is adaptive to (3 if it
performs as well as any predictor 55, using the knowledge of the true parameter (3, while not
using it.

A common way of measuring this performance is the minimaz risk: given a family P of
probability distributions, the minimax risk over P is defined as

Rminmax(P) := inf sup E[I(s,5)] ,
5 pep

where the infimum is taken over the set of all estimators. The minimax risk thus measures the
worst case over the class P. We can now give an accurate definition of a minimaz adaptive
estimator s, for every By € B, for every true distribution P € Pg,,

E[l(sagfﬁ)] < KRminmax(Pﬁo) (27)

for some constant’ K. Of course, the smaller K, the best performances for the estimator Sp,.

Margin adaptivity. In the regression setting, we have already mentioned the smoothness of s
as a parameter to which adaptation is often looked for. In the classification setting, a current
theoretical challenge is the construction of margin adaptive procedures. We briefly explain the
meaning of this phrase. When P is the set of all distributions such that s belongs to some fixed
Vapnik—éervonenkis class S of dimension V, the minimax risk over P is proportional to V1/2n=1/2,
and it is attained by the empirical risk minimizer over S (see for instance Lugosi [Lug02]).

This lower bound is over-pessimistic since the class P is huge (the above minimax risk is
thus called “global minimax risk”). It is possible to do better if P satisfies the margin condition

introduced by Mammen and Tsybakov [MT99|:
varp (y(t,-) = (s,-)) <w (s, 1)) (2.8)

for some nondecreasing function w : (0,00) — (0,00) such that x — w(xz)/x is nonincreasing.
For instance, if (2.8) holds with w(e) = h=1e? for some @ € (0, 1], then Tsybakov [Tsy04] showed
that fast rates of convergence (i.e. n™® for a € (1/2,1) depending on # and the model) could
be obtained by empirical risk minimization over S (with some additional complexity assumption
on S in terms of entropy with bracketing). Moreover, if [2n(X) —1| > h > 0 a.s., then (2.8)
holds with w(e) = h~'e. Under this assumption, Massart and Nédélec [MNO6] showed that the
empirical risk minimizer over a VC-class S of dimension V has a risk of order V/(nh), which is
the minimax rate over

P(S,h):={Pst.seSand P(|2n(X) -1 >h)=1} .

A procedure is said to be margin adaptive when it adapts to the margin parameter h, or — more
generally — to the unknown margin function w (in particular the exponent #). This is a quite
interesting property since it means to attain fast rates when they are available, and not only the
global (pessimistic) rate n~1/2.

What is a sharp oracle inequality ¢ By “sharp oracle inequality”, we mean a non-asymptotic
pathwise oracle inequality like (2.6) (or (2.5) if one can not do better), with a constant C' = 1+¢,
(lim;, .0 €, = 0, with an explicit upper bound on ¢,), and a remainder term R(m,n) < I(s,S)

Lin the best case, K is an absolute constant; in general, this can only be proved with K depending on [y itself,
but never on P or the sample size n.
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(at least for the “good” models and with large probability). In other words, this is a non-asymptotic
version of asymptotic optimality (2.3).
There are two main reasons why we want such a result:

e predict as well as possible from the family of predictors (5,,),,caq,, €ven when n is not
large compared to Card(M,,).

e use a well-chosen family (.S,,) in order to build an adaptive estimator Sz. Since

meMy,
we know quite well how to choose the model S, when P satisfies some property like
the margin condition, this is almost straightforward as soon as (2.6) holds. Moreover, if
the constant C' in (2.6) is small and the remainder term R(m,n) negligible, then (2.7) is

likely to hold with a constant K close to 1.

However, a sharp oracle inequality is not a sufficient condition for non-asymptotic optimality,
which is what matters in practice. When the sample size n is fixed, the optimal constant C in
a sharp oracle inequality? is C¥ > 1 (it may also depend on other parameters like the noise-
level ¢ > 0 or the margin w). Thus, knowing that C' < 1+ €, —, o 1 is necessary, but not
sufficient to show that C' ~ C}. Moreover, an asymptotically sub-optimal procedure (for instance
an overpenalizing one) can be optimal for some sample size n (see e.g. the simulations of Chap. 5
and 6).

To our knowledge, this fact is seldom taken into account, although it may be crucial for
improving model selection techniques in practice. This is why we propose in this thesis flezible
procedures, in the sense that one can use them with any overpenalization factor. Although we will
only prove sharp oracle inequalities when the overpenalization factor is close to one, flexibility
makes possible an optimal use in practice. Since theoretical results about non-asymptotic opti-
mality would be quite hard to prove, it is crucial to ensure — at least — the potentiality for such
an optimality. Then, an empirical optimization by practical users is likely to produce actually
optimal procedures.

Nevertheless, non-asymptotic optimal model selection remains a theoretical open problem,
which is of crucial interest for practical applications. This is probably a major reason for the gap
between theory and practice, to which the next section is devoted.

2.2. A gap between theory and practice

2.2.1. Theory: hold-out, aggregation and local Rademacher complexities. In this
section, we describe three strategies for selecting a model m among M,, (or aggregating several
models), which are “good for theorists”. This mainly means that some results can be proven (even
adaptivity to the margin), sometimes quite easily (e.g. for the hold-out). We thus have a deep
theoretical understanding of the reasons why they work well (at least, in theory).

Hold-out. The simplest model selection procedure is probably the hold-out. It relies on the
idea that the downward bias of the resubstitution error comes from the dependence between 5,
and the data used to choose a model m. Then, splitting the sample into two separate (thus
independent) parts should avoid this drawback. The first part of the data (called training sample,

)

of size ny) is used to build a family of estimators (sm ) . For instance, they may be empirical
meMnpn

risk minimizers over the training sample:

s € arg min POy (1)

2the remainder term being fixed, for instance equal to zero or n~2, as well as the probability 1 — Ln~2 of the
favourable event.
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where Pét) is the training empirical distribution. Then, we use the second part of the data (called
validation sample, of size n, = n — ny) to estimate the prediction loss of ’sﬁ) for each m, and
choose the model m with the smaller estimated loss:

m e argmrg/i\l/qln {Pé”)'y <§(7fl)> } )

where P,ﬁ’“) denotes the validation empirical distribution.

(1)

The idea behind validation is quite simple: since s;; is independent from PT(lv), m minimizes
an unbiased estimate of the prediction loss of fs\(n?, so that it is likely to satisfy an oracle inequality
of the form

~(t) .
.55 < it {1(,30) + R(m.nem,) | (2.9)

with large probability. For instance, in the binary classification framework with a margin condition
satisfied, Blanchard and Massart [BMO06d| (see also Massart [Mas07|, Sect. 8.5) gave a quite
simple proof of the margin adaptivity of the hold-out.

However, hold-out has several drawbacks. First, looking again at (2.9), we see that m is
compared to the best predictor built with n; < n observations (and n; can not be taken too close
to n, otherwise R(m,n;,n,) may be too large). Even if we used Sz as a final estimator, m is
chosen according to a criterion which is close to the ideal one when the sample size is n;, not n.
As a consequence, hold-out may not satisfy sharp oracle inequalities like (2.6), and the choice of
an optimal splitting ratio n;/n, remains an open problem.

Second, practical studies show that the hold-out procedure has poor performances, because

of the variability of the criterion P,,EU)V (fs\(n? ) A common way of reducing variability is making

several data splits instead of only one (which has to be chosen arbitrarily), i.e. use cross-validation
instead of hold-out. Unfortunately, this makes theory much more difficult, since we no longer have
independence between the estimators and the way they are chosen. We will come back to cross-
validation strategies in Sect. 2.2.2 and 2.4.

Aggregation. Instead of selecting one predictor among (%, ),,c M, aggregation produces a
convex combination of them (Nemirovski [NemO0O]):

Sagreg = Z Winbm, with Z Wy =1 .

meMy meMn
The predictors t,, are generally assumed to be fixed, and the weights w,,, are estimated from the
data. Then, most of the theoretical results compare S,greg to the best predictor among (%, ) meM,:
with large probability,

(s Bugreg) < b {U(s,t) }+ R - (2.10)

As for hold-out, these theoretical results rely on the independence between the weights w,, and
the predictors ¢,,,. In practice, this means that one will have to split the data into two parts: the
predictors t,, = §(n? are built with the training sample, and the weights w,, (P,S“’) are computed
with the validation sample.

Several results like (2.10) about aggregation have been proved, with an “optimal” remainder
term R,. In particular, it can be used to define a margin adaptive procedure (Lecué [Lec07a]).
mem,, 18 fixed (Lecué

[Lec07b]). However, this does not mean that aggregation is better than model selection.

Moreover, it can be better to use aggregation than model selection, once (%, )

The name “oracle inequality” often given to (2.10) can indeed be misleading. First, the
predictors t,, are generally built with n; < n data, so that they have a larger excess loss than §,,.
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The right-hand side in (2.10) is thus larger than the right-hand side of a “sharp oracle inequality”
like (2.6). So, we do not know whether an aggregated predictor performs better than model
selection among estimator built with the whole data set.

Moreover, Sagreg belongs to the set conv ((tm ) meM, ) of convex combinations of the predictors
(tm )mem,,» Which is much larger than {t,, s.t. m € M, }. There are some results which com-
pare Sagreg t0 the best predictor in conv ((tm),,cpq, ) (Juditsky and Nemirovski [JN0O], Yang
[Yan04]):

I(s, Sagreg) < inf {l(s,t)} + R), . (2.11)

tEconv( (tm ) memy,
However, it is not clear whether (2.11) substantially improves (2.10), because the remainder term
R/, has to be larger than R,,.

In addition, when ¢, = §(,nt1), the oracle aggregation predictor should be the best predictor in
conv ((Sm ) e Mn)' To our knowledge, there is no general theoretical result about aggregation
with this last benchmark. Moreover, in this case, one has to choose a splitting ratio n¢/n,, on
which the performances of aggregation may strongly depend. Since the optimal ratio can depend
on the data (particularly in a non-asymptotic situation), it is quite unclear that one can obtain a
sharp oracle inequality for practical aggregation procedures.

Finally, notice that the aggregated predictor s,greg can be quite complex, e.g. if Card(M,,) is
large and the weights w, are all positive (which is a common situation). It may thus be hard to
compute in practical applications.

Local Rademacher complexities. In classification, several model selection procedures are built
upon “global penalties”, i.e. defined by (2.2) with an estimate of

pen;y ,(m) = sup {(P =Py (1)}

as a penalty pen. For instance, one can use Rademacher complexities (introduced independently
by Koltchinskii [Kol01] and Bartlett, Boucheron and Lugosi [BBL02]):

~ 1 &
Ry (m) = E | sup {; > et (Xi,Yi))} (Xi,Yi)KKn] (2.12)
(where €1, ..., ¢, are i.i.d. Rademacher variables), or other resampling estimates® of pen;q (M),

e.g. Fromont’s bootstrap penalties [Fro07|. Their main drawback is that they are much too large,
compared to the ideal penalty for prediction (defined as the difference between the prediction loss
and the empirical risk), i.e.

penia(m) = (P — P)y (3) < penyg g(m) . (2.13)

In order to attain the fast rates available under the margin condition, one has to take into account
the location of 5, in S,,.

This is why several local Rademacher complexities have been introduced in the last few years
(Bartlett, Mendelson and Philips [BMPO04|; Lugosi and Wegkamp [LWO04]|; Bartlett, Bousquet
and Mendelson [BBMO5|; Koltchinskii [Kol06]). Basically, they can be written in terms of the
positive fixed point r* of

fr)=E sup {l > et (Xz‘,Yz‘))} ' (Xz‘,Yz‘)lgz‘gn] ;

tE€Sm, c1r< P (y(t)—=v(5m ) )<car | T i—1

3Efron’s resampling heuristics is described in Sect. 2.4.2. It produces estimators of quantities of the form F (P, P,)
like peny ,(m).
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for some constants ca > ¢; > 0 (and at least a multiplicative constant in front of 7*) to be tuned.
Most of the results about local Rademacher complexities may be found in Koltchinskii [Kol06]
and the subsequent discussion. In particular, they could be margin adaptive penalties if one knew
how to calibrate them from the data.

The main drawback of these local penalties lies in the constants on which they depend. In
a few “easy” frameworks (e.g. Koltchinskii [Kol06], Sect. 6.1, where s is assumed to belong to
one of the models), we only have huge upper bounds on all of them. Hence, they are certainly
not optimally calibrated, and well calibrated global penalties may perform better in most of
the practical cases. In a more general framework (e.g. Koltchinskii [Kol06], Sect. 5.2), all the
penalties based upon r* for which theoretical results are proven depend on unknown quantities
such as the function w in the margin condition. This is why they can not be considered as
truly adaptive penalties. Moreover, even if the calibration problem was solved, their practical
computation would be quite long in general. Finally, it seems quite unnatural (at least for the
practical user) to consider quantities as complex as the local Rademacher complexities whereas
there are several more natural procedures, which are quite efficient in practice, e.g. V-fold cross-
validation and Efron’s bootstrap penalties |[Efr83] (see Sect. 2.2.2 and 2.4). The main argument
in favour of local Rademacher complexities is theoretical: it is possible to use symmetrization
tricks. This may not be a sufficient argument for their use in practice.

2.2.2. Practice: V-fold cross-validation. Despite the theoretical results detailed in the
previous section, the most widely used model selection technique (in particular in classification)
remains cross-validation, for which theory is much harder to derive. It is a basic improvement on
the hold-out idea, where the data split is repeated several times.

The “ordinary cross-validation”, also called leave-one-out (Allen |A1174], Stone [Sto74|, Geisser
[GeiT75]) uses every single observation as validation sample:

_ SRR i
Moo Gal"gmrél/l\l/ll {EZV(é{mZ)?(XMY;)) }
" i=1

ZV(@ (va}/}))

J#i

Then, the final leave-one-out estimator is 55, . In regression, cross-validation has been proved to
be asymptotically optimal (Li [Li87]), but it is often criticized for its variability in classification

. 1
where 59 ¢ arg min
m gtesm n—1

(in particular when the algorithm producing s, is unstable, e.g. CART; ¢f. Hastie, Tibshirani,
Friedman [HTFO01| and Breiman |Bre96]). Then, the leave-p-out has been suggested as a gen-
eralization of leave-one-out, using every subset of size p of the sample as a validation sample
(ny =p, ng =n — p).

Since an exact computation with the leave-p-out requires a huge amount of time, several other
approaches have been suggested, among which V-fold cross-validation (VFCV, Geisser [Gei75]).
The idea is to split the sample into V' blocks of (almost) equal sizes (B;)i<j<v, and use each of
these blocks as a validation sample:

v
_ N N p ' e
MyFCY € arg min 4 E PPy (g(mj)) where 307) ¢ arg min {Pn( ! )V(t)}

and PV = Card(I)™' ;e 0(x,v;) for every I C {1,...,n}. The computation time is thus
reduced to V' empirical risk minimizations (instead of n or much more).
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Like the hold-out, VFCV is very simple to explain, requires a small computation time (at least
when V' is chosen smaller than, say, 20), and it can be used in almost every framework. Moreover,
VFCV is much more stable than hold-out (at least if V' > 5 and not too close to n), and really
builds an estimator with all the data.

However, VFCV uses a biased estimate of the prediction risk (Burman [Bur89]). The predictor
?s\(n{ 2 being built with a sample size around n(V —1)V ! instead of n, VFCV slighlty overestimates
the prediction loss. In practice, people usually* say: “With V = 10, the bias is small enough to
be neglected”. Since this may be wrong asymptotically, Burman proposed a way of correcting
VFCYV for its bias. Our viewpoint is between those two extreme views, because overestimating
the prediction loss may be benefic in some situations (in particular non-asymptotic prediction and
identification; see Sect. 2.4 and Chap. 5).

The main issue with VFCV is the choice of V. It depends on three factors: bias (the larger
V', the smaller bias), variability (V' = 2 is highly variable, V' = n can also be too variable)
and computation time (which is proportional to V). Practical users often choose V' = 5 or
V' =10, neglecting the bias and considering that the variability is small enough. This is not true
asymptotically (V' should go to infinity to obtain sharp oracle inequalities), but every practical
situation is non-asymptotic. We shall see in the following that large values of V' can be worse
than V' = 2, even in situations where the leave-one-out is not more variable than 10-fold cross-
validation. In the density estimation framework, Celisse and Robin [CRO06] also proposed a way
of choosing the optimal V from the data, according to a bias-variability trade-off. See also Politis,
Romano and Wolf [PRW99]|, Chap. 9, on the choice of V' (and, similarly, the choice of p in
leave-p-out).

There are few theoretical results on V-fold cross-validation (van der Laan, Dudoit and Keles
[vdLDKO04]|, Yang [Yan06, Yan07]|, and some references therein), and none is able to distin-
guish it from leave-p-out (except Celisse and Robin [CRO6| in a particular density estimation
framework). As a consequence, in theory, V can only be chosen according to the bias, leading to
an asymptotically optimal choice of V.

On the other hand, there are several simulation studies on VFCV and other resampling meth-
ods used in practice (e.g. the .632 bootstrap, Efron [Efr83], and the .632+ bootstrap, Efron and
Tibshirani [ET97]). Apart from the references already mentioned, see for instance Efron [Efr86],
Zhang [Zha93| and Molinaro, Simon and Pfeiffer [MSSPO05|. One purpose of this thesis is to use
theory to enlighten some conclusions of these studies.

2.3. Accurate calibration of penalties

The main drawback of theoretical penalization procedures is often their calibration. In the
worst cases, they depend on so many parameters that simulations are necessary to suggest rea-
sonable values of these parameters. This is of course unsatisfactory since simulations can only
consider a few examples of distributions P, leading to poor performances in practical problems
far from these simulations. In several other cases, the shape of the penalty is known, but not the
optimal multiplying factor. Think for instance of Mallows’ C:

B 202D,

PeN\allows (m) - n )

4except when the goal is identification (Zhang [Zha93|) or testing (Dietterich [Die98|, Alpaydin [Alp99]) which
is much closer to identification than to prediction.
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where D,, is the dimension of S, as a vector space. In general, the (homoscedastic) noise level
o2 is unknown. In addition, Rademacher complexities (2.12) require a factor 2 in theory which

does not seem necessary in practice (Lozano [Loz00|, Fromont [Fro07]).

2.3.1. A practical algorithm for calibration of penalties. Recently, Birgé and Massart
[BMO6c]| proposed a practical method for making such a calibration (see their Sect. 4, or also the
Sect. 2 of Blanchard and Massart [BMO06d]). Their idea relies on the following rule of thumb:

“optimal” penalty ~ 2 x “minimal” penalty . (2.14)

Since penalizing less than the minimal penalty implies that the largest models are selected, it can
be estimated from the data (as soon as the shape peng(m) of the optimal penalty is known). This
leads to Algorithm 3.1, which provides an optimal penalty using only the shape pen, (which can
be either known a priori or estimated by any other device) and the data. Let us recall it now:

(1) For every K > 0, compute
m(K) € arg min { P,y (Smn)+ Kpeng(m)} .
meM'n

(2) Find I/fmin > 0 such that m(K) is very large for K < IA(min and of “reasonable size” for
K > Kpin.
(3) Choose the model m = m <2Kmm).

The complexity of the first step being polynomial in Card(M,,), this algorithm is computationally
tractable. In Sect. 3.4, we give more details on the choice of I/fmin in practice.

Notice that in (2.14), the “optimal” penalty is the one satisfying a sharp oracle inequality like
(2.6). It may not be the optimal one for a fixed sample size, in the sense of the end of Sect. 2.1.2.
When some overpenalization within a factor Cy, > 1 is needed, one just has to replace the factor
2 in (2.14) by 2C,y. Algorithm 3.1 can thus be used to derive non-asymptotic optimal penalties
(as soon as Cyy can be obtained from the data). When the goal of model selection is identification,
the optimal penalty is also much larger than pen;y. Think for instance of BIC, which is roughly
equal to the prediction criterion AIC multiplied by In(n)/2. Replacing the factor 2 by In(n),
(2.14) can then be used to calibrate identification procedures.

2.3.2. The slope heuristics. The reason why (2.14) works is the so-called “slope heuristics”.
If one uses
p2(m) == Py (v (sm) — 7 (5m))
as a penalty, then the chosen model minimizes P, (v (s,,)) which is an estimate of the bias of
Sm- Then, m belongs to the largest models with high probability. And a slight enlargement of
the penalty is sufficient to choose smaller models (which achieves a bias-variance trade-off, with
an underestimated but positive variance term). On the other hand, the optimal penalty is

penyq(m) := (P — Po)y (8m) = pi(m) + pa(m)  where  pi(m) := P (v (5m) =7 (sm)) ,

since the resulting m minimizes the prediction loss Py (5,,). The rule of thumb (2.14) can thus
be rewritten as

~

pi(m) =P (7 (5m) =7 (sm)) = Pu (7 (5m) =7 (5m)) =t p2(m) , (2.15)
which is the “slope heuristics”.
Sits name comes from the homoscedastic regression case, where both E [p1(m)] and E [p2(m)] are proportional to

the dimension D,, of Sy, in expectation. Then, the empirical risk P,v (S, ) appears to be linear in D,, when D,,
is large enough, with a slope that is equal to the opposite of the minimal constant Kmin.
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Having in mind concentration results, the preceding argument shows that E [p1(m) + p2(m)]
is the optimal penalty, whereas E [pa(m)] is the minimal one. In the homoscedastic regression
framework on a fixed design, Mallows’ heuristics relies on the fact that E[p;(m)] = E[pa(m)] =
02D,,n" !, so that 202D,,n"" should be an optimal penalty. These computations also imply
(2.15) (at least in expectation). Considering the gaussian case, Birgé and Massart [BMO06c¢c| were
able to prove (2.15) on a large probability set, and then justified (2.14) in several cases (including
large families M,,, for which the optimal penalty involves an additional In(n/D,,) factor).

2.3.3. Our contributions.

Slope heuristics with general shapes of penalty. In Chap. 3, we prove results similar to those
of Birgé and Massart (i.e. (2.15), and its consequence (2.14)) for heteroscedastic regression on a
random design, with a bounded noise. In particular, the ideal penalty is no longer assumed to
be a function of the dimension D,,. However, we have to restrict to a particular form of models
(that is, histograms) so that explicit computations can be done. The slope heuristics (2.15) thus
remains an open problem in heteroscedastic regression in general, but our results suggest that
Algorithm 8.1 should be widely used, with any penalty shape.

Difficulty of calibration of global penalties in classification. In Chap. 9, we consider several
global resampling complexities in classification, among which the well-known Rademacher com-
plexities. It appears that their accurate calibration can be a serious problem in some particular
cases. Actually, they should be multiplied by a constant which strongly depends on the unknown
distribution P (at least within a factor 2).

While our results are only partial, they suggest two possible answers to this problem:

e prove a tight control of the expectation of global complexities with some additional
assumptions on P and the models (our counterexamples suggest that “no classifier has

~1” may be sufficient). Then, if one believes that this
holds true, use these theoretical constants to calibrate Rademacher complexitites.

e use a data-dependent calibration procedure, for instance Algorithm 3.1. We do not have
theoretical evidence in favour of the slope heuristics in classification, but we conjecture
that it can still be used.

a prediction risk smaller than n

Necessity of non linear shapes in heteroscedastic regression. In Chap. 4, we prove that con-
sidering general shapes for the penalty is necessary, even in regression, as soon as the noise is
heteroscedastic. The main reason for this difficulty is that the ideal penalty is no longer linear
in D,, when the noise level ¢(X) is not constant: if S, is the set of histograms associated with
some partition (I),cy, of &, then

E [penyy(m)] = % S (24 bupixery) (B[] X € L] +E[(s—sn)*(0)] X € 12])
AEAm
with limy,,— o0 05 p = 0.

More precisely, we prove that linear penalties of the form K(P,, P)D,, can only select a few
models in M,,, which are all far from the oracle in some cases. Then, even with the knowledge of
the true distribution P, linear penalties are suboptimal! This strong negative result is confirmed
with a simulation study. It motivates two kinds of theoretical researches:

e account for the slope heuristics with general shapes of penalties, following the first steps
we made in Chap. 3.

e propose penalization techniques that can estimate the shape of the ideal penalty, and
prove their adaptivity to heteroscedasticity for instance.
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In Chap. 5 to 8, we suggest an answer to the second point, V -fold and Resampling penalties, and
prove their adaptivity to heteroscedasticity in the case of histogram regression. Combined with
the slope heuristics, this leads to Algorithm 11.1.

2.4. Contributions on V-fold and other resampling procedures

2.4.1. Performances of V-fold cross-validation. We have already mentioned in Sect. 2.2.2
the definition and main features of V-fold cross-validation in model selection. In particular, since
it overestimates the prediction loss (it considers that n(V — 1)V ~! data are used instead of n), V'
should not be chosen too small. In the histogram regression framework, we make this statement
more accurate thanks to an explicit computation of the expectation of the V-fold criterion

v
1 ) .
critypoy(m) := v Z PéBf)y (éf;”)
j=1

Looking at VFCV as if it was a penalization procedure, we compared it to the ideal penalty in
expectation:

1
2(V—-1)
with limyin, o (nP(Xel) }—00 e(n,m) = 0. Thus, V-fold cross-validation overpenalizes within a
factor 1 +1/(2(V — 1)) > 1, and V has to go to infinity with n in order to obtain asymptotic
optimality in general.

B eritvrov(m) — P ()] = (14 +elnm) ) B lpeng(m)]  (2.10)

The non-asymptotic need for overpenalization. Equation (2.16) is consistent with several
known results, in particular those of Burman [Bur89| (who suggests to add a correction term,
so that V-fold no longer overpenalizes) and Zhang [Zha93|. However, we claim that it should be
related to the gain of overpenalization when the signal-to-noise ratio is large. Although this fact
is seldom mentioned, we observed it in a simulation study in regression (Sect. 5.4 and 6.5). Intu-
itively, taking a slightly enlarged penalty allows to make sure that the large models are sufficiently
penalized to avoid their selection, which is likely to appear if the noise-level is high (because the
increments of the penalized criterion crit(m) = P, (5 ) + pen(m) then have a large variance).
If this overpenalization factor is not too large, the selected model is only a bit smaller than the
oracle, which induces a loss in performance much smaller than if a huge model had been selected.

Notice that the same phenomenon arises when Card(M,,) grows exponentially with n. Indeed,
pen;y has to be multiplied by a factor roughly proportional to In(n/D,,) (Birgé and Massart
[BMO6c|) if Card(M,,) x e, even asymptotically in n. Then, when n is fixed, it is tempting to
write n¥ = e™ with a = kIn(n)/n > 0.

The non-asymptotic need for overpenalization can also be seen in the classical way of proving
oracle inequalities for penalization procedures. Using only (2.2), it is straightforward to derive

l(s,5m) + (pen—penyq) (M) < inf {I(s,5m) + (pen —peniq) (m) } - (2.17)

This is for instance done in Sect. 1.2.3 on page 34. In order to go from (2.17) to (2.6), it is
thus much more important to prove that pen(m) > pen;y(m) (up to some remainder term, to
be compared to I(s,S7)) than to ensure that pen(m) is not too large. Indeed, the constant
C in (2.6) depends on the first point (and it can make C very large, if the remainder term is
comparable to I(s,s5)), whereas the second one only governs the remainder term R(m,n). We
do not have theoretical evidence of the non-asymptotic optimality of a wise overpenalization, but
we believe that this should be deeply investigated. In Sect. 6.6.1, we propose two natural ways
to overpenalize from the data, both based on resampled-quantiles (6.17), but we do not know
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whether it works, neither in theory nor in practice. Further remarks on overpenalization are also
given in Sect. 11.3.3.

Non-asymptotic optimal choice of V. We now come back to V-fold cross-validation. In a non-
asymptotic framework, choosing a small V' can be better than a larger one. Even the practical
rule “V =5 or V = 10 always work well” should be moderated since we observed in several cases
that V = 2 performs better for prediction®. This means that if V = n is asymptotically optimal,
the non-asymptotic optimal choice of V' can be V' = 2. There is thus a serious gap between theory
and practice.

2.4.2. V-fold and resampling penalties.

V -fold penalties. It is unsatisfactory to use two-fold cross-validation, which is a poor improve-
ment on hold-out in terms of variability, even if it sometimes appears to be the best among the
VFCV procedures. Moreover, if one wants to identify the true model (i.e. the smallest one in
(Sm )menm, to which s belongs), consistency requires to “overpenalize” within a factor of order
In(n)/2 (this is the ratio between BIC and AIC). Shao [Sha97] thus showed that leave-p-out is
consistent for identification only when n ~ p. Having in mind concentration inequalities, V-fold
cross-validation is equivalent to the p = n/V case, so that it is not consistent for identification,
even with V' = 2. Notice that VFCV is consistent in some other frameworks (Yang [Yan07]), but
one could rightfully want to use a V-fold like procedure for identification in general.

Decreasing the variability and providing a more flexible procedure are the main reasons why we
propose “V-fold penalization” in Sect. 5.3. It has the same complexity as V-fold cross-validation,
and allows to tune separately the variability-complexity trade-off and the bias. It is built upon the
resampling heuristics (Efron |[Efr79]), which states that one can mimic the relationship between
P and P, by building a “resample” from the sample distribution F,. Since the ideal penalty
(P—P,)7 (8 ) can be written F(P, P,,), we can estimate it by resampling. The V-fold resampling
scheme is a sort of subsampling (Politis, Romano, Wolf [PRW99]): a subsample of the data is
chosen uniformly” among {(XZ-,Y;)Z-%Bj, 1<5< V}. Then, using the notations of Sect. 2.2.2,
we can define the V-fold penalty (penVF) as

1%
penypoy(m) := %le (Pn — Rg & )> v <§,(nBj )> , (2.18)
where the constant C' has to be calibrated.

In order to make V-fold penalties unbiased estimates of pen;y, we showed in the histogram
case that one must take C' = V —1. Interestingly, penVF then turns out to coincide with Burman’s
corrected V-fold cross-validation (see Remark 5.2). The main novelty with penVF is that one can
choose to overpenalize within a factor Coy, by taking C' = (V — 1)Cyy.

In Chap. 5, we provide several evidence in favour of penVF. The first one is theoretical: in
the histogram regression framework, when C ~ V — 1, it satisfies a sharp oracle inequality similar
to (2.6) (Thm. 5.1, Sect. 5.3.3). In particular, it is asymptotically optimal, even when the noise
is highly heteroscedastic.

The second evidence comes from a simulation study. In several “difficult” frameworks (het-
eroscedastic noise, regression function with jumps, to name but a few), it clearly performs better

6This is more surprising than for identification or test, as already noticed by Zhang [Zha93], Dietterich [Die98],
Alpaydin [Alp99]. See for instance Aerts, Claeskens and Hart [ACH99| about the need for overpenalization for
controlling the type I error in an identification—testing framework.

7and7 as in classical VFCV, we then compute expectations w.r.t. this random choice.
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than Mallows’ C}, and other linear penalties. Moreover, it outperforms VFCV as soon as the over-
penalization factor is not taken too small (this is mainly due to the high signal-to-noise ratio).
Considering that choosing V' for VFCV also needs to know the right overpenalization factor, we
can conclude that penVF performs better® than VFCV in general.

Finally, the main arguments in favour of penVF should come from their practical use. They
have the advantages of both VFCV (simplicity, generality, small computation time, robustness,
adaptivity to heteroscedasticity — and probably several other properties —, small variability if V'
is large enough) and penalization procedures (flexibility, since one may choose between asymptotic
optimality, overpenalization and identification, through the tuning parameter C'). So, considering
that penVF really use all the data for both fit and model selection, we hope them to be non-
asymptotically optimal (provided C' is wisely chosen and V' can be taken large enough).

Resampling penalties. Using the resampling heuristics in order to build penalties has already
been proposed by Efron [Efr83| (with a bootstrap resampling scheme) and Shao [Sha96] (with the
“m out of n” bootstrap). A close procedure, called AICb, has also been proposed by Cavanaugh
and Shumway [CS97]|. Shibata [Shi97] showed, in the log-likelihood framework, that Efron’s
bootstrap penalty, AIC and AICb are all asymptotically equivalent. Then, they are asymptotically
optimal for prediction. On the contrary, when the goal is identification, Shao’s result is their
inconsistency, while the “m out of n” bootstrap with n > m — oo is consistent.

In Chap. 6, we define a much broader class of penalties, called “Resampling Penalties” (RP),
that generalizes Efron’s and Shao’s penalties. It relies on resampling like V-fold penalties, with an
exchangeable weighted bootstrap resampling scheme (Mason and Newton [MIN92|, Prestgaard
and Wellner [PW93|). The resampling empirical distribution is written

1 n
P = EZWZ“S(XM) ;
=1

where W = (Wy,...,W,,) is an exchangeable weight vector independent from the data. The
resampling heuristics then suggests the penalty:

pen(m) = CEw [(P, — PY ) v (51 ] where 351V ¢ argtrélgn {PV~y(t)} . (2.19)

where C' > Cy o an explicit constant which only depends on the variability of the W;. Up to the
choice of the weights, one can recover Efron’s bootstrap penalties, Shao’s m out of n penalties,
Burman’s corrected n-fold cross-validation (which are n-fold penalties with C = n — 1). We
also propose the use of i.i.d. Rademacher and Random hold-out resampling schemes, which are
completely new, up to our best knowledge.

Considering again the histogram regression case, we are able to make explicit computations
that enlighten simultaneously several known results, from Efron [Efr83|, Shao [Sha96| and Shibata
[Shi97]. We can indeed provide explicit non-asymptotic bounds on Cyy so that (2.19) gives
an almost unbiased penalty. For instance, in the m out of n bootstrap case, Cyy,ooc = m/n — 0
in Shao’s framework, while Shao keeps a constant C' = 1. We can thus conjecture that more
generally, RP with C' > Cy,« 15 consistent for identification.

We then derive from several concentration inequalities two theoretical “optimality” results.
The first one is a sharp non-asymptotic pathwise oracle inequality (Thm. 6.1) under several sets of
assumptions, that allow heteroscedastic and unbounded noises with general moment conditions.

Bat least, taking C' =V — 1/2 leads to a criterion equal to critvrcv in expectation, thus similar performances.
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RP thus appear to be theoretically robust (at least when C' ~ Cyy ). The second one is adapta-
tion? to the smoothness of s (Thm. 6.2), even when the noise is heteroscedastic. Moreover, when
s is Lipschitz, RP also appears to adapt to heteroscedasticity.

We also perform a simulation study showing that RP performs even better than penVF. As a
consequence, RP may be quite interesting in the same “difficult cases”. Moreover, our simulations
allow us to make a comparison between exchangeable weights. If all the penalties are first-order
equivalent, second-order terms (as well as non-asymptotic simulations) show the following order"
between penalties:

Rademacher ~ Random hold-out (half-sampling) > Leave-one-out >> Efron’s bootstrap ,

which is also the order of their performances (remember that overpenalization is needed non-
asymptotically). The less biased penalty is the Leave-one-out one, which confirms that Efron’s
bootstrap penalty is underpenalizing, so performs worse than the other ones (but this is mainly
due to the choice C' =1).

Comparing RP to penVF, our simulation study shows a small gain in considering exchangeable
weights (at the price of a much longer computation time). This is confirmed by our theoretical
concentration results, which show better bounds for exchangeable RP than penVF. However, if
computational complexity is a real problem, 10-fold or 20-fold penalties can be chosen without
loosing too much.

Actually, the main problem for a non-asymptotic optimal tuning of RP appears to be the
overpenalization factor, not the choice of V. With penalties defined by (2.19), we propose in
Sect. 6.6 to replace the expectation by a quantile at level o (o having to be chosen by the final
user). We have neither theoretical nor simulation evidence for this new procedure, but we believe
that it is an interesting research prospect.

Classification. Although the results of Chap. 5 and 6 are restricted to regression on histograms,
we expect penVF and RP to be good candidates for being margin adaptive in classification. They
are indeed local penalties, since they take into account the location of s,, in S,, by estimating
directly pen;y instead of pen Compared to local Rademacher complexities, they have several

advantages:

id,g"

e a much smaller computation time (in particular penVF).

e they are easier to calibrate accurately, since they only involve a multiplicative constant
C. Even if one does not believe in Cyy o (which is known asymptotically, and non-
asymptotically for histogram regression), the slope heuristics can be used to calibrate C
(cf. Sect. 2.3 and Algorithm 11.1).

e they are more natural: both RP (including penVF) and local Rademacher complexities
use the resampling heuristics (with i.i.d. Rademacher weights for the latest, with more
general weights for RP). RP use it to estimate the ideal penalty. Local Rademacher
penalties use it to estimate the fixed point r* of

flr) = sup {(P=P)(v(t)=~(s))} ,

tESm, c1r<l(s,t)<car
which is an upper bound on pen;q. One can argue that overpenalizing by estimating r*
instead of pen;y can be benefic, but enlarging C' with RP or penVF would do the same

more naturally and more explicitly.
9as soon as we have a lower bound on the variation of s: variax s :=supy s — infx s > € > 0.
1%n the comparison, “>” means a small difference, while “>>" means a larger one. Though, remember than these
four penalties are all equal at first order.
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In order to advocate for the use of penVF and RP in classification, we consider in Chap. 7 a
general framework that includes binary classification. Using a concentration result of Boucheron
and Massart [BMO04| on one half of the ideal penalty (p2), we are able to show a similar concen-
tration property for one half of the resampling penalty, in the case of subsampling weights (i.e.
V-fold, leave-one-out and Random hold-out). However, there remains several open problems on
the way to sharp oracle inequalities for penVF and RP in classification. From the complete proofs
we made in the histogram regression case, we propose two ways towards a complete result in
classification (one of them including the extension of the slope heuristics (2.15) to classification).
In both cases, we would need two difficult results:

e the ideal penalty and its resampling estimates are proportional in expectation (the exact
constant may be unknown, if we use the slope heuristics for tuning the penalties).

e concentration inequalities on P (7 (S,,) — 7 (8m)), in particular lower bounds with high
probability.






CHAPTER 3

Slope heuristics

RESUME. Ce chapitre est consacré a I’étude d’'une méthode de calibration
de pénalités a l'aide des données, proposée par Birgé et Massart [BMO06¢c]| :
I’heuristique de pente. Nous mettons en évidence I’existence de pénalités mini-
males, dans un cadre de régression héteroscédastique. Nous prouvons ensuite que
le double de la pénalité minimale est «optimal», au sens ou la procédure qui en
résulte satisfait une inégalité oracle non-asymptotique avec constante presque 1.
Il s’ensuit que 'heuristique de pente peut également s’appliquer lorsque la forme
optimale de pénalité n’est pas linéaire en la dimension des modéles, ni méme
une fonction de la dimension.

3.1. Introduction

Model selection has received much interest in the last decades. A very common approach is
penalization. In a nutshell, it chooses the model which minimizes the sum of the empirical risk
(how does the algorithm fits the data) and some complexity measure of the model (called the
penalty). This is the case of FPE (Akaike [Aka70]), AIC (Akaike [Aka73|) and Mallows’ C, or
Cr, (Mallows [Mal73]).

There is a huge amount of literature about the efficiency of such penalization procedures, ¢.e.
that their quadratic risk is asymptotically equivalent to the risk of the oracle. This property is
often called asymptotic optimality. We mention here the works of Shibata [Shi81| about Mallows’
C)p and Akaike’s FPE and AIC, followed by many other results under other assumptions. See the
companion paper of Barron, Birgé and Massart [BBM99| and more recent results by Baraud
[Bar00, Bar02| for more references about this question.

A related problem is how much should we penalize at least? In other words, is there a
minimal penalty? In the framework of Gaussian regression on a fixed-design, this question has
been addressed by Birgé and Massart [BMO01, BMO06¢|, and Baraud, Giraud and Huet [BGHO7|
(the latter considering the unknown variance case).

Apart from the theoretical understanding of penalization methods, this question is of much
interest from the practical viewpoint. In Sect. 4 of [BMO6¢c|, Birgé and Massart describe their
so-called “slope heuristics’ (see also Massart [Mas07], Sect. 8.5.2). It relies on the fact that twice
the minimal penalty is almost the optimal penalty. Then, if one knows that a good penalty has
the form pen(m) = KF(D,,) (where D,, is the dimension of the model and K > 0 a tuning
parameter), they propose the following strategy for choosing K from the data. Define m(K) the
selected model as a function of K. First, compute K, such that Dz Ky 18 huge for K < Kpin
and reasonable when K > K ;. Secondly, define m := m(2Kpyin).

Such a method has been successfully applied for multiple change points detection by Lebarbier
|Leb05]. Applications are also being developped in several frameworks: mixture models (Maugis
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and Michel [MMO7]), clustering (Baudry [Bau07]), spatial statistics (Verzelen |Ver07]), estima-
tion of oil reserves (Lepez [Lep02]) and genomics (Villers [Vil0O7b]).

However, all the results about minimal penalties concern the homoscedastic fixed-design frame-
work, where the penalty is a function of the dimension, often linear. In this chapter, we prove
that a similar phenomenon occurs in the heteroscedatic random-design case. Our main advance
here is that penalties are neither assumed to be linear in the dimension, nor even functions of the
dimension.

From the practical viewpoint, this means that the slope heuristics may be applied when the
ideal penalty has a general shape. One can for instance use V-fold or general Resampling penalties
defined in Chap. 5 and 6 for estimating the shape of the penalty. The interested reader should
refer to Chap. 4 for further considerations about this suggest.

This chapter is organized as follows. We describe our framework and give some notations in
Sect. 3.2. Our main theoretical results are stated in Sect. 3.3. We then discuss their practical
consequences in Sect. 3.4. All the proofs are given in Sect. 3.5.

3.2. Framework

3.2.1. Regression. We observe some data (X;,Y;) € X x R, i.i.d. with common law P.
Denoting by s the regression function, we have

Y = s(Xi) + o(Xi)e (3.1)

where 0 : X — R is the heteroscedastic noise-level and ¢; are i.i.d. centered noise terms, possibly
dependent from X;, but with variance 1 conditionally to X;. Typically, the feature space X is a
compact set of R, Throughout this chapter, we make two main assumptions:

e The data is bounded: ||V < A < oo.
e Uniform lower-bound on the noise-level: o(X) > omin > 0 a.s.

Given a predictor ¢ : X — ), its quality is measured by the (quadratic) prediction loss
E(xy)or [7(t (X,Y))] = Py(t)  where ~(t,(z,y)) = (t(z) —y)°

is the least-square contrast. Then, the Bayes predictor' is the regression function s, and we define
the excess loss as

[(s,1) := Py (t) = Py(s) = Ex y)op (HX) = s(X))
Given a particular set of predictors S, (called a model), we define the best predictor over Sy,
= in { Py(t
sm 1= arg min {Py(t)}
and its empirical counterpart
Sm 1= arg min { Fyy(t) }
(when it exists and is unique), where P, = n~!' 3" | §(x, v;)- This estimator is the well-known

empirical risk minimizer, also called least-square estimator since 7 is the least-square contrast.

3.2.2. Model selection. We now assume that we have a family of models (S;,)men,, , hence
a family of estimators (Sp,)mem,. We are looking for some data-dependent m € M,, such that
I(s,Sz) is as small as possible. This is the model selection problem. For instance, we would like

Li.e. the minimizer of Pv(t) over the set of all predictors.
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to prove some oracle inequality of the form
l (S ASA < C .]lf l (S AS R
( ) m) f— 1 Mn { ( 9 ?’Tl) } n

in expectation or on a set of large probability, with C' close to 1 and R,, = o(n™1).
General penalization procedures can be described as follows. Let pen : M,, — RT be some
penalty function, possibly data-dependent. Then, define m € M,, which minimizes

crit(m) = Pyy(Sm) + pen(m) .

Throughout the chapter, we always assume that the penalty is non-negative. Otherwise, the
question of minimal penalties would be ill-posed, since for every ¢ € R, pen and pen —c lead to
the same model selection procedure.

With such a level of generality, we can show that the calibration of a penalty reduces to the
estimation of an “ideal penalty”. Indeed, by definition of m,

Vm e My, Poy(Ss) < Poy(Sm) + pen(m) — pen(m) .

For every m € M,,, we define

pi(m) = P (v(5m) = 7(sm)) p2(m) = P (Y(5m) =7(5m))
6(m) = (Bn — P)v(sm) 8(m) = d(m) — (P — P)y(s)

so that
1(5,3m) = Ppy(3m) + p1(m) + pa(m) — 6(m) — Pyy(s)
We then have, for every m € M,,,
I(s,35) + (pen —py — pa + 6)(M) < I(s,5m) + (pen —p; — pa +6)(m) . (3.2)

In order to derive an oracle inequality from (3.2), we have to give lower and upper bounds on

pen —p; — py + 0 in terms of (s, 5,,). Define the ideal penalty? as
penjg(m) := Py(5m) — Poy(Sm) = p1(m) + pa(m) —6(m) .
If we could prove that pen is close to pen;qy, or equivalently® that pen is close to
peniq(m) := p1(m) + p2(m) — 8(m) = penyg(m) + (Po = P)y(s) ,

then (3.2) would lead to an oracle inequality. Notice also that taking pen too large in (3.2) only
enlarges the constant C' in the oracle inequality, whereas allowing pen(m) to be much smaller
than pen;q(m) can make (3.2) trivial.

3.2.3. Histograms. We will often assume that models are made of histograms. This means
that each model in (Sp,)mem, is the set of piecewise constant functions (histograms) on some
partition (Iy)aea,, of X. It is thus a vector space of dimension D,, = Card(A,,), spanned
by the family (17,)xea,,- As this basis is orthogonal in L?(u) for any probability measure on
X, computations are quite easy. This is the only reason why we make such an assumption in
Sect. 3.3. The following notations will be useful throughout this chapter.

pri=P(X €l)) pri=Py(X e

@3 =E[o(0?| X en] (o) =B [(s(0) — sm(X)?| X € 1]

2 e. the penalty such that 7 minimizes the criterion P~ (3, ), which is the ideal one for prediction.
since pen;y and penj; does not depend on m.
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Sm = arg min P~y(t) Z Balr, with By =Ep[Y | X € 1]
t€Sm =
Sm 1= arg mln Pn'y Z ﬁ)\]l[A with B)\ = Z Y;
AEAm npx X;€l,

Remark that s, is uniquely defined if and only if each I contains at least one of the X;. Otherwise,
we will consider that the model m can not be chosen. In order to make E[p;(m)] well-defined
and finite, we choose a convention for p;(m) when minyeya,, Dy = 0 (see (3.13) in Sect. 3.5).

In order to understand the main difference between our framework and the homoscedastic
fixed-design, let us compare the expectations of the ideal penalty.
In the homoscedastic fixed-design framework?, it is quite straightforward to show that
202Dy,
n

E [peniq(m)] =

On the other hand, in our framework, we can prove (cf. Sect. 5.7.2) the following. Denote by
EA=[] the expectation conditionally to (Ix,e1,)1<i<n, xeA,,- If for every X € A,,, Dy > 0, then

B fpeng(m)] = 3 (2 +1) (o) + 020?) - (3.4

AEAM

(3.3)

Apart from the difference between py/py and 1 (which does not matter with large probability,
see Sect. 3.5.4), there are two main differences between (3.3) and (3.4). Firstly, the bias term
(Ji)Q, which is due to the randomness of the design. If s is highly non-smooth, this term can be
significant. Secondly, the variance term (03"\)2 depends on A\ € A,,, whereas it is constant equal to
o in the homoscedastic case. When (px)aea,, are far from the uniform weights, n=* >\, (03’\)2
is far from D,,n 'E [O’(X)Q]. As shown in Chap. 4, in such cases, it may happen that any linear
penalization procedure is suboptimal.

3.3. Theoretical results

In this section, we restrict ourselves to the histogram regression case. Remember that we do
not consider histograms as a final goal. We only make this assumption in order to make explicit
computations and obtain results from which we can derive heuristics for practical applications.

Let (Sim)meam be a family of histogram models such that

(P1) Polynomial complexity of M,,: Card(M,,) < cpmn®M
(P2) Richness of M,,: Img € M,, s.t. Dy € [\/1, Crich /1 ]-

For any penalty function pen : M,, — RT, we define the following model selection procedure:

m € arg min {P.,y(5m) + pen(m) } . (3.5)

mEMun, minxe,, { P }>0

3.3.1. Optimal penalties. Our first result is an oracle inequality. The following theorem
shows that the penalization procedure (3.5) is efficient provided that the penalty is large enough.

THEOREM 3.1. Assume that the data (X;,Y;)1<i<pn are i.i.d. and satisfy the following:

(Ab) Bounded data: ||Y;]|,, < A < o0.
(An) Noise-level bounded from below: o(X;) > Omin > 0 a.s.

4Notice that the true distribution P gives weights n™' to each of the design points Xi,...,X,. The unknown
distribution is only the one of (€ ), ;-
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Ap) Polynomial decreasing of the bias: there exists 31 > o > 0 and C;7,C. > 0 such that
b

Cy D < (s, sm) < G D, P2

(Ari() Lower regularity of the partitions for L(X): there exists ci{g > 0 such that for every

m € My, Dy, minyenp,, pa > cfg.
Let ¢, c0,C1,Co > 0 such that co > 1 and assume that for every m € M,
ElerP (v(5m) = v(sm)) + c2Pn (v(sm) —¥(8m) )] < pen(m)
SE[CLP (v(5m) = Y(sm)) + CoPa (7(sm) = 7(5m)) ]

with probability at least 1 — Ln=2.

(3.6)

Then, if m is defined by (3.5), there exists a constant Ky and a sequence €, converging to zero
at infinity such that, with probability at least 1 — Kin™2,

~ 1+(Cl+02—2)+ . ~
l =) < n f l »Om . :
(s5) < | THEER SR e | g (1(6.50)) 5.7
Moreover, we have the oracle inequality
N 1+ (Cl + Cy — 2)+ . ~ A2K1
E[l )] < n|E f {i(s,5m . .
1s,50)] < | THOEB R ] g (680} + (3.9

The constant K1 may depend on c1, co and constants in (P1), (P2), (Ab), (An), (Ap) and
(Arf), but not on n. The small term €, depends only on n (it can for instance be upperbounded
by In(n)~1/5).

A particular case is ¢; + ¢ = 2 — 9, and C1 + Cy = 2 4+ §,, for some absolute sequence 9,
converging to zero at infinity. Thm. 3.1 states that if pen is uniformly close to E [pen;q(m)],
the model selection procedure defined by (3.5) is asymptotically optimal. Notice that (3.6) can
be assumed only for the models of dimension larger than In(n)¢ (with K; depending on &). In
particular, resampling penalties defined in Chap. 6 satisfy such a condition.

The rationale behind this theorem is that if pen is close to ¢1p1 + copa, then crit(m) =
I(s,sm) + cipi(m) + (c2 — 1)pa(m). If ¢ = c2 = 1, this is exactly the ideal criterion (s, s,,). If
c1+c2 =2 with ¢; > 0 and ¢3 > 1, we obtain the same result because p;(m) and pa(m) are quite
close (at least when D,, is large). This closeness between p; and py is the keystone of the slope
heuristics. Notice that if max,,en, Dm < K{(In(n))~!n (for some constant K/ depending only
on the assumptions of Thm. 3.1, like K1), one can replace the condition co > 1 by ¢1 +¢o > 1
and c1,c5 >0 .

We now make a few comments about the assumptions of Thm. 3.1:

e (Ab) and (An) are rather mild. In particular, they allow quite general heteroscedastic
noises. For results with a noise that can vanish or be unbounded, see Sect. 6.4 and 8.3.

e (ArX) is satisfied for “almost regular” histograms when X has a lower bounded density
w.r.t. Leb. It is for instance satisfied in the example® of Chap. 4, where we find out that
linear penalties are suboptimal.

e The upper bound in (Ap) holds when (I))xen,, is regular and s a-holderian with a €
(0,1]. The lower bound is more surprising. Indeed, it is classical to assume that (s, s,,) >
0 for every m € M,, for proving the asymptotic optimality of Mallows’ C, (cf. for instance
by Shibata [Shi81|, Li [Li87] and Birgé and Massart [BMO06¢c|). We need an explicit
lower bound in order to obtain a non-asymptotic lower bound on the dimension of the
oracle and selected models.

5X in uniform on X = [0,1] and S,, contains histograms regular on [0, 1/2] and on [1/2, 1].
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The reason why this assumption is not too restrictive is that non-constant a-hdlderian
functions satisfy (Ap) when (I))xea,, is regular and X has a lower-bounded density
w.r.t. the Lebesgue measure on X C R (¢f. Sect. 8.10 for more details). Notice that
Stone [Sto85| used the same assumption in the density estimation framework.

3.3.2. Minimal penalties. We now come to the problem of minimal penalties. The follow-
ing result needs slighlty less assumptions than Thm. 3.1.

THEOREM 3.2. Assume that the data (X;,Y;)1<i<n are i.i.d. and satisfy the following:
(Ab) Bounded data: ||Vl < A < 0.
(An) Noise-level bounded from below: o(X;) > omin > 0 a.s.
(Apy) Polynomial upper bound on the bias: there exists B3 > 0 and C,j > 0 such that
l(s,8m) < C’JD,;fQ .
(Arg() Lower regularity of the partitions for L(X): Dy, minyep,, px > cfg.
Let Cy € [0;1) and assume that

0 < pen(m) <E[CoPy (V(sm) = 7(5m))] (3.9)

with probability at least 1 — Ln~2.
Then, if m is defined by (3.5), there exists two constants Ko, K3 such that, with probability
at least 1 — Kon ™2,

Ds > Ksnln(n)™' . (3.10)
On the same event,
l(s,8m) > In(n) inf {Il(s,sm)} . (3.11)
meMy

The constant Ko and K3 may depend on Ci, Cy and constants in (P1), (P2), (Ab), (An),
(Ap) and (ArX), but not on n.

As in the results of Birgé and Massart [BMO06¢c|, Thm. 3.2 points out two simultaneous
phenomena when the penalty is too small. First, the dimension of the selected model explodes
(3.10). Secondly, the efficiency of the model selection strongly decreases (3.11). This coupling is
quite interesting. Indeed, we want to avoid underpenalization because of the second phenomenon,
while the blow up of the dimension allows us to detect it more easily.

The minimal penalty pointed out by Thm. 3.2 is pa(m) = P, (7(sm) — Y(5m) ). This is quite
intuitive since crit(m) = I(s, $m) +pen(m) —pa2(m), so that pen < py make crit(m) decreases with
D,,.

3.3.3. Comments. The comparison between Thm. 3.1 and 3.2 has two main consequences.
First, the minimal penalty is

Pty (m) := E[pa(m)] = E [Py (7(5m) = 7(5m))]

whereas pen(m) = 2 pen,;, (m) satisfies a non-asymptotic oracle inequality with constant almost
one (take ¢y = C; = 0 and ¢o = C5 = 2 in Thm. 3.1). In particular, it is asymptotically optimal.

Second, without assuming any lower bound on the bias in (Ap), there is a blow up phenomenon
for the selected dimension Dj;. Indeed, when pen(m) is too small (Thm 3.2), D > Ksnln(n)™!
with probability 1 — Kon~2. On the other hand, when pen(m) > pen,,, the proof of Thm. 3.1
(equations (3.16) and (3.17)) shows that for every a > (1 — f32), /2, there is a set of probability
at least 1 — K/ (a)n=2 on which Ds, < n!/?*®. In other words, this means that the selected

dimension Dy has quite different values when pen < pen and when pen > pen,;,. This

min
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dimension jump is a key phenomenon, which can be used in practice for determining the minimal
penalty. In simulation studies as on real data sets, we clearly observe such a dimension jump.
Remark that we do not assume in this paragraph the lower bound in (Ap), so that the dimension
jump also occurs when s belongs to one of the models.

These two points may have great applications for the practical users of penalization criteria.
This is the object of the next section.

3.4. Practical use of slope heuristics: data-driven penalties

Following Sect. 4 of Birgé and Massart [BMO06c¢|, we can combine the asymptotic optimality
of 2pen, ;, and the dimension jump around pen = pen,;, in order to build data-driven penalties.

ALGORITHM 3.1 (Data-driven penalization with slope heuristics).
(1) Choose a shape of penalty peng,,,, : M, — R¥.
(2) Compute the selected model m(K) as a function of K >0

fﬁ(K) € arg mnel.}\I/ll {Pn’Y(gm) + ernshape(m)}

(3) Find l?min > 0 such that Dy, is too large for K < I/fmin and “reasonably small” for
K > Kmin-
(4) Select the model m = M (2K pin)-

3.4.1. Computation of IA(min. In the above procedure, step 2 can be made with a complexity
smaller than Card(M,,)?, with the following algorithm (notice that Algorithm 3.2 can be stopped
earlier if the only goal is to identify Kpiy.

ALGORITHM 3.2 (Step 2 of Algorithm 3.1). For every m € M,,, define f(m) = P,y (8,,) and
g(m) = pengp,p0(m). Choose < any total ordering on M,, such that g is non-decreasing.
e Init: Ky =0, mg = argminy,enrm, { f(m)} (when this minimum is attained several times,
my is defined as the smallest one for <).
e Step ¢, 7> 1: Let
G(mi—1) :={m e M,, s.t. f(m) > f(m;—1) and g(m) <g(m;i—1)} .

If G(mi—1) =0, then put K; = +00, imax = % and stop.
Otherwise, define
K; :=inf { f(m) = f(mi—1) s.t.m € G(mi_l)} (3.12)
g(mi—1) — g(m)
and m; the smallest element (for <) of

F; .= ar min
! gmGG(mi_l) {

f(m) — f(mi—1) }
g(mi-1) — g(m)

PROPOSITION 3.1. If M, is finite, algorithm 3.2 terminates and ipmax < Card(M,,). Using
the notations of Algorithm 3.2, and defining m(K) as the smallest element (for <) of

E(K):={f(m)+ Kg(m) st. me M, } ,
(Ki)o<i<ima 5 increasing and Vi € {0, ... imax — 1}, VK € [K;, Kit1), m(K) = m;.

3.4.2. Definition of IA(min. In the two algorithms above, the exact definition of IA(min is
not completely clear. Actually, we do not know exactly which one should be the best one in
practice. According to some preliminary experiments, the dimension jump is often quite clear,
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(a) One clear jump. (b) Two jumps, two values for K.

FIGURE 3.1. Dg (k) as a function of K for two different samples. Data are simu-
lated from experiment (S1). “Reasonable dimensions” are below n/(21n(n)) ~ 19.

with Dz (k) quite large for K > IA(min and much smaller when K < I?min. Fig. 3.1a gives an
example of such a situation. In that case, any definition (“large jump”, or “reasonable dimension”)
gives the same value for I?min. However, it sometimes happens that there is no clear jump, or
two comparable jumps with the larger one between two models of large dimension (15% of the
samples in experiment S1). See for instance Fig. 3.1b. In those cases, the choice of the definition
can influence the selected model (2K i) (6.5% of the samples in experiment S1).

Moreover, if we finally choose the “reasonable dimension” definition, we should precise what
is a “reasonable” model. On Fig. 3.1b, we choose that it is a model of dimension lower than
n/(2In(n)). Considering Thm. 3.2, in the histogram case, a model is reasonable when it has a
dimension < nIn(n)~!. This only means that we have more than the minimal amount of data to
compute the empirical risk minimizer 5,,.

In order to make easier the choice of IA(min, we can suggest the following modification of M,,,
at least in the histogram case. First, remove all the huge models (i.e. of dimension larger than,
say n/In(n)) from M,,. This is often done in practice, because those models are obviously wrong
and they only enlarge the computation time. Then, add a few models of dimension ~ n/2, so
that at least one® has a well-defined 3,,. For instance, in the histogram case, reorder the data
Xy <-++ < X() and consider the model of histograms adapted to the partition (I))xea,, with
endpoints X9y, X(4), ..., Xn. Finally, let IA(min be the minimal value of K for which none of these
huge models is selected.

We do not exactly know whether this method really solves the problem of choosing I?mm, and
if we should prefer the “large jump” or the “reasonable dimension” definition. Further experimental
investigations should be done in order to suggest an answer to this problem.

3.4.3. Shape of the penalty. Choosing a shape peng,,,. for the penalty is not a simple
answer. In the homoscedastic regression on a fixed-design framework, penshape(m) = D,, works
provided that Card(M,,) is polynomial in n. In our framework, pen,;, may have quite general
shapes, as shown for instance in Chap. 4. While this point is a main advance compared to the
results of Birgé and Massart [BMO06c¢|, we need to find a practical answer to this new question.

bseveral huge models may be necessary in practice, in order to decrease the variability of Komin.
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Following a remark made after Thm. 3.1, peng,,, can be taken among the Resampling Penal-
ties defined by algorithm 6.2 (in Sect. 6.3.1) and the V-fold penalties defined by algorithm 5.2 (in
Sect. 5.3.1). Of course, in the histogram framework, we already know the optimal constant 2K iy,
so that the use of algorithm 3.1 may not be necessary. However, in a general framework, the right
non-asymptotic optimal constant may differ from the asymptotic one (or the non-asymptotic one
derived from the histogram case). Although we do not have theoretical evidence, we conjecture
that our results still holds in general “reasonable” frameworks.

3.4.4. Large number of models. Finally, notice that we assume the collection of models
to be small, i.e. it size is polynomial in n. On that point, we differ from Birgé and Massart
[BMOG6c¢| who consider several other cases. In particular, they show how the minimal penalty has
to be enlarged when Card(M,,) is exponential in n.

Following (42) and the surrounding comments in [BMO0G6c¢|, we suggest to group the models
according to some complexity index Cp, (for instance their dimensions): for C' € {1, L },

define S¢ = Uc,,—c Sm- Then, the model selection with the family (S )menm, should be similar

to the selection of a complexity C, with the family of models <SA6)1<C< e If we had a result
sosn

for models of the form 58, the polynomial complexity case could then be applied. Notice that
the S, all are histogram models, 5’; is not necessarily the model of histograms adapted to some
partition of X. We conjecture that such a grouping of the models allows the use of slope heuristics
for tuning a penalization procedure.

3.5. Proofs

In the following, when we do not want to write explicitly some constants, we use the letter
L. It means “some absolute constant, possibly different from a line to another, or even within the
same line”. When L is not numerical, but depends on some parameters p1,...,pg, it is written
Lyy,...p, of L(p1,---pk). L(sm1) (resp. L(smez)) denotes a constant that depends only on the set
of assumptions of Thm. 3.1 (resp. Thm. 3.2), including (P1) and (P2).

Moreover, since E [p;] is not well-defined (because of the event {minyea,, {Pr} =0}), we
have to take the following convention:

po == Y w(m-B))+ X w0 (o)) e
AEA, s.t. D>0 AEA, s.t. pA=0

Remark that p;(m) = pi1(m) when minyea,, {Pr} > 0), so that this convention has no conse-
quences on the final results (Thm. 3.1 and 3.2).

3.5.1. Proof of Thm. 3.1. This proof is very similar to the one of Thm. 5.1 stated in
Sect. 5.3.3. We give it for the sake of completeness.
From (3.2), we have for each m € M,, such that A, (m) := minyep,, {npxr} >0

l(s,5m) — (pen{d(m) - pen(fﬁ)) <U(s,8m) + (pen(m) - pen{d(m)) . (3.14)

with penly(m) = pi1(m) + p2(m) — 6(m) = pen(m) + (P — P,)y(s). It is sufficient to control
pen — penf, for every m € M,,.

We will thus use the concentration inequalities of Sect. 3.5.4 with x = yIn(n) and v = 2+ au.
Define By, (m) = minyep,, {npy}. Let ,, be the event on which

e for every m € M,, (3.6) holds



96 CHAPITRE 3. SLOPE HEURISTICS

o for every m € M,, such that B, (m) > 1:

Filim) 2 B{i(m)] ~ Lstay | AL + ¢ [py(m) (3.0
Film) < E[7im)| + Loy [0E 4 yDe 0 [ Blpam)] (33)
o for every m € M,, such that By(m) > 0
pi(m) 2 (2 +(v+ 1)Bln(m)1 In(n) L(S%(ny) Elpa(m)] - (3:32)
patm) ~ Blpa(m]| < “ELE 1, ,) 4 B o)) 3:29)

- 1(s,8m) In(n)
1) < L

From Prop. 3.5 (for p1), Prop. 3.4 (for ps), Prop. 3.3 (for 6(m)), we have

P(Qy)>1-L > n 2 "M >1—Lican > .
mEMn

E [p2(m)] (3.27)

For every m € M,, such that D,,, < chlnln(n)*l, (Ar}) implies that B, (m) > L™ In(n) >

1. As a consequence, on (), if In(n)” < D,, < chlnln(n)_lz

max { |p1(m) — E [p1(m)]| . [p2(m) — E [pa(m)]], [6(m)| }
< Lisa1)E[l(s, 8m) + p2(m)]
- In(n)
Using (3.33) (in Prop. 3.6) and the fact that B, (m) > L~!In(n),
(Cl+02)(1_5~n> (01+Cg)(1+<§z)
2 2

with 0 < 6, < Lln(n)~'/4. We deduce: if n > L(smy), for every m € M,, such that In(n)” <
D,, < chlnln(n)’l, on €,

< E[pen(m)]| < E[p1(m) + p2(m)]

Lsn1)

(are-2) - o

} pr(m) < (pen — penly)(m)

L(sn1)
< — .
< |:(Cl+02 2)++ln(n)1/4 pl(m)
We need to assume that n is large enough in order to upper bound E [p2(m)] in terms of p;(m),

since we only have

pim) = |1 O] )

in general.
Combined with (3.14), this gives: if n > L(gq),

(5, 5m) Lingoys < |Gt oy | Lemy
» om ) 1n(n) SDﬁLSLCfIann(n)* = (01—1—02—1)/\1 ln(n)1/4

x inf {1(5,3m)} .

meMy, s.t. 1n(n)7§Dm§LaM X nin(n)=1
r,l

(3.15)
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Define the oracle model m* € argmin{i(s,s,,)}. We prove below that for any ¢ > 0 and
a>(1—032), /2,if n > LisH1),ca, then, on Q,:

In(n)” < Dy, < 0% < enln(n)~! (3.16)
In(n)” < Dppr < 0?7 < enln(n)™! . (3.17)

The result follows since L (gg) In(n)~'* < ¢, = In(n)~'/5 for n > L(su1)- We finally remove the
condition n > ng = L(sg1) by choosing K1 = L(gpy) such that K1n52 > 1.

Proof of (3.16). By definition, m minimizes crit(m) over M,,. It thus also minimizes
crit’(m) = crit(m) — Pyy(s) = I(s, 8m) — p2(m) + 6(m) + pen(m)

over M,,.

(1) Lower bound on crit/(m) for small models: let m € M, such that D,, < (In(n))’. We

then have
I(s,5m) > C (In(n))~™ from (Ap)
pen(m) >0
In(n D,, In(n
p2(m) < L(sH) 7(1 ) + Lisay—— < Lsn) 7(1 ) fom (3.28)

and from (3.27) (in Prop. 3.3),
3(m) > —La (s, 8m)In(n) N LAln(n) > L, [In(n) '
n n

n
We then have

crit/(m) > Lispy) (In(n)) 200

(2) Lower bound for large models: let m € M,, such that D,, > n'/?*® From (3.6) and
(3.28) (in Prop. 3.4),

In(n
ben(m) — pa(m) > (c2 — 1)E [pa(m)] — Lay/
_ 2,
> (c2 = 1)oginDm L, In(n)
n n
and from (3.25),
= In(n
5m) > ~Lisy ) o
Hence, if Dy, > n'/*** and n > L(sp1) o
—1/24« )

crit’(m) > pen(m) + &6(m) — pa(m) > Lsu1),an
(3) There exists a better model for crit(m): from (P2), there exists mg € M, such that
VN < Dy < Crichy/n. If moreover n > L. o, then
ln(n)7 < \/ﬁ < Dmo < Crich\/ﬁ < n1/2+a .

By (3.34) in Lemma 3.7, A, (mg) > 1 with probability at least 1 — Ln~2.
Using (Ap),
I(s, Smy) < Cg'crﬁiihnfﬂQ/Q
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so that, when n > Lggy),
crit’(mo) < U(s, Smy) + |3(m)| + pen(m)
< L(si) (n—ﬂ2/2 + n—1/2)

If n > L(sH1),q, this upper bound is smaller than the previous lower bounds for small
and large models.

Proof of (3.17). Recall that m* minimizes I(s, 5,,) = (s, Sy ) + p1(m) over m € M,,, with the
convention (s, S,,) = oo if A,(m) =0.
(1) Lower bound on I(s, $,,) for small models: let m € M,, such that D,, < (In(rn))". From
(Ap), we have
1(5,5m) = 1(5,8m) = Cy (In(n))™™
(2) Lower bound on (s, 8,,) for large models: let m € M, such that D,, > n'/>** From
(3.32), for n > L(sH1),a;

1 Lsn), _
pi(m) > o | E[a(m)]

24+ (y+1) (cfe)i In(n)

so that I(s,8,) >p
Y

(m) > L(SHI),an_1/2+a .

D1
(3) There exists a better model for (s, S,,,): let mg € M,, be as in the proof of (3.16) and

assume that n > L Then,

Crich,&*
p1(mo) < LgunE [pa(m)] < Lispyn
and the arguments of the previous proof show that
I(s, gmo) < L(SHl) (n_ﬂ2/2 + n_1/2>
which is smaller than the previous upper bounds for n > L(gpy),o-

Classical oracle inequality. Let €, be the event on which (3.7) holds true. Then,
E[l(s,57)] =E[l(s,57)1a,] + E [1(s,57)Lac |
<[2n—1+¢6]E [mier}\f/ln {l(s,é\m)}} + AP P (QF)
which proves (3.8).
3.5.2. Proof of Thm. 3.2. Similarly to the proof of Thm. 3.1, we consider the event Q/,, of

probability at least 1 — L(caq)n ™2, on which:

e for every m € M,,, (3.9) (for pen), (3.32) (for p1), (3.28)-(3.29) (for py, with x = v1In(n)
and 6 = /In(n)/n) and (3.25)—(3.27) (for 6, with z = vIn(n) and 1 = /In(n)/n) hold
true.

e for every m € M,, such that B, (m) > 1, (3.30) and (3.31) hold (for p7).

Lower bound on Dg. By definition, m minimizes
crit’ (m) = crit(m) — P,y(s) = I(s, 8;n) — pa(m) + 6(m) + pen(m)
over m € M,, such that A,(m) > 1. As in the proof of Thm. 3.1, we define ¢ = L.x > 0 such

that for every model of dimension D,, < cnln(n)~!, B,(m) > L~ 'In(n) > 1. Let d < 1 to be
chosen later.
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(1) Lower bound on crit’(m) for “small” models: assume that m € M,, and D,, < denIn(n)~t.
Then, I(s, $1,) + pen(m) > 0 and from (3.25),

— |
5(m) > —Lay) 20
n
If D,, > In(n)*, (3.29) implies that
L L D cdL
(SH2) (sH2)Dm (SH2)
<(1 E < <
pa(m) < ( + In(n) > [p2(m)] < n —  In(n)
On the other hand, if D,, < In(n)*, (3.28) implies that
In(n)

p2(m) < Lisnz) -

We then have

crit’(m) > —dLspa) (In(n)) "

(2) There exists a better model for crit(m): let m; € M,, such that

cdn cn
1 e 77 <D —
n(n)" < CrienIn(n) = " = In(n) — "

From (P2), this is possible as soon as n > L, 4. By (3.34) in Lemma 3.7, A,,(mg) > 1
with probability at least 1 — Ln 2.
We then have

I(s,8m;) < Lisma) . In(n)?n™" by (Ap)
pa(my) < (1 ; ﬁf@j’ ) Elps(m1)] by (3.20)

pen(my) < GoE [pa(m1)] by (3.9)

— 1
|0(m1)| < La n7(1n) by (3.25)
so that
L 1
)< e+ (€1~ ) ) BT

< (02 - 1)012ninc
- 21n(n)
if n > Lisa2),c
We now choose d such that the constant dL(spg2) appearing in the lower bound on
crit’(m) for “small” models is smaller than (1 — Cs)o2; c/2, i.e. d < L(sm2),.. Then, we
assume that n > ng = L(sna2),cd = L(su2). Finally, we remove this condition as before
by enlarging Ko.

Risk of Dg. The proof of (3.11) is quite similar to the one of (3.17). First, for every model
m € M, such that A,(m) > 1 and D,, > KsnIn(n)~!, we have
1(s,3m) > p1(m) > L(saa) K3 In(n) > by (3.32) .
Then, the model my € M,, defined previously satisfies A,,(m) > 1, and
1(5,5mo) < L(sHa2) (n_ﬂ2/2 + n_1/2>

If n > L(sn2), the ratio between these two bounds is larger than In(n), so that (3.11) holds.
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3.5.3. Proof of Prop. 3.1. First of all, by construction, g(m;) decreases with i, so that all
the m; € M,, are distinct. Hence, algorithm (3.2) terminates and iya < Card(M,,).
We now prove by induction the following property for every i € {0,...,imax — 1 }:

P : K; < Kip1 and VK € [Ki,KiJrl), fﬁ(K) =m,; .
Notice also that K; can always be defined by (3.12) with the convention inf () = +oo.

Po holds true. By definition of K7, it is clear that K7 > 0 (it may be equal to +o0 if G(mg) =

0). When K = Ky = 0, the definition of mg is the one of m(0), so that m(K) = mp. When

K € (0,K1), then Lemma 3.2 shows that either m(K) = m(0) or m(K) € G(0). In the latter
case, by definition of K7,

f(m(K)) — f(mo)

g9(mo) — g(M(K))

>Ki>K
so that

f(m(K)) + Kg(m(K)) > f(mo) + Kg(mo)
which is contradictory with the definition of m(K).

Pi = Piy1 for every i € {0,...,imax — 2}. Assume that P; holds true. First, we have to
prove that K; o > K;y1. Since K;
and m; o exists. Then, by definition of m; 2 and K;4o (resp. m;y1 and K;41), we have

fmite) — f(mit1) = Kiya(g(miy1) — g(mit2)) (3.18)

fmi) = f(mi) = Kip1(g(mi) — g(mis1)) - (3.19)

Moreover, m;io € G(mit1) C G(m;), and m;1o < mit1 (because g is non-decreasing). Using
again the definition of K; 1, we have

f(mite) — f(mi) > Kiy1(g(mi) — g(miy2)) (3.20)

(otherwise, we would have m;;o € Fiy1 and m;;2 < m;41, which is not possible). Combining the
difference of (3.20) and (3.19) with (3.18), we have

= 400, this is clear if ¢ = iax — 2. Otherwise, K12 < +00

max

Kita(g(miv1) — g(miv2)) > Kiy1(g(miv1) — g(mis2))

so that Kiio> K (since g(mi+1) > g(mi+2)).

Second, we prove that m(K;+1) = m;y1. From P;, we know that for every m € M,,, for every
K € [K;,Kit1), f(m;) + Kg(m;) < f(m) + Kg(m). Taking the limit when K goes to K;11, we
obtain that m; € E(K;11). By (3.19), we then have m;y; € E(K;+1). On the other hand, if
m € E(K;y1), Lemma 3.2 shows that either f(m) = f(m;) and g(m) = g(m;) or m € G(m;). In
the first case, m;+1 < m (because g is non-decreasing). In the second one, m € Fj 1, 80 mj;1 <X m.
Since m(K;11) is the smallest element of F(K;;1), we have proven that m;;q = m(K;41).

Last, we have to prove that m(K) = m;4q for every K € (K1, Ks). From the last statement
of Lemma 3.2, we have either m(K) = m(K;) or m(K;) € G(m(K)). In the latter case (which is
only possible if K9 < 00), by definition of K; o,

f(m(K)) — f(mit)

gmi) —gm(i)) — TR
so that
fF(M(K)) + Kg(m(K)) > f(mip1) + Kg(miy)
which is contradictory with the definition of m(K). O

LeEMMA 3.2. Use the notations of Prop. 3.1 and its proof. If 0 < K < K', m € E(K) and
m’ € E(K'), then we have either
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(a) f(m) = f(m') and g(m) =g
(b) f(m) < f(m') and g(m) > g
In particular, we have either m(K) = m(K') or m(K') € G(m(K)).

), we have
f(m)+ Kg(m) < f(m') + Kg(m') (3.21)
f(m’) + K'g(m’) < f(m) + K'g(m) . (3.22)
m') < (K'— K)g(m) so that
g(m’) <g(m) . (3.23)
Since K > 0, (3.21) and (3.23) give f(m) + Kg(m) < f(m') + Kg(m), i.e
f(m) < f(m! (3.24)

) -
Moreover, using (3.22), g(m) = g(m/), implies f(m’) < f(m), i.e. f(m) = f(m') by (3.24).
In the same way, (3.21) and (3.23) show that f(m) = f(m’) imply g(m) = g(m’). In both cases,
(a) is satisfied. Otherwise, f(m) < f(m') and g(m) > g(m’), i.e. (b) is satisfied.
The last statement follows by taking m = m(K) and m’ = m(K"), because g is non-decreasing,
so that the minimum of g in F(K) is attained by m(K). O

PROOF OF LEMMA 3.2. By definition of F(K) and E(K’

3.5.4. Concentration inequalities used in the main proofs. We do not always assume
in this section that models are made of histograms, but only that they are bounded by some finite
A. First, we can control &(m) with general models and bounded data.

PROPOSITION 3.3. Assume that |Y|, < A < oco. Then for all z > 0, on an event of
probability at least 1 — 2e™7

2
Vn > 0, ‘S(m)‘ < nl(s,sm) + (% + g) % . (3.25)
If moreover
E
QW .= % >0, (3.26)

on the same event,
- 1(s,5m) 20 A% E[pa(m)]
0 <
Bl <5 0w v

REMARK 3.1. In the histogram case,

% =5 3 57+ (o4)"] 2 (o) >0

™ AEAm

(3.27)

Then, we derive a concentration inequality for pa(m) in the histogram case from a general
result of [BMO04| (Thm. 2.2 in a preliminary version).

PROPOSITION 3.4. Let Sy, be the model of histograms associated with the partition (Ix)ycy, -
Assume that ||Y || < A and define pa(m) = P, (Y(sm) —Y(5m) ).
Then, for every x > 0, there exists an event of probability at least 1 —e' =% on which for every

0 € (0;1),
A%\/Dy,\/x N A%z
n on

[pa(m) — E [pa(m)]] < C | 0l(s, sm) + (3.28)
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for some absolute constant C'. If moreover O'(X) > Omin > 0 a.s., we have on the same event:

AZE [pa(m)]
[p2(m) = E[pa(m)]| < —== | Us, 8m) + =5~ (Ve +z)| . (3.29)
Gr2nin ( )
Finally, we recall a concentration inequality for pj(m) that comes from Sect. 5.7.4. Its proof
is particular to the histogram case.

PROPOSITION 3.5 (Prop. 5.8, Sect. 5.8). Let v > 0 and Sy, be the model of histograms asso-
ciated with the partition (I\)ycp - Assume that |V < A < o0, 0(X) > omin > 0 a.s. and
minyen,, {npr} > By, > 0. Then, if B, > 1, on an event of probability at least 1 — Ln™",

1 2
Film) 2 E(7i(m)] - LA, ouins) | 0L+ B [pa(m) (3:30)
i(m) < B{i(m)] + L o) | 2L /D 0| B o)) . (330
» Omin, m . .
p1 = p1 i \/m D2
If we only have a lower bound By, > 0, then, with probability at least 1 — Ln™7,
~ 1 L(A, 0min, ) In(n)? >

> — E ) 3.32
i) > (e o [p2(m)] (3.32)
PROOF. We changed a little the assumptions of Prop. 5.8. The result still holds since P, (q) <
4A2%0 2 O

mln

3.5.5. Additional results needed. A crucial result in the proofs of Thm. 3.1 and 3.2 is
that pi(m) and pa(m) are close in expectation. This comes from Sect. 5.7.2.

PROPOSITION 3.6 (Lemma 5.6, Sect. 5.7.2). Let Sy, be a model of histograms adapted to some
partition (Ix)ycp, - Assume that minyea,, {npx} > B > 0. Then,

_B\2 ~
(1 —e B) E [p2(m)] <E[pi(m)]
(3.33)
<[2n(1451x B7) +(BV1)e PO E[py(m)]
Finally, we need the following technical lemma in the proof of the main theorems.

LEMMA 3.7. Let (px)aea,, be non-negative real numbers of sum 1, (npx)ren,, a multinomial
vector of parameters (n; (px)xea,,)- Then, for all v > 0,

min {ny} > M LD o0 4 gy (n) (3:39)
ENAm

with probability at least 1 — 2n~7.

PROOF OF LEMMA 3.7. By Bernstein inequality ([Mas07], Prop. 2.9), for all A € A,

]P’(nﬁ)\z(l—ﬂ)np)\—\/anx—§> >1—e 7.

Take x = (v + 1)In(n) above, and remark that /2npr < %2 4 x. The union bound gives the
result since Card(A,,) < n. O

3.5.6. Proof of Prop. 3.3. Since ||Y||, < A, we have ||s]| ., < A and |[[s;, ||, < A. In fact,
everything happens as if S, U {s} was bounded by A in L.
We have

n

5(m) = =" (v(sms (X, Y2)) = (s, (X, Y3)) = E [v(sm, (X3, Y3)) = (s, (X3, i)
=1



3.5. PROOFS 103

and assumptions of Bernstein inequality (|[Mas07], Prop. 2.9) are fulfilled with

2 2
c= 847 and v = 8A%U(s, 5m)
3n n
since
and

var ((sm. (Xi, Vi) = 9(s, (X3, Y2))) < B | (7(sm, (X5, Y2)) = 7(s, (X3, Y)))?
< 8A%1(s, 5) (3.35)
because ||sp, — 5|, < 24 and
(V(t,-) = 7(s,))? = (H(X) = 5(X))* 2(Y = (X)) — t(X) + s(X))?

and E[(V — s(X))?| X] < (21:)2 — A

We obtain that, with probability at least 1 — 2e™7,
16A421(s,s;)r  8A%x
_|_
3n

and (3.25) follows since 2v/ab < an + bn~! for all n > 0. Taking 1 = D;ZI/Q < 1 and using Q,(ﬁ)
defined by (3.26), we deduce (3.27).

6(m)| < V2vx + ¢ =

3.5.7. Proof of Prop. 3.4. We apply here a result from [BMO04] (Thm. 2.2 in a preliminary
version), in which it is only assumed that 7 takes its values in [0;1]. This is satisfied when
|Y]l,, < A=1/2. When A # 1/2, we apply this result to (24)'Y" and recover the general result
by homogeneity.

First, we recall this result in the bounded least-square regression framework. For every ¢ :
X — R and € > 0, we define

d?(s,t) = 21(s,t) and w(e) = V2€ .

Let ¢,, belong to the class of nondecreasing and continuous functions f : RT — RT such that
x + f(z)/x is nonincreasing on (0;+o00) and f(1) > 1. Assume that for every u € S,,, and o > 0
such that ¢, (0) < /no?,

ma[ sup \%(u)—mu)\]wm(a). (3.36)

t€Sm, d(u,t)<o

Let €4, be the unique positive solution of the equation

\/ﬁéf,m = ¢m(w(€xm)) -

Then, there exists some absolute constant C' such that for every real number ¢ > 2 one has

Ioa(m) ~ Elpatim)l, < = | V2 (VITsosm) Veum ) 0] (3.37)

For every model S,, of histograms, of dimension D,, as a vector space, we can take
bm(0) =3V2/D,, x o in (3.36). (3.38)
The proof of this statement is made below. Then, e, ,, = 6+/Dpn /2.
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Combining (3.37) with the classical link between moments and concentration (Lemma 8.10
in Sect. 8.6.2), the first result follows. The second result is obtained by taking 6 = Df,%l/ 2, as in
Prop. 3.3.

PROOF OF (3.38). Let u € Sy, and d(u,t) = V2 |u(X) — t(X)||, for every ¢ : X — R. Define
¥ : Rt — R* by

P(o) =E sup (B = P)(v(u, ) = 7(¢,-))]
d(u,t)<o, tESm

We are looking for some nondecreasing and continuous function ¢, : R* — R™ such that ¢, (z)/x
is nonincreasing, ¢,,(1) > 1 and for every u € S,,,

Vo >0 such that ¢,(0) < Vno? | dm (o) > V(o) .
We first look at a general upperbound on 1.

Assume that u = s,,. If this is not the case, the triangular inequality shows that ¥general v <

t= Z Ly, U= Sy = Z Baly, .

AEAm AEAm

29y=s,,. Let us write

Computation of P( (t ) —7(u,-)). for some general t € Sy,:

P(y(t,-) — =FE [(t X) — (u(X) — Y)Q}
= E [(t(X) — u(X))?] + 2E[(£(X) — u(X))(u(X) - s(X))]
=E [(t(X) X))? = Z pa(ts — Br)?
AEAm

since for every A € Ay, E[s(X)| X € I\] = b).

Computation of Pp(v(t,-) —v(u,-)). for some general ¢t € Sp,: with n; =Y; — u(X;), we have

Paar(t, ) = () = = S (60) — u(X0))? — 2 37 [(60X) — u(Xo)md
=1 i=1
= %Z Dt — ) lxer, — %Z >t —un)xenmi -
i=1 AeAp, i=1 AeAp,

Back to (P, — P). We sum the two inequalities above and use the triangular inequality

(o= P)(t,) =2 D < |30 S (=P (xeer, — o)

7::1 )\EAm
2 n
+ - S (= un)xenmi
i—1 AcAm
2A [ ‘Z’P_ (]lX-eI —pA)|
< = (VD [ta — uy]) ===
"2 Vh
2 >0 Ix,ernmil
+ = (VDA [tA — uy|) ==—7"=—

since |ty — uy| < 2A for every t € S),.



3.5. PROOFS

105

We now assume that d(u,t) < o for some o > 0, i.e.

d(u,t)? =2 Y palta —up)® <o .
AEAm

From Cauchy-Schwarz inequality, we obtain for every ¢ € S, such that d(u,t) < o

n - 2
(P = PY(t, ) — () < 222 | 5 (millien Zp))

2n

AEAm Px

_|_

V20 Z (8 Lx,enm)’
n

AEAm Px

Back to 1. The upper bound above does not depend on ¢, so that the left-hand side of the
inequality can be replaced by a supremum over {t € S, s.t. d(u,t) < o}. Taking expectations

and using Jensen’s inequality (/- being concave), we obtain an upper bound on :

n _ 27
W(o) < 240 SE (2im1(Ix,er, —P2))
V2n AEAm DX |
+\/§O’ Z E (Z?:l ]]-XiEI,\T]i)Z
n AEAm 2\ ]

For every A € A,,, we have

n 2 n
E <z:(]lxiefA —p,\)) = E(lx,er, —pr)> =npa(1—pa)

i=1 i=1
which simplifies the first term. For the second term, notice that
Vi 7é j7 E []]-XiEI/\]lXjGI)\ninj] =E []]-XiEI,\ni] E []]-XjEI,\nj}
and Vi, E[lx,ernnm] =E[1x,er,E[ni| Ix,er,]] =0

since n; is centered conditionally to 1 x,er,. Then,

n 2 n
B (znxiehni> = SR [Lxern?] <o [l < npa24)
=1

i=1
Combining (3.39) with (3.40) and (3.41), we deduce that

w(a><% Dm—1+2f%\/D_m
Niom

m
X o .

NG

< 34AV2

(3.39)

(3.40)

(3.41)

As already noticed, we have to multiply this bound by 2 so that it is valid for every u € S,,, and

not only u = s,.

The resulting upper bound (multiplied by y/n) has all the desired properties for ¢, since

6A\/2+/D,, = 3v/2D,,, > 1. The result follows.

O






CHAPTER 4

Limitations of linear penalties

RESUME. Dans ce chapitre, nous mettons en défaut les méthodes de sélec-
tion de modéles par pénalisation qui utilisent une pénalité linéaire en la dimen-
sion des modeles. C’est le cas de nombreux criteres classiques comme C), de
Mallows, AIC ou BIC. Dans un cadre particulier de régression hétéroscédas-
tique, il s’avére que tout modéle choisi par pénalisation linéaire (éventuellement
dépendant des données) a un risque bien supérieur a celui de l'oracle. Une telle
procédure est donc sous-optimale (au moins asymptotiquement), ce qui montre
la nécessité de proposer des méthodes d’estimation de la forme de la pénalité &
I’aide des données.

4.1. Introduction

A penalization procedure chooses a model that minimizes the sum of the empirical risk (how
does the model fit the data) and some complexity measure of the model (called the penalty).
The simplest ones are linear penalties, where the penalty is a linear function of the dimension of
the models. By “dimension”, we mean any intrinsic complexity measure, e.¢g. the dimension of a
vector space, a number of parameters, the Vapnik—éervonenkis dimension (for sets of classifiers),
to name but a few. This is for instance the case of AIC (Akaike [Aka73|) and Mallows’ C, or Cf,
(Mallows [Mal73]). The latter penalty can be written

202D,
penMallows(m) =
n
202D -5 . . . .
or m where 02 is an estimator of the homoscedastic noise level o2 .
n

The main practical advantage of such procedures is that they do not need much more computations
than minimizing the empirical risk over each model. Their complexity is thus reduced to its
minimum.

Linear penalties are efficient in several frameworks, ¢.e. in homoscedastic regression. See for
instance the works of Shibata [Shi81|, Li |[Li87|, Baraud [Bar00, Bar02| and references therein.
In a recent work, Birgé and Massart [BMO06¢| suggest some data-driven calibration of penalties
of the form K x D,,. Using the “slope heuristics”, they propose an algorithm that computes a
constant I/fslope from the data. Following a remark that we made in Sect. 3.4, this algorithm
still has a rather small complexity, compared to other classical model selection procedures (e.g.
cross-validation).

All the above penalties are linear, in the sense that we can write

pen(m) = KD,,
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for some data-dependent constant K. The aim of this chapter is to show that linear penalties
may fail in some heteroscedastic regression framework. This fact can be conjectured from the
computation of the “ideal penalty” made in Chap. 5. Then, we prove that this induces the
suboptimality of any linear penalization procedure in some particular framework. This result
motivates the introduction of a “slope heuristics” algorithm with non-linear shapes for the penalty,
based upon the results of Chap. 3. In view of Chap. 5 and 6, these non-linear shapes can be
obtained with V-fold or Resampling penalties.

This chapter is organized as follows. The non-linearity of the ideal penalty is recalled in
Sect. 4.2. Then, the suboptimality of linear penalties is tackled in Sect. 4.3. Finally, a preliminary
simulation study is reported in Sect. 4.4. The proofs are made in Sect. 4.5.

4.2. Non-linearity of the ideal penalty in the histogram framework

In this chapter, we consider the least-square regression framework, and we assume that each
model S, is the set of histograms adapted to some partition (Iy)aen,, of the feature space X. See
e.g. Sect. 3.2 for the precise framework and some notations. We only recall that the n observations
(X;,Y;) € X x Y are i.i.d. and satisfy

Y, = s(X;) + o(Xi)e

with E [622 ‘ Xi] = 1. The noise-level o : X — R™ is unknown and may be heteroscedastic.
A penalization procedure chooses the model

m € arg min {Fyy(8m) +pen(m)}

so that the ideal penalty is
penjq(m) := (P — Py ) y(5m) -
Of course, this quantity is unknown from the user, so it can not be used as a practical penalty.
However, according to Thm. 3.1 in Sect. 3.3.1, m satisfies an oracle inequality when pen(m) is
close to E [pen;q(m)] for every m € M,, (provided M,, is not too large). Then, the shape of
E [pen;g(m)] is likely to be the “optimal” shape for a penalty.
In the histogram case, we can compute explicitly this quantity: from (6.6),
2
Eperna(m)] =+ Y (14 epecxenn ) (@9 + (o)) (@)

n
AEAm

where
e(l):"(n,p) = npE [Z_I]lz>0} with  Z ~ B(n,p)

(o%)? ::E[(Y—s(X))Q‘ XGIA] :E[(G(X))Z‘ XGIA}

(o8)" = B[ (s(X) ~ sm(X))? | xen)

There are three differences with the homoscedastic fixed-design case, where E [penjq(m)] =
202D,,n"1:

(1) Doxea,, (0")"\)2 # DyE [0(X)?]. Hence, when the noise is highly heteroscedatic and the
weights (px)aea,, are far from uniform weights, this part of the penalty is far from
being linear in D,,. This holds for instance in experiments S2 and HSd2 (described in
Sect. 4.4.2).

(2) (0’;\[)2 # 0. This term may be large when s is far from s,,, ¢.e. when s is highly non-
smooth or when m has a small dimension. This may happen for instance when s is the
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HeaviSine or the Doppler functions (defined by Donoho and Johnstone [DJ95]; see also
Sect. 4.4.2).

(3) e(l)?(n,]P’(XGIA)) # 1. However, according to Lemma 5.3 in Sect. 5.6.1, this term is uniformly
close to 1 when minyep,, {nP(X € I,)} is large enough.

We have identified two main reasons why penalties should not be taken linear in the dimension
in some particular framework. The next section consider a case where the first situation holds. It
indeed turns out that linear penalization procedures are suboptimal in this particular framework.

4.3. Suboptimality of linear penalization

We consider in this section the following particular framework:
Y=X+1y 1€

with € such that E[e?| X] =1 as. and X ~ U([0;1]). Then, s(X) = X. For every ki, ky €
N\ {0}, Sk, k) denotes the model of histograms adapted to a regular partition of [0, 1/2] with &
pieces, and a regular partition of [1/2,1] with ks pieces. Then, consider the “regular with two bin
sizes” family (Sp)mem,, = (S(klvk2))1§k1,k2§Dmax with Dpax = [n/(21n(n))|. In the following,
for every m = (k1,k2) € My, Dy1 := ki and D, 2 := ko denote the two components of the
dimension D,,, = D, 1 + Dy, 2 of the model m.

The following proposition shows that any linear penalty is suboptimal with such data, if we
only consider expectations.

PROPOSITION 4.1. Let (X;,Y:)1<i<n and M, be defined as above. For any m € M, and
K >0, we define -
crityin(m, K) = E[ Py (Sm)] + KDy, — Py(s)
the expected linear penalized criterion. For any € > 0, we define

Miin,e = {ﬁ% e M, s.t. 3K >0, crity,(m, K) < iI}\fA { crityy (m, K) + €E [I(s,5)] }}
me n

Then, there are absolute constants ng and k > 0 such that for every n > ng and € > 0,

inf  {E[l(s,5 >(1 v1_2)'f E[i(s,5 . 42
mel;;hnye{ [i(s,5m)]} 2 (L +m(evD) ™) inf {E[i(s,5m)]} (4.2)

Having in mind concentration results (similar to those of Sect. 5.7.4), the linear criterion
P,y (8m)+ KD, — Py (s) is close to crity, with high probability, up to a remainder smaller than
€E [I(s,Sm)], for some € < oo. Then, the following optimal linear penalization algorithm has to
belong to Miiy

mi, = m(K*) where K* = arg %;% { Pv(Sai) }

So, Prop. 4.1 shows that selecting mj;  is suboptimal.

This is a quite strong result: no linear penalization method can be asymptotically optimal
in this case-example, even a method using the data and the knowledge of s and o ! This rely
on the fact that linear penalties can only select a small number of models, which was already
noticed by Breiman |[Bre92]| (in its Sect. 5, Breiman caracterizes what those models, called “RSS-
extreme submodels”). Whereas Breiman states that this limitation can be benefic in some cases,
our Prop. 4.1 shows that it also induces suboptimality in some heteroscedastic frameworks.

4.4. Simulation study
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FIGURE 4.1. s(z) =z, o(x) = 1,51, n = 200.
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4.4.1. Framework of Prop. 4.1. We consider in this section data generated as in Prop. 4.1,
with a sample size n = 200. An instance of data sample is reported on Fig. 4.1a. The corre-
sponding ideal penalty pen;y(m) is reported as a function of D,, on Fig. 4.1b. It is obviously
non-linear.

For each sample, we compared the oracle model

. (a3
m” € arg min {I(s,5m) }

with the models (M (K) )y, that can be chosen by a linear penalty, defined by
m(K) € arg min { P,y (Sn)+ KDy} .
mGMn

The results are reported on Fig. 4.2: the broken lines represent (Dy, (i1, Di(k),2) k>0 for 250
samples, and the stars (on the bottom right) are the 250 corresponding oracle models. Notice that
250 broken lines and 250 stars are superposed, so that we can not distinguish individual paths
(D)1 Din(i),2) k>0- However, we can conclude that the “RSS-extreme submodels” (following
Breiman’s terminology) are far from the oracle model for each sample.

We observe that the oracle model can never be selected, i.e. m* # mjg;,. Moreover, on the
250 experiments of Fig. 4.2, we evaluate the benchmarks

E[l(s,é\m)] l(svgﬁ’b)

infyem, 1(5,5m)] infenm, ((s,5m)
Basically, Cy; is the constant that should appear in an oracle inequality like (5.12), and Cpath—or
corresponds to a pathwise oracle inequality like (5.11). We estimate Cpath-or (mf;,) ~ 2.87 £0.12
and Cor(mfy,) ~ 2.14 £ 0.06. So, the distance between mj and m* has serious consequences on
the risk.

C’pan;h—or =E (43)

Cor :i= &

Intuitively, this means that penalizing low-noise and high-noise regions with the same constant
K leads to choosing the bin size as if the noise had a high-level everywhere. In the example
above, any linear penalization method has thus an additive bias term in its risk, making the
model selection suboptimal.

4.4.2. Twelve more experiments. We now consider twelve experiments, under which we
also study V-fold and Resampling penalties in Sect. 5.4 and 6.5.
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FIGURE 4.2. Simulation results (n = 200): no linear penalty can select the oracle
on 250 independent samples.

Data are generated according to
Y; = S(XZ) + U(Xi)fi

with X; i.i.d. uniform on X = [0;1] and ¢; ~ N(0,1) independent from X;. The experiments
differ from the regression function s (smooth for S, see Fig. 4.3; smooth with jumps for HS, see
Fig. 4.4; Sqrt, His6 and Doppler are represented on Fig. 4.13, 4.15 and 4.17), the noise type
(homoscedastic for S1 and HSd1, heteroscedastic for S2 and HSd2) and the number n of data.
Instances of data sets are given in Fig. 4.5 to 4.18. Their last difference lies in the families of
models. Define

My € (N\{0}) U (N\{0})*

. 3 1
where Vk, k1, ka € N\{0}, (I\))ep, = <[%,%>> and
0<j<k—1

i oj+1 1 j 1 341
I = |55 {12725 2
( A)AeA(kl,kQ) < [le’ 2k )>O<j<k11 ( [2 + 2ky’ 2 * 2k 0<j<ko—1

and the following four families of models:

e ‘“regular” regular histograms with 1 < D < ln?n) pieces, i.e.

Mﬂ:{L-"’Ln?”)J}

e “2 bin sizes”: histograms regular on [0; %] and on [%, 1], with D; (resp. Dj) pieces,

1< Dy,Dy < % The model of constant functions is added to M, i.e.

21n
Mn:{l}U{L"” {QII?(H)J }2

e “dyadic™ dyadic regular histograms with 2¥ pieces, 0 < k < Ing(n) — 1, i.e.

/\/ln:{Qk s.t.ng:glng(n)—l}
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_8,
40 0.5 1
FIGURE 4.4. s(z) =
FIGURE 4.3. s(x) = sin(nz) HeaviSine(z) (see [DJ95])
4r 4
0
o s 1 o s 1
FIGURE 4.5. S1:  s(x) = FIGURE 4.6. 52 s(x) =
sin(rzx), o =1, n = 200 sin(rz), o(x) =z, n = 200

e “dyadic, 2 bin sizes™: dyadic regular histograms with bin sizes 27%1 and 27%2, 0 < k1, ko <
Ing(n) — 2 (dyadic version of S2). The model of constant functions is added to M,, i.e.

2
Mn:{l}U{Qk s.t. Oﬁkglng(n)—Q} .

For each experiment, s, o(z), n and M,, are given in Tab. 4.1.
We then compare the following procedures:

e Mal: Mallows’ penalty, pen(m) = 262D,,n~! where 52 is the classical variance estimator

o @ (Y1, S|nya))
g =
n—|n/2]
(where S|,,/2| is any model of dimension [n/2], d the Euclidean distance on R" and
Yi.n=Y1,...,Y,) € R") used by Baraud [Bar00|, Sect. 6.
e Mal+: Mallows’ penalty multiplied by 5/4
e Opt. lin.: Optimal linear penalty mf,
e L.S.H. jump: The linear slope heuristics algorithm of Birgé and Massart [BMO06c], i.e.

algorithm 3.1 with peng,,..(m) = Dy, and Komin corresponding to the largest dimension
jump.
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FIGURE 4.13. s(z) =z
2,

. ﬁ—\J
_20 | | | | 0:5 | | | | l
FIGURE 4.15. s(x) = Hisg(x)

5,
0
= s 1

FIGURE 4.17. s(x) =
Doppler(x) (see [DJ95])
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FiGURE 4.14. Sqrt, o =1, n = 200

0 0.5 1

FIGURE 4.16. His6, 0 =1, n = 200

FIGURE
4.18. DopReg=Dop2bin,
oc=1,n=2048

e [L.S.H. reas.: The linear slope heuristics algorithm with [A(min corresponding to the ‘“rea-

sonable dimension” criterion, i.e. the minimal K such that D gy < Dmax/2-
e penLoo: Leave-one-out Resampling penalty (defined as in Sect. 6.5).
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Ideal linear penalty : D=96; C_ =1.44 | | — penloo+:D=160;C, =121
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(a) Ideal linear penalty (b) penLoo+

FIGURE 4.19. Selected estimators for one sample of experiment HSd2 (for which
the dimension of the oracle is 192). The constant C,, reported here is the ratio
1(s,57)/l(s,Sm+) for this particular sample.

e penLoo+: penLoo multiplied by 5/4.

In each experiment, for each simulated data set, we first remove the models with less than
2 data points in one piece of their associated partition. Then, we compute the least-square
estimators s, for each m € M\n. Finally, we select m € M\n using each algorithm and compute
its true excess risk [(s,55) (and the excess risk of each model m € M,,). Since we simulate N
data sets (/N = 1000 in the four first experiments, N = 250 for the eight other ones), we can then
estimate Cor and Cpath—or- As Cor and Cpath—or approximatively give the same rankings between

algorithms, we only report Cy; in Tab. 4.1.

It appears that mj;, has a better performance for 11 experiments. This is not surprising in
“easy” situations, where Mallows’ is almost optimal, since mj;,, is always better than Mallows’ C,.
It is less intuitive for Svar2 and Dop2bin, which are more difficult, because of heteroscedasticity
or bias. Considering that m;  uses the knowledge of the true distribution P, one can understand
that it is sufficient to keep a good performance for “intermediate” problems.

However, in experiment HSd2, the ideal linear penalization has a constant C,, = 1.18 £ 0.01.
This is worse than resampling penalization, for which C,, < 1.11. Thus, the most difficult problem
of Sect. 6.5 (with a complex family of models, heteroscedasticity and bias) gives another example
where linear penalties are definitely not adapted. On Fig. 4.19, we compared on one sample the
estimators selected by (a) the ideal linear penalty and (b) the leave-one-out penalty multiplied by
1.25. Their main difference relies in the estimation of the jump at X = 0.3. Whereas the ideal
linear penalty splits this jump into two parts, the penLoo+ estimator has only one large jump
near X = 0.3 (the dyadic partitioning does not allow to find the exact position of the jump).
This makes penLoo+ better for prediction than any linear penalization procedure (as shown by
the comparison of the prediction risks, see Fig. 4.19.

The results concerning the linear slope heuristics are more difficult to understand. It appears
that Mallows’ C), is often better than L.S.H. in frameworks where linear penalties are reasonable.
On the contrary, when Mallows’ strongly fails, L.S.H. is slighlty better, but worse than non-linear
penalties like Leave-one-out penalties. The point here is that we know the asymptotically optimal
constant in front of Mallows’ penalty in the homoscedastic case. Then, L.S.H. can not do better
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TABLE 4.1. Accuracy indexes C,; for each algorithm in twelve experiments, + a
rough estimate of uncertainty of the value reported (i.e. the empirical standard
deviation divided by v/N). In each column, the more accurate algorithms (taking
the uncertainty into account) are bolded.

Experiment S1 S2 HSd1 HSd2

S sin sin HeaviSine HeaviSine
o(x) 1 x 1 x

n (data) 200 200 2048 2048

M, regular 2 bin sizes dyadic, regular ~ dyadic, 2 bin sizes
Mal 1.928 4+ 0.04 3.864 + 0.02 1.606 £+ 0.015 1.487 £ 0.011
Mal+ 1.800 £+ 0.03 4.047 + 0.02 1.606 £+ 0.015 1.487 +£0.011
Opt. lin. 1.472 + 0.02 1.747 + 0.02 1.000 4+ 0.002 1.180 £ 0.005
L.S.H. jump 2.008 +0.04 3.289 + 0.04 1.606 £ 0.015 1.487 +0.011
L.S.H. reas. 1.882 £ 0.03 3.565 £ 0.04 1.606 £ 0.015 1.487 +0.011
penLoo 2.080 £ 0.05 2.593 £ 0.06 1.034 £+ 0.004 1.105 4+ 0.004
penLoo-+ 1.844 +0.03 2.215 4+ 0.05 1.004 + 0.003 1.096 + 0.004
Experiment 51000 Sv0.1 S0.1 Svar2

] sin sin sin sin

U(.T) 1 V 0.1 0.1 ]lle/g

n (data) 1000 200 200 200

M, regular regular regular 2 bin sizes
Mal 1.667 + 0.04 1.611 +£0.03 1.400 £+ 0.02 3.520 £ 0.03
Mal+ 1.619 + 0.03 1.593 + 0.03 1.426 + 0.02 3.672 +0.03
Opt. lin. 1.414 + 0.03 1.373 +£0.02 1.253 £ 0.01 1.980 + 0.05
L.S.H. jump 1.764 £ 0.05 1.644 £ 0.03 1.602 £+ 0.03 2.286 £+ 0.10
L.S.H. reas. 1.710 £ 0.04 1.598 £ 0.03 2.238 +0.05 2.227 +0.11
penLoo 1.776 + 0.05 1.641 £+ 0.04 1.379 +£ 0.02 2.656 + 0.15
penLoo-+ 1.626 + 0.03 1.587 + 0.03 1.401 +£0.02 2.349 +0.13
Experiment Sqrt His6 DopReg Dop2bin

s v Hisg Doppler Doppler

o(x) 1 1 1 1

n (data) 200 200 2048 2048

M, regular regular dyadic, regular  dyadic, 2 bin sizes
Mal 2.295 +0.11 1.969 £ 0.11 1.130 £ 0.011 1.469 £+ 0.013
Mal+ 1.989 £+ 0.08 1.799 £ 0.09 1.130 £0.011 1.459 +0.014
Opt. lin. 1.405 + 0.04 1.266 + 0.06 1.000 + 0.005 1.009 + 0.004
L.S.H. jump 2.517+0.11 2.034 +0.10 1.130 £ 0.011 1.403 + 0.016
L.S.H. reas. 2.368 +0.13 1.899 + 0.09 1.130 £ 0.011 1.375 + 0.016
penLoo 2.695 +0.14 2.063 +0.12 1.026 £+ 0.005 1.058 £+ 0.006
penLoo+ 2.152 +0.10 1.858 £ 0.10 1.082 4+ 0.005 1.048 £+ 0.006
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when pen;q(m) is indeed linear, and L.S.H. has the faults of linear penalties in more complex
frameworks.

Moreover, when the situation of Fig. 3.1b (see Sect. 3.4) occurs, L.S.H. behaves very bad. Since
this holds approximatively on 6% of the samples in experiment S1, this problem is sufficient to
significantly enlarge the risk of L.S.H. As a consequence, we do not suggest to use slope heuristics
in “easy” situations (where the optimal constant is almost known), but only in a priori hard
frameworks. Notice also that we did not tried to overpenalize L.S.H. within a factor 5/4. In most
of the experiments, this may improve a little the performances of the method, as it does with
Mallows’ and penLoo.

4.5. Proofs

PROOF OF PROP. 4.1. We first introduce the following relevant dimension indexes:
1

For every m € M,, and every \ € A,,,, we have
(2)’ = Leb(L)? _ Inclog] | Inclia] 0 7oy
A 12 12D2, | ' 12D2, A

Combining this with (4.1) (and its proof, see Sect. 5.7.2), we have

2 1 1 1
1 d 2| _ =
Blpa(m) =" 3 (o) +@?| = 3 (G35 + Do+ 735 )

2
B =1 Y | (o4) + 3
AE€AM,
+
1| “BeDgY)

1
o Tmls + - 4D
12D, | Bm.D)) <12Dm72 * m’2>

1 1 1 8 (m)
== D
n (121%1 T Vma ¥ 12Dm72> T

with lim, o Sup,,enq, On(m) = 0. This last fact uses Lemma 5.3 (Sect. 5.6.1) and nD;llZ >
NDmax > In(n). Moreover,

2 1 1 1
— )" _
Usssm) = 3 (o) =55 (D?nl*D,a)

AEA,

nelin]

=n

Then, taking the convention pj(m) = p1(m) in the definition of P~(S,,), we have

E[i(s,5m)] = U(s,8m) + E[p1(m)]

1 1 1 1 1 1 Sn(m)
=— | —=—+—=— — D . 4.4
24 (Dm ’ Dm> #3 (oo + Pt )+ 4
Taking
n \1/3
Dm,l = Dmax and Dm,2 = (E) >
we deduce that for n > L,
inf E[l(s,5,)] <rn 234+ (n7h) (4.5)

mEMn
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with #y = 274/3372/3 4 272/33-1/3,
On the other hand, for any K > 0 and m € M,
Critlin(m¢ K) = l(8> Sm) —E [pQ(m)] + KDm

1 1
= KDy 1 —
™ 19Dy 24D2

1 1

- . (46
24D%, 120Dy (4.6)

1
n

Since max (D1, Dy 2) < nln(n)~!, crity,(m, K) is minimal over m € M,, when

1 \3
1v [(ﬁ) /\DmaX]

R 1 1/3
_Dm’Qr’?‘J_DQ(K) :].\/ [<m> /\DmaX]

By convention, when K < n~!, ﬁg(K) = Dax-
Let m(K') be the model of dimensions (D;(K), D2(K)). Then, for every m € My, there
exists some K = K(m) > 0 such that

crityin(m, K) < crity,(m(K), K)

D1~ Dy (K) :

) + € [l(svgm(K))]
< critin(m(K), K) + Le (n*2/3 + K2/3) . (4.7)
>

We first assume that K < 1/(2n). Then, D, x) ﬁg(K) = Dpax and

1 1 1
ity (m(K), K) < 32/327°8K23 (K -~ | D < -
critin(m(K), K) < * n ) Ot upE = T3l
when n > L. As a consequence, when n > L,
— = — < crity; K)<-— L < — .
n 12nDyy 0 — cxitin (m, K) < 31n(n) L ~  4ln(n)

When n > L, this implies Dy, 5 > n/(5In(n)) > 2k1n'/3. According to (4.5), Do > 2r1n'/?
implies that for n > L,

~ 3 . ~
Eli(s,5m)] 2 5 mf {E[l(s,5m)]} -

We now only have to consider m € My, . such that D,, 2 < 2k1nt/3 and for which K(m) >
1/(2n). Starting from (4.6) and (4.7), we have (if n > L)

KDy, 1 — kin 23 < crity, (m, K)
< crity,(m(K),K)+ L x € (n_2/3 + K2/3>
< 323972323 L [ e (n_2/3 + K2/3)
so that
D1 <L(1+¢)K™? (n_2/3 n K2/3) < ko(e)n~L/3
where k2(€) = L (1 + ¢) depends only on e. Then, (4.4) implies

D,, —-2/3 —4/3 .
E[i(s,50)] > _inf { Loy }+<” 40 )+5<m)

T 1<Dym,2<Dmax 12D7%%2 12nDyy, 2 n 24K3 12k9 n

> (1+ (25m113) ") Linf {E[I(s,5m)])

for n > L, and the result follows. O



CHAPTER 5

V-fold cross-validation

RESUME. Ce chapitre est consacré a la validation-croisée «V-fold» — qui
est trés utilisée en pratique — et a une nouvelle méthode de sélection de modéles
par pénalisation, que nous appelons la pénalisation V -fold.

Nous montrons tout d’abord que la validation-croisée «V-fold» (VFCV)
surpénalise d’autant plus que V est petit. Du point de vue asymptotique, il faut
donc faire tendre V' vers l'infini avec n pour obtenir une procédure optimale.
En revanche, lorsque le rapport signal sur bruit est fixé, il peut étre bénéfique
de surpénaliser. On observe alors que le choix optimal de V n’est pas toujours
la plus grande valeur possible compte-tenu du temps de calcul. Des simulations
montrent ainsi un exemple ot V' = 2 est meilleur que les choix classiques V =5
ou V =10.

Afin de simplifier le choix de V' et d’améliorer les performances de la VFCV,
nous définissons la pénalisation V-fold. Cette procédure se fonde sur I’heuris-
tique de rééchantillonnage (Efron [Efr79]), et présente une complexité similaire
ala VFCV. En revanche, elle permet de choisir le niveau de surpénalisation sé-
parément de V. Dans le cadre de la régression sur des modéles d’histogrammes,
nous prouvons une inégalité-oracle non-asymptotique trajectorielle, avec une
constante presque 1. On peut en particulier en déduire un résultat d’adapta-
tion & la régularite holder de la fonction de régression, en présence d’un bruit
hétéroscedastique assez général.

Une étude de simulation confirme les études théoriques de la VFCV et
de la pénalisation V-fold. En particulier, cette derniére permet effectivement
d’améliorer les performances de la VFCV.

5.1. Introduction

There are typically two kinds of model selection criteria. On the one-hand, penalized criteria
are the sum of an empirical loss and some penalty term, often measuring the complexity of the
models. This is the case of AIC (Akaike [Aka73]), Mallows’ C,, or Cr, (Mallows [Mal73]) and BIC
(Schwarz [Sch78]), to name but a few. On the other hand, cross-validation (Allen [All74|, Stone
[Sto74], Geisser [Gei75]) and related criteria are based on the idea of data splitting. Part of the
data (the training set) is used for fitting each model, and the rest of the data (the validation set)
is used to measure the performance of the models. There are several versions of cross-validation
(CV), e.g. leave-one-out (LOO, also called ordinary CV), leave-p-out (LPO, also called delete-p
CV) and generalized CV (Craven and Wahba [CWT79|).

In practical applications, cross-validation is often computationally very expensive. This is why
less greedy CV algorithms have been proposed, among which V-fold cross-validation (VFCV,
Geisser |Gei75]|) and repeated learning testing methods (Breiman et al. [BFOS84]|). In this
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chapter, we focus on VFCV, which seems to be the most widely used nowadays. A major problem
for the practical user is the choice of V. Basically, V' has to be chosen small for complexity reasons,
but not too small for decreasing the variability of the algorithm. However, there is a third issue,
which is bias: VFCV with V bounded gives an asymptotically biased estimate of the risk, so that
it has to be corrected (Burman [Bur89, Bur90]). Moreover, when the aim of model selection is
model identification rather than prediction, a good criterion should not be an unbiased estimate
of the risk. For instance, we basically obtain the BIC criterion by multiplying the exact variance
term by In(n)/2.

The properties of CV (in particular leave-p-out) for prediction and model identification have
been widely studied from the asymptotical viewpoint, in particular in regression. It basically
depends on the splitting ratio, i.e. the ratio between the sizes of the validation and training
sets (p/(n — p) in the leave-p-out case; c¢f. [vdLDKO04, Yan06| and the references therein).
For instance, when p = 1, the leave-one-out is equivalent to AIC and Mallows’ C, (Li [Li87]),
i.e. it is asymptotically optimal for prediction and inconsistent for model identification. In
addition, Shao [Sha93| showed that p ~ n and n — p — oo are necessary for leave-p-out to be
consistent for identification. Several other asymptotic results about CV in regression can be found
in [Zha93, Sha97, GKKWO02|.

The choice of p (in leave-p-out) or V' (in V-fold CV) is thus crucial and depends on the goal
of model selection: prediction or identification. If Shao’s result can be extended to VFCV with
p = n/V, it follows that VFCV can not be used for a consistent identification’. On the other
hand, optimal prediction for VFCV without correction term needs V to go to infinity (or p < n
for leave-p-out). In a recent work in the density estimation framework, Celisse and Robin [CR06]
propose a way of choosing p that realizes the optimal trade-off between bias and variance. When
computational issues arise, taking V small is often contradictory with the above requirements.
An alternative would be to use the corrected V-fold cross-validation (Burman [Bur89]), but its
proof is only asymptotical for each model. The practical user of VFCV really needs some help at
this point, either for choosing V or for correcting V-fold.

Our main goal in this chapter is to provide such an help. This can be split into two kinds of
results. First, we investigate the properties of the uncorrected VFCV from the non-asymptotic
viewpoint. We obtain in Sect. 5.2 results that confirms the asymptotic suboptimality of VFCV for
a prediction purpose. Although we assume a particular structure for the models (where explicit
computations are possible), we allow the noise to be highly heteroscedastic. We then expect that
the behavior of VFCV is similar in much more general regression settings. For instance, our
results explain a strange non-asymptotic behavior of VFCV pointed out in a simulation study
(Sect. 5.4). Then, the heuristics we derive about VFCV should be helpful for practical users in
any framework.

Secondly, we propose in Sect. 5.3 a penalized criterion (called “V-fold penalization”, penVF)
based upon Efron’s resampling heuristics [Efr79] (following Fromont’s bootstrap penalties [Fro04|)
and V-fold ideas. To our knowledge, it has never been proposed in the literature, although it finally
turns out to be a generalization of Burman’s corrected VFCV [Bur89|. Thanks to its penaliza-
tion form, our criteria is much more flexible than VFCV and corrected VFCV. This advantage is
confirmed by a simulation study (Sect. 5.4).

This chapter is organized as follows: Sect. 5.2 gives non-asymptotic results about the “classical”
VFCYV in a non-asymptotic framework. Then, we define V-fold penalties and prove their efficiency

Lin the same way, Dietterich [Die98] and Alpaydin [Alp99]| proposed the choice V' = 2 in order to minimize the
probability of a type I error (see also Zhang [Zha93]).
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in Sect. 5.3. It is compared with VFCV in a simulation study in Sect. 5.4. Finally, our results
are discussed in Sect. 5.5. The two remaining sections are devoted to some probabilistic tools
(Sect. 5.6) and proofs (Sect. 5.7).

5.2. Performance of V-fold cross-validation

In this section, we provide a non-asymptotic study of V-fold cross-validation (VFCV) in the
least-square regression framework. In order to make explicit computations possible, we focus on
the case where all the models are histograms (although we do not assume that the regression
function itself is an histogram). This is only a first theoretical step. We use it to derive heuristics,
that should help the practical user of VFCV in any framework.

5.2.1. General framework. First consider the general prediction setting: X x ) is a mea-
surable space, P an unknown probability measure on it and we observe some data (X1,Y7),...,
(X, Y,) € X xY of common law P. Let S be the set of predictors (measurable functions X — ))
and v:S x (X x )) — R a contrast function. Given a family (5,,)mem, of data-dependent pre-
dictors, our goal is to find the one minimizing the prediction loss P~y(t). We will extensively use
this functional notation Qv(t) := E(x y)~q[v(t, (X, Y))], for any probability measure @ on X' x Y.
Notice that the expectation here is only taken w.r.t. (X,Y’), so that @Qv(t) is random when t = 5,
is random. Assuming that there exists a minimizer s € S of the loss (the Bayes predictor), we
will often consider the excess loss I(s,t) = Py(t) — Pvy(s) > 0 instead of the loss.

We assume that each predictor s, may be written as a function s,,(P,) of the empirical
distribution of the data P, = n~! Yo d(x;,v;)- The case-example of such a predictor is the
empirical risk minimizer s, € argmingeg,, { P.y(t) }.

In the classical version of VFCV, we first define some partition (Bj)i<j<y of the indexes
{1,...,n}. Then, we define

() — () — 2 (7)
P Card Z Oy S = Sm (P" )

. 1 . .
=) — - (=9 — 2 (=3)
Pn n — Card(B]) gZB 5(X17Yz) Sm Sm (P'n )

i¢Bj

The final VFCV estimator is 55, .0y (Pn) with

myrcy € arg mrg/l\l}l {crityrcv(m)} and  critypey(m Z P(J ( ) . (5.1)

We often assume that the partition (Bj)i<j<y is regular, i.e. that
Card(B;) € {|n/V],|n/V]+1} .

When V' divides n, this can be done exactly, i.e. we can have Card(B;) = n/V for every j.

5.2.2. The histogram regression case. In this chapter, our theoretical results tackle the
regression framework. The data (X;,Y;) € X x R are i.i.d. of common law P. Denoting by s the
regression function, we have

Y, = s(X;) + o(Xi)e (5.2)
where 0 : X — R is the heteroscedastic noise-level and ¢; are i.i.d. centered noise terms, possibly
dependent from X;, but with variance 1 conditionally to X;. Throughout this chapter, we always
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assume that there is some noise:
o3 = lo(X)]; =E [o(X)*] =E[¢’] >0 .

The feature space X is typically a compact subset of R%. We use the least-square contrast
v (t, (2,9)) — (t(x) —y)? to measure the quality of a predictor ¢ : X — ). As a consequence, the
Bayes predictor is the regression function s, and the excess loss is (s, t) = E(x yyop (¢(X) — s(X))?.
To each model S,,, we associate the empirical risk minimizer

Sm = Sm(Py) = arg trggn {P.y(t)}

(when it exists and is unique).

Each model in (S;,)menm, is the set of piecewise constant functions (histograms) on some
partition (Ix)xep,, of X. It is thus a vector space of dimension D,,, = Card(A,,), spanned by the
family (17,)xen,,. As this basis is orthogonal in L?(p) for any probability measure on X, we can
make explicit computations. The following notations will be useful throughout this chapter.

py=PX D) pr=PX D) spo=argmin Py(l)
(5)?:=F [o(X)? | X eI,] (Jﬁ)Q =E [(s — sm)%(X) | X e1,]

(027 =E[(Y —s(X))?| X € 1] = (0} + (a§)2 .

Remark that s, is uniquely defined if and only if each Iy contains at least one of the X;.
Prop. 5.1 below compares the V-fold criterion and the ideal criterion P~v(S,,) in expectation.

PROPOSITION 5.1. Let Sy, be the model of histograms associated with the partition (Ix)xen,, -
Then, the expectation of the ideal criterion is equal to

BLPYGn)] = Pron) + 5 3 (1t dng) (o) + 03)°) (5.9

AEA,

where 6y, only depends on (n,p) and is small when the product np is large: limy,, o0 O0np = 0.
Assume that the blocks (Bj)i<j<v have approzimately the same size:

d(B; 1
Card(B;) _ _‘ } < ——0 . (AregVvr)
n—oo

n~! max Card(B;) < cp < 1 and sgp{ - v

J

Then, the expectation of the V-fold criterion is equal to

V‘i - X % S (148 ((aﬁ)Q . (07)_\)2) (5.4)

AEAM

E [Critvpcv(m)] = P’Y(Sm) +

where d%;F) only depends on (n,p,cp,en’?) and satisfies limpy o0 (57(1‘;}?) =0.

In the proof of Prop. 5.1, we give explicit non-asymptotic upper bounds on 9, ; and 5,%,F).

REMARK 5.1. Since we deal with histograms, s, is not defined when minyep,, py = 0, which
occurs with positive probability. We then have to take a convention for computing the expectation
of the ideal criterion, and the same kind of problem occur with critypcy. See the proof of Prop. 5.1
for more details.

Prop. 5.1 is consistent with Burman’s estimate of the bias of VFCV [Bur89|. The major
advance here is that it is non-asymptotic, and we have explicit upper bounds on the remainder
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terms. The classical V-fold cross-validation is thus “overpenalizing” within a factor? 1+1/(2(V —
1)) because it estimates the generalization ability of ol
This interpretation is consistent with the results of van der Laan, Dudoit and Keles [vdLDKO04| in
the density estimation framework. According to the concentration inequalities proven in Sect. 5.7,
the asymptotic behaviour of VFCV is given by the expectation of its criterion critypcy (under
the assumptions of Thm. 5.1). Assuming moreover that the bias term P~y(s,) is slowly varying
(e.g. if s is piecewise C'' and X is uniform on X)), we can derive that VFCV is suboptimal in the

, which is built upon less data than s,,.

following sense:

1(5, B
IfV =0(1 lim inf CveCey
W e ent, (5. m))

This enlightens some clues for the choice of V:

>1 a.s. (5.5)

o computational issues: the smaller V', the faster will be the algorithm.

o variability of the algorithm: V = 2 is known to be quite variable because of the single
split, see Burman [Bur89] for an asymptotic study of the variance. If moreover s, is
unstable, then V' = n (i.e. the leave-one-out) is known to be quite variable, e.g. in
classification with CART (Hastie, Tibshirani and Friedman [HTFO01]; see also Breiman
[Bre96|). It seems to disappear when §,, is more stable (Molinaro, Simon and Pfeiffer
[MSPO5]|). Thus, the optimum V for variability is large (and goes to infinity with n),
but not necessarily equal to n.

o overpenalization: V/(V — 1) should not be too far from 1.

Notice that the variability does not matter asymptotically (it is only a second order term), whereas
it is crucial to take it into account in practical (thus non-asymptotic) applications. It is also a quite
difficult problem, since “there is no universal (valid under all distributions) unbiased estimator of
the variance of V-fold cross-validation” (Bengio and Grandvalet [BG04]).

Moreover, from the non-asymptotic viewpoint (n small and o large, or s irregular), it is
known that overpenalization (i.e. positively biased penalties) gives better results (¢f. Sect. 2.4.1,
6.6.1 and 11.3.3). This means that the better V' may not always be large for classical V-fold,
independently from computational issues. For instance, in the simulation experiment HSd1 (see
Sect. 5.4, Tab. 5.1), V = 2 is better than V € {5,10,20,n }.

The conclusion of this section is that choosing V' for V-fold is a complex issue in practice. Even
independently for computational issues, the non-asymptotic trade-off between bias and variance
is not that clear. We refer to Celisse and Robin [CRO6] for an interesting approach to this
question. When complexity comes on balance, nothing’s certain except that our choice of V' will
be suboptimal. Moreover, it is impossible to choose V' so that critypcy overpenalizes as much
as the BIC criterion. This implies that VFCV is not well suited for the general identification
setting (although it can sometimes be used for identification, see Yang [Yan06, Yan07]). The
next section suggests an answer to these issues.

5.3. An alternative V-fold algorithm: V-fold penalties

According to the previous section, the main drawback of VFCV is that overpenalization (i.e.
bias), variance and complexity depend on the same parameter V. We propose below a way of
decoupling the overpenalization issue from the two other ones. It relies on the penalization idea.

5.3.1. Definition of V-fold penalties.

2the ideal penalty being of order 2n~* ZAeAm ((03)2 + (ail)2 ), the overpenalization factor is the ratio between
1+V/(V—1) and 2.
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General case. We come back to the general setting of Sect. 5.2.1. Recall that each pre-
dictor S, can be written as a function §,,(P,) of the empirical distribution of the data P, =
n 3 O

Since our goal is prediction, the ideal choice for m is the one which minimizes over M, the
true prediction risk Py(5,,(FP)) = Pnoy(Sm(Py)) + pen;q(m) where the ideal penalty is equal to

peniq(m) = (P — Pp)y(sm(Fn)) - (5.6)
Of course, the ideal penalty, which depends both on the unknown distribution P and the data
(through P,), is unknown from the statistician.

The resampling heuristics (introduced by Efron [Efr79]) gives a way of estimating such quan-
tities. Basically, it says that one can mimic the relationship between P and P, by building a
n-sample of common distribution P, (the “resample”). PV denoting the empirical distribution of
the resample, then the pair (P, P,) should be close (in distribution) to the pair (P,, P/V). Then,
any functional F(P,P,) is estimated by Ew [F(P,,P))], where Ey [-] denotes expectation
w.r.t. the resampling randomness. This heuristics has then been generalized to other resampling

schemes, with the exchangeable® weighted bootstrap (Mason and Newton [MIN92|, Prastgaard
and Wellner [PW93]), where

1 n
PXV =~ Z Wid(x,.v7) with W € R"™ an exchangeable weight vector,
i=1

independent from the data. Fromont [Fro04] used it successfully to build bootstrap penalties in
the classification framework. Considering VFCV as a subsampling scheme (which is a particular
case of resampling), we followed the same principles to build the V-fold penalties below.

ALGORITHM 5.1 (V-fold penalization).
(1) Choose a partition (Bj)i<j<y of {1,...,n} and define W; = %L‘QBJ with J ~
U{1,...,V}) independent from the data (U(F) denotes the uniform distribution over
the set F).
(2) Choose a constant C' > Cyy oo =V — 1.
(3) Compute the following resampling penalty for each m € M,,:
pen(m) = CEw [Py (5m (B)) = By (5 (P1)) ]

(4) Minimize the penalized empirical criterion to choose m and thus 5z:

m € arg min {Fyy(sm(Fa)) +pen(m)} .

At step 1, the partition (Bj)i<j<y should be taken as regular as possible.

REMARK 5.2. There is a constant C' # 1 in front of the penalty, although there isn’t any
in Efron’s heuristics, because we did not normalize W. Indeed, each W; has a mean 1 but a
variance (V —1)71 # 1. If the weights W were exchangeable, the asymptotical value of the right
normalizing constant Cyy, could be derived from Theorem 3.6.13 in [vdVW96|:

-1
n
C’W,oo ~n—oo (n_l ZE (VVZ — 1)2> ~p—oo V. —1 .
i=1
In the case example of histograms, we show that V — 1 works in a non-asymptotic framework.

3A random vector W € R" is called exchangeable when for every permutation 7, (W-(1y,..., W;(,)) has the same
distribution as W.



5.3. AN ALTERNATIVE V-FOLD ALGORITHM: V-FOLD PENALTIES 125

Although we built algorithm 5.1 upon Efron’s heuristics and Fromont’s idea of bootstrap penal-
ties, it turns out to be a generalization of Burman’s corrected V-fold cross-validation [Bur89|.
Indeed, with our notations, Burman’s criterion (formula (2.3) in [Bur89|) is

|4
. . ~ 1 =
Criteorr.vr(m) = crityrov(m) + Py (5m) — v Z P,y (§(m3)>
=1

1%

=R 1 . .

RS (COTANCD)
j=1

On the other hand, our V-fold penalized criteria with C =V — 1 is equal to

. R gy g . i
CrltpenVF(m) = n')/(s’m) T Z |:<Pn o Pé ])> v (g(m])>:|
j=1

since PYV = P with J ~ U {1,...,V}. Assuming for the sake of simplicity that all the blocks
of the partition have the same size n/V, we have, for every j € {1,...,V'}, P, = Vflegj) +(V -
1)V_1P7§7j). We deduce
PY) _p, = y-1 (p(j) _ p(*j)) =(V-1) (pn _ p(*j)>
n V n n n )
i.e. Clriteorr.vr(m) = critpenvr(m) when C' =V — 1.

The main advance with V-fold penalization (penVF) is that one can choose a constant C' >
V — 1, e.g. for prediction in a non-asymptotic framework, or for model identification (C'
(V = 1)In(n) should be convenient). This solves one drawback of V-fold cross-validation, which
can not overpenalize more than within a factor 3/2 (by taking V = 2, as suggested by Zhang
[Zha93|, Dietterich [Die98] and Alpaydin [Alp99|).

Moreover, the choice of C is decoupled from the one of V', which has now to be chosen
according to the complexity-variance trade-off. Further comments about the choice of C' and V'
are made in Sect. 5.5.

The histogram case. Assuming that S, is the model of histograms associated with some
partition (I))yca, , We can make algorithm 5.1 more explicit. Then, we will be able to study
its performance, via Prop. 5.2 and Thm. 5.1. We recall that histograms are not our final goal,
but only a convenient setting for which we can derive heuristics for practical use of penVF in any
framework. We first introduce some more notations:

By =Exyyr Y| X € 1] sothat  sp= Y Bl
AEAM
~ 1 R ~
By = — Z Y; so that Sm = Z Baly,
PA X;ely AEA,
—~) o . 1
py/ = PTIL/V(X (= I)\) :p)\W)\ Wlth W)\ = — Z WZ
P x ot
[ASEDY
W . w aw : aw 1
Sy 1= argggég P y(t) = Z B 11, with By == —7 Z Wiy .

AEAm "X xer,
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Assuming that minyep, py > 0 (otherwise, the model m should clearly not be chosen), we
can compute the ideal penalty (see (5.19) and (5.26) in Sect. 5.7.2):

~ 2
pena(m) = (P = P)v(En) = . (pa+50) (Br=81) + (P = P)lsm) -
AEAm
According to the resampling heuristics, pen;q(m) is estimated (up to some normalizing constant)

by
pen(m) = Ew [(Pn — P )v(5))) ]

2
~ Y B [(mﬁKV) (8% -5) ] Ew [(Pa— PV )y()]
AEAM
~ N2 . N2
= > <EW [ﬁ,\ (ﬁ}\/{/ —ﬁ,\) ] +Ew [pY\V (5;4/ —5A) }) (5.7)
AEAm
since Y, E[W;] = 1. Indeed, Ew [ (P, — PYV)v(5,)] estimates the expectation of (P — P,)y(sm)
which is centered. The penalty (5.7) is well-defined if and only if 8"/ is a.s. uniquely defined,
i.e. Wy > 0 for every A € A, a.s. This is why we modified the definition of the weights in
algorithm 5.1, so that this problem does not occur.
ALGORITHM 5.2 (V-fold penalization for histograms).
(1) Replace M,, by
M, = {m € M, s.t. /\Iél/l&{nﬁ,\} > 3} .
(2) Choose a constant C' > Cyy oo =V — 1.
(3) For every m € M,, choose a partition (Bj)i<j<v of {1,...,n} such that

VA€ Am, V1< j <V, Card(Bjn{ist. X;eli})e { {%J ’ {@J +1}

v V
Then, define the weights W; = %ﬂigéBJ with J ~U({1,...,V}) independent from the
data.
(4) Compute the following resampling penalty for each m € M,,:
pen(m) = CEw [P,y (5 (P,,IL/V)) — Py (5m (P,,IL/V))] . (5.8)

(5) Minimize the penalized empirical criterion to choose m and thus Sz:
m € arg min {P,y(5,(P,)) + pen(m)} .
meMy,

Notice that we choose here a different partition for each model. This is consistent with the
proposal of Breiman et al. (see also Burman [Bur90|, Sect. 2) to stratify the data and choose
a partition which respects the stratas. Other modifications of algorithm 5.1 are possible. For
instance, replace the definition of pen(m) by the following:

pen(m) = C (EW [@ (BKV —BA)Q Wy > 0] +Ew [ﬁKV (BXV —BA)QD + ootz <1 - (5.9)

This is what we did in the simulations of Sect. 5.4. A short theoretical study of these V-fold
weigths is done in Sect. 8.4.1. See also algorithm 6.2 in Sect. 6.3. In practical applications, both
algorithms should give the same results.

5.3.2. Expectations. We are now in position to compute the expectation of the penVF
criterion.
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PROPOSITION 5.2. Let Sy, be the model of histograms associated with some partition (Ix)ycp,
and pen be defined as in algorithm 5.2. Then, if minyecp,, {npy} > 3,

EA™ [ Pay(8m) + pen(m)] = Py(sm) + % y <v2—?1 —1+ %5,}5;3“) <(0§)2 + (a;)2>

AEA,
(5.10)
with BAm [.] = EAn [ ‘ (Ix,er, )lgign,AeAm} and
(penV) . (penV) _
R > 5%@ >0 so that n}’};gloo 571717} =0.

Thus, taking C = V —1 in algorithm 5.2 leads to an almost unbiased procedure. Indeed, when
minyea,, {mpy} goes to infinity faster than some constant times In(n), so does minyen,, {npx }
with a large probability. Moreover, following the proof of Lemma 5.3, we can show that

v —1/4
E [551?;;1 )]]‘TlﬁAZES} S K (1 AN (np,\) / ) m 0
for some absolute constant x > 0. This is consistent with the asymptotic computations of Burman
[Bur89]|.

Moreover, the flexibility of choice of the constant C' > 0 allows to overpenalize within any
factor. This may be crucial in the non-asymptotic framework. Moreover, for an identification
purpose, C' = (V — 1)In(n)/2 gives a criterion analogous to BIC in the least-square regression

framework.

5.3.3. Theoretical results for histograms. In this section, we prove that penVF (algo-
rithm 5.2) is asymptotically optimal for prediction. We assume the existence of some non-negative
constants aaq, CA, Crich, 7 Such that:

(P1) Polynomial complexity of M,,: Card(M,,) < cpmn®M.

(P2) Richness of M,,: 3m € My, s.t. Dy, € [\/1; Grichv/1].

(P3) The constant C' is well chosen: n(V —1) >C >V — 1.

THEOREM 5.1. Assume that the (X;,Y;)’s satisfy the following:

(Ab) Bounded data: ||Yi]|,, < A < oo.
(An) Noise-level bounded from below: o(X;) > omin > 0 a.s.
(Ap) Polynomial decreasing of the bias: there exists 31 > B2 > 0 and C;r,C'}; > 0 such that

Cy D < (s, sm) < CF D2
(Arg() Lower regularity of the partitions for L(X): Dy, minyep,, px > cffg.

Let m be the model chosen by algorithm 5.2 (under restrictions (P1 — 3)). Then, there exists
a constant K1 and o sequence €, converging to zero at infinity such that, with probability ot least
1— Kin~2,

I(s,5m) <[2n—1+€,] g}\f/l {l(s,5m)} - (5.11)
Moreover, we have the oracle inequality
A?K,
E[i(s,55)] <[2n—-1 E| inf {l(s,5n . 5.12
(s, 5m)] < [2n =1+ en] B | inf {is,5m)}| +—5 (5.12)

The constant K1 may depend on V and constants in (Ab), (An), (Ap), (ArX) and (P1 — 4),
but not on n. The small term €, depends only on n (it can for instance be upperbounded by
In(n)=1/%).
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Thm. 5.1 implies the asymptotic optimality of the V-fold penalization (algorithm 5.2) as soon
as lim, ,o,oc C =V — 1 and V is fixed. According to the computations of Sect. 5.2.2, this is not
always the case for the classical V-fold cross-validation. Actually, we even have a much stronger
result with (5.11) when C' = V — 1: an oracle inequality with constant almost one on a set of
large probability.

Moreover, our result can handle several kinds of heteroscedastic noises, while algorithm 5.2
does not use any knowledge about o, ||Y||,, or the smoothness of s. As a consequence, as long as
M,, allows adaptation, V-fold penalization is a naturally adaptive algorithm.

REMARK 5.3. e In Thm. 5.1, we assume that V' is fixed when n grows. A careful look
at the proof shows that we only need V' < In(n) for n large enough. With some more
work, we could go up to V of order n® for some ¢ > 0 depending on the assumptions of
Thm. 5.1, but we can not handle the leave-one-out case (V = n). In Chap. 6, we prove
a result similar to Thm. 5.1 for several exchangeable weights, including leave-one-out.

e Assumptions (Ab) and (An) can be relaxed. Several alternative assumptions are given
in Chap. 6.

e Assumption (Ar)) is satisfied if X has a lower bounded density w.r.t. Leb and the
histograms are “almost regular”. For instance, all the simulation experiments of Sect. 5.4
satisfy this assumption, even S2 or HSd2 in which the histograms are quite irregular.

e The lower bound in (Ap) seems a bit surprising. It is not too restrictive because non-
constant holderian functions satisfy (Ap) with

=k t4at—(k-1Dk"ta! and [y =22k}

when X has a lower-bounded density w.r.t. the Lebesgue measure on X C RF (cf.
Sect. 8.10 for more details).

It is quite classical to assume that [(s,s,,) > 0 for every model m in the proof
of the asymptotic optimality (for prediction) of Mallows’ C), and cross-validation (e.g.
by Shibata [Shi81|, Li [Li87|, Birgé and Massart [BMO06¢c|). In our non-asymptotic
framework, we need an explicit lower bound on Dj (which has to go to infinity at
least at the speed In(n)”). The polynomial decreasing (Ap) is a convenient sufficient
condition for such a lower bound. For the same kind of reasons, Stone [Sto85] used this
assumption in the density estimation framework (see also Burman [Bur02], Lemma 3,
for the multidimensional case).

5.4. Simulations

As an illustration of the results of the two previous sections, we compare the performances of
penVF (for several values of V'), Mallows’ C}, and VFCV on some simulated data.

5.4.1. Experimental setup. In the following simulation study, we consider the same data
sets as in Sect. 4.4.2. We briefly describe them again below. First, we focus on four main
experiments, called S1, S2, HSd1 and HSd2. Data are generated according to (5.2) with X; i.i.d.
uniform on X = [0;1] and ¢; ~ N(0,1) independent from X;. The experiments differ from the
regression function s (smooth for S, see Fig. 4.3; smooth with jumps for HS, see Fig. 4.4), the
noise type (homoscedastic for S1 and HSd1, heteroscedastic for S2 and HSd2), the number n of
data and the families of models (see the top of Tab. 6.2; “regular”, “with two bin sizes”, “dyadic”
and “dyadic, 2 bin sizes” are defined on page 111). Instances of data sets are given in Fig. 4.5
to 4.8 (in Sect. 4.4.2).

We compare the following algorithms:
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Mal Mallows’ C), penalty: pen(m) = 262D,,,n~! where 52 is the classical variance estimator

22 _ @ (Ve Sinja))
n—|[n/2)
(where S|;,/2) is any model of dimension [n/2], d the Euclidean distance on R"™ and
Yi.n=Y1,...,Y,) € R") used by Baraud [Bar00|, Sect. 6.
VFCV Classical V-fold cross-validation, defined by (5.1), with V' € {2, 5,10, 20}.
LOO Classical Leave-one-out (i.e. VFCV with V = n).
penVFE V-fold penalty, with V' € {2,5,10,20}. C = Cyw,» = V —1. The partition (B;) is chosen
once, as in algorithm 5.1. Then, we do not take into account realizations of W such that
minyen,, ﬁf/ =0, as in (5.9). In practice, this is almost the same as algorithm 5.2.
penLoo V-fold penalty, with V =n. C = Cy o =n — 1.

For Mal, penLoo and penVF, we also consider the same penalties multiplied by 5/4 (denoted by
a + symbol added after its shortened name). This intends to test for overpenalization.

In each experiment, for each simulated data set, we first remove the models with less than
2 data points in one piece of their associated partition. Then, we compute the least-square
estimators s, for each m € M\n. Finally, we select m € M\n using each algorithm and compute
its true excess risk [(s,S;) (and the excess risk of each model m € M,). Since we simulate
N data sets (N = 1000 in the four main experiments), we can then estimate the two following
benchmarks:

E[l(sagﬁ%)] l(svgﬁ’b)

infem,, 1(s,5m)] inf e, (s, Sm)

Basically, Cy; is the constant that should appear in an oracle inequality like (5.12), and Cpath—or

Cor = E[ Cpathfor =

corresponds to a pathwise oracle inequality like (5.11). As Co; and Cpath—or approximatively give
the same rankings between algorithms, we only report Cy; in Tab. 5.1.

5.4.2. Results and comments. First of all, the experiments of Tab. 5.1 show the interest
of VFCV (or penVF) in a non-asymptotic framework. Although it can not compete with simple
procedures such as Mallows’ C), from the computational viewpoint, it is much more efficient in
difficult situations. This is for instance the case when the noise is heteroscedastic (S2 and HSd2)
or when the regression function is non-smooth* (HSd1 and HSd2). On the other hand, it is slighlty
worse than Mallows’ for easy problems (S1), but this is only the price for robustness.

Secondly, in the four experiments, the best procedures are always the overpenalizing ones. This
is mainly due to the small sample size compared to the high noise-level, since this is no longer the
case when o is smaller (see S0.1, Tab. 5.2), and less obvious when n is larger (see S1000, Tab. 5.2).
We would like to enlighten this phenomenon, since it vanishes in the asymptotic framework, and
it is quite hard to find in theoretical results. For instance, in Thm. 5.1, the constant K is too
large, so that one can not use (5.11) or (5.12) to find the “optimal” non-asymptotic value of the
constant C.

Moreover, the need for overpenalization is quite important for understanding VFCV, because
it can influence the choice of V. For instance, in HSd1, V = 2 is significantly better than
V € {5,10,20,n }, which is highly non intuitive. In S1 and S2, the better V is not quite obvious,
but it is certainly not V = 20 or n. On the contrary, V = 20 and V' = n are the best choices in

“In the particular case of HSd1, we must add that Mallows’ C,, performs quite better when o2 is known (Cor ~
1.044 4+ 0.004 for Mal, which is still worse than VFCV and penVF for any V; and Cor = 1.606 £ 0.015 for Mal+).
This is mainly due to the difficulty of estimating o accurately when even large models can have a large bias.
However, this is no longer the case for HSd2, in which the knowledge of ¢ does not improve Mal and Mal+.
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TABLE 5.1. Accuracy indexes Cy; for each algorithm in four experiments, + a
rough estimate of uncertainty of the value reported (i.e. the empirical standard
deviation divided by v/N). In each column, the more accurate algorithms (taking
the uncertainty into account) are bolded.
Experiment S1 S2 HSd1 HSd2
s sin(7-) sin(7-) HeaviSine HeaviSine
o(x) 1 x 1 x
n (data) 200 200 2048 2048
M, regular 2 bin sizes dyadic, regular dyadic, 2 bin sizes
Mal 1.928 +0.04 3.864 £ 0.02 1.606 + 0.015 1.487 +0.011
Mal+ 1.800 + 0.03 4.047 £ 0.02 1.606 + 0.015 1.487 + 0.011
2—FCV 2.078 £0.04 2.542 £ 0.05 1.002 £+ 0.003 1.184 4+ 0.004
5—FCV 2.137£0.04 2.582 £ 0.06 1.014 + 0.003 1.115 + 0.005
10-FCV 2.097 £0.05 2.603 £ 0.06 1.021 £ 0.003 1.109 £+ 0.004
20—FCV 2.088 £0.04 2.578 £ 0.06 1.029 + 0.004 1.105 £+ 0.004
LOO 2.077 £0.04 2.593 £ 0.06 1.034 + 0.004 1.105 £+ 0.004
pen2—F 2.578 £0.06 3.061 £ 0.07 1.038 £+ 0.004 1.103 £+ 0.005
pen5—F 2.219 £0.05 2.750 £ 0.06 1.037 £ 0.004 1.104 + 0.004
penl0—F 2.121 £0.05 2.653 £ 0.06 1.034 £+ 0.004 1.104 £+ 0.004
pen20—F 2.085 £0.04 2.639 £ 0.06 1.034 £+ 0.004 1.105 £+ 0.004
penLoo 2.080 £ 0.05 2.593 £ 0.06 1.034 £+ 0.004 1.105 £+ 0.004
pen2—F-+ 2.175 £0.05 2.748 £ 0.06 1.011 £ 0.003 1.106 £+ 0.004
penb5—F-+ 1.913 £+ 0.03 2.378 £0.05 1.006 £+ 0.003 1.102 + 0.004
penl0—F+ 1.872 + 0.03 2.285 £ 0.05 1.005 £+ 0.003 1.098 + 0.004
pen20—F+ 1.898 + 0.04 2.254 £ 0.05 1.004 £+ 0.003 1.098 + 0.004
penLoo-+ 1.844 +0.03 2.215 £ 0.05 1.004 £+ 0.003 1.096 + 0.004

experiment HSd2. The main conclusion here should be that one has to take into account both bias
and variance for choosing an optimal V. Then, the optimal procedure is the one which (almost)
never underpenalize, while overpenalizing as few as possible. It is not always the larger V', so that
a larger computation time does not always improve the accuracy!

Notice also that the variability of the procedures can be compared thanks to the uncer-
tainty estimates reported in Tab. 5.1 to 5.3 (i.e. the empirical standard deviations of the ratio
I(s,57)/ infmenm, 1(S,5m)). It appears that the leave-one-out is not clearly more variable than
V-fold cross-validation with V' = 10. The bias (which can be either a need or a drawback) is thus
the main point for choosing V' in this least-square regression framework.

Finally, these results confirm the strength of penVF, both against simple procedures as Mal-
lows’ C), (in hard situations) and against the classical VFCV. In three over four experiments,
penVF+ with any V' € {5,10,20,n} does better than the best choice of V in VFCV; and it
is almost the case in the fourth one. This comes from the overpenalizing ability of V-fold pe-
nalization. Indeed, in the same experiments, penVF (which coincides with Burman’s corrected
cross-validation) performs worse than penVF+, and sometimes even worse than VFCV. Remark
that this phenomenon is not universal, and strongly non-asymptotic. In particular, the right over-
penalization constant depends on the sample size n and the noise-level . When n becomes large,
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TABLE 5.2. Accuracy indexes Cy, for more experiments (N = 250).

Experiment S1000 Sv0.1 S0.1 Svar2

s sin sin sin sin

o(x) 1 V0.1 0.1 L1/

n (data) 1000 200 200 200

M, regular regular regular 2 bin sizes
Mal 1.667 + 0.04 1.611 +0.03 1.400 + 0.02 3.520 £ 0.03
Mal+ 1.619 +0.03 1.593 +0.03 1.426 £+ 0.02 3.672 +0.03
2—FCV 1.668 =0.04 1.663 + 0.04 1.394 £+ 0.02 2.960 £ 0.15
5—FCV 1.756 £ 0.07 1.693 £ 0.04 1.393 £+ 0.02 2.950 £ 0.16
10-FCV 1.746 £ 0.04 1.664 + 0.04 1.385 +£0.02 2.681 £0.14
20—-FCV 1.774 £ 0.05 1.645 £ 0.03 1.382 +0.02 2.742 £ 0.16
LOO 1.768 £ 0.05 1.639 £ 0.04 1.379 +£0.02 2.641 +£0.15
pen2—FCV 2.066 £ 0.08 1.809 £+ 0.05 1.390 + 0.02 3.209 £ 0.18
pen5—FCV 1.816 +0.05 1.638 £ 0.04 1.400 + 0.02 2.749 £ 0.15
penl0—FCV 1.783 £ 0.05 1.706 £ 0.04 1.374 +0.02 2.598 +0.15
pen20—FCV 1.801 £ 0.05 1.657 £ 0.03 1.385 +0.02 2.684 +0.15
penLoo 1.776 £ 0.05 1.641 £ 0.04 1.379 +0.02 2.656 +0.15
pen2—FCV+ 1.809 £ 0.05 1.714 + 0.04 1.416 £ 0.02 2.808 £ 0.16
penb—FCV+ 1.683 £0.04 1.616 + 0.03 1.399 + 0.02 2.460 +0.14
penl0—FCV+ 1.627 £0.04 1.613 +0.03 1.385 + 0.02 2.398 +0.14
pen20—FCV+ 1.644 £0.04 1.583 +0.03 1.390 + 0.02 2.316 £0.13
penLoo+ 1.626 +0.03 1.587 +0.03 1.401 + 0.02 2.349+£0.13

corrected cross-validation (i.e. penVF) is of course optimal for prediction. The main point here
is that overpenalization may be needed, and V-fold penalization allows to choose to overpenalize.

Then, contrary to VFCV, choosing the optimal V for penVF or penVF- is much more simple.
In all the experiments, the more accurate V is the larger one. For the practical user, the choice
of V' thus reduces to a trade-off between complexity and variability.

5.4.3. Additional experiments. We report the results of eight more experiments in Tab. 5.2
and 5.3. They are quite similar to the first four ones, since we only changed a few parameters
among n, o and s (s and instances of data sets are reported in Fig. 4.9 to 4.18, in Sect. 4.4.2).
Remark that we simulated only N = 250 data sets.

The choice of V is still difficult for VFCV: V = 2 is optimal in S1000 and Sqrt and V' = 20 in
the six other ones. On the contrary, V' = n is (almost) always better for penVF and penVF+, and
overpenalization often improves the quality of the algorithm (but not always: see DopReg and
S0.1). These eight experiments mainly show that the assumptions of Thm. 5.1 are not necessary
for penVF to be efficient.

5.5. Discussion

Time has come for us to give an accurate answer to this practical (but quite hard) question:
how to use V-fold?

First of all, the classical V-fold cross-validation is biased and asymptotically suboptimal for
prediction. It thus has to be corrected, and we suggest a V-fold penalization algorithm that
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TABLE 5.3. Accuracy indexes Cy, for more experiments (N = 250).

Experiment Sqrt His6 DopReg Dop2bin
s N Hisg Doppler Doppler
o(x) 1 1 1 1
n (data) 200 200 2048 2048
M, regular regular dyadic, regular dyadic, 2 bin sizes
Mal 2.295 +0.11 1.969 + 0.11 1.130 4+ 0.011 1.469 + 0.013
Mal-+ 1.989 + 0.08 1.799 + 0.09 1.130 £ 0.011 1.459 + 0.014
2—-FCV 2.489 +£0.12 2.788 £0.13 1.097 £ 0.005 1.165 £ 0.009
5—FCV 2.777 +£0.16 2.316 £0.12 1.064 £ 0.005 1.049 + 0.006
10-FCV 2.571+£0.13 2.074 £0.11 1.043 £ 0.005 1.051 + 0.006
20—-FCV 2.561 +£0.12 2.071 £ 0.11 1.034 + 0.005 1.053 + 0.006
LOO 2.695 +£0.14 2.059 +£0.12 1.026 + 0.005 1.058 + 0.006
pen2—FCV 4.088 +0.23 3.210+£0.14 1.048 £ 0.006 1.062 + 0.006
penb—FCV 3.024 £ 0.18 2.485 +0.13 1.033 + 0.005 1.055 + 0.006
penl0—FCV 3.009 +£0.18 2.192 +0.12 1.029 + 0.005 1.056 + 0.006
pen20—FCV 2.723 +£0.14 2.150 £ 0.12 1.031 + 0.006 1.056 + 0.006
penLoo 2.695 +0.14 2.063 +0.12 1.026 + 0.005 1.058 + 0.006
pen2—FCV-+ 3.015 +0.17 2.728 £0.12 1.084 £ 0.004 1.084 + 0.008
pen5—FCV+ 2.409 +0.13 2.080 £+ 0.09 1.080 £ 0.005 1.063 £ 0.007
penl0—FCV+ 2.305 +0.11 1.869 £ 0.09 1.082 £ 0.005 1.050 £+ 0.006
pen20—FCV+ 2.180 +£0.10 1.832 £ 0.09 1.079 £ 0.005 1.052 + 0.006
penLoo-+ 2.152+0.10 1.858 £0.10 1.082 £ 0.005 1.048 £+ 0.006

provides such a correction. This algorithm is asymptotically optimal in theory, quite efficient on
some simulated data, and has the same computational cost as VFCV.

Secondly, a non-asymptotic phenomenon is likely to arise, that make the problem harder:
when the sample size is small and the noise-level large, overpenalizing procedures are more efficient
than unbiased ones. Then, our V-fold penalization method allows to choose an overpenalizing
factor, whereas VFCV imposes it (through V') and a corrected VFCV forbids it. This flexibility
is the main reason why we suggest to use penVF instead of VFCV or Burman’s corrected VFCV.
Otherwise, V has to be chosen very carefully, taking into account the bias and the possible need
for some bias.

We shall now explain how to use V-fold penalties. It depends on two tuning parameters,
the number V' of folds and the overpenalization factor C/(V — 1). The choice of V' depends on
the trade-off between variability of the algorithm and computational complexity. If the latter
one does not matter, the optimal choice is close to V' = n (e.g. in least-squares regression; the
optimal V' is a little smaller for “unstable” algorithms such as CART in classification). Otherwise,
the choice has to be done by the final user. We refer to asymptotic computations of Burman
[Bur89, Bur90| and the recent work of Celisse and Robin [CRO06| for quantitative measures of
variability according to V. Further research in that direction would be very useful for practical
use of V-fold model selection criteria.

The question of choosing the overpenalization factor is probably harder to solve. According
to our simulation study, the optimal one depends at least on the sample size, the noise level and
the smoothness of the regression function. Since the first criterion is that the penalty almost
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never underestimates the ideal one, a wise choice of C' depends on the fluctuations of both the
V-fold penalty and the ideal penalty. We thus need a better understanding of the variability of
penVF. Another idea would be to replace the conditional expectation in (5.6) by a quantile. If
the computation time does not matter, one could also think of using V-fold cross-validation again
for choosing the overpenalization factor. We refer to Sect. 6.6 and 11.3.3 for further discussions
about overpenalization.

We focused in this chapter on prediction, but one often uses model selection for identification.
Overpenalization is then needed, even from the asymptotic viewpoint (think of the BIC penalty;
see also Aerts, Claeskens and Hart [ACH99]). As a consequence, V-fold cross-validation may be
inconsistent in general for any V' (V' = 2 being the better choice, as remarked by Zhang [Zha93],
Dietterich [Die98] and Alpaydin [Alp99]), whereas V-fold penalties could work. Indeed, following
the idea of the BIC criterion, we conjecture that an overpenalization factor proportional to In(n)
implies the consistency of V-fold penalization (see Sect. 11.3.1).

5.6. Probabilistic tools

In this section, we give some results that may be interesting independently from the resampling
penalization method.

5.6.1. Expectations of inverses of binomials. When we compare

E[P(y(5m) =7 (sm))] and E[Py (7 (sm) =7 (5m))] ,

the quantity
b =cfy =E[ZIE[Z7"| Z>0]

appears, for some random variables Z with Binomial laws. Such quantities have been considered
several times (for instance Lew [Lew76] consider general Z, and Znidaric [Zni05] investigates the
case of Binomial random variables). However, these results are either asymptotic or too general
to be accurate. In this section, we give some non-asymptotic bounds on e}, from which we can
recover some of the well-known asymptotic results.

It is useful to notice the following general lower bound, which is a straightforward consequence
of Jensen’s inequality: if P(Z > 0) > 0, then

e, >P(Z>0) . (5.13)
We used non-asymptotic concentration inequalities to derive the following upper bound.

LEMMA 5.3. For any n € N\{0} and p € (0;1], B(n,p) denotes the binomial law with
parameters (n,p). Denote ks = 5.1 and k4 = 3.2. Then, if np > 1,

Ka A (1 + /ig(np)_l/4) > e;ir(n,p) >1—e " . (5.14)
As a consequence,
: +  _
npligkloo Blnp) = 1 - (5.15)

5.6.2. Concentration of inverses of multinomials. The concentration inequalities of
Lemma 5.4 below are useful to show that EA [py(m)] is close to its expectation when S, is
an histogram model (we refer to (5.22) for a rigorous definition of pj(m), which is equal to
pi(m) := P (v (Sm) — v (Sm)) as soon as minyeyp,, pr > 0; this allows to consider the expectation
of p1(m)). To our knowledge, such results do not exist in the literature. In this section, we use
the following notations for every z,T > 0:

) =2 @) =p(aV1)  fr(e) =2 AT
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with the convention f(0) =1 and fr(0) =T.

LEMMA 5.4. Let (X))xea,, ~ M(n;(pa)ren,,) be a multinomial random vector such that
minyep,, {npx} > Bp > 1. Let (ax)xen,, be a family of non-negative real numbers. We define

Zmr= Y arxfr(Xy) .

AEAM
(1) Lower deviations: let c; = 0.184. For all x > 0, with probability at least 1 —e™*,

B
E[Zmﬁl]_zmﬂlgm Z Ix

€1 AEAR P
. (5.16)
a
3v2 —2—\/AD,, exp(—c1 B
v )\g\:m (np»)? VADm exp(=c1Bu) + @
(2) Upper deviations: for all T € (0;1] and x > 0, with probability at least 1 — e™7,
B
Fmir — B[ Znp] < 21250) 5~ <a—*>
2 Xea, \PA
> ()
F U S () Dnew-cib) +o)
Achy NPA (5.17)

C5T\/l‘ +exp(—c4By)

2
: Px ax
N MIN)\cA,, { ar } \/ZAEAm ( np )

where co = 0.28 c3=9.6 cq = 0.09 cs =10.5 .

X c3 V

This lemma is proven in Sect. 8.8.

5.6.3. Moment inequalities for some U-statistics. Our explicit computations of both
ideal and resampling penalties show that conditionally to (1x,er, )(i’ AEAm) they are U-statistics
of order 2. Moreover, they are all of the form (5.18) below. This is why we prove in this section
moment inequalities for such U-statistics. This result may be derived from |[GLZO00| (possibly
with smaller powers of ¢ if more information is available on the variables £ ;). In Sect. 8.9, we
give a simple proof of it, based on moment inequalities of [BBLMO5].

PROPOSITION 5.5. Let (ax)aen,, and (bx)xea,, be two families of real numbers, (ry)aen,, @
family of integers. For all X\ € Ay, let (€x:)1<i<r, be independent centered random variables
admitting 2q-th moments mog x; for some q > 2. We define Sy 1, Sx2 and Z as follows:

T T
Z =Y (axSxa+brS3;) with Sx1=) &and Sya=)» &, . (5.18)
ANEAM, =1 i=1

Then, for every q > 2,

1Z ~EZ]ll, < 4V/kva,| > ((GA +b))° ngq,m>
i=1

AEAm, i=

+8V2rg | Y |83 > md md

MEAm 1<i#j<ry
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5.7. Proofs

5.7.1. Notations. Before starting the proofs, we introduce some notations. In the following,
when we do not want to write explicitly some constants, we use the letter L. It means “some
positive absolute constant, possibly different from a line to another, or even within the same line”.
When L is not numerical, but depends on some parameters pi,...,pg, it is written Ly, ., of
L(p1,...,pr). When L depends on the constants that appear in a set (A) of assumptions, it is
written La).

For every model m € M, A € A,;, and g > 0,

pi(m) := P (v(5m) —=7(sm))  p2(m) := Pu (7(sm) —7(5m))
3(m) = (Pp = P)y(sm)  0(m) = (Pp = P) (v(sm) —(s)) -
For any non-negative random variable Z and ¢ > 0, we define
GZ(Z) =E[Z]E[Z7"| Z>0] €tz = E[Z)E [Z M z50]
and V>0, p(x)=ze " p1(x) =@z V1) .

In the histogram case, we also define, for any random variable Z, g > 0, m € M,, and X\ € A;:
EM [Z]:=E | Z] (Lxien icicn aenn |
1
g = [V = sm(X) g0 = EIY = sm(X)|?] X € L)Y
|Z)§ = BA (12190 = E[1Z17] (Lxen)igiznrenn] !
Siii= Y, (Yi=py)  and  Soi= Y, (Yi—B) .
XiEI)\ XiEI)\
It is convenient to replace pa(m) by
- 1 2
) i=atm) + = 3 ()" + 05 ) Lo

n
AEAm

so that, if minyep,, {npy} > 1 (which will always be assumed in practice),
pa(m) =pa(m)  and B [py(m)] =B [pa(m)] = E [pa(m)] .

Inside expectations, we will often write py instead of pa(m) by convention. When minyen,, {npy }
is large, this does not make much difference (see Lemma 5.6).

5.7.2. Expectations.
Ideal penalties and classical V -fold.

PROOF OF PRropr. 5.1.
Ideal criterion. We only have to compute E [p1(m)]. Since s,, minimizes Pvy(t) over t € S,
we have (provided that s, is well-defined)

N\ 2 1 py
pi(m) = Z 25N (5)\ —ﬁ)\> = Z nQ—AA—Sil . (5.19)
Ao ek, ' PAP
Thus,

BV la(m)] = 30 2 (o) + 03)?) (5.20)

n
AEAm
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Before computing a complete expectation, we must precise what we do when minyep,, Dy = 0.
This is why we introduce the following alternative definitions for pj(m):

_ L pa
n%m= > =28, (5.21)
AEA,, s.t. pA>0

2
Ao =a®m+ S (o) @00 (5.22)
AEA,, s.t. pA=0
~ 1 DX r
AP = Y B+ Y T [(gg)z +(0A)2} (5.23)
Aehy, UPAPX AeAm
npa>T~1 npA<T !

for every T' € (0;00). Notice that if minyea, {npy} > 71 > 1, all the definitions of p; coincide.
Then,

B [70m)] = 3 SB[+ @ (524
AEA, s.t. PA>0

gt (3 0m)] = 3 |() AT| o 002+ 3] (5.25)
AEAm

If we choose p1(m) = p1(m), (5.3) holds with 6,5, = eOB(n’pA) —14+npr(1—py)" < e%(nm) -

1 + npy exp(—npy). Taking pi(m) = p19(m), (5.3) follows with Op oy = eOB(n’pA) — 1 instead of

Onpy- The control of those two small terms when np) is large comes from Lemma 5.3.
V-fold criterion. By definition (5.1), if 357 is a.s. well-defined for every j,

|4
eritrov(m) = 2 37 PO (59

so that

E [eritvroy(m)] = Py (sm) + - D_E [P,E”v (§<m‘j’) — Py (sm)]

= Py (sm) + VZE [PV (§<,,;j)) - Pv(sm)}

1% 2 d\2
B 1 0 (0%)” + (o)
=Py (sm)+ 1720 D Bn—cardBon) y — Card (5] Card(B;)

s+ e 3 (1) (o (o))

AEAm
with ;
1 n—n/V
wvry _ 1 0 _
5n,px Ve Z n — Card(Bj) (eB(n—Card(Bj),pA) 1)
j=1
We here choose to take the second term equal to zero for every A € A, with py = 0, as in the

definition (5.21) of p;®(m). The advantage of this convention is that it does not involve any
unknown quantities.
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From Lemma 5.3, we deduce that if n~! max; Card(B;) < cg < 1, then

_(V—l) exp[—np)\(l—cB)] Sé(VF) < H3(V—1)

N\ =) s\ ) )—1/4
V(1-cg) T (1= )Pty '

x (npx

This implies limy,,, o0 (57(1‘;5) = 0. Another choice (e.g. conditioning on py > 0) would lead to the

same asymptotics for 551‘,’;). O
Computations for pa(m) are similar to those for p;(m). We obtain the following lemma.

LEMMA 5.6. If Sy, is the model of histograms associated with the partition (Ix),cy, , then,

~ S3 11,5,
pm) = 3 B (h-B) = 3 L (5.26)
AEA, AEA, Px
Thus, if min)\EAm {nl/)}\} >1,
~ 1 2
B ()] = E ()] = = 3 (((of) + 032) (5.27)
AEAM

As a consequence, if minyep, {npy} > B, then

(1 nt a2, ) BL3sm) < & [50m)] < E(5im)] < (1+ sup 5) Elp(m)] (5.28)
np>B np>B
with 52717 = e(l):"(n,p) —1>e™ and dp, < e(l)i(n,p) — 14+ npe ™ .

If np > 1, we have 6, < L(np)~Y*. The same kind of inequality holds with py(m) instead of
p2(m) inside the expectations.

V -fold penalties. We conclude this section by the computations related to V-fold penalties.
PROOF OF PROP. 5.2. First notice that
E [Py (5m) + pen(m)] = Py(sm) — E[p2(m)] + E [pen(m)]

For E [pa(m)], we use Lemma 5.6.

For E [pen(m)], we first use a weight modification trick. Until the end of the proof, we work
conditionally to (1x,er, )1<i<n7 xen,,- Let o be arandom permutation of {1,...,n}, independent
from W and D,, and uniform over the permutations that leave (1x,cr, );<; <n, AAm unchanged

(i.e. for every A\ € A,,,, o permutes the X; € I, together). Define W= (WU(Z-) )1<Z.<n. Then,

EM [penyy (m)] = EM [pengy(m)]

since the penalty does not depend on the order of (X;,Y;)x,er, and (X;,Y;)x,er, is exchangeable.
Moreover, for every A € A, (W) x,er, is exchangeable and independent from (X;,Y;)x,er,. We
can thus use Lemma 5.7 to compute peng;(m). Noticing that

BlSva| 2l = B[] 7] =i |00+ ()] .

we derive
Am ¢ ~ ~ 7\2 d 2
BN [pen(m)] = = >~ (Ry 5y + By pn, i) ) ( (03) + (o)
AEAR
It now remains to compute R 3 and R, . If V' divides npy, then W) = 1 a.s. and
R =Ry = (V —1)~1. For the general case, since (Wi)XiGIA is exchangeable and W; takes
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only two values,

|4 \%

V-1
Thus,
V _
L(Wi| Wx) = 37— B(s W)
so that 1 v
~ - ~ __r rr—1 _
Faw(npa) == and  Biw(npy) =7 —E (W)\ ) L.
There exists a,b € N such that 0 < b <V — 1 and np) = aV + b. Then,
~  V(a(V —=1)+0b) V—b ~ V@V -1)+b-1) b
P{Wy= = d P W)= = —
( ATV =1)(aV 1) v AT T V=1V +0b) v
so that
—~ V—-b(V-1)(aV +0b b (V-1)(aV +b
E[ng] _ ( JaV+b) b _( )(aV +b)
V V@V -1)+b) VV(V-1)+b-1)
1 b n (V—=1)(aV +b)b
N V((V-1)+0b) Va(V-1)+b—1)(a(V—-1)+0b) °
We deduce
- 1 b aV +b)b
Ry (0, ) = ; eV +0)

V-1 (V-1)(a(V—-1)+b)
The result follows with

ViV -1 +b—1(a(V_1)+b)

en -1 D. 2
§leenV) — b 4 X — 1P -1)1€|0;—4=——=
TPA npy —a \% npy—a—1 npy — 2
(]

In the proof above, we used the following lemma. We state it for a general weight vector W,

for which we may have P (W), =0) > 0. Hence, we cannot use definition (5.8) for the penalty,
and we replace it by (5.9). We assume here that npy > 1 for every A\ € A,;, and m € M,,, so that
the last term disappears.

LEMMA 5.7. Let Sy, be the model of histograms adapted to some partition (Ix)ycp, - Let

W € [0;00)" be a random vector such that for every X € Ay, (W;)x,er, s exchangeable and
independent from (X;,Y;)x,er1,. Define the Resampling Penalty for histograms as (5.9):

pen(m) = C <EW [@ (B}W - BA)Q

Wy > o] + By [ﬁ{ (BXV —BA)ZD

Then,

C N . nPASx2 — S3

pen(m) = — > (Ruw(n,py) + Row(n,pr)) ———— (5.29)
n npy — 1
AEA,
N Wi — W)y)?
with Ryw(n,px) =E [% X1 €, Wy > 0} (5.30)
_ 2
and RZW(TL,Z/?\)\) =K [w X € I)\] . (5.31)
A

PROOF OF LEMMA 5.7. First, split the penalty (without the constant C') into these two terms:

pm = 3 mw |5 (B - 5)| w0 (5.32)

AEAM
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Pa(m) = > Ew [ﬁ&” (BXV—BA)Q] : (5.33)
AEAM
This split into two terms is the equivalent of the split of pen;y into p; and pa (plus a centered
term).
We first compute this quantity, which appears in both p; and py: let A € A,,, and Wy > 0,
2

~ o~ ~\2 R 1 VVZ
Ew [pA (ﬁf\y —ﬁ,\) ‘ W)\:| =Ew | D n—@xg (Y; = By) <1 — W,\> W,y
:L[Z (Y; — B\’ Ew

o~
nepx Xiely W)\

b mwn%—ﬁ»l@w[(*%)(1‘%)\WAH'

175, X €1\, X €15

Wi (5.34)

Since the weights are exchangeable, (W;)x,er, is also exchangeable conditionally to W)y and
(Xi)1<i<n- Thus, the “variance” term

Ry (n, i, Wa, £(W)) i= By [ (Ws = W3)?| 3]
does not depend from 4 (provided that X; € I), and the “covariance” term
Re(n,npy, Wa, LIW)) := Ew [(W; — W) (W; — Wx)| Wi]

does not depend from (i, j) (provided that i # j and X;, X; € I). Moreover,
2

0=Ew || D (Wi=Wx) | | Wx
X, €1y
= nﬁ)\RV(n’ nﬁ)\a W)\a ‘C(W)) + nﬁ)\ (nﬁ)\ - 1) RC(n’ nﬁ)\a W)\v E(W))

so that, if npy > 2,

RC(nanﬁ)\v W)\a W) = —= RV(n’nﬁ)\a W)\v E(W)) and RV(n’ 17 WA)‘C(W)) =0.

npy — 1
(5.35)
Combining (5.34) and (5.35), we obtain
(5 ~\2 Ry (n,npx, Wy, LIW))
w Ly \n,mpy, Wy, R
By [m (BA ﬂ,\) ‘ W)\:| = Wiy L5, >2 (5.36)

npx 1 9
Sy — —S
g [nﬁx —17% npy -1 A’l]
Combining (5.36) and (5.32) (resp. (5.36) and (5.33)), we have the following expressions for
p1 and pa:

. Ry w (1, Dx) L5, >2 npx 1

pr(m) = Z gL npx> - 1SA,2 g 15371 (5.37)
XA A A A

~ Ry w (1, Dx) Ly, >2 npx 1

Pm= 2 T T o] o 6
el A D N

Remark that the terms of the sum for which npy = 1 are all equal to zero, which can be ensured
with the convention 0 x oo = 0 since Ry w(n,n™1) = Row(n,n™1) = 0. The result follows. [
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5.7.3. Proof of Thm. 5.1. In this section, Lyp) denotes a constant that depends only on
the set of assumptions of Thm. 5.1, including V. For each m € M,,, we have
I(s,5m) = Puy(8m) + p1(m) + pa(m) — 6(m) — P(s) .
By definition of m, for every m € X/l\n,
Poy(8m) + pen(m) < Poy(Sp) + pen(m)
so that
I(s,8m) — (pen{d( ) — pen(m )) <U(s,8m) + (pen(m) — pen{d(m)) (5.39)

with penly(m) = pi(m) + p2(m) — 8(m) = penyy(m) + (P — P,)v(s). It is sufficient to control
pen — pen, for every m € M,,. We will thus use the concentration inequalities of Sect. 5.7.4,
which need to control the two following quantities:

2
\/D ZAeAm ,A< Y~ sn(X)% _ 442

P! (q) < o- <
DoreAn M minyen,, { (o%) } 9 min
a\? 2
™ XeAm
For every m € M,,, define
Ap(m) = Jnin {npy} and B,(m) = min {npr} .

We now define the event €),, on which,

o for every m € M,, such that B,(m) > 1 and A,(m) > 1:

n(n 2
) = E (7 (m)] - Loy | S+ | Blpa(m)] (5.43)
nin 2
i) < E[7i(m)] + Lovey | 55+ De 5 | Blpatm)] (5.0
pa(m) = Elpa(m)]| < Ly 2V E [pa(rm)] (5.45)
)| < 55 1y S () (5.47)
Jpen(m) — EV fpen(m)]| < Lvey 52E [pa(m)] (5.49
e for every m € M,, such that B,,(m) > 0 and A,,(m) > 1:
_ 1 Livr) In(n)?
pi(m) > <2+ G DB ) ) Do >E[p2(m)] : (5.46)
e for every m € M:
Ap(m) > B";m) —2(3 + an) In(n) (5.58)

The equations above have the same tags as in Sect. 5.7.4 where they are accurately stated and
proven. From Prop. 5.8 (for p; and ps), Lemma 5.9 (for 6(m)), Prop. 5.10 (for pen), Lemma 5.12
(for A, (m)), we have
P(Q,)>1-L > n 2 *>1-Liean > .
mE./\/ln
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For every m € M,, such that In(n)” < D,, < LaM’Cxlnln(n)_l, (ArX) implies that
B,(m)>[LV (14 4(am +3))]In(n) .
As a consequence, on €),:
An ( ) > In(n)
m)][,8(m)[, [pen(m) —E* [pen(m)]| }
LveyE[I(s,5m) + pa(m)]
- In(n)
Using Prop. 5.2, (5.28) (in Lemma 5.6) and the fact that minyep,, {npx} > In(n),

C =~ _

E [pen(m)] = o= (2+ 81 ) E[pi(m) + pa(m)]

with (n)~Y*4. We deduce: if n > Lvr), for every m € M,, such that In(n)” < D, <
L, .xnln(n)~! on Q,,

AMCLy

max { |p1(m) —E[pi(m)]|, |p2(m) —

lzl(l;b%pl(m) < (pen — penjy)(m) < [2(77 -1+ lrf((n% pi(m) .

We need to assume that n is large enough in order to upper bound E [p2(m)] in terms of p;(m),
since we only have

pim) = 1= 08 )

in general.
Combined with (5.39), this gives: if n > Ly,

N L)
I(s, Sﬁl)]lln(nygDﬁLgL x nln(n)—t < |2n—-1+ 1/4
"Mt n(n) (5.40)
« inf {Us,5m)}

meMy, s.t. 111('r1,)7§Dm§L‘1 x nln(n)~1
“r N4

Define the oracle model m* € argmin{l(s,s,,)}. We prove below that for any ¢ > 0, if n >
LvF),, then, on Q,:

In(n)” < Ds, < enln(n) ™! (5.41)
In(n)” < Dyr < enln(n)™! . (5.42)

The result follows since Ly In(n)~'/* < €, = In(n)~1/5 for n > L(vr). We finally remove the
condition n > ng = Ly) by choosing K1 = L(yy) such that Klna2 > 1.

Proof of (5.41). By definition, m minimizes crit(m) over M.,,. It thus also minimizes
crit’(m) = crit(m) — Poy(s) = (s, 81m) — p2(m) + 6(m) + pen(m)
over M,,.

(1) Lower bound on crit/(m) for small models: let m € M, such that D, < (In(n))”. We
then have pen(m) > 0,

1(s,8m) > Cp (In(n)) ™"

In(n)D,,
pa(m) < L(VF)L <
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and from (5.48) (in Lemma 5.9),

5(m) > —La I(s,8m)In(n)

+ L4
n n n

As a consequence,
crit/(m) > Ly (In(n)) 200

(2) Lower bound for large models: let m € M, such that D, > en (In(n))™t. Since
Ap(m) > 3, Prop. 5.2 shows that

EA™ [pen(m) — pa(m)] > B [po(m)]
Then, on §,, (5.45), (5.49) and (5.47) imply

pen(m) — pa(m) = (1= Levey,n /") E[po(m)]
> Le

In(n)~'  when n > L)

»Omin

— In(n
and  d(m) > —Livr),e 7(% ) )

so that

crit!(1m) > pen(m) + 3(m) — pa(m) > Lo cvp In(n) !
when n > L(VF),c-
(3) There exists a better model for crit(m): according to (P2), there exists my € M,, such
that /n < Dy,y < ¢ricny/n. fn > Le,, o,

n(n)7 < Vi < Dyy < Cricny/n < —m

In(n)

Using (Ap),
I(s, Smg) < C’{)"Tf&/2

so that, when n > Ly,
crit’ (mo) < U(s, Smo) + |6(m)| + pen(m)
< Livr) (n’ﬁQ/Q + n’1/2>

If n > L(vp),c, this upper bound is smaller than the previous lower bounds for small and
large models. (]

Proof of (5.42). Recall that m* minimizes [(s, 5,,) = I(s, $;n) +p1(m) over m € M,,, with the
convention (s, S,,) = oo if A,(m) =0.
(1) Lower bound on I(s, ) for small models: let m € M,, such that D,, < (In(n))". From
(Ap), we have
1(5,8m) = 1(s,8m) = Cp (In(n))~ ™
(2) Lower bound on I(s,3,,) for large models: let m € M,, such that D,, > cn(In(n))~! and
Ap(m) = minyep,, {npr} > 1. From (5.46), for n > Liyy),

~ 1 _ ~
pl(m) 2 — - L(A7 O'min,OéM,C)n 1/4 E [p?(m)] > —

24+ (v+1) (cff[) In(n)
so that  I(s,5m) > L(vr).c In(n)~2 .
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(3) There exists a better model for I(s,s,,): let mg € M, be as in the proof of (5.41) and

assume n > L, .. Then,

p1(mo) < Leve)E [pa(m)] < Liypyn™ /2
and the arguments of the previous proof show that
1($,8my) < Livr) (n7ﬂ2/2 +n71/2>
which is smaller than the previous upper bounds for n > Ly ..

Classical oracle inequality. Let €, be the event on which (5.11) holds true. Then,
E[i(s,35)] = E[i(s,35)1a,] +E [I(s,57) 1o ]

§[277—1+en]E[ inf {l(s,?m)}}JrAQ]P’(Q;)

meMy
. . A’K,
< [277—1+6n]E[mler}\f/ln{l(s,sm)}} t—s
which proves (5.12). O

5.7.4. Concentration results. In the proof of Thm. 5.1, we used the following concentra-
tion results. We always assume that 5, is the model of histograms associated with some partition
(Ix)xen,, - We also use some additional notations: for every g > 0,

D 4
Pl(q) = \/ m Lrehn g\
" 2 oreAn m%,,\

ng) :: nE[giEm)] _ DL Z [(U§)2—|— (of)Q]

™ XEAm

Ideal penalties.

PROPOSITION 5.8. Let v > 0. Assume that minyep,, {npr} > Bp, > 1 and

Vg>2,  Pple) < ag® . (Ame)
Then, on an event of probability at least 1 — Ln™7,
1 &et2
i) 2 E[7(m)] ~ Lar 667) | “d o+ | [pa(m)] (5.43
1 &2
p1(m) <E[pi(m)]+ L(as, &, ) [% + DmeLB"] E [p2(m)] (5.44)
Ipa(m) = E[pa(m)]| < L(ag, &,7) Dy, In(n)*'E [py(m)] . (5.45)
If we only have a lower bound B, > 0, then, with probability at least 1 — Ln~7,
~ 1 L(ag, &) 111(”)5#2) ~
> — E . 5.46
) > (e 2 Baom)] - (549

REMARK 5.4. We focus here on the histogram case, whereas it is possible to prove moment
inequalities for ps in general in the bounded case (see the proof of Prop. 3.4 in Sect. 3.5.4).
However, to our knowledge, the lower deviations of the excess risk p; (m) have never been controlled
non-asymptotically.

It now remains to control 6(m) = (P — P,) (7v(sm) —(s)). Since the data is bounded,
Bernstein inequality gives the following:
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LEMMA 5.9 (Prop. 3.3, Sect. 3.3). Assume that ||Y | < A < oo. Then for all x > 0, on an
event of probability at least 1 — 2e™%:

- I(s,8m) = 20 A2 EAm [py(m)]

|6(m)| < D +§Q7(£) NI (5.47)
and ¥n >0, [6(m)| <ni(s,sm) + 1 + §> A—% . (5.48)
n 3/ n

V -fold penalties.

PROPOSITION 5.10. Let Sy, be the model of histograms associated with some partition (Iy)ycp -
Let pen(m) be defined by (5.8) with the weights W defined in algorithm 5.2. Let v > 0 and assume
that

Va>2,  Pp(e) < ag® . (Am.e)
Then, there exists an event of probability at least 1 — n~" such that

|pen(m) — EAm [pen(m)” 1

minxea,, {nPx 121

(5.49)

1 1 ~1/2 €+l
< I D HE
<C < in)\EAm {nﬁ)\} v V> (ag,fg,’y) m ln(n) [pQ(m)]

Proofs.
PROOF OF PROP. 5.8. According to the explicit expressions (5.19) and (5.26), pi(m) and

p2(m) are both U-statistics of order 2 conditionally to (1x,er,);,n)- Then, we use Prop. 5.5, with
§ix=Y;— B\, ax=0and

by = 22));2 forpr and by=-—5= forps .
nepy n<pa
This proves, for all ¢ > 2,
~ ~ Am P _
[51.(m) = E* i )], < max {ﬁ—inm } L(ae, &) Dy 2 HE [pa(m)] - (5.50)
lp2(m) — Elpa(m)]|*) < L(ag, &) Dy 265 E [pa(m)] (5.51)

We deduce conditional concentration inequalities with Lemma 8.10 (Sect. 8.6.2), taking x =
~v1In(n). Since x is deterministic, this implies unconditional concentration inequalities. We then
use Lemma 5.11 to replace EAm [py(m)] by E [p1(m)]. Finally, we use the rough inequality below
and the first result follows.

D -
P(irel%i{ﬁ—)\]lmx]}<L><('y+1)ln(n)>>1—n v (5.52)

In order to prove (5.46), we start from (5.50) combined with Lemma 8.10 with z = vIn(n).
Then, instead of using Lemma 5.11, we remark that

B 71n)] > o { 2 4BV ()]

and the result follows since

1
P<min{¥}> - >>1—n—7. (5.53)
AeAm | P 24 (y+1)By, In(n)
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PROOF OF (5.52). For every A € A,,, Bernstein inequality gives

& 1 _ p—knpx
VK > 0, P(ﬁAS(l—\/T—g)+>Zl e .
If npy > 8(v + 1)In(n), take k = 1/8 in this inequality. Otherwise, since npy > 1, we have the
deterministic upperbound Tyin,_, 5,>0PADy V' < npy < 8(y+1)In(n). A simple union bound
gives (5.52) since Dy, < n. O

PROOF OF (5.53). For every A € A,,, Bernstein inequality gives

DA 1
Vk > 0, Pl=>——— 1>
(p,\ 1+\/2/<;+§>

With k = B, ! (v + 1) In(n) and the union bound, the result follows. O

1—e P,

PROOF OF PrROP. 5.10. By definition (5.8), pen(m) = Ey [Z] with
~ 2
z2=3 (m+) (B -BY)

AEAm

Yxien (1= 35 ) (Yi—5y)
= > P (1+W) 2 ( W> ’

AEA npx
2
1+ W
=D e WAQ Y. (M=Wi)(Yi-Ba)| - (5.54)
AEAm PAVYX X;€ely

By Jensen inequality, for every ¢ > 1,

Ipen(m) — EA [pen(m)]|\* < || 2 — EA (2] w|| S

— (Bw [E* [|2-E* (2] WHq‘ W]Dl/q

< sup {EAm “Z—EA’"[Z\ W:W()Hq‘ W:Wo] }Uq
Woesupp(W)

= s {Jz-E 1z Wm0 (5.55)
Wo€Esupp(W)

where supp(W) is the support of the resampling weight vector W and ||'HgW°’Am) denotes the ¢-th
moment conditionally to (1x,er, )(Z. N and W = W,.
Then, we can assume that W € R"” is deterministic, and try to control HZ —EAm [Z] H((JW’A"L).

According to (5.54), this can be done by Prop. 5.5. We denote by X(; ), ..., X(p,,n) the data
such that X; € I, and take

Eixn= (Wi —Wr) (Yun —6r) so that  mgx; = [Wx — Wi | mga
1+ W,

ra=npy  ax=0 by=—5=—"5%5 .
an)\Wf
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We obtain, for every Wy € R™,

T
|1z — B (2] < Dy | ST Bmd S (Wi - Wa)
AEA =1
r 2
AEAM

Now fix some A € A,, and write npy = aV + b with a,b €Nand 0 < b <V —1. For any
realization of W, there is some € € {0,1} such that

v
{Wist. X; € )} = {0 repeated a + € times, V1 repeated ry —a — € times}
\%4 rN—a—€ b— Ve

Wy = =1
ATV LT A TV oD@+

so that, if 7y > 1,

LY

2
Z (W(i,)\) - WA)Q _ (a—l-E)W)% +(rx—a—¢) <WA — %)

i=1
carn(14 ) v o (A 1Y
a — r—a)| ——+—

o )\ A V-1 T\
X

<Lx[1v2]

- V

Then, we have for every q > 2,

1+ W, (np))?
[pen(m) —E* [pen(m)],"" %\: <W> 2q>\[1\/ V2

<Lazq5‘f+1[ L)

miner, (npr) |V
The result follows with the classical link between moment and concentration inequalities (e.g.
Lemma 8.10 in Sect. 8.6.2). O

5.7.5. Technical lemmas.
For concentration results. We need the following technical lemma, in order to prove that
EAm [py(m)] is close to I [py(m)] with several conventions for p;.

LEMMA 5.11. We assume that minyea,, {npy} > By > 1.
(1) Lower deviations: let c; = 0.184. For all x > 0, with probability at least 1 —e™*,

B [pi(m)] > B [pi(m)] — 07 (x, By, D, Py (2)) X E [pa(m)] (5.56)
with 0~ =1L [4,01(013”) + P (2), [ee1Bn + —}
Dy,
(2) Upper deviations: let ca = 0.28 and ¢4 = 0.09. For all T € (0;1] and x > 0, with

x

probability at least 1 — e,
M |51 (m) | < E[517(m) | + 6% (@, Din, Boy T)E [pa(m)] (5.57)

with 07 =1L [901 (c2Bp) + Pfq(Q)\/xD# + e~cabn (1 VTV + Dye=ciBn ) }
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PRrOOF. From (5.22) and (5.23), we have explicit expressions for p; and jﬁ(T). We then apply
Lemma 5.4 in Sect. 5.6.2, with ay = py (0>\)2 > 0. For 6%, we used the general upper bound
-1

ot <1
){gla\):t (J)\ ) AEA " -

REMARK 5.5. If B, > (cl_1 v ch) In(n), for every v > 0 and T € (0;1),
H*VW(VMWLRw&mRQm>SL#%@NENHMM

since D,, < n.

Empirical and expected frequencies. Finally, we have to control empirical frequencies npy in
the proof of Thm. 5.1.

LEMMA 5.12. Let (pa)aea,, be non-negative real numbers of sum 1, (npx)rea,, @ multinomial
vector of parameters (n; (px)aea,, ). LThen, for all v >0,

minyey,, {np)\} .

: 2(y + 1) In(n) (5.58)

i Dy + >
Jnin {np} >
with probability at least 1 — 2n~7.

PROOF OF LEMMA 5.12. By Bernstein inequality ([Mas07], Prop. 2.9), for all A\ € A,,,

P (”ﬁA > (1 —0)npx —/2npr — g) >1—e 7.

Take x = (7 + 1)In(n) above, and remark that /2npz < %2 4 x. The union bound gives the
result since Card(A,,) < n. O

5.7.6. Expectation of inverses of binomials. In this section, we prove Lemma 5.3. Let
Z ~ B(n,p). We have
PZ>0)=1—-(1-p)">1—€e"
so that the lower bound comes from (5.13). We introduce another interesting quantity closely
related to e}:
€rz) = E[Z]E[Z M zs50] = e} P(Z >0) , (5.59)

so that we only have to give an upper bound on e%(n )"

Firstly, using Lemma 4.1 in [GKKWO02], we have for every n € N and p € [0;1]
2np
0
€Bln.p) < (n+1)p <2
-1

(5.60)
The upper-bound by ry4 follows, since kg > 2(1 — e~ 1)
Secondly, using that P(1 > Z > 0) = 0, we have
Ya > 0, 608(n,p) = npE [Zfl]laE[Z]>Z>o] + npE [Zfl]lZZaE[Z]]
<npP(anp>Z>0)+a ' .
With Bernstein inequality ([Mas07], Prop. 2.9):

Vo > 0, P<Z<<1—@—g>np><e—9’w,
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2
we obtain, for every 0 < 0 < hy, = wv

1
0
e <
Blne) =7 g 0

As ¢z +— xe " is maximal on R at = 1, and decreases on [1,00), we have for every A > 0,

. 1 e((8A) V1)
su eO < inf + ' 5.61
anA,neI\II),pe[O;ll { B(n,p) } T 0<O<hy | 1 — A /20 — g 0 ( )

For every A > Ay > h;1/2, taking § = A~Y/2 < hy in (5.61) leads to

+ % (anefenp)

1
1—e A"

1 VA
+ Ae
1— V2414 - 1A-1/2

One can prove that if Ag = 29.17, this upper bound is smaller than 1 + k3A~Y/* with x5 = 5.03.
When A < Ay, notice that 1+ k3A~'/* > k4, so the upper bound in (5.14) still holds.

+
sup e <
Sup {€n(np) )

REMARK 5.6. (1) Taking # = 3In(A)/A in (5.61) leads to an upper bound

14+ ks In(A) > sup {eg(nﬁp)}

for some numerical constant xs.

(2) We can also take § = 0.16 in (5.61) and obtain an absolute upper bound x4 = 7.8. Thus,
the proof only needs P(0 < Z < ¢z) = 0 for some ¢z > 0 and that Z satisfies Bernstein
inequality or a similar concentration inequality. Such a result can be obtained for a quite
large class of random variables Z.



CHAPTER 6

Resampling penalties

RESUME. Nous étudions dans ce chapitre une nouvelle famille de pénalités
par rééchantillonnage (RP), généralisant les pénalités bootstrap proposées par
Efron |Efr83|. Celles-ci sont construites comme les pénalités V-fold définies
au Chap. 5. Dans le cadre de la régression sur des modeéles d’histogrammes,
nous prouvons une inégalité-oracle non-asymptotique trajectorielle, avec une
constante presque 1. On peut en particulier en déduire un résultat d’adapta-
tion & la régularite holder de la fonction de régression, en présence d’un bruit
hétéroscedastique assez général. Ces résultats apportent également un nouvel
éclairage aux résultats asymptotiques de Shibata [Shi97] sur les pénalités boot-
strap dans un autre cadre, ainsi que sur la consistance de pénalités «m out of n»
lorsque m < n (Shao [Sha96]). De plus, leurs preuves reposent sur de nouveaux
résultats non-asymptotiques nouveaux sur le rééchantillonnage & poids échange-
able en général. Une étude de simulation illustre les bonnes performances de ces
pénalités, notamment dans un cadre hétéroscédastique. Elle indique également
un léger avantage a utiliser des poids échangeables «random hold-out» plutot
que des poids V-fold (étudiés au Chap. 5) ou bootstrap.

6.1. Introduction

Penalization is a classical tool in model selection theory. Basically, it states that a good choice
between several algorithms can be made by minimizing the sum of the empirical risk (how do
algorithms fit the data) and some complexity measure of the algorithms (called the penalty). The
ideal penalty for prediction is of course the difference between the true and empirical risks of the
output, but it is unknown in general. It is thus crucial to obtain tight estimates of such a quantity.

Many penalties or complexity measures have been proposed, both in the classification and
regression frameworks. Consider for instance regression and least-square estimators on finite-
dimensional vector spaces (the models). When the design is fixed and the noise-level constant
equal to o, Mallows’ C, penalty [Mal73| (equal to 2n~1o2 D for a D-dimensional space, and it can
be modified according to the number of models [BMO01, Sau06|) has some optimality properties
[Shi81, Li87, Bar02]. However, such a penalty linear in the dimension may be terrible in an
heteroscedastic framework (as shown by (6.6) and Sect. 6.6.2).

In classification, the VC-dimension has the drawback of being independent of the underlying
measure, so that it is adapted to the worst case. It has been improved with data-dependent
complexity estimates, such as Rademacher complexities [Kol01, BBL02]| (generalized by Fromont
with resampling ideas [Fro04]), but they may be too large because they are still global complexity
measures. The localization idea then led to local Rademacher complexities [LW04, BBMO5,
Kol06] which are tight estimates of the ideal penalty, but involve unknown (or much too large)
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constants and may be very difficult to compute in practice. On the other hand, the V-fold cross-
validation (VFCV) is very popular for such purposes, but it is still poorly understood from the
non-asymptotic viewpoint. Some results about VFCV and hold-out, mainly asymptotic, are given
by Gyorfi et al. [GKKWO02| in the regression case. More general cross-validation schemes are
studied by van der Laan, Dudoit and Keles [vdLDKO4] in the density estimation framework.
For references about cross-validation in regression or density estimation, see Chap. 5 and the
references therein (in particular [vdLDKO04, Yan06, CR06|). For the classification case, see the
recent results of Yang [Yan07] and references therein.

In this chapter, we propose a new family of model selection algorithms by penalization, called
Resampling Penalization (RP). RP is based on Efron’s bootstrap heuristics [Efr79] (generalized
to exchangeable weighted bootstrap, i.e. resampling, by Mason and Newton [MIN92| and Preest-
gaard and Wellner [PW93|) and generalizes Efron’s bootstrap penalty [Efr83| (which is quite
similar to EIC proposed by Ishiguro, Sakamoto and Kitagawa [ISK97| and studied by Shibata
[Shi97]|). It is a localized version of Fromont’s penalties [Fro04|, which does not involve any
unknown constant, and is easy to compute in its leave-one-out version. For similar algorithms
with a smaller computational complexity, we refer to Chap. 5, where we defined a V-fold ver-
sion of RP. There are many resampling-based model selection algorithms in the literature, for
prediction error (or variance) estimation (Wu [Wu86|, Efron and Tibshirani [ET97], Molinaro,
Simon and Pfeiffer [MISP05]), model identification (Shao [Sha96]) or correction of AIC (Shibata
[Shi97]| and references therein) to name but a few. Though, to our knowledge, RP has never been
proposed with such a generality, neither in theoretical studies nor in practical situations. We also
want to emphasize that RP is defined in a much general framework, so that it may have a wide
range of practical applications.

As a first theoretical step, we prove the efficiency of these algorithms in the case example
of least-square regression on histograms. In this framework, the i.i.d. data (X;,Y;)1<i<n can be
written

Y = s(X;) + o(Xi)e

where s is the regression function, o(-) the heteroscedastic noise-level and €; a noise term with
unit variance. Assuming that the models (S;,)mer are histogram models, RP satisfies oracle
inequalities with constant almost one and is asymptotically optimal (Thm. 6.1), under several
reasonable sets of assumptions. Moreover, we prove some kind of adaptivity to the regularity of
the regression function (Thm 6.2), even when the noise is highly heteroscedastic. These results
come from explicit computations that allow us to deeply understand why these penalties are
working well. A major advance of this chapter is its non-asymptotic theoretical approach, which
is unusual in the resampling literature. Although our proofs are restricted to a particular case,
we believe that RP has a similar behaviour in a far more general framework. We explain why in
Sect. 6.6 and Chap. 7. So, our extensive study of the toy model of histograms is made to derive
heuristics for the general case. Our main goal here is to help practical users.

As already noticed, several similar results for other algorithms exist in the literature, for in-
stance for Mallows’ (for homoscedastic noise only) and classical cross-validation algorithm (i.e.
leave-one-out). The interest of RP is both its generality (contrary to Mallows’ C),) and its flexi-
bility.

We conduct an extensive simulation experiment (Sect. 6.5) with small sample sizes. RP is
shown to be competitive with Mallows’ C), for “easy” problems, and much better for some harder
ones (e.g. with a variable noise-level). On the other hand, a well-calibrated RP has almost always
better performances than classical VFCV. Thus, RP may be of great interest in situations where
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no a priori information is known about the data. It is an efficient alternative to VFCV, which is
able to deal with difficult problems, while being close to the best procedures that are fitted for
easier problems.

This chapter is organized as follows. The general Resampling Penalization algorithm (RP) is
defined in Sect. 6.2. We focus on the histogram regression case in Sect. 6.3, for which we state
some theorems in Sect. 6.4. We then present an extensive simulation experiment in Sect. 6.5.
A discussion about practical implementation of RP and a comparison with other model selec-
tion procedures is made in Sect. 6.6. The remaining sections are devoted to probabilistic tools
(Sect. 6.7) and proofs (Sect. 6.8).

6.2. A general model selection algorithm

We consider the following general setting: X x ) is a measurable space, P an unknown
probability measure on it and (X1,Y1),...,(X,,Y,) € X x ) some data of common law P.
Let S be the set of predictors (measurable functions X — Y) and v : S x (X x Y) — R a
contrast function. Given a family (S,,)mem, of data-dependent predictors, our goal is to find
the one minimizing the prediction loss P~y(t). We will extensively use this functional notation
Qy(t) = Exy)~oly(t (X,Y))], for any probability measure @ on X x ). Notice that the
expectation here is only taken w.r.t. (X,Y), so that Qv(¢) is random when ¢t = 3, is random.
Assuming that there exists a minimizer s € S of the loss (the Bayes predictor), we will often
consider the excess loss I(s,t) = Py(t) — Pv(s) > 0 instead of the loss.

Assume that each predictor s, may be written as a function §,,(P,) of the empirical distrib-
ution of the data P, =n~ 1Y ", d(x,,v;)- The ideal choice for m is the one which minimizes over
M,, the true prediction risk Py(5m,(FP)) = Poy(5m(FPn)) + penjq(m) where the ideal penalty is
equal to

pengg(m) = (P = Py)y(Gn(Pa) - (6.1)
The resampling heuristics (introduced by Efron [Efr79]) states that the expectation of any func-
tional F(P, P,) is close to its resampling counterpart Ey F(P,, P/V), where

1 n
B == Wibx.v)
i=1

is the empirical distribution P, weighted by an independent random vector W € [0; +00)™, with
> E[W;] = n. The expectation Ey[-] means that we only integrate w.r.t. the weights W. We
suggest here to use this heuristics for estimating pen;q(m), and plug it into the penalized criterion
P,y(8m) + pen(m). This defines m € M,, as follows.

ALGORITHM 6.1 (Resampling penalization).

(1) Choose a resampling scheme, i.e. the law L£(W) of a weight vector W.
(2) Choose a constant C' > Cyy oo & (nfl S E(W; - 1)2>_
(3) Compute the following resampling penalty for each m € M,,:
pen(m) = CEw [Pyy (8 (BY)) — PV~ (5 (PVY))] - (6.2)
(4) Minimize the penalized empirical criterion to choose m and thus Sz:

m € arg mrg}\r/ll {P,y(5m(Py)) + pen(m)} .
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REMARK 6.1. (1) Applying the resampling heuristics as we do in Sect. 6.2, with the
bootstrap resampling scheme, leads to Efron’s bootstrap penalty [Efr83]. In the log-
likelihood framework, this is also called the EIC procedure by Ishiguro, Sakamoto and
Kitagawa [ISK97|.

(2) There is a constant C' # 1 in front of the penalty, although there isn’t any in Efron’s
heuristics, because we did not normalize W. The asymptotical value of the right nor-
malizing constant Cyy o, may be derived from Thm. 3.6.13 of van der Vaart and Wellner
[vdVW96]. In the case example of histograms, we give a non-asymptotic expression
for it in Tab. 6.1. In general, we suggest to use some data-driven method to choose
C', whereas the resampling penalty only estimates the shape of the ideal one (see algo-
rithm 11.1).

(3) We allowed C' to be larger than Cyy because overpenalizing may be fruitful in a non-
asymptotic viewpoint, e.g. when there is few noisy data. The simulation study of
Sect. 6.5 provides experimental evidence for this fact. See also Sect. 11.3.3.

(4) Since m is computed through a plug-in method, algorithm 6.1 seems to be reasonable
only if M,, is not too large. Otherwise, we can for instance group the models of similar
complexities and reduce M, to a polynomial family.

6.3. The histogram regression case

As studying algorithm 6.1 in general is a rather difficult question, we focus in this chapter
on the case example of least-square regression on histograms. Although we do not consider
histograms as a final goal, this first theoretical step is useful to derive heuristics making the
general algorithm 6.1 work.

6.3.1. A modified algorithm for histograms. We first precise the framework and some
notations. The data (X;,Y;) € X x R are i.i.d. of common law P. Denoting by s the regression
function, we have

Y = s(X;) + o(X;)e (6.3)
where o : X — R is the heteroscedastic noise-level and ¢; are i.i.d. centered noise terms, possibly
dependent from X;, but with variance 1 conditionally to X;. Throughout this chapter, we always
assume that there is some noise:

lolly = le(X)ll; =E[0(X)*] =E[¢*] >0 .

The feature space X is typically a compact subset of R?. We use the least-square contrast
v (t, (2,9)) — (t(x) —y)? to measure the quality of a predictor ¢ : X — ). As a consequence, the
Bayes predictor is the regression function s, and the excess loss is I(s, ) = E(x y)p (t(X) — s(X))%
To each model S,,, we associate the empirical risk minimizer s, = S, (FP,) = arg minses,, { P,y (t)}
(when it exists and is unique).

Each model in (S, )mem, is the set of piecewise constant functions (histograms) on some
partition (Ix)xea,, of X. It is thus a vector space of dimension D,, = Card(A,,), spanned by the
family (17,)aen,,. As this basis is orthogonal in L?(p) for any probability measure p on X, we
can make explicit computations in order to understand algorithm 6.1. The following notations

will be useful throughout this chapter.
pri=P(XeD) phi=PuXel) DN =0Wri=PB'(Xel)
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S = argtréunP'y Z Balr, Orn=Ep[Y| X €I,]
Sm AEAm,
~ 1
S 1= arg ) mln Pn'y Z ﬁ)\]l[A B = = Z Y
AEA, p)\ XzEI/\
R ~ 1
S = argmin PV (0) = 3 BVLy, Vo= ) W
AEAM, P Xi€ly

Remark that §,, is uniquely defined if and only if each I contains at least one of the X;, and
the same problem arises for 57 . This is why we will slightly modify the general algorithm for
histograms.

Assuming that minyep, py > 0 (otherwise, the model m should clearly not be chosen), we
can compute the ideal penalty (see (5.19) and (5.26) in Sect. 5.7.2):

peng(m) = (P~ P1(Gn) = 3 (ma+53) (Ba— ) + (P = Pa(sm) -
AEAM

According to the resampling heuristics, pen;q(m) can be estimated (up to some normalizing con-
stant) by

pen(m) = Ew [ (P, — P, )y(3,,) ]

= > Ew [(ﬁHﬁKV) (@W—@)Q] + Ew [(Pa— PV )y (Gn)]
AEAM,

= Z (EW [ﬁ)\ (BKV—BA> ]—I—EW[ (ﬁ)\ —ﬁ)\> }) (6.4)
AeAm,

since Y, E[W;] =1 (Ew [(P, — PY)y (sm)] indeed estimates the expectation of (P — P,)v(sm)
which is centered). Unlqueness issues® for 3! 5 make the first term badly defined: with positive
probability, we have pYV’ py = 0 and ﬁ/\ undefined, even if py > 0 and ﬁ)\ is well-defined. This is
why we modified step 3 in algorithm 6.1, which leads to the following.

ALGORITHM 6.2 (Resampling penalization for histograms).
0. Replace M,, by

P

M, = {m € M, s.t. )\Iél/l\ITln{nﬁ)\} > 3}

1. Choose a resampling scheme L(WV).
2. Choose a constant C' > Cyy,oc where Cyy o is defined in Tab. 6.1.

3’. Compute the following resampling penalty for each m € M\n:
2 ~\2
pen(m) =C ) (EW [ﬁA (BXV—@) WA>0} +Ew [fﬂf/ (@V—@) ]) . (6.5)

AEAM

4. Minimize the penalized empirical criterion to choose m and thus Sz:

m € arg min { P,y (S )+pen(m)} .
meMy,

6.3.2. Explicit formulas. When the resampling weights are exchangeable (see definition
in Sect. 6.3.3), we are able to compute pen explicitly (see Lemma 5.7 in Sect. 5.7.2). It is
enlightening to compare it with penyy in expectation, conditionally to (Lx,er,)i<i<n, AcA,, (We

IThis question is studied more deeply in Sect. 8.1.
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L(W) Efr(q) Rad(p) Poi(pu) Rho(q) | Loo
Row(npy) | 2(1-:5) | L-1 |1(1-b)] 2-1 [
Cw,oo q/n p/(1—p) p g/ln—q)| n

TABLE 6.1. Cw,« for several resampling schemes.

denote by E”m [-] this conditional expectation):

2t peny(m)] =, 35 (1+2) (@ + (o5)) Lupoo (6:5)
BV penm)| = & 3 (Ruwnp) + Reavln ) (@02 + (1)) 67
AEA,

with  (0%)? =E[o(X)*| X el,] ; (U§)2 =K [(s(X) — sm(X))?| X € 1,]

N W1 —Wy)?
and Ryw(n,py) =E [% X1 e, Wy > 0} (6.8)
A
- Wy — W)y)?
Row(n,px) =E [% } : (6.9)
A

One can thus choose C' = Cyy  such that when minyep,, {np) } is large, pen is close to penyy
in expectation:

enW) r 2
EA [pen(m)] = = Z (1+ 60 <(J)\)2 + (o) )
XGAm
2 2 4)?
~ = 3 (140up) (03 + (08) ) =Elpeng(m)]  (6.10)
AEAM
with limy) o0 0n,p = 0 (Lemma 5.6 in Sect. 5.7.2) and limy,p—.oo 57(5;11W) = 0 for several resampling

weights (Prop. 6.5). Hence, contrary to Mallows’ penalty 202 D,,n~!, Resampling Penalties really
take into account the heteroscedasticity of the noise (¢ depends on ) and the bias terms (af)Z.
A more detailed comparison with Mallows’ C), is made in Sect. 6.6.2.

6.3.3. Examples of resampling weights. In this chapter, we consider resampling weights
W = (Wy,...,W,) € [0;4+00)" such that E[W;] = 1 for all i and E[W?] < co. We mainly consider

the following exchangeable weights (i.e. such that for any permutation 7, (Wr(y,..., Wrep)) @

(Wh,...,Wy)).

(1) Efron (q), ¢ € N\{0} (Efr): ((¢/n)W;)i<i<n is a multinomial vector with parameters
(g;n~Y,...,n~1). A classical choice is ¢ = n.

(2) Rademacher (p), p € (0;1) (Rad): (pW;) are independent, with a Bernoulli (p) distribu-
tion. A classical choice is p = 1/2.

(3) Poisson (), u € (0,00) (Poi): (uW;) are independent, with a Poisson (u) distribution.
A classical choice is u = 1.

(4) Random hold-out (q), ¢ € {1,...,n} (Rho): W; = (n/q)Lier with I uniform random
subset (of cardinality q) of {1,...,n}. A classical choice is ¢ = n/2.

(5) Leave-one-out (Loo) = Rho (n —1).

In the following, when the parameter is not mentioned, it has its “classical” value.
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In each case, we can compute Ry (n,p)) (see Tab. 6.1) and show that Ry w ~ Raw (see
Prop. 6.5; we assumed that ng~! = O(1) for Efr, and n(n—¢)~! = O(1) for Rho). We then define
Cw,oo ~ Ry 1y, as in Tab. 6.1

REMARK 6.2. The terminology above is made to give explicit links with some classical re-
sampling schemes. See [MIN92, HM94, vdVW96| for more details about classical resampling
weights names.

e The name “Efron” comes from the classical choice ¢ = n for which Efron weights actually
are Efron’s bootstrap weights.

e The name “Rademacher” for the i.i.d. Bernoulli weights comes from the classical choice
p = 1/2 for which (W; — 1); are i.i.d. Rademacher random variables. As noticed by
Fromont [Fro04]|, using the resampling heuristics to estimate the left-hand side of

sup {(P=Pa)y(t)} = (P = Po)y(8m) = pensa(m)

leads to Rademacher complexities. Remark that this upper-bound is infinite in the
unbounded regression case. Its use is only appropriate when v is bounded, e.g. in the
binary classification case with the 0-1 loss.

e Poisson weights are often used as approximations to Efron weights, via the so-called
“Poissonization” technique (c¢f. [vdVW96|, Chap. 3.5, and |Fro04|). They are known
to be efficient for estimating several non-smooth functionals (Barbe and Bertail [BB95],
Chap. 3; see also Mammen [Mam92|, Sect. 1.4).

e The Leave-one-out weights also refer to the jackknife (sometimes called cross-validation).
The Random hold-out (q) weights can also be called “delete-(n — q) jackknife”. They are
both resampling schemes without replacement ([vdVW96|, example 3.6.14), more often
called subsampling weights (see e.g. Politis, Romano and Wolf [PRW99| on subsam-
pling). They are thus very close to the idea of splitting the data into a training set and a
validation set (e.g. leave-one-out, hold-out and cross-validation). Indeed, if one defines
the training set as

{(Xi,Yi) st W; #£0}
and the validation set as its complementary, there is a one-to-one correspondence between
the two ideas.
Nevertheless, we do not mean that the Loo penalization algorithm is identical to the
classical cross-validation model selection algorithm. According to Chap. 5, when C =
n — 1, it is identical to Burman’s n-fold corrected cross-validation [Bur89].

REMARK 6.3. With the explicit computation of Ry and Ry for several resampling weights,
we can enlighten several known results.

e In the maximum log-likelihood framework, Shibata [Shi97| showed the asymptotical
equivalence of two bootstrap penalization methods. The first penalty, denoted by Bj,
is Efron’s bootstrap penalty [Efr83]. It is defined by (6.2) with C' = 1 and Efron (n)
weights. The second penalty, denoted By, was proposed by Cavanaugh and Shumway
[CS97]. It is the equivalent of

2p1(m) = 2Ew [P (7)) — v(5m)) ]
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in the log-lokelihood framework. In the least-square regression framework (with his-
togram models), we have just shown that

2
B 201m)] = 2 3 Rawn ) (0307 + (o)) = 5 [penm)]
AEAm,
for several resampling schemes, including Efron’s bootstrap (for which Cy, = 1). The
concentration results of Sect. 6.8 show that this remains true without expectations.
Our result is thus a non-asymptotic version of Shibata’s [Shi97]|, for general resampling
weights, in the least-square regression framework.

e With Efron (g,) weights (and a bootstrap selection procedure close to RP), Shao [Sha96]
showed that g,, = n leads to an inconsistent model selection procedure for identification.
On the contrary, when ¢, — oo and ¢, < n, the bootstrap selection procedure becomes
consistent. Considering that identification needs overpenalization within a factor that
goes to infinity, (6.7) gives a simple explanation to this phenomenon since Ry w ~ n/qp.

6.4. Main results

In this section, we prove that RP (algorithm 6.2) has some optimality properties. We assume
the existence of some non-negative constants aag, ¢, Crich, 17 such that:

(P1) Polynomial complexity of M,,: Card(M,,) < cpmn®M.

(P2) Richness of M,,: Img € My, s.t. Dy € [V/7; Crich /7]

(P3) The constant C is well chosen: nCy,o > C > Cy 0.

(P4) The weight vector W is chosen among Efr, Rad, Poi, Rho and Loo (defined in Sect. 6.3.3).

6.4.1. Oracle inequalities.

THEOREM 6.1. Assume that the (X;,Y;)’s satisfy the following:

(Ab) Bounded data: ||Yi]|, < A < oo.
(An) Noise-level bounded from below: o(X;) > omin > 0 a.s.
(Ap) Polynomial decreasing of the bias: there exists 31 > (32 > 0 and Cg, Cy > 0 such that

Cy D < (s, sm) < CF D2
(Arg() Lower regularity of the partitions for L(X): Dy, minyep,, px > cffg.

Let m be the model chosen by algorithm 6.2 (under restrictions (P1 —4)). Then, there exists
a constant K1 and a sequence €, converging to zero at infinity such that, with probability at least
1— Kin~2,

U(5.5m) < (20— 1 en] inf {U(s5m)} - (6.11)
me n
Moreover, we have the oracle inequality
N . ~ A’K,
Ell(s,53)] <[2n—1+4¢€,]E mler}\f/ln{l(s,sm)} + ol (6.12)

The constant K1 may depend on constants in (Ab), (An), (Ap), (ArX) and (P1 —4), but
not on n. The small term €, depends only onn (it can for instance be upperbounded by In(n)~1/%).

Thm. 6.1 implies the a.s. asymptotic optimality of algorithm 6.2 in this framework, when
C ~p—oo Cwoo. This means that if M, contains a model that takes well into account the
smoothness of s and the shape of the noise o(X), the Resampling Penalization algorithm does
as well as this oracle model for estimation. Since this does not require any knowledge about the
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smoothness of s, the heteroscedasticity of ¢ or any other property satisfied by P, it is a naturally
adaptive algorithm.

REMARK 6.4 (Resampling penalty vs. ideal deterministic penalty). It follows from the proof
of Thm. 6.1 (see Prop. 6.8 and Remark 6.9) that the resampling penalties are much closer to
E [penjq(m)] than penyq(m) itself. This means that the (ideal) penalization algorithm which
uses pen(m) = E [pen;q(m)] as a penalty does not outperform much the resampling penalization
algorithm. Up to the constant 1+ ¢, (that is close to 1 when n is large enough; we assumed here
that C' = Cw o), they perform equally well on a set of probability 1 — K m=2.

REMARK 6.5 (Assumptions of Thm. 6.1). Let us emphasize that no constant in the assump-
tions of Thm. 6.1 has to be known when computing m. This is the main reason why these
assumptions are not quite restrictive. We now give a few more comments.

(Ab) forbids gaussian noises, but this is not a main concern from the practical viewpoint, since
practical data are often truncated, thus bounded.

(An) ensures that the noise contributes for the main part of the penalty, so that the fluctuations
of the penalty are negligible in front of its expectation. It is not at all necessary, and we
give several alternatives for this condition below.

(Arf() is satisfied if we consider “almost regular” histograms and if X has a lower bounded
density w.r.t. Leb. For instance, all the simulation experiments of Sect. 6.5 satisfy this
assumption, even S2 or HSd2 in which the histograms are quite irregular. In general,
it means that models in M,, should be chosen harmoniously with the law £(X) of the
design. This is possible if one has some a priori knowledge on the design. Notice that
we only use this assumption to prove that Dy and D,,+ are neither very small nor very
large (see Sect. 6.8.5).

(Ap) on the bias may seem strange, in particular the lower bound. It is related to our way of
proving the oracle inequality (6.11). Indeed, the keystone of our proof is that resampling
penalties are close to the ideal ones for all sufficiently large models (i.e. with D,, >
In(n)X, for some x > 0 depending on the assumptions). We thus have to prove that the
selected model (and the oracle) are large, which needs that s does not belong to any model
in M,,. This is a quite classical assumption, used for instance by [Shi81, Li87, BMO06c]|
for proving the asymptotic optimality of Mallows’ C,.

In our non-asymptotic framework, we need an explicit lower bound on Dy and D,,,»
(which have to go to infinity at the speed In(n)X). The polynomial decreasing (Ap) is
a convenient sufficient condition for such a lower bound. For the same kind of reasons,
Stone [Sto85| used this assumption in the density estimation framework (see also Bur-
man [Bur02|, Lemma 3, for the multidimensional case). Other sufficient conditions may
be derived from a careful look at the proof of Thm 6.1.

Non-constant holderian functions satisfy (Ap) with

=k t4+at—(k-1kta! and By = 20kt

when X has a lower-bounded density w.r.t. the Lebesgue measure on X C RF (cf.
Thm. 6.2 and Sect. 8.10 for more details). This is why (Ap) is not too restrictive.

The result of Thm. 6.1 may also be proved under other assumptions, which are detailed in
Sect. 8.3. Actually, if our proof works for E [pen;q(m)] under some set of assumption, then it still
works for RP. Then, RP may work under any “reasonable” assumption set.

For instance, one can remove o(X) > omin > 0 (An) and add that X C R¥ is bounded,
equipped with [|-|| ., and
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(Ard) Upper regularity of the partitions:

max {diam(Iy)} < ¢ D, diam(X) .
EAm ’

(Ary) Upper regularity of the partitions for Leb:
max {Leb())} < Dyt Leb(X) .
EAm

(Ao) o is piecewise K,-Lipschitz with at most J, jumps.
The boundedness assumption (Ab) can also be removed, at the price of adding the following:
X C R is bounded measurable and

(Agauss) The noise is sub-gaussian: there exists cgauss > 0 such that
1
Vq>2VeeX, E[’] X =a]"" < cpus/d -

(Ao max) Noise-level bounded from above: 0%(X) < o2,

< +00 a.s.
(Asmax) Bound on the target function: ||s|| ., < A.
(Al) s is B-Lipschitz, piecewise C'!' and non-constant: +s’ > By > 0 on some interval J C X
with Leb(J) > ¢y Leb(X) and ¢; > 0.
(Aryy) Regularity of the partitions for Leb:

YA€ A, oDy Leb(X) < Leb(I)) < cuD;,! Leb(X) .
(Ad,) Density bounded from below: 3% > 0, VI C X, P(X € I) > ¢ Leb(I) Leb(X) 1.

Finally, it is possible to remove simultaneously (An) and (Ab). See Sect. 8.3 for more details.
Thus, for most “reasonably” difficult problems, the results of Thm. 6.1 hold true.

6.4.2. Adaptivity to the hélderian regularity. The main example where assumption
(Ap) is satisfied is when s is non-constant and holderian. The following result states that re-
sampling penalization has some adaptivity to the holderian smoothness of s in an heteroscedastic
framework, since it attains the minimax rate of convergence n~2%/(a+k) (see Stone [Sto80] for
the homoscedastic case ; the heteroscedastic one with k£ = 1 and a = 1 is studied by Galtchouk
and Pergamenschikov [GPO05|, Thm. 2.2 with a fixed-design).

ALGORITHM 6.3 (Resampling penalization for histograms, regular case).
Let (Sim)mem,, = (Sm(D) )1§D§Leb()()*1/kn1/k’ where S, (py is the model of regular? histograms
with pace D71,
0. Replace M,, by

P

M, = {m e M, s.t. )\Iél/l\ITln{nﬁ)\} > 3}

1. Choose a resampling scheme £(W') among Efr, Rad, Poi, Rho and Loo.
2. Choose a constant C' € [Cw,00; NCW,00]-
3. For each m € M,,, compute pen(m) defined by (6.5).
4. Minimize the penalized empirical criterion to choose m and thus Sg:
m € arg min {P,y(5y,) + pen(m)} .
mEMn
THEOREM 6.2. Let Y C R and X be some non-empty closed ball of (R*,|-||..). Assume that
(X’i7 }/tl) satisfy

2the “regular” partition of X and pace D™! is the collection of non-empty intersections between X and the family

(Hle[%; l‘#))J er It has a dimension ~ Leb(X)D" if X C R¥.
k

EREREN)



6.4. MAIN RESULTS 159

(An) Noise-level bounded from below: o(X;) > omin > 0 a.s.
(Ady) Density bounded from below: 3¢%™ > 0, VI C X, P(X € I) > " Leb(I) Leb(X) L.
(Ah) Holderian regression function: there exists o € (0;1] and R > 0 s.t.

se€H(a,R) ie. Vaj,mgeX,|s(z1)—s(x)| < Rz — x2S, -

(Ab) Bounded data: ||Y;]|,, < A < o0.
)

Let m be the model chosen by algorithm 6.3. Denote omax = supy |o| < 2A. Then, there
exists constants Ko and K3 and a sequence €, converging to zero at infinity such that,

2k —2a Ao
E[l(s,55)] < Ko (1 + €,) R2a+En2a+k g2att + Kan ™t . (6.13)
Assume moreover that the noise-level is smooth:
(Ao) o is piecewise K,-Lipschitz with at most J, jumps.

Then, (6.13) holds with ||o|| 12(1ep) instead of omax-
The constant Ko depends only onn, a and k. The constant K3 depends only on k, n, constants
in (Ab), (An), (Ady), (Ah) (and (Ao) for the last result) and s through its variation over X:

variay(s) :=sups —infs . (6.14)
X X

The small term €, depends only on n, and can for instance be upperbounded by ln(n)*l/‘t’.

REMARK 6.6.

(1) The minimax rate of estimation under some heteroscedastic noise has already been
adressed by Galtchouk and Pergamenschikov [GP05| (Thm. 2.2) in the fixed design
case, with X C R (see also Efromovich and Pinsker [EP96]|). They assume lower and
upper bounds on the noise-level ((An)+(Aopayx)), some regularity condition (o2 con-
tinuous, with Riemann sums that converges to its L?(Leb) norm), and consider more
regular target functions (s € H(a, R) with a € N\ {0}, where we consider a € (0;1]).
Then, they show that the minimax rate of estimation over H(«, R) is indeed

2 -2 L
R ol E
As a consequence, when oo = 1 and k = 1, the estimation rate in (6.13) is optimal up to
some factor independent from n, R and o.
(2) In (6.13), the constant K3 is not uniform over the hélderian ball H(«a, R), but only on

its subsets
He(a, R) :={s € H(a,R) s.t. variax(s) >¢€} .

for € > 0. Indeed, the lower bound in (Ap) cannot be made uniform without ensuring
that s is sufficiently non-constant.

This is probably a technical restriction, since we also prove (6.13) with K3 uniform
over the set of constant functions. Moreover, in the minimax viewpoint, the harder
functions to estimate are certainly not the almost constant ones. If this issue was solved,
then Sz would be proved to attain the minimax rate over H(«, R) with an heteroscedastic
noise [|o|[ p2(rep), up to some factor independent from n, R and o.

(3) If s is only piecewise a-hélder, with at most Js jumps (of height bounded by 2A4), then
the same results hold. This requires the additional assumption that s is non-constant on
some ball B of (R¥, ||-|| ) on which it is continuous. The constant K3 then also depends
on Js, variag(s) and Leb(B)/ Leb(X).
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(4) As for Thm. 6.1, the boundedness of the data and the lower bound on the noise level can
be replaced by other assumptions.

6.5. Simulations

To illustrate the results of Sect. 6.4, we compare the performances of algorithm 6.2 (with
several resampling schemes), Mallows’ Cp, and VFCV on some simulated data.

6.5.1. Experimental setup. In the following simulation study, we consider the same data
sets as in Sect. 4.4.2 and 5.4. We briefly describe them again below. First, we focus on four
main experiments, called S1, S2, HSd1 and HSd2. Data are generated according to (6.3) with X;
i.i.d. uniform on X = [0;1] and ¢; ~ N(0,1) independent from X;. The experiments differ from
the regression function s (smooth for S, see Fig. 4.3; smooth with jumps for HS, see Fig. 4.4),
the noise type (homoscedastic for S1 and HSd1, heteroscedastic for S2 and HSd2), the number
n of data and the families of models (see the top of Tab. 6.2; “regular” refers to the family of
algorithm 6.3; “with two bin sizes” means regular on [0;1/2] and on (1/2;1]; “dyadic” means that
we limit ourselves to bin sizes of the form 27%, k € N). Instances of data sets are given in Fig. 4.5
to 4.8 (in Sect. 4.4.2).

We compare the following algorithms:

Mal Mallows’ C,, penalty: pen(m) = 262D,,n~! where 52 is the variance estimator (6.18)
used in [Bar00|, Sect. 6.
VFCV Classical V-fold cross-validation, with V' € {2,5,10,20} (defined by (5.1) in Sect. 5.2.1).
LOO Classical Leave-one-out (i.e. VFCV with V' = n).

penEfr Efron (n) penalty, C' = Cy, = 1.
penRad Rademacher penalty, C = Cy o = 1.
penRho Random hold-out (n/2) penalty, C' = Cy oo = 1.

penLoo Leave-one-out penalty, C = Cy,oo =n — 1.
For each of these, we also consider the same penalties multiplied by 5/4 (denoted by a + symbol
added after its shortened name). This intends to test for overpenalization.

In each experiment, for each simulated data set, we first remove the models with less than

2 data points in one piece of their associated partition. Then, we compute the least-square
estimators 5, for each m € M\n Finally, we select m € M\n using each algorithm and compute
its true excess risk [(s,S;) (and the excess risk of each model m € M,). Since we simulate
N data sets (N = 1000 in the four main experiments), we can then estimate the two following
benchmarks:

E[l(sagﬁ%)] l(svgﬁ’b)
infem, 1(s,5m)] infenm, (s, Sm)
Basically, Cy; is the constant that should appear in an oracle inequality like (6.11), and Cpath—or
corresponds to a pathwise oracle inequality like (6.12). As Co; and Cpath—or approximatively give

Cor = E[ Cpath—or =

the same rankings between algorithms, we only report Cy; in Tab. 6.2.

6.5.2. Results and comments. We observe that penRad and penRho are always compet-
itive with Mallows and much better for more “difficult” problems (S2 is heteroscedastic; jumps
in HSd1® and HSd2 induce much bias). Notice that in the case of HSd2, penRad and penRho

3In the particular case of HSd1, we must add that Mallows’ C,, performs quite better when o2 is known (Cor ~
1.044 + 0.004 for Mal, which is still worse than VFCV and penRP; and Cor & 1.606 £ 0.015 for Mal+). This is
mainly due to the difficulty of estimating o accurately when even large models can have a large bias. However,
this is no longer the case for HSd2, in which the knowledge of o does not improve Mal and Mal+.
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TABLE 6.2. Accuracy indexes Cy; for each algorithm in four experiments, + a
rough estimate of uncertainty of the value reported (i.e. the empirical standard
deviation divided by v/N; N = 1000). In each column, the more accurate algo-
rithms (taking the uncertainty into account) are bolded.

Experiment S1 S2 HSd1 HSd2

S sin sin HeaviSine HeaviSine
o(x) 1 x 1 x

n (data) 200 200 2048 2048

M, regular 2 bin sizes dyadic, regular dyadic, 2 bin sizes
Mal 1.928 £+ 0.04 3.864 + 0.02 1.606 £ 0.015 1.487 £ 0.011
Mal+ 1.800 + 0.03 4.047 £ 0.02 1.606 £ 0.015 1.487 £ 0.011
2—FCV 2.078 £+ 0.04 2.542 +0.05 1.002 + 0.003 1.184 £+ 0.004
5—FCV 2.137 £ 0.04 2.582 +0.06 1.014 4+ 0.003 1.115 £ 0.005
10-FCV 2.097 £+ 0.05 2.603 +0.06 1.021 4+ 0.003 1.109 £+ 0.004
20—FCV 2.088 + 0.04 2.578 +0.06 1.029 4+ 0.004 1.105 £+ 0.004
LOO 2.077 £ 0.04 2.593 +0.06 1.034 4+ 0.004 1.105 £+ 0.004
penkfr 2.597 + 0.07 3.152 + 0.07 1.067 £ 0.005 1.114 £ 0.005
penRad 1.973 £ 0.04 2.485 +0.06 1.018 £ 0.003 1.102 4+ 0.004
penRho 1.982 £+ 0.04 2.502 +0.06 1.018 £ 0.003 1.103 £ 0.004
penLoo 2.080 £ 0.05 2.593 +0.06 1.034 £ 0.004 1.105 £ 0.004
penEfr+ 2.016 £+ 0.05 2.605 £ 0.06 1.011 4+ 0.003 1.097 + 0.004
penRad+ 1.799 + 0.03 2.137 +0.05 1.002 + 0.003 1.095 + 0.004
penRho+ 1.798 + 0.03 2.142 + 0.05 1.002 + 0.003 1.095 + 0.004
penLoo-+ 1.844 + 0.03 2.215+ 0.05 1.004 + 0.003 1.096 + 0.004

do better than any linear penalty (possibly with a slope that depends on both the data and the
unknown law P; see Sect. 6.6.2). On the other hand, VFCV is a little worse than Mal for easy
problems (S1) and better for more difficult ones, but never better than penRad or penRho.

The best resampling schemes (not taking overpenalization into account) are Rad and Rho,
in view of SI and S2 (dyadic models do not induce much differences between them in HSd1 and
HSd2). Looking more carefully at the values of the penalties, it appears that Loo is slightly
underpenalizing and Efr strongly overfits. The comparison penRad ~ penRho > penLoo >
penEfr can also be derived from Sect. 6.3 and 6.6.1. Moreover, when variability is considered (it
is measured through the empirical variance of (s, 53 )/ infem,, ((S, Sm) and reported in Tab. 6.2
to 6.4), the order of the weights is unchanged. Contrary to what is usually stated, the bootstrap
(penEfr) can thus be more variable than the leave-one-out (penLoo).

In the four experiments, overpenalizing within a factor 5/4 leads to better results, mainly
because n is quite small for the noisy (S1, S2) or irregular (HSd1, HSd2) signals observed. This
is no longer the case for some larger n or smaller o.

Finally, we report the results of eight more experiments in Tab. 6.3-6.4. They are quite similar
to the first four ones, since we only changed a few parameters among n, ¢ and s (instances of
data sets and regression functions are plotted on Fig. 4.9 to 4.18; see Sect. 4.4.2). Remark that
we simulated only N = 250 data sets. The comparison between Mallows’, VFCV and Resampling
Penalization is quite the same: in “easy” homoscedastic frameworks (51000, Sv/0.1, S0.1), their
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TABLE 6.3. Accuracy indexes Cy, for more experiments (N = 250).

Experiment S1000 Sv/0.1 S0.1 Svar2
] sin sin sin sin
O'(.’E) 1 V 0.1 0.1 ]lle/g
n (data) 1000 200 200 200
M, regular regular regular 2 bin sizes
Mal 1.667 =0.04 1.611 £ 0.03 1.400 £ 0.02 3.520 £0.03
Mal+ 1.619 £ 0.03 1.593 £ 0.03 1.426 £ 0.02 3.672 £0.03
2—FCV 1.668 =0.04 1.663 + 0.04 1.394 £+ 0.02 2.960 £ 0.15
5—FCV 1.756 £ 0.07 1.693 + 0.04 1.393 +0.02 2.950 £ 0.16
10—-FCV 1.746 £0.04 1.664 + 0.04 1.385 +£0.02 2.681 £0.14
20—-FCV 1.774 £ 0.05 1.645 + 0.03 1.382 +0.02 2.742 £ 0.16
LOO 1.768 £ 0.05 1.639 + 0.04 1.379 +£0.02 2.641 +£0.15
penkEfr 1.813 £ 0.05 1.888 + 0.05 1.417 £0.02 3.451 +0.20
penRad 1.748 £ 0.05 1.609 £ 0.03 1.405 £ 0.02 2.510 £0.15
penRho 1.748 £ 0.05 1.619 £ 0.03 1.404 £ 0.02 2.518 £0.15
penLoo 1.776 £ 0.05 1.641 £ 0.04 1.379 +0.02 2.656 £0.15
penEfr+ 1.636 =0.04 1.670 + 0.04 1.407 £+ 0.02 2.614 +£0.16
penRad+ 1.619 +0.03 1.574 +£0.03 1.417 4+ 0.02 2.2324+0.12
penRho+ 1.619 +0.03 1.578 +£0.03 1.417 4+ 0.02 2.243 +0.12
penLoo+ 1.626 + 0.03 1.587 +0.03 1.401 £+ 0.02 2.349+0.13

performances are similar. An harder problem such as Svar2 (which is heteroscedastic but different
from S2) make Mallows’ fail whereas the two others only get a bit worse.

As expected, taking n larger (S1000) or o smaller (S4/0.1 and S0.1) make the constant C,
closer to 1. Notice also that the overpenalization factor 5/4 is generally not optimal, and even
not always better than 1. We have for instance Co(penLoo) < Cq(penRho) < Cqr(penRho+) in
S0.1 (with only small differences), although penLoo may slightly underpenalize.

In Tab. 6.4, we consider several other target functions s (plotted on Fig. 4.13, 4.15 and 4.17; see
Sect. 4.4.2). In Sqrt, s is not Lipschitz but only 1/2-hélderian. In His6, s is even not continuous,
since it belongs to the model of regular histograms with 6 pieces. The results obtained with these
two functions strengthen the fact that the assumptions of our theorem are not actual restrictions
for algorithm 6.2.

On the other hand, with DopReg and Dop2bin, we use the classical function Doppler of the
thresholding literature (see [DJ95]). Dyadic histograms approximate it with a large bias, and
this bias is not homogeneous in space (since Doppler is much more variable on the left of the unit
interval). In such a framework, taking into account the o terms (see (6.6)) in the penalty seems
necessary (in particular in Dop2bin, where the histograms have two different bin sizes), so that
Mallows’ C), can fail even with homoscedastic data. This fault is avoided by both VFCV and
resampling penalties which behave quite well.

6.6. Discussion

6.6.1. Practical implementation.
Computation time. An exact computation (without using our formulas (5.37) and (5.38) for
histograms) would be either impossible or very greedy. So, we recommend to make a Monte-Carlo
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TABLE 6.4. Accuracy indexes Cy, for more experiments (N = 250).

Experiment Sqrt His6 DopReg Dop2bin

s N Hisg Doppler Doppler

o(x) 1 1 1 1

n (data) 200 200 2048 2048

M, regular regular dyadic, regular dyadic, 2 bin sizes
Mal 2.295 +0.11 1.969 4+ 0.11 1.130 4+ 0.011 1.469 4+ 0.013
Mal-+ 1.989 + 0.08 1.799 + 0.09 1.130 £ 0.011 1.459 + 0.014
2—FCV 2.489 £+ 0.12 2.788 £0.13 1.097 + 0.005 1.165 £+ 0.009
5—FCV 2.777£0.16 2.316 £ 0.12 1.064 + 0.005 1.049 + 0.006
10-FCV 2.571 £0.13 2.074 +0.11 1.043 + 0.005 1.051 + 0.006
20-FCV 2.561 +£0.12 2.071 £ 0.11 1.034 + 0.005 1.053 + 0.006
LOO 2.695 +£0.14 2.059 +£0.12 1.026 + 0.005 1.058 + 0.006
penEfr 3.468 £+ 0.22 2.721 +0.16 1.030 £+ 0.007 1.064 + 0.006
penRad 2.396 +£0.11 1.884+0.10 1.043 4+ 0.006 1.055 + 0.006
penRho 2.448 +£0.12 1.907 +0.11 1.043 4+ 0.006 1.055 + 0.006
penLoo 2.695 +0.14 2.063 +0.12 1.026 + 0.005 1.058 + 0.006
penEfr+ 2.205 £ 0.11 1.924 + 0.11 1.056 + 0.006 1.057 £+ 0.006
penRad+ 2.036 + 0.09 1.746 + 0.09 1.092 + 0.004 1.058 £+ 0.007
penRho+ 2.053 + 0.09 1.747 £ 0.09 1.091 £ 0.004 1.059 + 0.007
penLoo-+ 2.152 +0.10 1.858 +0.10 1.082 + 0.005 1.048 + 0.006

simulation of a few number of weight vectors, in order to approach the exact resampling penalty
we are dealing with here. Practical methods for this are addressed by Hall [Hal92|, appendix
II. In addition, we proved in Sect. 10.2.5 a non-asymptotic estimation of the accuracy of Monte-
Carlo approximation (Prop. 10.5). In our framework, a similar proof (based upon McDiarmid’s
inequality, Prop. 8.7 in Sect. 8.5) would give a practical way of choosing the number of weight
vectors to consider (at least for Rad, Rho and Loo weights).

An alternative to Monte-Carlo approximation would be the use of V-fold cross-validation
weights. The resulting V -fold penalties are defined and studied in Chap. 5.

Choice of the weights. According to the simulations of Sect. 6.5, the best weights (for accuracy
of prediction and for the variability of this accuracy) are Rho and Rad. On the other hand, Loo
weights are much better from the computational viewpoint (without Monte-Carlo approximation),
and they induce only a small underpenalization. Notice that from both accuracy and variability
viewpoints, Efron’s bootstrap weights appear to perform worse than Rho, Rad, and even Loo.

Thus, if an exact computation of Loo penalties is possible, we suggest to choose these weights
and enlarge the constant C' (we explain why below). Otherwise, Monte-Carlo approximation with
Leave-one-out weights is known to be quite variable. Then, Rho or Rad weights should be prefered
to Loo.

In a more general framework, this analysis may be slightly changed: when the empirical
minimization algorithm &;. , — §,, is unstable, the leave-one-out is known to be highly variable.
Then, Rho and Rad weights are likely to be much better.

About the choice of the weights, we also refer to Barbe and Bertail [BB95|, Chap. 2, where an
asymptotic analysis of a large family of exchangeable weights is proposed, based upon Edgeworth
expansions.
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Second-order terms. In this paragraph, we intend to understand the comparison
penRad ~ penRho > penl.oo >> penEfr (6.15)

observed in the simulations of Sect. 6.5. This is done by a more accurate computation of the
expectation of pen(m), taking into account second order terms. We then compare numerically
these terms for the classical weights.

In Sect. 6.3, we showed that pen;y(m) and pen(m) have the same expectation, up to small

terms 0y, p, and 57(11);;1\2\/)' We deduce that

1
E [pen(m) — pem(m)] = = 3~ (075~ bu,, ) (02)’ (6.16)
AEAM,
. W) | ~
wih S = B[S | 51> 0
We computed 6,5, and 57(3;;1\)\/) for several resampling schemes, when n = 200. The results

are given on Fig. 6.1 to 6.6 (with straight lines for d, ,, and dots for 57(5;;1\)‘])). Loo is the most

accurate. On the contrary, Rho (n/2) and Rad give overestimations of d,,,. The bias of Rho
(q) is a decreasing function of ¢, as shown by Figure 6.4. Finally, Efr and Poi are strongly
underestimating the ideal penalty, because of the 1 — (npy)~! term.
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This may explain (6.15): Efr and Poi are clearly underpenalizing. The strong accuracy of Loo
in expectation make it underpenalize a bit. Indeed, the fluctuations of pen and pen;q around their
expectations are probably as important as these second-order terms. Then, being too accurate
in expectation may lead to underestimation with positive probability. Finally, Rad and Rho
overpenalize in expectation, so that they underpenalize less often in our simulations.

We also observe that 5,5;’;&110) X dpp, When npy is large enough. Then, Loo and Rho are
almost equivalent, up to the choice of C'. If a wise tuning of C' is possible, we just have to choose

between Loo and Rho according to computation issues (see the discussion above).

Choice of the constant C.

Optimal constant. The optimal constant C* is the one for which pen is an unbiased estimator
of the ideal penalty pen;q (at least for the “reasonable” models). Thus, C' = Cy o is asymptotically
optimal. In the histogram case, we even proved non-asymptotic oracle inequalities for C' = Cyy .
However, a careful look at the proofs shows that such a result holds for any constant C' > C*/2.
Then, Cw,o may not be exactly equal to C* when the sample size n is small. Moreover, we do
not have exact non-asymptotic expressions for Cyy o for the general algorithm 6.1. Using the
asymptotical value of Cy o may lead to an uncorrect algorithm if the size of M,, depends on n
or is infinite, even for large n!

In order to solve this issue, we suggest to choose C' with the so-called “slope heuristics”,
proposed by Birgé and Massart [BMO06c¢| for penalties linear in dimension. Their claim is that
the optimal penalty is twice the minimal penalty, i.e. the one under which the selected model is
obviously too large. With Massart, we extended this result to any shape of the ideal penalty (cf.
Chap. 3). This leads to estimating the shape of pen;y by resampling, and the constant C' with
the slope heuristics. The resulting algorithm 11.1 is described in Sect. 11.3.2.

Overpenalization. When n is small, ¢ is large, or when s is non-smooth, it may be necessary
to overpenalize. The simulations of Sect. 6.5 showed that overpenalization may greatly improve
the quality of prediction (e.g. in the experiments of Tab. 6.2).

This problem would appear even if we knew the “optimal” constant C* such that pen is non-
asymptotically unbiased. Indeed, C* does not take into account the deviations of pen(m) around
its expectation E[pen;q(m)], neither the deviations of pen;q(m) around its expectation. To avoid
the possible overfit induced by these fluctuations, we have to slightly enlarge C'.

The factor 5/4 taken in our simulations is obviously not a universal one (e.g. it is worse than 1
in experiments S0.1 and DopReg). Our proposal is to modify definition (6.2) of pen by replacing
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the expectation by an a-quantile, as follows:
pen(m) = Cinf {t € Rs.t. PV [Poy (B (PVY)) =PV v (Bm (PV)) >t] <a} . (6.17)

Of course, the level a remains to be chosen. With a = 0.5 (i.e. take the median), we obtain
almost the same penalty as (6.2). We do not have any theoretical result nor heuristics for the
choice of a: the amount of overpenalization corresponding to any particular « depends on how
the variance of pen;q(m) increases or decreases with m. The constant C' can still be taken equal
to Cw,c0, Or estimated by the slope heuristics.

Resampling quantiles of the form (6.17) can also be used to derive a (two-sided) confidence
region for the prediction error ( Py (5m)),,en, - Then, we may deduce a “confidence set for m*”
instead of a single model m, and choose the more parcimonious model as m. Such an algorithm
would “overpenalize” more and more when the level a of the confidence region goes to zero.

Such modifications are of course impossible with Mallows’ penalty. This shows one more
drawback of Mallows’ (), for difficult problems. On the contrary, the classical V-fold cross-
validation can be modified in such a way. Further comments on overpenalization are given in

Sect. 2.4.1 and 11.3.3.

6.6.2. Comparison with other procedures. In this chapter, we have shown that Resam-
pling Penalization should work well in almost all “reasonable” frameworks. This robustness is a
key property of RP, which may be used in almost every situation. However, computing the re-
sampling penalties may be quite long, even with a Monte-Carlo approximation, when minimizing
PXV ~(t,-) over t € S, is hard. In such cases, we need some clues for choosing between simple
procedures (e.g. Mallows’) and RP. In particular, for “easy” problems, RP can behave worse
than Mallows’, simply because it is more general. We would like to know what are those “easy”
problems, for which we can avoid long computations.

Mallows’ C),. Mallows’ penalty is equal to 202 D,,n~! for a model m of dimension D,,. Non-
asymptotic results about Mallows’-like penalties can be found in [BBM99, Bar00, Bar02].
They imply that Mallows’ penalty is asymptotically optimal in the homoscedastic framework,
when M., is not too large.

When the (constant) noise-level ¢ is unknown, one has to estimate it. Introducing artificially
a model S|, of dimension |n/2], Baraud [Bar00, Bar02] suggests to estimate o with

52 — d? (}qnastn/ﬂ) 7 (618)

n—[n/2]
where Y1, = (Yi)i<i<n € R™ and d the Euclidean distance on R™. He then showed that this
data-driven model selection procedure has some adaptivity property in both the fixed-design and

random-design frameworks.

Assume for the sake of simplicity that n is even, and choose S, /5 such that each piece of the
associated partition contains exactly two data points. Reordering the (X;,Y;) according to Xj,
we then have

n/2 2 2 n/2
R 2 Yo 1+ Yo Yoi1 + Yo 1
0'2:_2((}/21'1_%) +<Y21—%> ) Z—Z(Y%—Yzi—l)Q
" i=1 n i=1
n/2
2D
hence: penMa.llows(m) = ngm (YZZ - }/22'71)2

=1
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Since
E [(Ym — Yai1)? ‘ Xoi, Xoi1] = 0(X2:)? + 0(Xoi_1)2 + (s(Xo;) — s(Xoi_1))?

we obtain that

/2
2 PN 2D, <
EM [penyalions(m)] = - Y (Dmbr) (03)% + an > (s(X2) — 5(X2i-1))”
AEAM, =1

When s is smooth, the second term is negligible in front of 2n71 %7, ) (af)2 (see (6.6) in
Sect. 6.3.2). This means that Mallows’ penalty does not take into account the bias component of
penyq-

On the other hand, the variance component of pen;y (which is the main one in general) is
deformed in penyy,jows- The penalty part corresponding to I is multiplied by D,,py, which may
not be close to 1 when the model m is not regular w.r.t. £(X). This happens for instance in the
experiments S2 and HSd2 in Sect. 6.5.

These two main differences between Mallows’ (), and Resampling Penalization enlightens
several “hard” problems:

e heteroscedastic noise, with irregular histograms and X uniform (e.g. S2, HSd2 or Svar2
of Sect. 6.5),

e heteroscedastic noise, with regular histograms and X highly non-uniform on X,

e regression function s with jumps (e.g. HeaviSine) or non-smooth areas (e.g. Doppler).

In either of those cases, one should avoid the use of Mallows’-like penalties, and we suggest RP
as an efficient alternative. We show below that the first class of problems can make any linear
penalty unefficient.

Linear penalties. The simplicity of Mallows’ C), comes from the fact that its shape is fixed a
priort as linear in the dimension D,, of the models. Thus,

pen(m) = KD,,
and there is only one constant K to determine. In the case of Mallows’, we take
[?Mallows = 2a2n_1 or 28271,_1

if the mean variance level ¢ is unknown. Following the slope heuristics of Birgé and Massart
[BMOG6c|, one can also define a data-dependent constant K slope With steps 3 and 4 of algorithm 3.1
(a‘nd penshape(m) = Dm)

However, in view of (6.6), the ideal penalty is not linear in general, even in expectation. We
show in Chap. 4 that these linear penalties can fail, in the sense that they can not satisfy an oracle
inequality with a constant smaller than some x > 1. See Sect. 4.3 for a theoretical result, and
Sect. 4.4 for experimental evidence. In particular, we consider in Sect. 4.4.2 the experiments of
Sect. 6.5, and it appears that in experiment HSd2, even a linear penalty using both the data and
the unknown distribution P is less efficient than all the V-fold and Resampling Penalties. In HSd2,
linear penalties are even worse than the classical V-fold cross-validation with V' € {5,10,20 }.

Thus, in difficult situations such as HSd2, Resampling Penalization is an efficient alternative
to linear penalization.

Refined versions of Mallows’. In least-square regression and other frameworks, several penal-
ties have been defined as refinements of Mallows’ Cy,, in Gaussian frameworks (Barron, Birgé and
Massart [BBM99|) as in non-Gaussian ones (Baraud [Bar02|). Basically, when Card(M,,) is
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polynomial in n, these penalties are linear in D,,. So, they have at least the same drawbacks as
the optimal linear penalty above.
When Card(M,,) is larger (e.g. exponential in n), one has to take a larger penalty of the form

pen(m) = K Dy, <1+cln (D%)) :

as in Birgé and Massart [BMO06c¢| or Sauvé [Sau06]. With such a family of models, one can not use

Resampling Penalization without modifications. Indeed, uniform deviations for pen(m)—pen;q(m)

derived from the union bound may be too large, so that the model selection procedure can fail.
In order to solve this issue, we propose to apply algorithm 6.1 to (§D)1§D§n instead of

(Sm)me_/\/(n, Wlth
Sp = U Sm .
Dp=D

This new model selection problem satisfies the polynomial complexity assumption. By grouping
models according to D,, (or any other natural index of complexity of S,,), we allow the Resampling
procedure to detect the complexity of M, through the complexity of each S p. However, our
results for histograms cannot be extended to this case since Sp is not an histogram model, but
only a union of histogram models with the same number of pieces. Results in this framework
would be very interesting, since they could be applied to CART algorithm (defined by Breiman
et al. [BFOS84]; cf. also [ST06]).

Ad hoc procedures. One of the main points of Thm. 6.1 and 6.2 is that Resampling Penalization
works in an heteroscedastic framework, contrary to Mallows’ C),. However, it is possible to
adapt Mallows’ penalty to heteroscedasticity, for instance by splitting X into disjoint subsets
(Xk)1<k<k,- Then, replace o>D,, by ZkK:”l oszk, where o}, and D, are local indexes for
the noise and the complexity of S,,. Choosing K, such that both K, and nK, ! go to infinity
with n, we obtain a procedure that is (asymptotically) optimal in the histogram case if o is
Lipschitz with a finite number of jumps. In the least-square regression framework, Galtchouk and
Pergamenschikov [GP05| defined another procedure that is minimax in the heteroscedastic case.

Those two procedures may perform a little better than resampling penalization. We call them
“ad hoc” because they are specially designed for the heteroscedastic case and a particular family
of estimators. On the contrary, Resampling Penalization is a general-purpose device. It was
neither built to be adaptive to heteroscedastic noises, nor to take advantage of a specific model
(regression, histograms).

When no information is available on the data, or when no known algorithm can make use of
such informations, we suggest the use of RP. Moreover, it may happen that informations available
are partial or wrong. Then, using an ad hoc procedure may be catastrophic, whereas a general
device like RP would still work. In a nutshell, choose RP if you have no useful information or if
you do not trust them.

Other model selection procedures by resampling. The most well-known resampling-based model
selection procedure is cross-validation. For practical reasons, it is often used in its V-fold version,
which may have some tricky behaviors, in particular when V' has to be chosen [Yan07|. This can
also be shown in our simulation experiments (Sect. 6.5, Tab. 6.2): in HSd1, V' = 2 is better than
V € {5,10,20}. In Chap. 5, we explain this phenomenon by some bias of the V-fold criterion,
that strongly depends on V. We also use Resampling Penalization for defining an alternative to
V-Fold Cross-Validation which does not have this drawback. This enlightens one of the main
benefit of using a penalization method like RP, that is flexibility.
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There also exist some bootstrap model selection procedures [Sha96, Shi97|. As noticed in
Remark 6.3, the ones studied in [Shi97| are quite close to RP, although stated in a less general
form. In particular, they are restricted to Efron(n) weights, which have been shown to be the worst
ones in our simulations. A second main improvement of RP is the use of a parameter C' in front of
the penalty. This allows to disconnect the choice of the weights from the overpenalization problem.
For instance, inconsistency results of Shao [Sha96| with Efron(q) weights can be prevented by a
wise choice of C, without changing q.

6.6.3. General frameworks, including classification. Our results on Resampling Penal-
ization are restricted to the histogram case, so that we can wonder whether it still works in general
frameworks. First, notice that algorithm 6.1 can be applied (maybe up to some little modifica-
tions, like for histograms) to any model selection problem. Then, it relies on the resampling idea,
which is known to be quite robust in a wide variety of situations. Our Thm 6.1 and 6.2 show that
RP is actually robust to heteroscedasticity in regression, whereas it has not been built for this.
These are the main reasons why we expect RP to have such robustness properties in many other
frameworks: least-square regression on general models, binary classification (e.g. with margin
conditions), and so on.

In the classification case, there is another reason why RP should work. Indeed, when some
margin condition holds (introduced by Mammen and Tsybakov [MT99]), penalization methods
based upon global penalties such as Rademacher complexities are much too large, because they
estimate

penyq z(m) = tse%p {(P—=P,)y(t)} instead of penyg(m)= (P — P,)v(5m) -
This is no longer the case with localized penalties (e.g. local Rademacher complexities), that take
into account the closeness of s,,, and s. Recent results [LW04, BBM05, Kol06| have shown that
these localized penalties really estimate pen;q(m) and not its global upper bound pen;y 4(m), so
that the resulting algorithms can benefit of the margin condition.

With RP, we precisely try to improve Fromont’s bootstrap penalties [Fro04| by estimating
pen;q(m) instead of penjy,(m). Then, RP can be considered as local penalties. One major
drawback of local Rademacher complexities is their dependence on huge or unknown constants
(see Sect. 2.2.1, page 77; in particular, they are not margin adaptive, as noticed by Koltchinskii
[Kol06]). This calibration problem seems much easier for RP, since C' can be chosen as described
in Sect. 6.6.1. As a consequence, we can conjecture that RP (e.g. combined with the slope
heuristics, as in Algorithm 11.1) is adaptive to the margin condition. A rigorous proof of this
fact would of course be of much interest. We draw in Chap. 7 some possible ways towards such a
proof.

Remark also that the computational cost of RP is much smaller that the one of local Radema-
cher complexities. Considering that the V-fold penalties introduced in Chap. 5 also belong to
the RP family, we have built some local penalties which greatly improves on local Rademacher
penalties from the computational viewpoint.

6.6.4. Conclusion. This chapter intends to help the practical user to answer the following
question: when shall we use Resampling Penalization? To sum up, we list below the advantages
and drawbacks of RP ws. the classical methods.

Advantages of RP.

e generality: well-defined in almost any framework.
e robustness and versatility: perfect for the cautious user.
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e adaptivity: to several properties, e.g. heteroscedasticity and smoothness of the target.
o flexibility: possibility of overpenalization, either for non-asymptotic prediction or for
identification.

Drawbacks of RP.

e computation time: one may prefer V-fold algorithms, VFCV or penVFCV (see Chap. 5).
e possibly suboptimal in easy cases (against Mallows’ C},) or in some particular frameworks
(against ad hoc procedures).

6.7. Probabilistic tools: expectations of inverses

In this section, we give some results that may be interesting independently from the resampling
penalization method. When computing the resampling penalty for some classical resampling
schemes, the quantity

e, = ez(z) =E[Z]|E [Z_l | Z>0]
appears (in Rj w ), for some random variables Z with Binomial, Poisson or Hypergeometric laws.
The binomial case also appears for a comparison between

E[P(y(5m) =7 (sm))] and E[Py (7 (sm) =7 (5m))]

Such quantities have been considered several times (for instance [Lew76| consider general Z,
and [JZ04, Zni05| investigate the case of Binomial and Poisson random variables). However,
these results are either asymptotic or too general to be accurate. In this section, we give some
non-asymptotic bounds on e}, from which we can recover some of the well-known asymptotic
results.
We first introduce another interesting quantity closely related to e}:
€y = €tz = E[Z]IE[Z M z50) = €fP(Z > 0) . (6.19)
It is useful to notice the following general lower bound, which is a straightforward consequence
of Jensen’s inequality: if P(Z > 0) > 0, then
e, >P(Z>0) . (6.20)
We used non-asymptotic concentration inequalities to derive the following upper bounds.

6.7.1. Binomial case.

LEMMA 6.1 (Lemma 5.3 in Sect. 5.6.1). For any n € N\ {0} and p € (0;1], B(n,p) denotes
the binomial law with parameters (n,p). Denote kg = 5.1 and kg = 3.2. Then, if np > 1,

Ka A (1 + /ig(np)fl/ll) > eg(n,p) >1—e " . (6.21)
As a consequence,
: +
npligkloo Blnp) = 1 - (6.22)

Notice that when p = 1/2, we can improve a little this result (see Lemma 8.14 in Sect. 8.7).
This is useful for estimating 1 Rad-

6.7.2. Hypergeometric case. Recall that an hypergeometric random variable X ~ H(n,r,q)
is defined by
(k) (k)

(a)

LEMMA 6.2. Let n,r,q € N such thatn>r>1andn>q>1.

Vke{0,...,qNr}, P(X=k) =
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(1) General lower-bound:
qr
iy 2 1~ Lrcngexp (—;> (6.23)
(2) General upper-bound: Let € € (0;1) and r5(e) = 0.9+ 1.4 x 2.
2
If r>2 and ES(l—e) !
q 2+ /3(r+1)In(r)
n [In(r)
Then, e;(nmq) <1+ I€5(6)E 5 (6.24)
(3) “Rho” case: if n > 2,
TN S PY {Somizn t < .
212111) { X, 2)) } <14.3 and rs;gpg i 2]) | < 3 (6.25)
(4) “Loo” case:
1> 1 (n — 1)7‘ 1,4
14+ —="_>¢f =14+—- —==1 —-1)>1- . 6.26
+ n(r — 1) = e7—[(n,r,'n,—1) + n <n(7” — 1) r>2 = " ( )
(5) “Lpo” case: ifn>r>n—q+12>2,
rn"—4
> ef >1. 6.27
(/r-n-i—q)n(q.i—l) —eH(’l’l,T,q) - ( )
In particular, if sup;, {nkqgl A (ng — qk)} < 400 and ng > 1 — 400, we have
: + _
kl{rfoo {eH(nkﬂ’kﬂk)} =1 (6.28)
6.7.3. Poisson case.
LEMMA 6.3. For every pn > 0, P(u) denotes the Poisson law with parameter p. Then,
_ _ 2(1 +e3)
1,5161V(1—e* §e+ < (2-—2e 2”/\(1—1—7) 6.29
Bz ( ) P(u) ( ) (,U _ 2)+ ( )
As a consequence,
: +
,U,EIEOO €py = 1 - (6.30)

6.7.4. Numerical illustration. For those three cases, we computed numerically eJZr for

6.8. Proofs

several values of the parameters. The results are given on Fig. 6.7 (binomial case), 6.8 (hypergeo-
metric case) and 6.9 (Poisson case). It seems that the true absolute upper bounds are quite close
to 1 (maybe lower than 1.4), and the asymptotic behaviour appears for rather small values of n.

In the following, when we do not want to write explicitly some constants, we use the letter

is written Ly, 5. of L(p1,..

within the same line”. When L is not numerical, but depends on some parameters p1, ...

L. It means “some positive absolute constant, possibly different from a line to another, or even
s Dk 1t
.,Pk). When L depends on the constants that appear in a set (A)
of assumptions, it is written La).

6.8.1. General framework. We first need to introduce some notations and assumptions.
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13p

-
IS
1

— n=1000

12r

-
w
T

11F

.
N

-
N
T

-

Einv(n,r,Efron (n))
Einv(n,r,H.-0. a. (floor(n/2)))

09H
— n=100000

/ —n=5

| n =200

0.8
“ 0.5

07 . . . . . . . . . ) 0.4 . L L L L . . L ]
0 10 20 30 40 50 60 70 80 90 100 0 2 4 6 8 10 12 14 16 18 20

F1GURE 6.7. eg(nm) as a FIGURE 6.8. e;(n,L%J,r) as
function of r = np, for n € a function of r, for n €
{4;10; 20; 50; 100; 200; 103 }. {5;200; 10°}.

0 20 40 60 80 100

FIGURE 6.9. Inverse moment e;(u) of a Poisson variable for p € [0;100].

Notations. When m € M,,, ¢ > 0 and Z is an arbitrary random variable, we define
pi(m) =P (v (5m) =7 (sm))  p2(m) = P (v(sm) —7(5m))
Mg = [V = s (X) g0 = BY = sm(X)|7| X € L)
1ZI§) = EM (1277 = E[127] (Lxieni<izn aenn ]!
and Vo >0, ¢(z) =ze * v1(z) =p(x V1) .
In the histogram case, it is convenient to replace pa(m) by
) = palm) + = 32 (o) + @92 ) Lo

n
AEAM

Then, if minyep,, {npy} > 1 (which will always be assumed in practice),
pa(m) =pa(m)  and  E* [py(m)] = E*m [pa(m)] = E [pa(m)]

Inside expectations, we will often write py instead of pa(m) by convention. When minyen,, {npy }
is large, this does not make much difference.
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In a similar way, we define p;(m) as an alternative definition to p;(m) (see Sect. 5.7.2, where
other conventions zﬁ(T), T > 0, are also defined). This is more crucial than for pa(m), since p;(m)
is not well-defined when minyey,, {npy} = 0.

Bounded assumption set (Bg).

There is some noise: [[o(X)|, > 0.
(P1) Polynomial complexity of M,,: Card(M,,) < cpyn®*M
(P2) Richness of M,,: Img € My, s.t. Dy € [V/1; Crich /1]
(P3) The constant C is well chosen: nCy,o > C > Cyy 0.
(P4) The weights are exchangeable, among Efr, Rad, Poi, Rho and Loo.
(Ab) Bounded data: [|Y;||,, < A < o0.
(Am¢) Local moment assumption: there exists ag,& > 0 such that for every ¢ > 2, for every
m € M,, such that D,, > Dy,

\/D Z)\GA m
Z)\GAm

(Ap) Polynomial decreasing of the bias: there exists 1 > (33 > 0 and C];r, Cy > 0 such that,
for every m € M,

Pt ( e

< apq

Cy D < (s, sm) < CF D2
(Aq) For every m € M,, such that D,, > Dy,
E 1 2
o = "Elra(m)] _ 1§ [(o;)2+ (o4) } > 5> 0

D D
m M NEAm

(ArX) Lower regularity of the partitions for £(X): there exists ci{e > 0 such that for every
m € My, Dmminyep,, px > ¢

Unbounded assumption set (Ug). We remove (Ab) from (Bg), and add

(Ao max) Noise-level bounded from above: 0?(X) < o2
(Asmax) Bound on the target function: |[s|| ., < A.
(Am e) Upper bound on the local moments: there exists a, ,§g > 0 such that for every m € M,

< 400 a.s.

max

+
ma {my} < a; g

(Ag,) Global moment assumption for the noise: there exists a,£ > 0 such that for every ¢ > 2,

P9(q) = |lell, < ageq™
(Ad) Global moment assumption for the bias: there is a constant ¢} ,, > 0 such that, for
every m € M, of dimension D,, > Dy,
Is = smllog < €A m 15(X) = sm (X))
General result.

LEMMA 6.4. Let n € N\ {0}, 70 > 0 and m given by algorithm 6.2. Assume that either (Bg)
or (Ug) holds with constants independent from n.

Then, there exists a constant K (that depends on o and all the constants in (Bg) (resp.
(Ug)), but not on n) such that

I(5,55) < | 20 — 1+1n(n)—1/5] it {U(s5m)) (6.31)
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with probability at least 1 — Kin="7°,
The proof of this lemma is made in Sect. 6.8.5.

REMARK 6.7. In the infimum in (6.31), there may be some m € M,, such that §,, is not well
defined. We took by convention I(s,s,,) = 0o in those cases.

From the proof, there is a constant ¢ > 0 (that depend on ax, v and cfe) such that every
model of dimension smaller than en (In(n)) ™! belongs to M., on the event where (6.31) holds.
For each of these models,

U(5,5m) = 1(s,5m) + 51 (m) = U5, 5m) + Bi(m) = (s, 5m) + 514 (m)
so that we can then restrict the infimum to models of dimension lower than cn (In(n))~" with

any of these conventions for I(s, 5y,).

6.8.2. Proof of Thm. 6.1. We apply Lemma 6.4 with 79 = 2. In order to deduce (6.11),
it remains to show that (Ap ¢) and (Aq) are satisfied. This is true with Dy = 1 since for every
m e M,,

4
VD Daen M Y - a1, _ A2

Pr(q) : < =
" 2 reAm m%,)\ minyep,, { (03)2 } Oihin
1 2
A = 3 [0+ (of)’] 2 o
™ XeAm

Let ©,, be the event on which (6.11) holds true. Then,
E[l(s,5m)] =E[l(s,57)1a,] + E [1(s,57)Lac |

§[2n—1+6n]E[ inf {l(s,/s\m)}}+A2K1P(Qfl)

mGMn

which proves (6.12).
Remark that (6.12) also holds with M,, replaced by

{m e M, s.t. Dy, < c(am, cfe)nln(n)fl}

and the convention p;(m) = p;© (m).

6.8.3. Proof of Thm. 6.1: alternative assumptions.
Without (An). When o(X) is allowed to be zero, we only need another proof for (A, ¢) and

(Aq).
4
P () — v/ 2oaenn Mg A - 1Y = sm(X)]1% _ A
i VORQE T QW T QW
2 2( d \2 q- 2 2
o K d X
oo > | ||2LC2(Leb> K (Cr,ul))m:a‘m( L ”;TZ(DX)HOO (cf. Lemma 6.13).

Thus, (Amye) and (Aq) hold true uniformly on models m € M, such that Dy, > Dy = L(Bg).

Unbounded case. We still use Lemma 6.4, but the proof is a little longer.
Pathwise oracle inequality. We prove it for a general 7y (since we need it for the classical
oracle below). We have to prove (Am¢), (Aq), (AL ,), (Ag.) and (AJ). The four first ones are

m,/
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almost straightforward: for every m € M,

4 2
Pl (g) = \/m - (24 + Cgauss/qOmax ) < Logounr o, Al

VDaQE Qi B @
Q(p > Umm
max {mq)\} < HS - SmHOO + O'maxcgauss\/a < (2A + cgaussgmax) \/a

AEAM,
Pge(Q) < Umaxcgauss\/a .
For the last one, we use Lemma 6.14 (with (Al), (Ar,y) and (Ad,)) which shows that
CgA,m < L(ug) it Dy > Do = Leug) -

Classical oracle inequality. Let €2, be the event on which (6.11) holds true with 79 = 6 4+ aq.
As in the bounded case, we only have to upper bound

EAm [1(s,57)00e | < /P(Q)\/EA [i(s,55)?] by Cauchy-Schwartz

< \/Kln_VO/Q\/EAm 211512 + 20 ()2

e ENE P ore ey
mG./\/ln

For every m € M,,, we have to compute EA=[(py(m))?] (and derive a bound on it, even very
poor). Starting from (5.19) in Sect. 5.7.2, we have

1 m\’ Sii PAPN
EAm m)?] = = E (A—> EAm E Xm2 m2
[pr(m)”) n? (nPA n2 Dapy 2R

Aehy \PA AEN
Sii
Am , 2 2
< Z E [(nﬁ,\)Ql + Z (Umax (2‘4) ) < Dy Lug) < n”Lug)
AEAm AEN

since

EA™

4
s 1 [(Exenmi-m) _ iy 0dr — i,
(npx)?

(nDx)?  npa npx
and Dy, Y mpy < (aeqé )2(Uﬁqax+(2A)2)2 '
AEA,
Using that Card(Mp) < cpn®, we obtain
EA [U(s,87)qe | < Laggn!Tem0)/2
which proves (6.12).

6.8.4. Proof of Thm. 6.2.

Non-constant regression function. First assume that s is non-constant, é.e. variay s > 0. We
start from the classical oracle inequality of Thm. 6.1, with M, reduced to models such that
Dy, < cenln(n)~! (¢f. the remark at the end of the proof of Thm. 6.1). This is possible since (P2)
holds with ¢y, = 2%, (ArX) holds with ci{e =X and (Ap) holds with

Cy = L(a, R,diam(X), k, variax(s)) >0  Cf = R?
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r=kt4at—(k-1Dk"ta [=2ak™!
(see Lemma 8.20 in Sect. 8.10). Thus,

Efli(s,5m)] <[2n—1+ En]mEM igf e {l(s,sm) +E [ﬁ(o)(m)] } + A2Kin~2 .
nyPmS gy

Let T € N and m = m(T) € M, be the model of dimension D,, ~ Leb(X)T*. Then,
I(s,5m) < R*T2

B[00 ] < sup e x = S <<U§>2+ (“§>2)

AEAM

2 2R2T122 952 D
Ll mreee e < + 2aaDn
n AEAm " "

where the bound on eOB( ) comes from (5.60).

n,p
We now take
2%k —2k

S Bai - 2a+k
TF ~ R3atkpnIatk oot

which is smaller than cn(In(n)) ™' if n > Ly g opace- Since E[I(s,55)] < A2, we obtain (6.13) by
choosing K3 = K1 V (AL o 0maec)-

When (Ao) holds, when m = m(T), for every A € A,, such that there is no jump of o on I},

2
(oh)? < H}?XO’Q < (% + \/Lebl()() /XUQ(t) Leb(dt)>

K2 1+
§(1+9 1)ﬁ+m/2602(t)146b(dt)

for every 6 > 0.
If o jumps on I (and there are at most J, such \), we simply bound maxy, 02 by 02,,.. As
a consequence, taking § = T~ we get

IA

E[n®m@)]| <= | BT+ Y (o)

AEAM
_ 2
- 9 R2T1 -2 N 2Dm (7|72 (reb) , L)
n n n
and the end of the proof does not change.

Constant functions. The case of constant functions has to be considered separately, since
(Ap) is no longer satisfied. Indeed, constant functions are too well approximated by histograms
and thus lead to select models of rather small dimension (the optimal dimension being one). We
will show that they are estimated at the rate (In(n))Xn~! for some x > 0, which is faster than
n~P for any 3 < 1.

Upper bound on Dj;,. Consider 2, -, defined in the proof of Lemma 6.4 (see Sect. 6.8.5) with
Yo = 2. As in the proof of (6.34), we have for every m € M,, such that D, > In(n)st1,

crit(m) = pen(m) — pa(m)

> (i L 1n<n>f) Q) In(n)S+in
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—LavyIn(n)
- )
Let m; be the model of dimension 1 (it belongs to M, on Q, ~,). Then,

and 0(m) >

crit(my) = pen(my) — pa(my) < LiBg) ln(n)&HE [p2(m1)] < LBg) lIl(?”L)famaxn_1

Then, if n > Lpg), D < In(n)**1.
We now have

E[1(s,5m)] = E [I(s,5m)10,,,, ] + E [1(s.55)10; |

< Y Ea%mie,, |+ AR@,)

1§Dm§1n(n)5+1
A2 4o
_ oy P one) | g
1< D <In(n)é+1 n

e

k —2« —
< L(Bg) ln(n)f‘Hn_1 < R2§+kn2a+k oot + Lpg)n

if n > L(pg). Otherwise, we enlarge the constant K3 so that Kan=1 > A2

6.8.5. Proof of Lemma 6.4. We first give the complete proof in the bounded case. Then,
we will explain how it can be extended to the unbounded case.

Bounded case. For each m € M,,, we have
l(57§m) = Pn'Y(/S\m) +p1(m) +p2(m) - 5(m) - P’Y(S) .
By definition of m, for every m € M\n,
Poy(8m) + pen(m) < Poy(Sp) + pen(m)
so that
I(s,5m) — (peniq () — pen(m)) < I(s,5m) + (pen(m) — penjg(m)) . (6.32)

with penfy(m) = pi(m) + pz(m) — (m) = pen(m) + (P — Py)(s)-

Let v = v9 + anr. For every m € M,,, define

(m) = min {npy}  an (m) = min {np,}
We now define the event €2, ., on which the following hold:
e for every m € M,, such that D,, > Dy, A,(m) > 1 and B,(m) > 1:

n(n)éett
[pen(m) — E* [pen(m)]| < LMBQ%E [pa(m)] (657
§z+2
pi(m) > E[pi(m)] - Ly (g [ LB, }E[m( ) (6.58)
Fi(m) < E[fi(m)] + Loy g [ Dy, LBn]E[pz<m>1 (6.59)
( )§e+1
pa(im) = Blpa(m)] < Lo o) s pa(m)] (6.60)
)| < 5224 L g O ) (6.62)
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e for every m € M,, such that D,, > Dy, A,(m) > 1 and B,(m) > 0:

- 1 L(ag,&,~) In(n)%+2 ~
i) 2 (5o - e Ve ) (66
e for every m € M,
Ap(m) > B”ém) — 92(y + 1) In(n) (6.67)

From Prop. 6.9 (for p; and ps), Lemma 6.10 (for §(m)), Prop. 6.8 (for pen), Lemma 6.12 (for
Ap(m)), we have

P(Qnqp) >1—L Y n 07 M>1— Licy)n ™ .
mGMn
If D, < L%Cﬁnln(n)_l, then, (ArX) implies that B,(m) > L™V (1 +4(y+1))In(n). As

a consequence, on {2, ~,, for every m € M,, such that Do V (In(n))?¢+t7 < D,, < mexinln(n)_l:

B

8(m)| , [pen(m) — E* [pen(m)]| }

< Lo, E[Us; 5m) +pa(m)]

- In(n)
and A,(m) > In(n). Using Prop. 6.5 (and the non-asymptotic bounds given within its proof,
since minyep,, {npa} > In(n)) and (6.10) (¢f. Lemma 5.6 in Sect. 5.7.2),

(2 — Lln(n)_1/4> E [pa(m)] < EAm [pen(m)] < (277 + Ly, 111(”)_1/4> E [p2(m)]

max { [p1(m) — E [p1(m)]], [p2(m) — E [p2(m)]],

(1= Ln ") E[fi(m)] < E[ps(m)] < (1+ Lin(n) ") E[i(m)] .

We deduce: if n > Ly, (), for every m € My, such that In(n)%+7 < Dy, < L, x nin(n) ™!, on

Qnﬁo ?

—L L
70,(Bg) 70,(Bg)
7111(;;)1/4 p1(m) < (pen — penjy)(m) < [2(77 - 1)+ ln(on)l/‘l} pi(m) .

We need to assume that n is large enough in order to upper bound E [p2(m)] in terms of pi(m),
since we only have

pim) = |1 - 5280 g ()

in general.
Combined with (6.32), this gives: if n > L, Bg),

~ L ) B
(s, Sm)]lln(n)%ﬁ@Dmngx nln(n)~1 < [277 -1+ ln'y((;l()li
ot - (6.33)
X inf {1(s,8m) } -
1

meMy s.t. 1n(n)2§E+7§DmSL,Y X nin(n)~
r,l

Define the oracle model m* € argmin{[(s,S,,)}. We prove below that for any ¢ > 0, if n >
/

L., (Bg),c» then, on an event of probability at least 1 — L(caq)n=°,

n,%0
In(n)* < Ds, < enln(n) ™! (6.34)
In(n)* < Dy < cenln(n)™t  with £=12¢+7 . (6.35)

The result follows since L, Bg) In(n)~* < ¢, = In(n)~/® for n > L., Bg)- We finally remove
the condition n > ng = L, g by choosing K1 = L. gg) such that King” > 1.
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Bounded case: control of Dg, and Dy,~. We first state three additional concentration inequal-
ities:
(1) From the proof of Prop. 6.9 (¢f. Sect. 5.7.4), we have for every m € M,, and q > 2,
. (Am) _ Lq
Ip2(m) = BN o ()| < == [ 3 mi,

AEA,

< LvDma L\/D,, /.

n /\eA {m2q’)‘} S

Hence, on an event of probability at least 1 — Ln™7,

LayvVDyIn(n) < LayDy,In(n)
- < .

n

LavDing
n

pa(m) < E [py(m)] +

(2) From (6.63) with n = /In(n)/n, for every m € M,,, there is an event of probability at
least 1 — Ln~7 on which

16(m)| < (I(s,5m) ) + LyA?) “ln < La,

We then define €, . the subset of €2, ,, on which (6.36) and (6.37) hold for every m € M,,.

n,70

Since v = 9 + ap and Card(M,,) < cpyn®M, P(Q) ) >1- L(cM)n .

n,70

(6.36)

(6.37)

PROOF OF (6.34). By definition, m minimizes crit(m) over M.,,. It thus also minimize
crit’(m) = crit(m) — Pyy(s) = I(s, $m) — p2(m) + 6(m) + pen(m)
over M,,.
(1) Lower bound on crit’'(m) for small models: let m € M,, such that D,, < (In(n))*. We

then have, on €,

U(s,5m) = Cy (In(n)) "¢ by (Ap)
pen(m) >0
In(n)&tt
Po(m) < Loy mg D by (6.36)
- In(n
(5(m) > _L'yo,(Bg) 7(71 ) by (6.37)

so that
crit! (m) > Lipg) 5o (I1(n)) "0 if n> L gy

(2) Lower bound for large models: let m € M, such that D, > en (In(n))™*.  Since
Ap(m) > 3, Lemma 6.6 shows that

EA" [pen(m) — pa(m)] > 2]

Then, on €, ., (6.57), (6.60) and (6.62) imply
1

pen(n) — pa(m) = ( § = Loy gy en™'* ) Bla(m)]
> Lc,cé In(n)™* when n > L., (Bg).c

- |
and d(m) > —LBg),c n(n) ,

n
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so that

crit’(m) > pen(m) + 8(m) — pa(m) > L, (Bg) In(n) ™"

When n Z L’YO7(Bg)7C'
(3) There exists a better model for crit(m): From (P2), there exists my € M,, such that
V1 < Dy < Griecny/n. If moreover n > L. | e,

cn
ln(n)g < \/ﬁ < Dmo < Crich\/ﬁ < m .

Using (Ap),
1(s, Smy) < C];rn_ﬁ2/2
so that, when n > L, Bg),
crit’ (mo) < U(s, Smo) + |6(m)| + pen(m)
—B2/2 —-1/2
< Ly, (Bg) (n S )
If n > L, Bg), this upper bound is smaller than the previous lower bounds for small

and large models.
O

PROOF OF (6.35). Recall that m* minimizes [(s,S,,) = (s, $;m) + p1(m) over m € M,,, with
the convention [(s,s,,) = oo if A,(m) = 0.
(1) Lower bound on I(s, ) for small models: let m € M,, such that D,, < (In(n))*. From
(Ap), we have
1(5,3m) = (5, 8m) = Cy (In(n)) "¢ .
(2) Lower bound on I(s,3,,) for large models: let m € M,, such that D,, > cn(In(n))~! and
Ap(m) = minyep,, {npr} > 1. From (6.61), for n > L, gg) ..,

_ 1 _ .
pi(m) > - — L(ag, &,y 0n™ " | E[pa(m)] >
24+ (y+1) (cffg) In(n)
so that  I(s,5m) > L(Bg),c In(n)~2 .
(3) There exists a better model for I(s,s,,): let mg € M, be as in the proof of (6.34) and
assume that n > L., .¢. Then,

p1(mo) < Lipg) 1oE [p2(m)] < Ligg)on

and the arguments of the previous proof show that

which is smaller than the previous upper bounds for n > Lgg) ,c-

O

Unbounded case. The proof of the bounded case has to be slightly modified. In the definition
of 2, ,, we replace (6.62) by

5y L (ageu €g67 ch’m) $§96+1/2 Jgiax
[3(m)| < = {5m) + 25 Elpa(rm) (6.64)

which holds with probability at least 1 — Ln~" because of Lemma 6.11.
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In the proof of (6.34), we replace (6.36) by

Lyt o+ VD)X +L p o D n(n)2 +1
pa(m) < EM [po(m)] + 5 < Lwg D In()7 (6:38)

n n

To prove that (6.38) holds with the same probability, we use (A ,) instead of (Ab) to upper
bound

2 _oet ot
max {0} < (af )22 ¢
and (Aopmax) and (Aspax) instead of (Ab) to upper bound
Dy (02 + 44)

max

EA™ [pa(m)] <

n
Then, we replace (6.64) by
‘S(m)‘ <L (agea 6967 A7 Omax ) 'Y) ln(n)595+1/2 (665)

which comes from Lemma 6.11 (and does not use (AJ)).
The proof of (6.35) remains unchanged.

6.8.6. Resampling constants. In this section, we prove the statements of Sect. 6.3.3, in
particular the ones of Tab. 6.1. Using Lemma 5.7 of Sect. 5.7.2, this gives completely explicit
formulas for the penalty in the histogram case:

C N . npaSho — 5%
pen(m) = — > (Riw(n,py) + Row(n,py)) ———2= (6.39)
" et npx— 1
with Syp= > (Yi—pB)" fork=1,2. (6.40)

XiGIA

PROPOSITION 6.5. Let W be an exchangeable resampling weight vector among Efr(q,), Rad(p),
Poi(i), Rho(q,) and Loo and Cy, defined as in Tab. 6.1. Let Sy, be the model of histograms
associated with some partition (Iy)ycp ~of X and pen(m) defined as in (6.5).

Then, there exist real numbers 52;;;1\2\/) (depending on the resampling scheme chosen) such that

EA [pen(m)] = —C 3 (2+5$;jw)) <(a§)2+(a;)2> . (6.41)

- C n
W00l Nen

If limsup,,_.. g.n~! < oo (Efr), p € (0;1) (Rad), u > 0 (Poi) or 0 < liminfg,n=t <

limsup g,n~! <1 (Rho), then
spenW) _

,P

lim
n>npy—o0

and ezplicit non-asymptotic bounds are given by (6.42) to (6.47).
PROOF OF PROP. 6.5. From (6.39), we obtain (6.41) with

senW) Cw,oo (R1,w(n,Dx) + Roaw(n,Dx)) —2 .

;PN

Explicit formulas for § in each case come from Lemma 6.7 below. Combining it with
Lemma 6.1 (for Efr and Rad), Lemma 8.14 in Sect. 8.7 (for Rad(1/2)), Lemma 6.2 (for Rho and
Loo) and Lemma 6.3 (for Poi), we obtain the following non-asymptotic bounds:

(1) Efron (g,): let k3 = 5.1 and kg4 = 3.2,

(penW)

(ks —1) A ((fﬁ) > sPenBi(an)) 2 i (6.42)
apx ’
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(2) Rademacher (p):

9 P ZU DN
X (rq — 1) A > gbenad(®) 7€~ 7 (6.43)
1-p (nppy) / A 1-p
91/4
(143 x107%) A (“3 el L s IS (6.44)
(3) Poisson (u):
2 (1 + 673) (penPoi -9 R
AT s geRei0) s 2 (e n 10 ) 6.45
(umpx—2), — ™M b\ pmpa< oL (6:45)
(4) Random hold-out (gy,): let k5(€) = 0.9 + 1.4 x €2
2
If npy>2 and n < (1—e¢) L with € € (0;1)
q 24 /3(r+1)In(r)
2 In(nd —ne—Px
Then, ks5(€) o H(T,L\p)‘) > (57(1pfnRho(q")) > (6.46)
qn(n—qn) | nPx B n—q
(5) Leave-one-out:
]ln@\>2 (penLoo)
— =S >4 > —1,5,—1 - 6.47
np)\ 1 npy =1 ( )
Notice that the lower bound in (6.46) does not require the assumption above. O

A byproduct of the proof of Prop. 6.5 (combined with Lemma 5.6 in Sect. 5.7.2), is the
following:

LEMMA 6.6. Assume that W is a weight vector among Efr, Rad, Poi, Rho and Loo. Let S,
be the model of histograms associated with the partition (Ix)xen,,, p2(m) = Pp (v(sm) — Y(5m))
and pen(m) be defined by (6.39) with C = Cywo (cf. Tab. 6.1). Then, if minyea,, {npx} > 3,

B [pen(m)] > 2EM [pa(m)] (6.48)

REMARK 6.8. For another exchangeable resampling scheme, we would define Cyy o, such that
it satisfies:
e (6.48) with a constant ~ > 1 instead of 5/4
5(penW)
UZY DN
In Tab. 6.1, Cw, always satisfies the second condition, but not necessarily the first one. One
can then change condition (6.48) by replacing the threshold 3 by 7', and use the same value T in

the definition of M\n in algorithm 6.2.

e lim,5 o = 0 as in Prop. 6.5.

In the proof of Prop. 6.5, we use the following lemma.

LEMMA 6.7. Let n € N and py € [0,1] such that npy € {1,...,n}. Then, for every g € N\{0}
(and g < n for the Rho case), p € (0;1] and p > 0,

n . 1 n 1

o = ebun (1= 757) R =3 (1-55) 0
1, 1

Ri Rad(p) = CBnpA D)~ Ry Rad(p) = b 1 (6.50)
1, 1 1 1

A = i (1= 75 aran =3 (1) 0
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n + ﬁ

By Rnota) = € npng) ~ 1 P2 Rno(g) = =1 (6.52)
np. 1
Ry 100 = ﬁﬂn@ﬂ R 100 = 1 (6.53)

where B, P and H are respectively the Binomial, Poisson and Hypergeometric distributions, and
ef =E[Z|E[Z7| Z>0] with Z ~ p.

PROOF OF LEMMA 6.7. Since the randomness of W is independent from the data, we can
assume that the observations with X; € Iy are the np, first ones: (X1,Y1),...,(Xp5,,Yn5,)-
The random vector (W;)i<i<np, is then exchangeable (since W is). By definition of W) =

(npy)~* Z?:ﬁi W;, we deduce
Vie{l,...,npx}, Ew [W;| Wx]=W, . (6.54)
Then, the quantity
Ry (n,mp, Wa, £(W)) = Ry (Wa) = E [ (W; = W3 )| W]
appearing both in Ry w and Raw is the variance of the weight W; conditionally to W).

Exchangeable subsampling weights. We call subsampling weight any resampling weight W such
that W; € {0,x} a.s. for every i. Such weights can be written W; = kl;c; for some random
I c {1,...,n}. Rad and Rho are the two main examples of such weights, and they are both
exchangeable. In their example 3.6.14, van der Vaart and Wellner [vdVW96| call this kind of
weights “bootstrap without replacement”. Using (6.54), we derive that

W)\ :Ew[WZ| W)\] = HP(WZ‘ = H| W)\)
and thus
L(W;| Wa) =rsB(k~'Wy) and  Ry(W)) = Wi(k —W)) .
We then apply this result to Rad, for which x = p~! and L(W)) = (npxp)~' x B(npy,p) and
deduce (6.50). In the Rho case, we have x = (n/q) and L(Wy) = (¢px)"*H (n,nPx, q), so that

(6.52) follows. The Loo is a particular case of Rho (with ¢ = n — 1), so that we only have to

compute e}y, > ). This is done with (6.26) in Lemma 6.2.

Efron (q). Efron weights may also be written
WZ-:gCard{lgqus.t. Uj=i} (6.55)

with (Uj)1<j<q a sequence of i.i.d. random variables, uniform in {1,...,n}. From this, we deduce

PN P n . 1
£OV) = (i) Blap)  and  £(%] W) =25 (apam, )

Thus,

Ry (W)) = 2w, <1 - é)
q npx
and (6.49) follows.

Poisson (u). It is easy to check that the weights defined by (6.55), with ¢ = N, ~ P(un)
independent from the (U;);>1, are actually Poisson (4) weights. This is the classical poissonization
trick. Moreover, conditionally to Wy and N,, = ¢, the same reasoning as for Efron (¢) (with a
multiplicative constant p~! instead of n/q) leads to (6.51). O

6.8.7. Concentration inequalities.
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Resampling penalties. According to (5.19) and (5.26), the ideal penalty is a U-statistics of
order 2, conditionally to (Ix,er,)@ren,,). From the asymptotic viewpoint, this is sufficient to
show that resampling gives a consistent estimate of it ([AG92] treated the bootstrap case; [HJ93|
extended it to general resampling weights). In our non-asymptotic framework, we need more
accurate results, that really use the explicit computations (5.29).

PROPOSITION 6.8. Let W be an exchangeable weight vector and pen(m) the corresponding
Resampling Penalty defined by (6.39). Let v > 0 and A,, > 2. Assume that

Va>2,  Pp(e) < ag® . (Am,¢)
Then, on an event of probability at least 1 — Ln~7,

Ipen(m) — EM [pen(m)]| Tinin, . {npy 154, < CL(as,&0,7)

ln(n)&—"l (6.56)
X SEB {R1w(n,p) + Rew(n,p)} T\/TE [p2(m)]

where Ry w and Ry yw are defined by (6.8) and (6.9).
If moreover W satisfies the assumptions of the second part of Prop. 6.5 and Cy  is defined
as in Tab. 6.1, then

C
[pen(m) — E* [pen(m)]] Luinyc,. {nfy }>An < O—L(%ﬁeﬁ)

100
———FE
with L(Rad(p)) = L x (1 —p)~! and L(W) = L for the other resampling schemes.

(6.57)
x L(W') x

REMARK 6.9. With the Agl/Q factor, we obtain better bounds for resampling penalties than
for ideal penalties. In our particular framework, this is due to the better concentration properties
of Sy 2 compared to 5)2\71 — Sy2-

This phenomenon is classical with bootstrap and may be understood in the asymptotic view-
point through Edgeworth expansions (Hall [Hal92]). In a non-asymptotic gaussian framework,
[ABRO7]| (see Sect. 10.2.3) show the same property for resampling estimators, which concentrates
at the rate n~! instead of n='/2 (n being the amount of data). As A, plays the role of n in our
case, it is reasonable to believe that the gain A, 1/2 may not be improved without some more
assumptions.

This stresses the fact that resampling penalties do not estimate the ideal penalties themselves
but their expectations. Thus, our procedure cannot take into account the fact that pen;q(m) may
be far from its expectation.

PROOF OF PROP. 6.8. According to (6.39), pen(m) is a U-statistics of order 2 conditionally
to (Ix,er,)(i,n)- Then, we use either Prop. 5.5 (in Sect. 5.6.3), with

by = — (Riw(n,py) + Row(n,py))
n(npx — 1) n2px(npx — 1)
or results from [GLZ00|. This proves, for all ¢ > 2,

o — Riw(n,px) + Row(n,py)

[pen(m) — B (pen(m)]| " < Liar, &) D124,/

x sup {Riw(n,p) + Row(n,p)} ¢*T1E [pa(m)]
np>An

We deduce conditional concentration inequalities with Lemma 8.10 (Sect. 8.6.2), taking x =
~v1In(n). Since z is deterministic, this implies unconditional concentration inequalities.
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The second statement follows from the proof of Prop. 6.5, where we can find non-asymptotic

upper bounds on
2 4 5PV

,Px

= Cwo X (Ri,w(n,Dx) + Row(n,py)) -
]

Ideal penalty. We split the ideal penalty into three terms: p;(m), p2(m) and §(m). Concen-
trations inequalities for the two first ones are proven in Sect. 5.7.4, we recall them

PROPOSITION 6.9 (Prop. 5.8, Sect. 5.7.4). Let v > 0. Assume that minyep,, {npr} > B, > 1
and

Vg>2,  Pplq) < ag® . (Ame)
Then, on an event of probability at least 1 — Ln™7,
pi(m) = E[pi(m)] — L(ag, &,7) [% te LB"} E [p2(m)] (6.58)
_ _ In(n)ét? _

i) < B[ ()] + Lan 667) | “d VD [ Blpalm)]  (659)
|p2(m) — Elpa(m)]| < L(ag, &,7) Dy n(n)“H'E [pa(m)] (6.60)

If we only have a lower bound B, > 0, then, with probability at least 1 — Ln~7,

~ 1 ln(n)él+2 _LB :|> ~

> — L(ag, &, . | E . 6.61
film) > (e — L) | S e Fm)] - (661

We now come to §(m) = (P — P,)v(s) + §(m). When the data is bounded, we use Prop. 3.3
in Sect. 3.3:

LEMMA 6.10 (Prop. 3.3, Sect. 3.3). Assume that ||Y||,, < A < oo. Then for all x >0, on an
event of probability at least 1 — 2e™%:

- I(s,sm) 20 A2 EAm[pg(m)]x

|6(m)| < ot 300 VD (6.62)
2r
and ¥n >0, [6(m)| <ni(s,sm) + (% + g) AT . (6.63)

In the unbounded case, we need another concentration inequality for §(m). There are many
strategies for this, since it is a sum of i.i.d. centered random variables. In our framework, the
following result is sufficient.

LEMMA 6.11. Assume that

Vg>2,  P%(q) < agq™ (Ag,e)
[o(X) |l oo < Tmax (Aomax)
Is = $mllos < €A 5(X) = sm(X)l; - (Ad)
Then, for every x > 0, there exists an event of probability ot least 1 — e™* on which
< T5,m($) 01211ax
|6(m)| < N I(s,sm) + o Elpa(m)] (6.64)

with Ts m(x) < L (agﬁ, €ge, ch m) 289et1/2,
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On the other hand, if

Vg>2,  P%(q) < ageq™ (Ag,c)
lo(X)]loo < Omax (Aomax)
[slls <A, (ASmax)
then, for every x > 0, there exists an event of probability at least 1 — e™" on which
15(m)| < L (age, §ge, A, Omax ) 2802 (6.65)

PROOF OF LEMMA 6.11. From Lemma 8.18, we have

IS, < 20 B — B,

with  Fp, = (Y — 5,,(X))? — (Y — 5(X))?
= (sm(X) — 5(X))* = 2e0(X)(sm(X) — s(X)) .

Notice that eo(X)(sm(X) — s(X)) is centered conditionally to X € I for all A € A,,. We thus
have

2V
), < 20

We now use assumptions (Ag ) and (AJd). Then, for all ¢ > 2,

|6(m) H <2f\/_<( )28, 8m) +26Am\/ S, 8m) PI( Umax>L

[5(m) % (s = smll% + 20max s = sl llel, ) (6.66)

Jn
) () [(5:8m) 2 (g 1(85 8m) 0 Pax
< () (@) + 658 (9) z(ss)+%@ forall 6> 0
- \/ﬁ o,m\d o 460 n

with

S§ (@) = 2VR(EA)*VE  SEh(a) = AVREL VP () -

We take 6 = D;Zl/ ? and deduce the concentration inequality (6.64) with the classical link between

moments and concentration (see for instance Lemma 8.10 in Sect. 6.1).
For the second statement, start back from (6.66) and remark that ||s — s, [, < 2A4. O

6.8.8. Technical lemmas.
Empirical and expected frequencies.

LEMMA 6.12. Let (px)aea,, be non-negative real numbers of sum 1, (npx)rea,, @ multinomial
vector of parameters (n; (px)xea,,)- Then, for all v > 0,

minyea,, {npa}
2

/\m/ixn {npr} > —2(y+1)In(n) (6.67)
€Am
with probability at least 1 — 2n~7.

PROOF OF LEMMA 6.12. By Bernstein inequality ([Mas07], Prop. 2.9), for all A € A,

P(nﬁ)\ > (1 —0)npy — \/2npx — %) >1—e 7.

Take x = (v + 1)In(n) above, and remark that /2npr < %2 4 z. The union bound gives the
result since Card(A,,) < n. O
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Bounds for Q,(ﬁ).
LEMMA 6.13. Recall that
1 2
=g 3 |5+ ()]
(1) If 6(X) > omin > 0 (An), then
Q%) > 012111n >0 .

(2) If X C R¥, maxycp,, {diam([))} < ¢ D% diam(X) (Ard), maxyca, {Leb(Iy)} <

r,u’—"m

cruD;t Leb(X) (Ary), and o is piecewise K,-Lipschitz with at most J, jumps (Ao),
then ) )
o3 1ol K2 () Gam@? gy lo(OI,
™= oy 2a, Dy

(3) We also have the upper bound:
2 2
QW < o)l +llsl% -
REMARK 6.10. In 3., [[o(X)]|, > 0 and o is piecewise Lipschitz so that [|o|| 21y > 0. Thus,
the lower bound for Q,(ffz) is positive when D, is large enough.
PROOF OF LEMMA 6.13. The first and last results are straightforward. For the second one,

remark that for every A € A, such that o does not jump on Iy,

(03)? > min {o(X)*} = m /I A o(z)? Leb(dx) — (K, diam([))?

since (a — b)? = a? — 2ab + b* > ‘12—2 —b% and o is K, Lipschitz. There is at most J, other A, for
which

! o ()2
=0z 7/ 2 Leb(dz) — 12 loo
(oy)">0> S Teb(ly) I/\O'(l‘) eb(dzx) .
This implies

Leb(X) . Jo [lo(X)|2

r\2 9 ) , >

2 - D, K o2y JolleXI5
)\g\: (ox)" = 2maxyep,, {Leb(Iy)} HUHLQ(Leb) a/{rel%); {dlam( \) } :
O

Sufficient condition for (AJ).

LEMMA 6.14. Assume that X C R is bounded and:

(Al) s: X +— R is B-Lipschitz, piecewise C' and non-constant (i.e. £s' > By > 0 on some
interval J C X with Leb(J) > ¢y Leb(X), with ¢; > 0).
(Ar;y) Regularity of the partitions for Leb:

YA€ A, gDy Leb(X) < Leb(Iy) < ¢puD;, Leb(X) .
(Ady) Density bounded from below: 3™ > 0, VI C X, P(X € I) > ¢%" Leb(I) Leb(X) L.
Then,
15 = smlloe < €A 18(X) = sm (X))l (Ad)
holds with

if Dy, > 4cr7ucjl .
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PROOF OF LEMMA 6.14. From (Al) and the upper bound in (Ar,,),
s = smllo < Birel%i {diam(l))} = B)]\rrell%)ri {Leb(I))} < Beyy Leb(X)D,)t . (6.68)
For the lower bound, let A7, be the set of A € A,, such that I C J,
$xLeb = Leb(I)) ™! /I s(z) Leb(dx)
A
and o = £(X). Then, using (Ady),

Is = smllF2q > D / (5(x) — spm(z))? ™ Leb(X) ™! Leb(dx)
AEAY, I

> M Leb(X)™1 ) / (5(x) — sx.Leb)” Leb(dz) .
AEAS, Iy

For any A € A/, since s is continuous on Iy, there is some z, € I such that sy Lep, = s(x)).
By (Al), for every z € Iy,
(5(2) — s())? > B3 (z — 23)?

so that
. B2Leb(I,)3 M B2c3 Leb(X)?2
Hs—SmH%z(u) > " Leb(X) ! Z 0 612( \) > X 01;’;)3 () Card (A7)
AEA, m
minBQ 3 L b(X)2

S OX PoGrele cjDm 9

- 12D3, Crou L
Combined with (6.68), this gives the result. O

6.8.9. Expectations of inverses. There is no tight general upper bound, but the following
decomposition may be useful if Z satisfies some appropriate concentration inequality around its
expectation and if there exists ¢z > 0 such that P(cz > Z > 0) = 0:

Va >0, ey =E[Z '14.0]E[Z]
=E [Z "agz)> 250 E[Z] + E [ Z7 M 25057 EZ]
<P(aE[Z] > Z >0)E[Z]c,' +a ! . (6.69)

Hypergeometric case.

PROOF OF LEMMA 6.2. Let Z ~ H(n,r,q). It has an expectation E [Z] =
General lower bound. We first use (6.20) and

piz=0<(1-)' com(-1)

Moreover, if r >n—q+ 1, P(Z > 0) = 1.

A general upper bound. According to (6.19) and the lower bound for P(Z > 0) above, it is
sufficient to upper bound e%( ) We first prove the following general result, that holds for every
n>rq>1:

=

nir?q

12
infg>ﬁ>g {% exp |:_ 2(,37‘:—11) ] + 171717[3 }
+ n e q

e'H(n,r,q) — 1 —exp (_q_rf)

(6.70)
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The idea of the proof is to use (6.69) with ¢z = 1, E[Z] = ¢grn~!. For this, we need the
following concentration result by Hush and Scovel [HS05]: for all x > 2,

P(E(Z) - Z > z)

<eXp<_2(x_1)2 [(ri1+n—i+1>v<qi1+”—;+1>]>

Taking o« =1 — % with 4 > 3> 2 we obtain

2(6r —1)* (n+2)
(r+1)(n—r+1)

<7 [_2(&—1)1 N 1
n 1

qr

0 < 1
“Hinra) = 7

_nB
-

nB -

q

r+1

As a consequence, (6.70) holds.

: i 14/ 4 In(r)(r+1)
Back to (6.24). With the supplementary conditions on n, r and ¢, we can take § = ——————
n (6.70). Hence

1 1 n In(r)
eO S _|_ S 1 + —K € —
e (¢> N

1—

3

) 1 1 In(3 3
with K(e):m—i-?( :(3)4_1)

We then deduce (6.24) with
rs(€) =09+ 1.4 x e 2 >1.02 x K(e) +0.03

(1 curte F) o g))—l
(1+K
<(1—|—K

since r > 2 and

+
CH(n,r,q)

IA

IN

77

e—2p—3
(1 — e—2-3(2))2

“Rho” case. We now assume that ¢ = [ 5] so that % =2+ _J < 3 and converges to 2 when
n goes to infinity.
For 7 > 6, we can take 8 = 2 in (6.70) and we obtain:

w3~

+ + + +
Ch(n 6,q) = 9-68 CHnT,q) = 161 Eringg < 7-46 yino.g) < 7-32
For r > 10, taking 3 = 1 + 2 in (6.70), we derive

+ +
sup e <749 sup e <3.
r>10 H(n,r,q) r>26 H(n,rq)

Small values of r. must be treated appart. For r = 1, it is easy to compute e;;(n La) = gn~1 <
1. When n = r, we have
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Otherwise, using the fact that for all n > r + 1, (nﬁ—'r), > ((:j:—ll))in’",

0 ro(r+1)" /(r\ (R—1)""F
Hinra) = R+ DIRT ; k k
with R =2 € [1; +00).
q
For r = 2, this upper bound is lower than 1.6. If ¥ <3 (this holds in the “Rho” case),

+ +
S4BT efyag S8I5 el g <1429

Jr
“H(n3,9)
“Loo” case. We now have ¢ = n — 1. We first consider » = 1. The conditionning make Z
deterministic and equal to 1, so that
n—1

1
+ _
eH(n,l,nfl) = E[Z] = n =1- E .

Now, if r > 2, Z > 0 holds a.s. since it only take two values:
n—r

Z = r — 1 with probability " and Z=r with probability
n

As a consequence,

eit(n,r,nq) _ (n;l)r ((T_rl)n N nn—rr> _ 1+% (H B 1>

The lower bound is straightforward since n > 7.

“Lpo” case. As noticed in Lemma 6.7, we have
+
Vr >p+1, Ch(n,rn—p) >1.
Moreover, when r > p+ 1, H(n,r,n — p) has its support in {r —p,...,r} and thus
N I G ) )] iy
eH(an’nfp) - n Z j( n )
j=r—p n—p.
_(n—p)r ﬁi (1) k)
n (r—k)(7)
k=(p+r—n)Vv0 P

More precisely, the k-th term of the sum is equal to

(n—pr GG

n (r—k:)(Z)
) o) e et
X(n—r)"'(n—r—(p—k)+1) nP
(n—r)p=Fk n--(n—p+1)

() D) e

As a consequence, we have
P

e?t(n,r,nﬂ?)S Z (%)k (1_%>p_k <i)ripn---(nnip+l)

k=(p+r—n)VvO0

The result follows. (]
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REMARK 6.11 (Asymptotics). If for some « > 0, qkr;ﬂ_an;l ———— 400, then the asymp-

k—+o00
totic result (6.28) holds. The upper bound is obtained by taking

1+4/(r+1)In (L)

r

0=
in (6.70) (it’s possible for r sufficiently large). The lower bound is straightforward.
A particular case is when sup;, nqu_l < 400 and ng > rp — +oo.
Poisson case.

PROOF OF LEMMA 6.3. Let Z ~ P(u), and define g : [0;00) — R by ¢(0) = 0 and for every
uw>0

Pe? —1

— +oo k
— ot -1 _ pe” v p
g(,u).—ep(“)—uE[Z ‘Z>O]_1—e“;k><k!_e“—l/o dx .

x

The function g is continuous at 0 and has a first derivative ¢’(0) = 1. For every x > 0, we define

h(z) = - H(z) = /Ogﬁ h(t)dt  a(z) = () e’ —1—ux

=1—-— .
h(z) x(e® —1)
where the last equality holds if z > 0, and a(0) = 1/2. Then, g(u) = H(u)/h(u) satisfies the
following ordinary differential equation:

9(0)=0  Vu>0, g'(u)=1-a(u)g(u) .

X

Since

Yu > 0,
g satisfies a differential inequation
1—g§g’§1—g 9(0)=0.

Then, for every = > zo > 0,

2 [1 — 2@o—7) (1 - @)} > g(z) > 1+ (g(wg) — 1)e™ 2 . (6.71)

Lower bound. The general lower bound (6.20) gives
gp) >P(Z>0)=1—e* .

We can do better: remark that if g(zg) > 1, (6.71) shows that g(x) > 1 for every x > xy. Since
g = H/h and for every u > 0,

u? ol

Huw) >u+ &+
(u)_u+4+18,

we deduce that

U (u + 2y “—3>

() > £ T 18
) = et —1

Then, g(1.61) > 1, so that g(z) > 1 for every x > 1.61.

Upper bound. Using (6.71) with z¢g = 0 gives

Ve >0, g(x) <2—2e% <2

Moreover, for every € € (0;1), 1 —e < a(x) < 1 as soon as x > ¢ 1. Then, on [¢~}

the differential inequation

;00), g satisfies

g>1—(1-¢g .
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Integrating this between ¢! and 2¢~!, we obtain that
— 1 . - —
g(2e ) < T [1+ (gl(e D1 —e - 1) exp (—€ Y1—e 1)]

For every z > 2, e = 22~ € (0;1) so that

2

2+(x—4)exp(—ﬁ) <1+2(1+e_3)
x —2 - r—2

g(z) <1+

The result follows.



CHAPTER 7

The classification case

RESUME. Ce chapitre est consacré a 1’étude des pénalités par rééchantil-
lonnage définies aux Chap. 5 et 6 dans un cadre général, incluant la classifi-
cation binaire et la régression bornée. Ces pénalités peuvent étre vues comme
une version localisée des pénalités bootstrap globales de Fromont [Fro04]|, en
particulier des complexités de Rademacher. Elles sont plus simples a calculer
et beaucoup plus faciles & calibrer que les complexités de Rademacher locales.
Nous prouvons des résultats intermédiaires en vue d’obtenir une inégalité-oracle
non-asymptotique pour ces pénalités. Nous décrivons ensuite le chemin restant
& parcourir pour comprendre théoriquement cette procédure, et discutons la
maniére de ’appliquer en pratique et de la calibrer.

7.1. Introduction

In the two previous chapters, we focused on the regression framework. However, in many
practical applications, the outcome Y takes only a finite number of values (often two; then, we
take the convention Y € Y = {0,1}), and we would like to predict it on new data with as few
errors as possible. For instance, in genomics, given a DNA sequence X € {A,7,C,G }N, we would
like to know whether it can be transcripted or not. In pattern recognition, we are given a N x N
bitmap image X € [0,1]Y” and we would like to know which character (e.g. a figure or a letter) it
represents. This is the classification framework (called “binary classification” when ) = {0,1}).
Then, we do not aim at estimating the regression function n(z) =P (Y = 1| X = z), but only the
Bayes predictor s(z) = 1,,;)>1/2. More precisely, we want to build a predictor ¢t : X — Y = {0,1}
which minimizes the prediction loss (also called “0-1 loss”)

Py(t) =P (t(X) £Y)  where A(t,(5,0)) = Loz -

As in the regression setting, given a set of predictors S,, (a model), this can be done by
empirical risk minimization:

~ . : 1 ¢
Sm € arg Imin {P.(t)} with  P,y(t) :== - Z Tyx)2v; -
" i=1

In general, several models can be considered, and the model selection problem occurs. A classical
answer is the penalization method (also called Structural Risk Minimization), initially introduced
by Vapnik [Vap82, Vap98|. Basically, it states that one should choose the model m € M,, which
minimizes the sum of the empirical risk and some complexity term (the “penalty”):

m € arg min { By (8) + pen(m) }
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There has been many papers on this topic since the works of Vapnik, usually based on upper
bounds on the “ideal penalty”

penq(m) = (P — Pn)v (8m) - (7.1)

We can distinguish between two main kinds of results. First, the global viewpoint consists in
bounding pen;q(m) by the supremum of (P — P,)7(t) over t € S,. This leads to penalties which
measure the complexity of the entire model S,,, called global penalties or global complexities. For
instance, one can build penalties upon the VC-dimension (see e.g. Lugosi [Lug02]), Rademacher
complexities (independently introduced by Koltchinskii [Kol01] and Bartlett, Boucheron and Lu-
gosi |[BBLO02]) or bootstrap (global) penalties (Fromont [Fro04]). Notice that the VC-dimension
has the drawback of being independent from the distribution P of the data, so that it is adapted
to the worst case. On the other hand, Rademacher complexities and bootstrap (global) penalties
are measure dependent and lead to sharper bounds.

A second approach has been used more recently. It relies on the fact that the empirical
risk minimizer is likely to have a small loss, so that a global upper bound on pen;q(m) is over-
pessimistic. This is the localization idea. Using for instance a link between variance and loss (the
“margin condition”, first introduced by Mammen and Tsybakov [MT99]), one can obtain much
smaller bounds on the loss of the empirical risk minimizer (¢f. Tsybakov |Tsy04| and Massart
and Nédélec [MINO6]|). Then, several localized complexity measures (often based on Rademacher
processes and called Local Rademacher Complezities) have been proposed, e.g. by Lugosi and
Wegkamp |[LWO04|, Bartlett, Bousquet and Mendelson [BBMO05| and Koltchinskii [Kol06].

However, to our knowledge, none of these penalties can be used in practice since they depend
on unknown quantities, or because they involve absolute constants on which we only know large
upper bounds (see Sect. 2.2.1, page 77). In addition, the computational cost of local Rademacher
complexities is prohibitive in general. This is why the most widely used model selection procedures
in classification are based upon data splitting, in particular cross-validation. We refer to Yang
[YanO07| and the references therein for the use of cross-validation in classification. In addition,
Massart [Mas07| (Sect. 8.5) has shown that a simple method like hold-out (which is a primitive
version of cross-validation) is naturally adaptive to Tsybakov’s margin condition. It is then
designed to compete with local penalties.

In Chap. 5 and 6, we propose new penalties (resp. called V-fold and Resampling penalties)
which are a localized version of Fromont’s bootstrap (global) penalties (and Rademacher com-
plexities, since these are a particular case of bootstrap penalties). Indeed, while the bootstrap
penalties are estimating sup,cg (P —P,)y(t), V-fold and Resampling penalties aim at estimating
the ideal penalty pen;y(m) itself.

In a nutshell, their construction is the following. According to (7.1), the ideal penalty is a
function F(P, P,) of the true distribution P and the empirical distribution P, = n=1 Y77 8y, v;).-
Then, the resampling heuristics (introduced by Efron [Efr79]) states that we can mimic the
pair (P, P,) with the pair (P,, P)V), where P!V is the empirical distribution of a n-sample with
distribution P, (“the resample”). Ey [-] denoting the expectation w.r.t. the randomness of the
resampling (which is independent from the sample), the ideal penalty should be close to

pen(m) :==Ew [F (P, P) )] =Ew [(P,—P) )~ (5)]  with 5 € argtrgé?n{PgVy(t)}
(7.2)
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This heuristics has then been generalized to other resampling schemes with the exchangeable
weighted bootstrap (Mason and Newton [MIN92] and Preestgaard and Wellner [PW93]), where

1 n
PXV = Z Wid(x, v with W € R™ an exchangeable weight vector,
i=1

independent from the data.

In Chap. 5 and 6, we prove that the penalization procedure based on pen(m) proportional to
the one of (7.2) satisfies oracle inequalities with constant almost one, in the least-square regression
framework, when all the models are made of histograms. Of course, histograms were not our final
goal, and we would like to investigate the properties of Resampling Penalties in the classification
case.

The main result of this chapter is a concentration inequality for

pa(m) =Ew [P (v (Gm) =7 (5 )] (7.3)

which is the resampling estimate of

pQ(m) =P, ('Y(/S\m) - (/S\nm{))
The keystone of the slope heuristics (see Birgé and Massart [BMO06¢c| and Chap. 3) is that

p2(m) is the “minimal penalty”, whereas the ideal penalty is close to 2po(m). If this holds in the
classification case, we would only have to prove that

E[p2(m)] o< E [pa(m)]
in order to derive oracle inequalities for the Resampling Penalization procedure described in
Sect. 7.4.

The rest of the chapter is organized as follows. We precise the framework and some notations
in Sect. 7.2. Our main results are stated in Sect. 7.3, where we also explain what remains to be
proven about Resampling Penalization in classification. Then, Sect. 7.4 tackles practical issues.
The proofs are given in Sect. 7.5.

7.2. Framework

The framework of this chapter is the general statistical learning framework, as in Chap. 8 of
Massart [Mas07] (see also Massart and Nédélec [MNO6|, Sect. 2). It is slightly more general
than binary classification, and includes the bounded regression framework.

7.2.1. General framework. We observe i.i.d. variables &,...,&, € X x ) with common
distribution P, where X x ) is some measurable space and Y C [0,1] (in binary classification,
Y ={0,1}). Our goal is to build a predictor ¢ : X — )Y such that given a new data £ = (X,Y)
(with Y unobserved), ¢(X) is a good prediction for Y. The set of all predictors is denoted by S.

The quality of a predictor t is measured by its prediction loss Py(t) := Eeup [v(t,£)] where
7:8 x (X x V) — [0,1] is some contrast function. A popular choice is v(t, (z,y)) = (t(x) — y)?,
which coincides with the 0-1 contrast (¢, (z,y)) = Iy, in binary classification. The best
predictor is then the Bayes predictor s, which minimizes Pv(t) over S. Instead of the prediction

loss, we often consider the excess loss
I(s,t) :== Py(t) — Py(s) .
Defining the regression function as n(z) = E[Y| X = z] for every z € X, we have

Ve e X, s(@) =1,y

1
=3
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in the binary classification case.
As described in Introduction, given a set of predictors S, (a model), we define the empirical
risk minimizer on S,, as

- . RN 1 ¢
Sm € arg min {Py(t)} = arg min { - ;V(t, &) } where P, = - Zz_; d¢; -

Given a family of models (S ),,cn,, the purpose of model selection is to choose a (data-
dependent) m € M, such that Sz is a good predictor, or at least as good as the best predictor
among the family (5, ),,cq, -
We now assume that m is chosen according to some penalization procedure:

m € arg min {Pyy (8m) + pen(m) } (7.4)

where the penalty is any function pen : M, — [0,00), possibly data-dependent. From this
definition of 7, we can prove that

l(s,5m) + (pen —penjq)(m) < inf {i(s,3m) + (pen —pensq)(m) } (7.5)

where the ideal penalty pen;y is defined by (7.1). We can thus obtain an oracle inequality by
proving that pen is close to pen;y for every model m € M,. Obviously, (7.5) also holds with
peni; = penyy +(P, — P)v(s) instead of pen;y. This alternative “ideal penalty” is more convenient
for the proof (it has better concentration properties), and can be split into penly = p1 + p2 — 0
with
pi(m) == P (y(5m) —=v(sm))  p2(m) := P ((sm) = 7(5m))
and  o(m) = (P = P) (7(sm) —7(s))

7.2.2. Main assumptions. Remember that the first assumption in this chapter is that the
contrast v takes its values in [0, 1]. Then, we assume that there exists some pseudo-distance d on
S (which may depend on P) such that

vVt e S, varp [y(t,-) —(s,-)] < d*(s,t) . (7.6)

Let C; be the set of nondecreasing and continuous functions @ : RT +— R* such that  —
¥ (x)/z is nonincreasing on (0, +00) and ¥ (1) > 1. Our third assumption is that there is a function
w € Cy such that for every € > 0,

sup  d(s,t) <wl(e) . (7.7)
teS,l(s,t)<e?
Combined with (7.6), this margin condition generalizes the one introduced by Tsybakov. It links
the variance of the process y(t,-) — (s, -) with its expectation (which is equal to the excess loss
at t).
Finally, we need an assumption in order to control the sizes of the models S,,. This is the

following: for every m € M, there is a function ¢,, € C; such that for every u € S, and every
o > 0 such that ¢,,(0) < y/no?,

VnE oS {(Py—P) (7y(w) =)} | < ém(o) - (7.8)

Remark that when S, is uncountable, measurability issues may occur in (7.8). We refer to
Sect. 2.2 in [MINO6| where a separability condition is introduced for this purpose.
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We can then define &, ,, (O &, 1, (), When we want to emphasize the dependence on the sample
size n) as the unique positive solution of the equation

\/HEE,m = Cbm(w(g*,m)) . (79)

According to Massart and Nédélec [MINOG6|, this quantity measures the quality of an estimator
Sm. As we shall see in the following, it also appears in the remainder terms of some concentration
inequalities.

7.2.3. Binary classification. The main example of this chapter is binary classification. We
then have J = {0,1} and consider the 0-1 contrast ¥(t, (,y)) = L), which takes its values
in [0,1]. In (7.6), the pseudo-distance d can be chosen as the L?(£(X)) distance

d(t,5) = E | (#(X) = s(X))?]
since for every t € S,

V(x,y) €EX X, |’Y(t7 ($7y)) - 7(87 ($7y))| = ‘]lt(a:)#y - ]ls(x)7£y| < |t(x) - 8($)‘

We can derive (7.7) with w(e) = h=/el/? from Tsybakov margin condition
I(s,t) > h(E|s(X) — t(X)])? = hd(s,t)*  forsome #>1and h<1 .
Noticing that the excess loss is equal to
I(s,8) = E[120(X) — 1] |s(X) — t(X)]] ,
so that (7.7) holds with w(e) = h~'/2¢ under the simpler margin condition
P(29(X) =1 >h>0)=1 .

Then, we only have to compute some ¢y, satisfying (7.8) for each model S,,. This is done
under several assumptions in Sect. 2.4 in [MINO06].

7.2.4. Bounded regression. In addition, bounded regression fits with the above general
framework. We then have ) = [0,1] (up to some rescaling of the data) and choose the least-
square contrast Y(t, (x,y)) = (t(z) — y)?, so that the Bayes predictor s is the regression function
n. Notice that v has its values in [0, 1].

It is straightforward to compute

I(s,t) = E [(t(X) —s(X))? and  d2(s,t) = 2E | (#(X) — s(X) )2]
which satisfies (7.6). As a consequence, the margin condition (7.7) automatically holds in bounded

regression with w(e) = v/2e.

In the particular case of histograms (that we have considered in the previous chapters), we
can show that (7.8) holds with
\/Dm>

b (o) :a<1+ e

This fact comes from (3.38) in Sect. 3.5.7, where it is completely proven. It is then straightforward

. _V2+VDn
*,m \/ﬁ .

See also Sect. 2.3 in [MINOG6| for computations in the “binary images” framework.

(7.10)

to compute

(7.11)
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7.2.5. Resampling schemes. In introduction, we defined two resampling quantities by (7.2)
and (7.3). They depend on some resampling weight vector W € R™, assumed to be independent
from the data.

In the following, we will often assume that W is a subsampling weight vector. This means that
we can write W; = kl;er for some random subset I of {1,...,n}, with k = n/card(I). Up to
some multiplicative constant, this coincides with the “Bootstrap without replacement” defined by
van der Vaart and Wellner [vdVW96| (see Example 3.6.14). On subsampling, see also the book
from Politis, Romano and Wolf [PRW99]. In other words, the “resample” is a subsample of the
entire data set. The main examples or subsampling weights are the following:

e Random hold-out (q), g € {1,...,n}: I is chosen uniformly among subsets of {1,...,n}
of size ¢, and k = ng~!. A classical choice is ¢ = n/2.
e Hold-out (q), ¢ € {1,...,n}: I C {1,...,n} is deterministic with cardinality ¢, and
K= nq_1
o V-fold cross-validation, V € {1,...,n}: let (Bj)i<j<v be a partition of {1,...,n},
then I = {1,...,n}\By with J ~ L{({l,...,n}) independent from the data, and Kk =
n/(n — Card(By)). It is classical to assume that the partition is regular, and then
k=V/(V —1).
We have already defined these weights (with xk = V/(V — 1) even if the partition is not regular
in the VFCV case) in Chap. 5 and 6, where we explain the links between V-fold penalties (when
the partition is regular) and the classical V-fold cross-validation procedure. Notice that the small
difference between the above VFCV weights and the ones of Sect. 5.3.1 is small if the partition is
“almost regular”. We can then expect the resulting V-fold penalties to have the same behaviour
in practice.

The particular shape of subsampling weights allows us to write the resampling procedure in
a different way. The resampling empirical distribution PXV is equal to

1 n
T ; Wie = Z % = Card Z % =

the empirical distribution of the subsample (&)z‘e 1- Moreover, since I is chosen independently from
the sample, the subsample (§;)icr is an i.i.d. sample of size Card(I) with common distribution P.
This is the key property that we will use to prove our concentration inequality for ps.

7.3. Main results

7.3.1. A recipe of oracle inequalities. As noticed in Sect. 7.2.1, it is sufficient to prove
that pen is close to penly = p1 +pa — 0 in order to derive some oracle inequality for the procedure
defined by (7.4). Following the proof of Thm. 3.1 in Sect. 3.3 (or equivalently Thm. 6.1 in Sect. 6
or Thm. 5.1 in Sect. 5), we can describe a recipe for proving oracle inequalities for penalization
procedures:

(1) Concentration inequality for §(m) around its expectation.

(2) Concentration inequality for pa(m) around its expectation.

(3) Concentration inequality for pen(m) around its expectation.

(4) E [pen(m)] ~ E [2ps(m)].

(5) With large probability, pa(m) is close to pi(m).

(6) All the remainder terms are negligible in front of I(s, sp,) + E [p2(m)].
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In this chapter, we prove the three first steps for a resampling penalty pen(m) = 2Cy p2(m) with
subsampling weights (the constant Cy should only depend on the resampling scheme L£(W), so
that step 4 holds true). This is the object of the next subsection.

7.3.2. Concentration inequalities. It is not new that steps 1 and 2 can be solved in such
a general framework. First, we only need Bernstein’s inequality to derive concentration properties
for 5(m). We recall below this classical result, which is proven for instance in Sect. 3.5.6.

PROPOSITION 7.1 (Prop. 3.3, Sect. 3.3). Assume that v has its values in [0,1]. Then for all
x >0, on an event of probability at least 1 — 2e™*:

- 1 2\ =z
Yn >0, | <nl(s,sm & 7.12
w> 0, (5| < aits.sm) + (543 ) % (7.12)
The second step is quite harder to solve, but all the work has been done recently by Boucheron

and Massart [BMO04| (with Thm. 2.2 in a preliminary version).

PROPOSITION 7.2. Lety: S x (X x Y) + [0,1] be a contrast function, (§)i<i<n € (X x Y)"
some i.i.d. data with common distribution P, and (Spm)mem, be a family of models. Make all the
assumptions of Sect. 7.2.2, i.e. (7.6), (7.7) and (7.8). As in (7.9), define e, , the unique positive
solution of the equation

\/ﬁ€f,m = om(w(Esm)) -

Let pa(m) = P (7(sm) = 7(5m))-
Then, there is a constant C' > 0 such that, for every x > 0, there ezists a set of probability at

11—z

least 1 — e on which

c
Ip2(m) — E[pa(m)]| < NG [ 2exw ( (s, 8m) \/Eim) + 2exw <%>] . (7.13)
The third step is the main result of this chapter. In a few words, its proof is based upon
Prop. 7.2 and the key remark that (§;);es is an i.i.d. sample of size Card(l) with common
distribution P (see the end of Sect. 7.2.5).

THEOREM 7.1. Let v : S x (X xY) — [0,1] be a contrast function, (§)1<i<n € (X x )"
some i.i.d. data with common distribution P, and (Sp)mem, be a family of models. Make all
the assumptions of Sect. 7.2.2, i.e. (7.6), (7.7) and (7.8). Moreover, we assume that for every
m € My, ¢, is independent from n (in the sense that (7.8) holds for any sample size ¢ < n). As
in (7.9), define €., the unique positive solution of the equation

\/ﬁEim = om(w(Esm)) -

Let pa(m) be defined by (7.3), with some subsampling weights W. Let B > 0 such that
n

B >
T Card{1<i<nst W;#0}

Then, there is a constant C' > 0 such that for every x > 0, there exists an event of probability at
11—z

a.s. .

least 1 — e on which

[Pa(m) — E [Ba(m)]] < <

< [B Qexw ( 1(s, 5m) \/637m) + 2eqw (w(s*’m) )] . (7.14)

VNEwm
REMARK 7.1.

e The assumption that ¢,, is independent from n is rather mild, because of the scaling
/n. Indeed, computations made by Massart and Nédélec ([MNO6], Sect. 2.4) show that
¢m can be bounded independently from n, with the universal metric entropy (e.g. when
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Sm is a VC-class) or the L'(£(X)) entropy with bracketing. The resulting bounds for
€x,m are sharp since they are equal (up to some logarithmic factor) to the minimax lower
bounds.

Notice that this assumption is also satisfied in regression when S, is an histogram (see
Sect. 7.2.4) or in the binary image case when S,, is a finite dimensional vector space (see
[MINO6|, Sect. 2.3).

e The constant B appearing in the upper bound is smaller than 2 for V-fold cross-validation
(with partitions such that max; Card(B;) < n/2), hold-out (¢) and Random hold-out
(q) if ¢ > n/2 (e.g. Leave-one-out).

Thm. 7.1 thus shows that ps concentrates almost as well as po. However, our remainder
term can not be used for choosing a resampling scheme, since we showed in Sect. 6.8.7
that py concentrates better than ps when the weights are exchangeable.

e A similar result with Rademacher weights (i.e. 2Wj; i.i.d. binomial with parameter 1/2)
may be proven, up to some small additional work. These are indeed almost subsampling
weights (the only difference is that [ := {1 <i <n s.t. W; # 0} has a random cardinal-
ity). Another technical issue is that Card([) can be very small (and even equal to zero)
with a positive probability, so that B defined in Thm. 7.1 would be infinite.

In order to evaluate the goodness of these concentration inequalities, let us consider the
framework of least-square regression on histogram models. Remember that we assume Y € [0, 1]
a.s. (this can be done with any bounded histogram by translating and rescaling Y'). According to
Sect. 7.2.4, w(e) = ev/2 and &, < L\/Dy,/n for some absolute constant' L. As a consequence,
the remainder terms in (7.13) and (7.14) can be bounded as follows:

C w(Exm) xl(s, Sm) x + xDp,
%[ 2exw( l(s,sm)V6Z7m)+26xw<\/ﬁT*m)]<L nm s A m

D
< L# (l(s,sm) + —m> +L(14671)2
n n
(7.15)
for every 6 > 0.

Assume moreover that E [pa(m)] > Q%)Dmn_l for some QT(fL) > 0 (¢f. Lemma 6.13 in

Sect. 6.8.8). Then, taking 6 = D% in (7.15), this remainder term is smaller than

I(s,8m) 1+
E[pa(m)]

VDn QD

which is negligible in front of I(s, s;,) + E[p2(m)] if Dy, > In(n)? and z < Lin(n).
Under the same assumptions, taking n = D;Zl % in Prop. 7.1 gives a similar remainder term.

We thus recover part of the results from Chap. 5 and 6 in the bounded case, under different
assumptions on the resampling weights. This shows that step 6 (in the recipe of Sect. 7.3.1) is

likely to be satisfied with these remainder terms.

7.3.3. Program for further research. In Sect. 7.3.1, we described a recipe for proving
oracle inequalities, partially solved with the concentration inequalities stated in Sect. 7.3.2. We
give here some comments on the remaining points.

1n the following, L denotes some absolute constant, possibly different from a line to another, or even within the
same line
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Asymptotically, for every fixed model m, steps 3 and 4 (with pen = 2ps) are consequences
of Thm. 3.6.13 of van der Vaart and Wellner [vdVW96|. This is not sufficient here, even for
an asymptotic oracle inequality, because the collection of models M,, is allowed to depend on n.
Notice that it is sufficient to consider exchangeable weights at step 4 because of Lemma 8.4 in
Sect. 8.4.1. In the case of subsampling weights, it is thus sufficient to consider Random hold-out
(q) weights for every g € {1,...,n}.

The fifth step is the keystone of the slope heuristics of Birgé and Massart (¢f. Chap. 3, Birgé
and Massart [BMO06¢c| and [Mas07], Sect. 8.5.2). To our knowledge, this points remains an open
problem in the general case (and in particular for binary classification). A major difficulty here
would be to prove lower bounds on pi(m) = Py (5, ) — Py (S ) with large probability (up to the
bias term, which is deterministic, p1(m) is equal to the excess loss I(s, sp,)).

The last step is also an open question, even for the concentration results stated in Sect. 7.3.2. If
E [p2(m)] > In(n)n~", one can choose 1 in Prop. 7.1 so that step 6 holds for 6. For the deviations
of pa(m) and pa(m), the remainder terms can always be chosen negligible in front of e, ,,. It
seems to be a sharp complexity measure, at least in binary classification (Massart and Nédélec
[MINO6]), but we do not know if these remainder terms are actually small enough. Moreover, in
the case of py(m), remember that the remainders will be multiplied by some constant Cyy like
2py. If this multiplicative term is large (and this may occur for Random hold-out (¢) when ¢ ~ n,
according to computations of Chap. 6), Thm. 7.1 may not be sufficient for step 6 to hold with
pen = 2CwDa.

Finally, we propose an alternative to the recipe of Sect. 7.3.1 without step 5. Instead, assume
that we can prove a moment inequality for p; similar to the one for py (see [BMO04], or the proof
of Prop. 7.2). Then, the proof of Thm. 7.1 can be adapted in order to prove a concentration
inequality for

pr(m) :=Ew [Pa (v (35) =7 (5m))]
very similar to (7.14). Thus, the remaining open problems are the following:

(2') a moment inequality for p; similar to the one of Boucheron and Massart [BMO04] for ps.
(4') a comparison of ideal and resampling penalties in expectations:

E[p1(m)] = CwaE [p1(m)] E [pa(m)] = Cw,2E [p2(m)]

for some Cy; and Cyy o depending only on the resampling scheme L£(W).
(6') show that all the remainders are negligible in front of I(s,5,,) = I(s,8m) + p1(m) ~
I(s; sm) +E[p1(m)].
and the resampling penalty would be pen = Cw 1p1 + Cw,2p2. According to asymptotic results
[vdVW96| and histogram computations (Sect. 6.8.6), it is likely that Cy1 = Cw2 = Cw,co.
Remark that the two suggested penalties Cyy oo (D1 + p2) and 2Cw, o2 are quite close as soon
as p1 ~ pe. Moreover, in the maximum-log-likelihood framework, Shibata [Shi97] showed that
those two approaches (with bootstrap weights) are asymptotically equivalent. See Remark 6.3
in Sect. 6.3.3 for more details. However, according to our computations and simulation studies
in the histogram regression case, py is slightly larger than py, and similarly py is slightly larger
than py (differences which disappear when n goes to infinity). Then, it is possible that 2Cw o p2
has to be slightly enlarged in order to avoid underpenalization, at least from the non-asymptotic
viewpoint.

7.4. Practical application

The (partial) results of Sect. 7.3 lead to the following algorithm.
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ALGORITHM 7.1 (Resampling penalization).
(1) Choose a resampling scheme, i.e. the law L£(W) of a weight vector W.
(2) Choose a constant C' > Cyyoc & (nfl S E(W; — 1)2>
(3) Compute the following resampling penalty for each m € M,,:

pen(m) = 2CP(m) = 2CEw [P (v (5m) =7 (51 ))] - (7.16)

(4) Minimize the penalized empirical criterion to choose m and thus 5z:

m € arg mIél}\I/ll {P,y(5m(Py)) 4+ pen(m)}

According to Sect. 7.3.3 above, an alternative penalty shape could be
pen(m) = C (p1(m) + p2(m))
as in algorithm 6.1 of Sect. 6.2.

Notice that algorithm 7.1 is a plug-in method, so that it should not be used when Card(M,,)
is too large (i.e. larger than any power of n). We refer to Sect. 6.6.2 for an answer to this problem.

7.4.1. Tuning parameters. There are two parameters in algorithm 7.1: the resampling
scheme and the constant C.

Choice of C. First, notice that there has to be a constant C' in front of the penalty, even if
it does not appear in Efron’s resampling heuristics. Indeed, as show asymptotically by van der
Vaart and Wellner [vdVW96] (in their Thm. 3.6.13), the variance of the weights has to be taken
into account for the resampling estimates to be unbiased. The approximation

-1
n
CW,oo ~ <n_1 ZE(WZ — 1)2>
i=1

comes from their asymptotic result.

However, this asymptotic value for C' may not be the right one when the sample size n is
small, or even for large n because M, may depend on n. We suggest two ways of computing
Cw,o non-asymptotically:

e use the constant Cyy, computed in the histogram regression framework (see also Tab. 6.1
in Sect. 6.3.3 and Prop. 6.5 in Sect. 6.8.6; for non-exchangeable weights, see Lemma 8.4
in Sect. 8.4.1).

e use Birgé and Massart “slope heuristics” (for instance algorithm 3.1 in Sect. 3.4).

In both cases, we do not have enough theoretical evidence to prove that any of these methods
work in classification (most of our proofs being restricted to histogram regression). We can only
notice that the first one gives results very similar to the “asymptotic” calibration for most weights
(i.e. all the classical ones except leave-one-out).

A second problem (which is also a major interest of our penalization method compared to
V-fold cross-validation, see Sect. 5.5) is that an unbiased penalty is not necessarily optimal in a
non-asymptotic framework. It is often better to overpenalize a little, so that the fluctuations of
pen — pen;y does not make it negative with a significant probability (cf. Sect. 2.4.1 and 6.6.1).

The problem of overpenalization thus remains to estimate accurately these fluctuations, then
decide a confidence level «, and finally choose C' such that for every m € M,, P(pen(m) <
pen;y(m)) < . This needs at least a variance estimate of pen — penyy.

Using the fact that our penalty is computed by resampling, we also propose in Sect. 6.6.1
two methods using a conditional (1 — «) quantile instead of an expectation in (7.16). The main
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advantage of this idea is that it does not need more computations?, since we already have to
consider several weight vectors in order to compute an expectation w.r.t. W.

Of course, there remains the question of choosing «, and we have no clear idea about this. We
believe that this choice should anyway depend on each particular problem (there is no universally
optimal choice for «r), but simulation studies and theoretical results would be helpful for practical
users. Further remarks on overpenalization and related problems are given in Sect. 11.3.3.

Choice of a resampling scheme. As for choosing C', we have no theoretical evidence in the
classification framework about the choice of £(W). Indeed, the upper bound (7.14) in Thm. 7.1
is not sharp, since it does not show that resampling estimates (with exchangeable weights) con-
centrate better than the original quantities (p2 in this case). This phenomenon is well-known
asymptotically (see e.g. Hall [Hal92]), and appears in some non-asymptotic results (Prop. 6.8 in
Sect. 6.8.7 and Prop. 10.4 in Sect. 10.2.3).

Even if our results are limited to subsampling weights, it is very likely that exchangeable
weights (like Efron and Rademacher weights, see Sect. 6.3.3) are at least as efficient as subsampling
ones.

In view of the results from Chap. 5 and 6 in the histogram case, we can sum up this question as
follows. On the one hand, exchangeable weights are efficient but need a long computation time (at
least n different weight vectors). Then, a classical method is to make a Monte-Carlo approximation
(but then, do not use Leave-one-out weights). On the other hand, non-exchangeable weights such
as hold-out and V-fold cross-validation ones need far less computation time. The choice of V is
then quite similar the choice of the number of Monte-Carlo samples with the previous method:
the larger V, the more accurate pen.

In both cases, the problem is to find the optimal trade-off between complexity (the number of
resampling weight vectors to consider) and accuracy (measured by the fluctuations of the penalty
around its expectation). See the simulation study of Sect. 5.4 (and the discussion of Sect. 5.5) for
further clues on this question.

7.4.2. Comparison with other penalties. By construction, Resampling penalties are
smaller than Fromont’s bootstrap (global) penalties [Fro04]. Indeed,

Ew [(P = P (7 (1)) <Ew | sup (Pa=PY) (7(1))| - (7.17)

In particular, when W is a Rademacher resampling weight vector, this upper bound is equal
to the well-known (global) Rademacher complexities (see [Fro07], Sect. 2.2):

1
—E
n

51...11

n
s%p E €ilyx,)4y; where (€;)1<i<n are independent Rademacher variables.
t€S, &
m =1

As a consequence, all the upper bounds on Rademacher complexities, for instance when the models
are VC-classes, are still upper bounds on Resampling Penalties. This shows that algorithm 7.1 is
not overpenalizing from the global viewpoint.

Moreover, inequality (7.17) highlights the reason why we can consider resampling penalties
as “local” penalties, as compared to the global Rademacher complexities. Since local Rademacher
complexities are resampling estimates of a “localized” upper bound on pen;qy(m), Resampling
Penalties are likely to be even smaller (while being more natural, and easier to compute). It is
then reasonable to think that algorithm 7.1 is efficient from the localized viewpoint (i.e. when
the unknown distribution P has some good properties, such as Tsybakov’s margin condition).

2whereas using (V-fold) cross-validation for tuning C' would generally have a prohibitive computational cost.
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7.5. Proofs

7.5.1. Proof of Prop. 7.2. According to Thm. 2.2 in [BMO04], there exists some absolute
constant C such that for every real number ¢ > 2 one has

Ioa(m) = Blpatmlly < = | Vo (oo Vet ) +aw (2 ) |y

With Markov inequality, it is classical to derive concentration inequalities from such moment
inequalities. See for instance Lemma 8.10 in Sect. 8.6.2 for a complete proof. The result follows.
O

7.5.2. Proof of Thm. 7.1.

General resampling weights. We first state a simple inequality (7.19) that is valid for any
resampling scheme (only assumed to be independent from the sample &;. ;). It is quite similar to
(5.55) (in Sect. 5.7.4). Let [|-[|, be the g-th moment, and for every W € R" and &;,...,&, € X' X)),

F(W;ién) =P (v(5m) =7 (5m))
By Jensen inequality, for every g > 1,

1P2(m) — E [p2(m)]ll§ = E([Ew [F(W;&.0)] —E[F(W;&1.0)]7)
SE([F(W;&n) —E[F(W;&n) | W)

< sup  {E(|F(Wo;&1..m) —E[F(Wo;&.0)]|7) }
Woesupp(W)

= swp {IFWoiga) —E[FWoea)ll)  (7.19)
Woesupp(W)

As a consequence, it is sufficient to prove moment inequalities for pa(m) — E [p2(m)] when W
is deterministic (equal to some Wy € R™. The result follows only by taking a supremum over the
support of W.

Remark that (7.19) would be valid for any measurable function F': R" x (X x V)" +— R. Tt
W

can for instance be applied to pi(m) = P, (v (5 ) —v(5m))-

Subsampling weights. We now assume that W is a subsampling weight vector, i.e. W; = kl;¢;
for some random I C {1,...,n} and k = n/Card(l). According to (7.19), we only have to
consider deterministic subsampling weights, 7.e. such that I is deterministic.

Then, F(W;&1..5) is equal to pa(m; (& ),c;, i-e. p2(m) computed with the subsample (& );c;
instead of the whole sample ;. ,,. Since (&;),c; has the distribution of an ii.d. sample of size
Card(I) with common distribution P, we can apply (7.18) from the proof of Prop. 7.2 (which
comes from Boucheron and Massart [BMO04]):

w( *,m,(Card (I ))) > ]

||F(W§£1...n)_E[F(W§fl...n)]||q\/—[fw<\/lssm €2 . Card(D) )—i—qw(\/_s o

Since ¢,, can also be used with a sample size Card(I) < n, we can use (7.21) from Lemma 7.3
(in Sect. 7.5.3):

1/2
n
Ex,m,(n) < €x,m,(Card(I)) < (m) Ex,m,(n) -

Using that w € Cy, we easily derive

IPOVi61.) ~ ELFOViEnll, < = Vi (i) *m(n)+qw<iu/(—€;mm(2)ﬂ
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Since n/ Card(I) < B a.s., the result follows (see e.g. Lemma 8.10 in Sect. 8.6.2 for the link
between moment and concentration inequalities). (]

7.5.3. €.m as a function of n and m. In this section, we show how ¢, ,, depends on the
sample size n and the models m. Since the function ¢,ow belongs to the class Ci, this is a
consequence of the following lemma.

LEMMA 7.3. For anyn € Nand f € C1,1i.e. f:R" — R" nondecreasing such that x — f(z)/z
is nonincreasing, define e(n, f) the unique positive solution of the equation /ne* = f(e).
Then, for any A > 0,

(\/X A )\) e(n, ) < e(n, \f) < (\/X v )\) e(n, f) . (7.20)

In addition, for anyp € {1,...,n},

<E>1/46(n7 f) <elp, f) < \/gﬁ(n,f) : (7.21)

p
In particular, n v &, ,,, (n) 18 decreasing.

PROOF OF LEMMA 7.3. We first prove (7.20). Assume for instance that A > 1 (the case A < 1

is a consequence of it). The mapping x — % is nonincreasing on (0, 00). It is equal to v/n when

x = €(n, f) and /n/\ when = = e(n, Af). This shows e(n, f) < e(n, Af).
I(=@)

Now, we use that x —

NG

is nonincreasing:
flen, Af) _ fle(n, f)
N ) = <
A TGN S )
that is the right-hand inequality. Then, f being increasing,
n
Vie(n, £)? = fleln. £)) < Fle(nA) = Yeln, A
and the left-hand inequality follows.

= \/ﬁe(nv f)

We derive (7.21) noticing that

e(p, f) = ¢ (n \/gf>






CHAPTER 8

Appendix on resampling penalties

RESUME. Nous avons réuni dans cet appendice des commentaires ou résul-
tats additionnels & ceux des trois chapitres précédents, ainsi que des lemmes ou
preuves techniques que nous y utilisons. Les notations utilisées ici sont celles de
ces trois chapitres.

This chapter is dependent from Chap. 5 to 9, and should not be read apart from them, except
for some tools that may be used in other frameworks. Throughout this chapter, we use several
notations defined in Chap. 5 and 6.

It is organized as follows. Sect. 8.1 and 8.2 provide some comments and suggestions about the
way of using RP, and the reason why it may work in general. Then, we give a few more results
about Resampling Penalization in Sect. 8.3 and 8.4. Sect. 8.5 to 8.9 contain several probabilistic
tools and proofs of probabilistic results used in the previous chapters. Finally, we state and prove
some tools that belongs to approximation theory in Sect. 8.10.

8.1. Uniqueness and existence of 5/

In Sect. 5.3.1 and 6.2, we defined general penalization algorithms based on the resampling
heuristics (algorithms 5.1 and 6.1). In the case of least-square regression on histograms, we have
to modify these general algorithms because

Sm (P") = arg min { P"y (t,-) }

is not uniquely defined for a.e. weight vector W. This leads to algorithms 5.2 and 6.2. In this
section, we try to give a more general answer to this issue.

8.1.1. Existence. In the histogram case, there always exists a minimizer of P~ (¢,-) in
Sm. If such an existence issue happened, we may replace S, (P,,I;V ) by a p-minimizer of P,,I;V (t,-)
in S,,, for instance with p = n=2.

8.1.2. Uniqueness: histogram case. In the histogram case, S, (P,,I;V ) is well-defined if
and only if for every A € Ay, ﬁKV >0, i.e. Wy = (npy)~* ineh W; > 0. This has a positive
probability for any resampling scheme among Efron (q) (¢ > 1), Rademacher(p) (p € (0,1)),
Poisson(u) (> 0) and Random hold-out (q) (¢ < n—npy). We thus have to find a way to define

pen(m) = Ew [Py (Sm (Br)) = Pa' v (8 (1)) ]

Replacing P,y (5m(PY))— PV ~(5,,(PV)) by its supremum over all possible values of 3,,(P/V)
would lead to infinite penalties when the models are not bounded, and very large ones in the
bounded case. For the same reason, choosing a fixed arbitrary value ﬁg for §m(PXV ) on I such
that P (I,) = 0 is not relevant. A good alternative to this may be ) equal to Epw (Y) or
Epw (Y| d(X,I\) < h). However, a wise choice of h may be quite a difficult problem.
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Another natural answer to this problem may be “consider only weight vectors such that no
problem arises”. However, if minyep,, {np) } is not very large, this may be a considerable con-
straint and the weight vector W is no longer exchangeable under this conditionning. Our proposal
here is to adapt this idea under the light of the following crucial remark. Like the ideal penalty,
Poy(Bm(PY)) — PV ~(5,,(PY)) is the sum over A € A, of terms that only depend on what
happens on Iy (see (5.7) in Sect. 5.3.1). Thus, the penalty may also be written as

pen(m,P ) IEW [ n'Y(Sm(PW)) PW’Y(Sm(PW ] = Z IEW [pen)\,W(m7 Pn)]
AEAm
Now, each term peny y (m, P,) is well-defined if and only if 3y 1, Wi > 0. Computing each
expectation separately and conditionally to W) > 0, the following candidate penalty is at least
well-defined:

pen(m, P,) Z Ew | peny w (m, Py) Z W; >0 (8.1)
AEAm X;€ly
and such “local conditionnings” are quite mild constraints on the weights. This is the strategy
of algorithm 6.2. Notice that (8.1) leads to a penalty slightly larger than the previous proposed
one when 3 = Ep, [V | X € I,]. Indeed, this remains to posing pen, y(m, P,) = 0 for each W
such that W) = 0, which may lead to underpenalization if minycp,, { 7py } is small. However, the
results of Sect. 6.4 are valid for both penalties.

8.1.3. Uniqueness: general case. We now propose another natural modification of the
penalty, that is modify the law of the weight vector W. When the weights do not have to be

exchangeable (as in the V-fold case), this leads to algorithm 5.2. When we would like to keep the
WO PV e

exchangeability of the weights, we propose the following. Let ¢ > 0 and P,
independent copies of the resampling empirical distribution. Then, replace PV in the definition
of the penalty by

. 1 1 < 1 «— !
PYe=r—> ¢RI ==3%" (1 . > Wi )> 0(x,v;) -
i=1 k=0

k>0

Since each W; is square-integrable, this is well defined for every e € [0;1) since for alli € {1,...,n},
We=> k™ converges a.s. Moreover, for every € > 0, P(Wf > 0) > 0 so that WS > 0 a.s.

7

This ensures that supp PV¢ = supp P,. Then, in the histogram case, the penalty
pen(m, P,) = Ew [ n'Y(Sm(PTIL/Ve)) - Pn’Y(gm(Pn))]

is well-defined if and only if minyep,, {npy} > 0. Our suggest (which may be applied in more
general cases than histograms) is to take

pen(m, P,) = limsup pen,(m, P,) . (8.2)

e—0

As shown in the lemma below, this is the same as definition (8.1) in the histogram case.
LEMMA 8.1. If S, is an histogram model, the definitions (8.1) and (8.2) coincide.

PROOF. As S, contains all piecewise constant functions on some fixed partition (I))xea,,,
pen, may be written as the sum over A € A, of terms that only depend on the restrictions of P,
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and PVe to Iy:

pene(m7 Pn) = Z Ew [pene,)\,W(m7 Pn)]
AEA,

g\ 2
with  pen, \ w(m, P,) = (Px +ﬁKV€) (ﬂx - ﬂ}\”e)
We can thus treat each term pen, ) yy/(m, P,,) separately.
Conditionally to W, the value 3Y¢ of 5,,,(PY¢) on I, is the mean (weighted by the €*) of the
BXV(k) such that Py *) (In) > 0. Thus, conditionally to the set Ky = {k € N s.t. P,,I;V(k)(IA) > 0},

the restriction to Iy of PV¢ and Z;! D okek PV are equal (where Ze = 37 €*). When
€ goes to 0, the first term is dominating the other ones, which are of order at most € a.s. Since
pen, , w(m, P) is a bounded continuous function of PY¢ we obtain that conditionally to K,

~ 2 ~ ~ 2
(5a + B (Br = BY) =m0 Br+ 50 ™) (Ba = BV ™) with kg = min K.

(min Ky)

Since the restriction of P,,IL/V to I has the same law as PV conditionally to PV (X € Iy) > 0,

restricted to Iy , we thus have
lig(l)EW [pen s w(m, Pp)] = Ew [peny y(m, Py) | PYV(X el > 0]

and the result follows. O

8.2. Resampling and structural constraints on the penalties

One of the first consequences of the resampling heuristics is that the Resampling Penalties
have the same structural properties as the ideal penalty.
For instance, in the histogram case, with the notations of Sect. 5.7, we have

2
penid(m)::(P—Pn)fy(/s\m):%Z <2Xi61/\(,}\/;_ﬁ)\)> <1+Z¥>

n
= P P

according to (5.19) and (5.26) in Sect. 5.7.2. Then, ((Xj,Yi)i<i<n, P) +— pen;q(m) satisfies the
following:

e It is the sum of Card(A,,) terms describing depending on what happens on Iy:
penyg = Y Fa(Pr, (V) xien: Baipa) - (8.3)
AEAM

e Fach term is exchangeable: for every permutation o of {i s.t. X; € I, },

F)\ (ﬁ)\a (}/;')Xiel)\7ﬁ>\7p>\) = F>\ (ﬁ)\u (YO'(’i))XiGI)\7/8)\7p>\) . (84)
e FEach term is translation invariant: for every ¢ € R and A\ € A,
Fx (Dx, Yi)xien, Bx,pa) = Fa (Da, (Yi + ¢)xjen, B+ ¢,px) - (8.5)
e Each term is a polynomial in (Y;)x,er,, homogeneous of order two:
Fx (P Y)xien, Bopr) = Y aii(Prp)YiYs (8.6)

Xi€ely, X el
The last point becomes clear by remarking that one can translate Y so that 8y = 0 according to
the previous point.
Let us stress here on the fact that translation invariance and homogeneity of order 2 are
necessary conditions for any good penalty in the least-square regression framework. Otherwise,
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the selected model m can be changed by replacing Y by A (Y + ¢), whereas the oracle model is
unchanged, and the excess loss of every model is multiplied by A2. Then, making a particular
choice for ¢ and A (e.g. depending on n), one can prove that m is necessary can not satisfy a
general non-asymptotic oracle inequality with constant almost one (and moreover, the constant
may go to infinity when ¢ and A go to infinity). Condition (8.3) is only a consequence of the
particular structure of the histogram models. We can expect that other models lead to other
particular structures for reasonable penalties. Finally, the exchangeability condition (8.4) is the
quite natural consequence of the exchangeability of the data.

We now come back to the histogram regression case. The resampling heuristics automatically
ensures that pen(m) satisfies properties (8.3), (8.4), (8.5) and (8.6). According to the lemma
below, this is a sufficient condition for pen(m) to be of the form

S a3 v-s)ro— S (%80 -5

npy — 1
AeAm X;€ly P Xi€ly, X, €l iA]

As a consequence, up to the constants Ry w(n,px)+ Rz w(n, D)), Resampling Penalties are the
only reasonable penalties in the least-square histogram regression framework. We can conjecture
that this structural preservation is a key property of RP in general frameworks, which may be
sufficient to ensure its efficiency (up to the choice of the constant C' in front of the penalty).

LEMMA 8.2. Let r € N\ {0} and f: (Y;)i<i<r — R satisfying

(8.4) f is exchangeable, i.e. for every permutation o of {1,...,7} andY € R, f ((Ya(i))lgz‘gr) =
7).

(8.5) for every ce R andY € R", f((Y; + ¢)i<i<r) = f(Y).

(8.6) f is a polynomial and for every A € R and Y € R”, f ((A\Y;)1<i<r) = A2f(Y).

Then, there exists o € R such that for every Y € R",

T

1
Y-t ¥y
i=1

1<i<r

2

PROOF OF LEMMA 8.2. According to (8.6), there exists (ai;),<; <, € R"™ such that for

every Y € R",
> aiYiY
1<i,j<r
From (8.4), a; ; can only depend on 1,_;, i.e. for every ¥ € R”,

—azy2+25 Y vy = ZY2+5<ZY>

1<i<y<r

with a1 = o and a1 2 = . Using now (8.5), we have for every ¢ € R and Y € R”,

fX+eo)=fY)+(a+(r—1)p (2021”—1—7“0)

We then must have a + (r — 1)3 = 0, and the result follows. O
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8.3. Other assumption sets for oracle inequalities for RP

In this section, we consider alternative assumption sets for the results of Sect. 6.4 about
Resampling Penalization. Since Thm. 6.1 relies on a general result (Lemma 6.4), giving alternative
assumptions for Thm. 6.1 remains to give sufficient conditions for (Bg) or (Ug).

8.3.1. Bounded case. We already suggested one way of removing (An) in Sect. 6.4. It is
actually possible to replace it in the assumptions of Thm. 6.1 by

(1) (Agauss) the noise is sub-gaussian
and (ArX) the partition is “upper-regular” for £(X), i.e. Dy, maxyen,, px < cffu.
(2) X CR*, (Agauss) the noise is sub-gaussian,
(Ary) the partition is “upper-regular” for Leb: D,, maxyep,, Leb(Iy) < ¢ Leb(X)
and the density of X w.r.t. Leb is bounded from above:

Leb(I
VICX, P(X€I)< Leeb ((X)) .

(Ady)

ProoF. Following the proof given in Sect. 6.8.3, we only have give a lower bound on

o = 3 |5+ (of)’]
™ XeAm

In the first case, we have

QY > - 3 (o)=Y p (o)

D
™ \ehm Ak, —mPA

2 2
> Z px(ai) > HU(X)H2
a A maxieA,, {Dmp)\} N cf,(u
The second case is a consequence of the first one since

Leb(I,\) _
< omax < omax D 1 .
s () = 8 e { T | < R

O

Moreover, in all the assumption sets above and in those of Sect. 6.4, the sub-gaussian assump-
tion on the noise (Agauss) can be replaced by a general moment inequality:

(A€) Pointwise moment inequality for the noise: there exists PP! growing as some power of ¢
such that

¥g>2 Vo e X, E[|d!] X =] < PP(g)o(a) .

For instance, when PP!(q) < cq for every q > 2 for some constant ¢, this means that € is sub-
poissonian.

8.3.2. Unbounded case. In Sect. 6.4, we also give a set of assumptions for Thm. 6.1 in the
unbounded case. One can actually remove both (Ab) and the lower bound on the noise (An)
from the assumptions of Thm. 6.1, at the price of adding

(Agauss) The noise is sub-gaussian: there exists cgauss > 0 such that

Vg >2, ¥z € X, E[le!] X = 2] < cganss V10 (2) -



212 CHAPITRE 8. APPENDIX ON RESAMPLING PENALTIES

(Ad) Global moment assumption for the bias: there is a constant ¢}, > 0 such that, for
every m € M, of dimension D,, > Dy,

15 = smlloe < €A 18(X) = sm (X))l

(Aomax) Noise-level bounded from above: 02(X) < 02, < +00 a.s.
(Asmax) Bound on the target function: ||s||,, < A.

and one among the following

X
r,u’

(1) (ArX) the partition is “upper-regular” for £(X), i.e. D, maxyeca,, px < C
(2) X C Rk,
(Ary) the partition is “upper-regular” for Leb: D,, maxyep,, Leb(Zy) < ¢, Leb(X)
and the density of X w.r.t. Leb is bounded from above:
Leb(I)

TCX, PXel)<m .
vicXx PXel) s

(Ady)
(3) X C RF is bounded, equipped with ||||,
(Arg) the partition is “upper-regular” maxyep,, {diam(l))} < ¢, D, ¢ diam(X)
(Ar,) the partition is “upper-regular” for Leb: maxyep,, {Leb(Iy)} < ¢ wD;,! Leb(X)
and (Ao) o is piecewise K,-Lipschitz with at most J, jumps.

PROOF. In Sect. 6.8.3, we made this proof with (An) as last additional assumption. It is
)

actually only used to give a lower bound on Qq(ﬁ . The two first cases thus follows from the proof

given in Sect. 8.3.1 above. The last one follows from Lemma 6.13. (]

As in the bounded case, the sub-gaussian assumption on the noise (Agauss) can be replaced
everywhere by the more general moment assumption (Ae).

Sufficient conditions for (Ad) can be derived either from Lemma 6.14 or from Lemma 8.3
below.

8.3.3. Sufficient condition for (AJd). In Sect. 6.4, we give a sufficient condition for (Ad)that
relies on the regularity of s, a lower bound on the density of X w.r.t. Leb and the regularity of
the partition (Lemma 6.14). We state below a lemma which gives a more accurate estimation of
the constant chm when & C R is bounded.

LEMMA 8.3. Let s be a Cpp-Lipschitz fuction on X C R and p a probability measure on X.
We assume that i1 and Leb are mutually absolutely continuous. Let ((IA)/\eAmk >k N be a sequence
€

of partitions of X. We assume that their sizes Dy, are going to infinity and

max {diam (I,)} < ¢? Dt diam(X) . (Ard)
EAm ’
Then, there exists a constant ch,m (depending on s, pu and ciu) such that for every k € N,

s = smll oo < A lls = small 2

Proor. If s is constant, the result is obvious. Otherwise, both [|s — sy, and ||s — s, are
positive.
Since s is Lipschitz, with constant Cf;p,, we have

s = smll < CLip max {diam (I,)} < D! diam(X)ciuCLip .
||5l||i2(u)

12DZ,
converging. The result follows. (]

On the other hand, ||s — Sy, |72 (1) 18 equivalent to as long as the Riemann sums of s’ are
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REMARK 8.1. If one assumes more regularity conditions on s, then the difference between
IIs — SmkH%Q(p) and its limit when k& — oo can be controlled. Then, the constant ¢% , only

depends on s through ||s’ H%Q(u) and these regularity conditions, at least for k > kg for some kg
depending on the same conditions.

8.4. Resampling Penalties with general weights

In Chap. 6, we focus on RP with exchangeable weights, whereas Chap. 5 studies a particular
kind of non-exchangeable weights. In this section, we state results that are valid for any resampling
weight vector. Asin the two aforementioned chapters, we can use them to derive oracle inequalities
for RP with general weights, under some mild conditions on the weights. See the proofs of Thm. 5.1
and 6.1 for more details.

8.4.1. Expectations. When the resampling weights are exchangeable, we are able to com-
pute explicitly the Resampling Penalties pen(m) in the histogram case (Lemma 5.7). With
Prop. 5.2, we extended this result in expectation to general weights. However, this last result
seems very particular to histograms, and may not always be easy to handle. With Lemma 8.4
below, we state it in a more general form, which will be sometimes easier to use.

General result.

LEMMA 8.4. Let W be a resampling weight vector, (X;,Y;)1<i<n some exchangeable data,

n n

1
E X“yz and PXV:EE WZ(S(X“YZ)
=1 =1

We define
Feowy(Xi, Yii<i<n) = E[G(Po, BY) | (Xi,Yi)1<i<n]

for some measurable function G, and
W7 = (W), s Wogm)) with o uniform in 3, =X ({1,...,n})

and independent from W and (X;,Y:)i1<i<n-
Then, (W7 )i<i<n is exchangeable and

E [Frony(Pn)] =E [Frwey(Po)] - (8.7)
REMARK 8.2. In the histogram case, (8.7) also holds true conditionally to (p))aea,, -

PROOF OF LEMMA 8.4. Noticing that the data is exchangeable, we have

1
E [Fraw) ((Xi, Yi)ici<n)] = o > E[Fery (X, Yoo))1<icn) |

'TEZTL
-yl Z E [G(Pn, PT)]
TEZTL
1 < 1 « !
with  PyV7 = EZWZ‘(S(XT@»Y - EZ 7140 ):PXVOT

i=1

and Wor~! = (Wr-1(j))1<j<n- By definition of W7 (:) Wor~! (if 7 has a uniform law in %), the

result follows. O
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V -fold case. In algorithm 5.2 in Sect. 5.3.1, we modify the general V-fold weights so that they
fit well to the partitions (/)xea,, of X'. It is also possible to fix a priori the blocks (Bj)i<j<v
(e.g. approximatively of the same sizes), and then compute the Resampling Penalties as in (6.5).

According to Lemma 8.4 above, we have to determine the law of the exchangeable weight W €.
If the blocks all have the same size, W is the Rho (n —n/V’) scheme. If the blocks have different
sizes, the law of W7 is some kind of generalized Rho scheme, with a sample size that is not fixed.
Its law can be described as follows:

(1) Pick up a sample size @ at random according to the distribution

v
Vil Z 5n7Card(Bj) .
j=1

(2) Independently from @, choose a subset I of {1,...,n} uniformly among those of size Q.
The weights are then equal to W; = %]lig.
The constant V/(V — 1) apart, one can see this resampling scheme as a generalized Rho, with a
random sample size.
We obtain the constants Ry e and Rowe in the general VFCV case:
1%

1 V(n — Card(B))) n N
Riwe(n,py) = v > V= 1n T Card(B) nanin—Cord(5)) ~ 1
J=1 J
1 \%
— +
V-1 z} eH(n,nﬁ/\,nfCard(Bj)) -1 (88)
]:
1 « n
Ry we(n,p) = v ; (Wrd(B]) - 1) (8.9)

Indeed, conditionally to @, the quantity (W; — Wy)?Wy® (for a € {1,2}) has already been
computed in the Rho(Q) case (up to the multiplicative constant % when a = 1). Then, we
only have to integrate w.r.t. Q.

We now assume that n~! max; Card(B;) < c¢g < 1 and np) > B, and that the partition is

quasi-regular:

d(B; 1
Sup{ ‘L(J) _ _‘} < 6:’Zeg s 0 . (Areg,VF)
i n V

Then,
Rywe(n,px) = Rowe(n,Da) (1 + 5,55;?”) with o®™) ¢

Explicit bounds can be derived from Lemma 6.2.

8.4.2. Concentration inequality. We have proved concentration inequalities in the his-
togram case for Resampling Penalties when the weights are exchangeable (Prop. 6.8 in Sect. 6.8.7)
and for V-fold weights (Prop. 5.10 in Sect. 5.7.4). In this section, we extend this last result to
more general non-exchangeable weights.

PROPOSITION 8.5. Let Sy, be the model of histograms associated with some partition (Ix)ycp, -
Let pen(m) be defined by

pen(m) = C <EW [@ (BXV —BA)Q‘ W > 0} +Ew [ﬁ?/ (@\W _BA>2] ) : (8.10)

and W € [0;00) a random vector such that, conditionally to (Lx.er, )i<icp ren,,”
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o W is independent from (X;,Y:)i<i<n.
e max; W, — min; W; < My < oo a.s.
e minyecp,, W 2> mw > 0 a.s.

The constants My and my may depend on (x,e1, );<;<p xed,, - Let v >0 and assume that
Vg>2,  Pp(q) <a® . (Am,e)
Then, there exists an event of probability at least 1 — n~" such that
|pen(m) - EAm [pen(m)” ]lminAEAm{nﬁA}22 (8 11)
< OMjy (my! +my?) Liae, €,7) Dy In(n) 1 E [pa(m)] |

PROOF OF PROP. 8.5. In the proof of Prop. 5.10 (¢f. Sect. 5.7.4), we have shown that for
general weights W, for every q > 2,

Ipen(m) — E* [pen(m)][|

2
14y \? 2 )
() (Z(WM_WA) )

=1

<sup{ Lg Z
4 AEAm

Lq < . >2 L 1
<sup{ — ( max W; — min W; . +— (e
W n i ! i ! minjen,, {Wa} = minyey,, { WAQ } )\g\:m -

where the supremum holds over the support of W.

The result follows with (A, ) and the classical link between moment and concentration
inequalities (Lemma 8.10 in Sect. 8.6.2). O

8.5. Useful concentration inequalities

We recall in this section some basic concentration inequalities that we often use in this thesis.
Complete proofs (and many other concentration inequalities) are to be found in Massart’s Saint-
Flour lecture notes [Mas07].

PRrROPOSITION 8.6 (Hoeffding’s inequality (|[Mas07]|, Lemma 2.6 and Prop. 2.7)). IfY € [a; b]
a.s., then for every u € R,

#2(58— a)2>

Let Xy,..., X, be independent random variables such that X; takes values in [a;,b;] almost
surely for all i < n. Then for any positive x, we have

n z?
P (Z (X; — E[Xz‘])> < exp (‘227}_1(@ - ai)2>

i=1

E [exp (u(Y — E[Y]))] < exp (

ProOPOSITION 8.7 (McDiarmid’s inequality ([Mas07], Thm. 5.1)). Let X; € &1,..., X, € &),

be some independent random wvariables, X" = X1 X --- x X, and (X" — R be some measurable
functional satisfying for some positive constants (¢;)1<i<n, the bounded difference condition
Vee X", Vye X", Vie {1,...,n}, IC(x1y ooy iy ey n) — C(T1y ey Ty ey )| < 6

Then, the random variable Z = ((X1,...,X,) satisfies, for every x > 0,

P(Z-E[Z] zx)ﬁexp<_%jc§>
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and similarly

P(E[Z]—Z > x) Sexp(—%)

This result is due to McDiarmid [McD89|. It is also known as the “bounded difference
inequality”.

PROPOSITION 8.8 (Bernstein’s inequality (|[Mas07|, Prop. 2.9)). Let Xi,..., X, be indepen-
dent random variables. Assume that there exists some positive numbers v and ¢ such that X; < 3c
almost surely and Y ¢ | E [XZQ] < w. Then for every positive x,

P (znj(xi ~E[X;]) > \/%Ha:) < exp(—z) .
=1
1

For instance, if X ~ B(n,p), Prop. 8.8 with ¢ = 3 and v = np(1 — p) gives that for every

positive z,

P (X > E(X) +/20p(1 - pz + g) <e®

P (X <E(X)—v2mpl—plz—3) <™.

THEOREM 8.1 (Gaussian concentration theorem ([Mas07], Thm. 3.4)). Let Xi,...,X,, be in-
dependent random variables with distribution N'(0,1), and ¢ : R™ — R be some Lipschitz function
(R™ being equipped with the canonical Euclidean norm) with Lipschitz constant L > 0. Then, the
random variable Z = (X1, ..., X,) satisfies, for every x >0,

$2
P(|Z—-M|> <2 -
(12 - 0| 2 ) < 200 (- 575 )

72
and P(Z>M+ac)<exp<—m>
where M denotes either the mean or the median of Z.

When M is the mean, this result is due to Cirel’son, Ibragimov and Sudakov [CIS76| (and
the upper bound on the probabilities can be replaced by 4®(x/L), resp. 4®(x/L), where ® is
the standard Gaussian upper tail function). See Massart [Mas07], Sect. 3.2 for further references
and results.

8.6. Moments, Exponential moments and Concentration

In this section, we recall several classical results giving links between moments, exponential
moments and concentration inequalities.

8.6.1. Exponential moments = concentration. This link relies on Markov inequality.
LEMMA 8.9. Let Z be a random wvariable such that
Yu > 0,E [e“z] <exp (%MQ + by + c) ,

then, for all x € R,

P(Z>x) < llg% {exp (%/ﬂ—l—(b—x)u—i—c)} < exp <c— M) .

a

PROOF. We apply Markov inequality to e*Z. If b—z > 0, the infimum is achieved with p = 0.
Otherwise, it is achieved for p = @. O
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8.6.2. Moments = concentration. This link relies on the same idea, with x +— z? instead
of z — exp(Ax).

LEMMA 8.10. Let Ay,..., AN >0, p1,...,unx > 0 and X be a random variable such that for
all q > do > O;

N
X1, <D dig*
=1

Then for every y > 0,

N i
Pl|X|> E \; .ey < edoming{u;} —y
min; f;
i=1 I

PRrOOF. First notice that for every ¢ > 0 and g > qo,

X2 N M gMi q
P(\XlZt)SIP’(\Xthq)g_thHqg(Zmlilq)

ye 1223 N ye 1243
e () V< b ()]
? min; g i—1 ming fig

/i
) — ol t )
g=q(t)=e 1I<r;l<nN{ (NAZ,

is larger than qq, the result follows. Otherwise, e%0 ™% {1i}e=¥ > 1 g0 that the result is obvious. [

We take

and if

REMARK 8.3. If there is a constant term in the bound on the moments, one can upper bound
Ao by Aogg "' ¢t for instance. The same trick can be used if min; p; is too small.

8.6.3. Moments vs. Exponential moments. In general, moment inequalities give better
concentration results than exponential moments. The first reason for this is simply that a random
variable may have g-th moments for 1 < ¢ < ¢; < 0o but not exponential moments. As remarked
by Chatterjee [Cha04] (Sect. 3.8), there is also a second reason: if one uses an optimized Markov
inequality to derive concentration bounds, moments always give a better result than exponential
moments. This is shown by Lemma 8.11 below, with Z = (X —E[X])4 or Z = (X — E[X])_.

LEMMA 8.11. Let Z be a non-negative random variable such that E [exp(AoZ)] < oo for some
Ao > 0. Then, for every x > 0,

q E VA
inf E(27) < inf @ .
geN x4 0<A<) e
PROOF. Let A\ € [0; \g]. Then,
+oo +oo
A Ax)? E(Z1 E (74
E (e)‘Z) = —E(Z9) = Z( $') inf (Z) = M inf (2%) .
g q! g q' qeN 24 qeN x4

O

8.6.4. Concentration = moments. It is sometimes useful to go back to a moment in-
equality from a concentration result. Basically, this is an integration.

PROPOSITION 8.12. Let Y be a random variable such that

P(Y > ay) < bexp (—y“)
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with a >0, b >0, a > 0. Then, for every g > a V1,

Y[, < ae [1 v (52)} (é)l/a . (8.12)

PRroOF. This relies on the following integration by parts formula:

B(X)) = [ P(X] > )

We apply it to |Y/a|? and deduce (up to a change of variable)

o0 e}
E(|Y]?) < aq/ bexp (—xa/q> dx = aqb—q / t1/o et qt = aqb—qF (g)
0 0

(6 [0 (6

The result follows by Lemma 8.13 (with 3 = ga~!) and the following inequalities: for every ¢ > 1,

1/q
¢/ < M) <o and <—O;l;2> <1v (—azl;2>

LEMMA 8.13. For every > 1,

r(3) := /OO e tdt < e <§>ﬁ VB .

0
PRrROOF. It’s true for § € [1;2] since the right-hand side is non-decreasing and I' < 1 on
this interval. We deduce the result by induction since the right-hand side grows faster than the
left-hand side: B43/2
INE) B
Indeed, for every 8 > 1,

1 B+3/2 1
<ﬁi) >e since g:z— <x+§>ln<1+—>
I] 2 x

decreases on [1;+00) and goes to 1 at infinity. (]

8.7. Expectation of inverses: symmetric case

When p = 1/2, we can improve the result of Lemma 5.3 in Sect. 5.6.1. This relies on the
following general argument.

Let X be a nonnegative symmetric random variable, i.e. such that £(X) = £(2 — X). Recall
the definition

1
+ R
Define pg = P(X = 0) = P(X = 2). Then,

P(X =2 X>0) 1 P(0 < X < 2)
T = E|— X<o| 29
°x > * [X‘0< < } P(X > 0)
Po 1 —2pg 1/1 1
_ El=(=+——)|0<x<2
2(1—p0)+ 1 —po [2 <X+2_X = =
Po 1 —2pg (X —1)°
= + 1+4E| ——— | 0< X <2 . 8.13
2(1=po) 1-=po ( [X(Q—X) (8.13)
LEMMA 8.14. Let n € N\{0}. Then,
243x107%>ef > 1,53 . (8.14)

B(n.3)
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PRrROOF. Let Z ~ B (n, %) Since X = 2n~'Z is nonnegative and symmetric, we can apply
the above result with pg = P(Z =0) =27".

Lower bound. We here assume that n > 3. For every z € (0;2), define

r—1)2 n— 92)2
o) 2= 2\ _(n-2)

= m . In partlcular, T (E) = m

so that

n n n

(1 —2po)E[T(X)| 0<X<2]>P<X:30rX:2_E)T<E)

2n (n—2)*  n(n—2)>?
= 24n—1) 22t (n—1)

since 2/n # 2 —2/n for n > 3.
Putting this inequality into (8.13) we obtain:

1 e _ n(n — 2)?
+ >_ -~ (9o 1 1— 21 n_ A\ ea)
“B(nt) = T—2n ( * " 27t (n —1)
1
2 T 9 (2 t41-2"m42m ) =1

Small values of n. We easily compute the following values:

[ n Ji[2[3]a]5][6] 7 [ s |
(o) | 2| 5|2 | 90 | 7a1 | 130 | 15210 | < 118

Then, forn =1, 2, ez; <1land for 3 <n <8,

(n3)

+
FE ()

Upper bound. The computations above give the upper bound for n < 8. For n > 9, we use
(6.19) and (5.60). (]

8.8. Concentration of inverses of multinomials: proofs

In this section, we prove Lemma 5.4 which is stated in Sect. 5.6.2. We will make use of the
following constant:
2
_3(V5-v3)

h
+ 2

~0.38 .

PROOF OF LEMMA 5.4. As the coordinates of X are not independent, we cannot apply here
classical tools of concentration in product-spaces. The point here is that (X)aea,, are negatively
associated [JDP83|, so decreasing functions of the Xy as (axf1(Xx))xea,, are still negatively
associated. In such situations, one can still apply Cramér-Chernoff method in order to obtain
concentration for Z,, r [DR98]|.
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Lower deviations. For all 4 > 0,

E |22 | —F | T] exp (uax (BIAXN] - f1(X2))
AEAM

< H E [exp (nax (E[f1(Xx)] — f1(X))))]

AEAm

because of the negative association property.
These exponential moments are bounded by Lemma 8.15 since X ~ B(n,py). Thus, for all

u =0,
/ 22,2
E eu(E[Zm}—Zm)] < H [exp (clak,u + Ak )80(01 X npx)) + exp(—c X np,\)]

B NeAn, (npx)?  c1 X (npy

claA,u a)p » i
: )\g [exp (( npy)? * c1 X (npy) p(er X np,\)> (1 +exp(—ecy x p,\))]

A
= exp <Tmu2 + Bopt + Cm)

with

_461 Z np)\

AEA
1 axpl(c1 X npy
B = 3 SO
L xern PA

Com= Y In(1+exp(—c1 X npy))
AEAM

The result follows from obvious upper bounds on B, and C), and Lemma 8.9.

Upper deviations. We use the negative assocation of the f7(X)) and bounds on exponential
moments given by Lemma 8.16 with ayu instead of p. Thus, as soon as

_ -1
0< < min {(1 nhynpT } ’
AEAm ay

E eN(Zm,T—E[Zm,T]):| < exp Z © (npryy) + exp(—np)ﬁn))

AEAm

ep<Amu
= ex
4

asp’BaCs  au
2(npx)?  npay

T+ Cl ) (8.15)
with

2
=283 Y <%)

AEAM

B, - Z < A <p(np,\7n)> SM Z <:—pAA>

n
Aehy NPATH T AEAm

Cl = Z exp(—npady) < Dy, exp(—Brdy) .
AEAm,
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We can then derive a deviation inequality for Z,, 7 if and only if

2(y — B,,)+ < min {(1 —n)hynpT~!
ay

Al T XeAn
1—n)hy)? _ )’
< A A =mhs 1)2 ZA e
TS An ( 2 > (nT™) </\Ig/1\171n {a)\ Cm

This condition always holds when

} with y =B, + A, (C! +z)

i.e. if

(z+C!,)AT?
2 -
2/872] <Z>\€Am (%) > (]- - 77)2}13_712 min,\eAm { (Z_i) }

Finally, we take n = % so that

@G=1v

2

c2 <My 032\/5517 cs <0y c5 T

v

REMARK 8.4. Taking (p = 1, (5.17) only holds when

2 2
0<z <A, <m> (nT~1)? <min {p_,\}> -, .
2 XeAm | a)y

Otherwise, we have, on a set of probability at least 1 —e™*,

Cl Al Cl
T <E(Z) + By + 22 2ol gz )4 gy, 4 25m tE
o 4 Ko
with o = (1 — n)hynT ! /\12111&17171 { 5—;\\ }

Indeed, when y is too large, we take

. 2N
=po=(1—n)hynT! —
= po = ( n)hin AmHSn{ /\}

instead and thus obtain

A’ M2
P (2~ B(2n) 2 9) < exp (2259 - (5, - o + €1,

which can be rewritten as

<e T

! A/
v (Zm—wm) > B, Snt Ty mﬂo)

Ho 4
In the proof above, we used the two following lemmas.
LEMMA 8.15 (Exponential moments for the inverse of a binomial). Let X ~ B(n,p) a binomial

random variable with parameters n € N\{0} and p € (0;1].
Let ¢; = 0.183 and ¢, = 4.5. Then, for all p > 0,

c 2
B exp(u(EL ()] - £iCON] < 0xp (25 + L oter xnp)) + expl-ca x np)

hp? [
< 1 1.
= o <<np>2 Taexm) T

LEMMA 8.16 (Exponential moments for the inverse of a binomial). Let X ~ B(n,p) a binomial
random variable with parameters n € N\{0} and p € (0;1]; T € (0;1]. For all n € (0;1), there
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exists By > 1, v, 6y > 0, such that for all o > 1 and 0 < p < (1 —n)hynpT !,

P ()R (X)) WG
E|e ] < exp ()2 + e @ (npyy) + exp(—npdy,) | . (8.16)
"

PROOF OF LEMMA 8.15. Let Z = f1(X) and ¢~ (p) = E[e#BH)=2)].
Split of ¥~. Let @ > 0, and Z, = f1(X) A a. We have
¥~ (n) = Elexp (u(E[Z] — 2)) 1z<a] + E [exp (WE[Z] — Z)) 1 7>4]
< exp (W(E[Z] — E[Za])) E [exp (W(E[Zo] — Za))] + exp (w(E[Z] — a)) P(Z > a) .
Since Z € [0;1],
E(Z] = E[Zalz<a] + E[Z1254) < E[Za] + P(Z > @)

and by Hoeffding’s lemma (|[Mas07|, Lemma 2.6), we obtain
p2a?
“(p) < inf P(Z > P(Z > .
v it {ow (v mrzza) 1Bz 2 )}

The idea of the proof is to take a = B(np)~! > E[Z]. By Lemma 5.3 in Sect. 5.6.1, this holds
as soon as

> su eon +(1=—p)" ¢ .
B np>gn{ B(n,p) ( P)}

Deviation bound. For all o > 0,

P(z>a):1@<x<é>

and Bernstein inequality ([Mas07], Prop. 2.9) applied to X gives for all x > 0

P(X <np—2mp(l-pla—3)<e .

For all 5 € (1;4+00) we define

2
L) =1 <\/1+§<1—ﬁ—1>—1) € (0:hy) (8.17)

so that
P(Z > Bnp)~") < ePLB) —: o7

Notice that L is increasing on (1;4+00). If 0 < ¢; < L(B) and ¢| = %2 for some 3 large enough,
we obtain

i’ p
Y () < exp <(np)2 tox (np)sf)(cl X np)> + exp(—c1 X np)

/2
G p M
1
exp <<np>2 T e x <np>> -

because ¢ is maximal for x = 1.

IN

For instance, we can take 3 = 3 (using (5.60)), so

13 — 3)? 32 9
L(B):(\/_f)zo.l&’):cl and c/lz—:5 .

O

REMARK 8.5. In our proof, we obtain a more general upper bound which allows to choose 3
depending on u, n and p.
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PROOF OF LEMMA 8.16. We start as in the proof of lemma 8.15: let Z = fr(X), Z, =
fr(X) Ao and ot (p) = E[e*Z—E)] for all > 0. We split ot take o = S(np)~" with 8 > 1

and deduce
2,2

Q/)J’_(/.L) S exp <H + /.LIP)(Z Z OZ)) + E |:€N(Z—]E[Z})]lz>ai|

232
< exp <% + uexp(—an(ﬂ))> +E [e“Z‘E[Z”ﬂb,%]

with L((3) defined by (8.17).
In order to control the remaining term, we use that Z <7T"

ElerZ-E2)y | <etip (75 B < cTumi) |
Z>n_p - np -
For all n € (0;1), there exists 3, such that L(8,;) > (1 — %) hy. Hence, for all 0 < p < (1 —
n)thin_l:

e

¥ (n) < exp (W + MeXP(—nPL(ﬂn))) +e 2

2322
e =¢ npnh
< exp (2(11;)8 + pexp (—np (1— g) h+) + exp <— g +>>

The result follows with

hy(1-1 h
g -1-vie— - D oy g = (1-D)he g =T

8.9. Moment inequalities for some U-statistics

In this section, we prove Prop. 5.5 which is stated in Sect. 5.6.3.

PROOF OF PRrROP. 5.5. We split Z — E[Z] into two parts:

Z —E[Z] = Z (ax + bA)(S)hg — E[S}HQ]) + Z bA(S)%,l — S)\’Q) =721 + Zs.
AEAM AEAM

Moments of 7. It is a sum of centered independent random variables. According to
Lemma 8.18,

12, < 2vAva, | S Y (ko) | -

AEA, 1<i<ry q

= 4/k\/q Z ((CU\ +by)? Z m%q,x,z‘)

AEAM 1=1

since
Hgil m%)vi” < 2 HgE\JH 2m%q7)\7i '
q q

Moments of Z,. It is a degenerated U-statistic of order 2:

Si—Se= Y. &b

1<i#j<ry
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we control its moments with Lemma 8.17:

1221l < 2VE/a\/1Vallg)o

T
2
Vo= > Y (% —E(Za| (v )i
AEA, =1

T

=4 > B (SHa-&)°8,

AEAm 1=1

The triangular inequality gives

LY
Vallyo <4 D 03D [I€X:(5n — 0],

AEAy  i=1
T
2 4 ! !
<2 Z bAZ ‘UA,ifA,i""nA,i(S)"l = &) H /2
AEAy  i=1 '
T
2 4 N >
2> B (nx,imzq,m T 19 = 5*””2‘1)
AEAy  i=1
2
T
) 4 ~156,2 2 2
<23 B | mamsga + 15, 2°K 2. Mg
AeAm i=1 1IN A

for any n); > 0, the last inequality coming from Lemma 8.18. Taking

2
8qK D 1< j<ry, j#i Mg\

i = 9 )
m2q,>\,i
we obtain
2 2 2
Vallo <3260 D | B3 D mieaimign,
AEAM 1<i#j<rx
Hence,

1Zall, <8V26q | Y |83 Y m3,\m3, .,

AEAR 1<i#j<ry
O
In the proof above, we need the following two corollaries of Thm. 2 in [BBLMO5|.
LEMMA 8.17. Let (Xy,...,X,) be n independent random variables, f a measurable function
R" — R and
Z = f(X1,...,Xn) .
Then, there exists k < 1.271 such that for every q > 2,
n
1Z =E[Z)ll, <2V |a| > (Z-E[Z] (X;)j2]) (8.18)
i=1 q/2
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LEMMA 8.18. Let (Xy,...,X,) be n independent random wvariables admitting q-th moments
for some ¢ > 2: m; , = E[| X,/ Let S =37, X;. Then,

S
ISll, < 2vEva, | D m3,.
i=1

PROOF OF LEMMA 8.18. Apply Lemma 8.17 to S:

IS —E[S]ll, < 2v&,|a||D_E[S —E[S| Xi)?| X1..n]

i=1

q/2

S
=2V, |q||Y_ X?
=1

\ qa/2

S
<2V, [a D> I1X2
=1

8.10. Approximation properties of histograms
In Chapt. 6, Thm. 6.1, we need the following assumption:
(Ap) Polynomial decreasing of the bias: there exists £; > B2 > 0 and C;, Cy > 0 such that
Cb_D;Z’gl S HS — SmHLQ(,u) S O;D;Z’g2 .
where 1 = £(X) and s, is the L?(u) projection onto some histogram model (Sy,)menm. It is
somehow unintuitive, since it assumes that s is not too well approximated by histograms. For
instance, it excludes the case of constant functions, which are both a-hélderian (for any «) and

histogram functions. Lemma 8.19 below shows that it is the only excluded function among the
holderian ones. On approximation theory, we refer to the book of DeVore and Lorentz [DL93].

8.10.1. Results. Let (X, d) be a metric space. For every a € (0;1], d,¢, R > 0, we define
Hs.e(a, R) the set of a-hélderian functions f on X, i.e.:

Ve,y € [0;1),  [s(z) - s(y)| < Rd(z,y)*
such that there exists x1,xzo € X such that
d(xi,m9) <6 and |s(z1) — s(z2)| > € .
When X is bounded, we also define
He(a, R) := Hajam(x),e(, R)

Regular histograms in [0; 1]. We first investigate the simplest case, where (X, d) = ([0;1], |||l o)
and regular histograms.

LEMMA 8.19. Let o € (0;1], §,¢, R > 0 and s € Hs (o, R).
For every D € N, denote by sp the L?(Leb) projection of s on the space of reqular histograms
with D pieces. Then, there exists a constant

Cy = L(a)R™ T |y — xg\_l_‘fl >0
1
and 02:R2 51:14-5 ﬂ2:2a
such that for oll D > 0,

Co

Cy
= DB2

DB

<ls- SDH%Q(Leb) (8.19)
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REMARK 8.6. The upper bound holds with any probability measure p on X instead of Leb,
since
U(s,5m) < ||s — sml, < RED;2 .
If (Ady) holds, then

- 2 2
1(5:5m) = cinin Leb(X) ™! s = sl Taqran) = €lls = 5Dl T2(Leb)

and thus the lower bound is still valid.

REMARK 8.7. The lower bound in (8.19) cannot be improved, as shown in Sect. 8.10.1: for
every a, R, d,e > 0, there exists C] such that for every D,
Cl
. 2 1
A L e

Regular histograms in R*. We now generalize the previous result to subsets of R¥. For the sake

of simplicity, we assume that X is a ball of (R¥, |-[ls)- Otherwise, if /’OV is connex and non-empty,
any non-constant continuous function s on X’ is non-constant on some ball B(s) C X. Then, we
can apply Lemma 8.20 on B(s) in order to derive (Ap). The constants 0, > 0 have to take into
account the restriction z1,22 € B(s) C & in the definition of Hs(c, R). When X is a ball, this
condition is automatically satisfied.

LEMMA 8.20. Let X be a non-empty closed ball of (R*,|-||..) and s € Hs.(a, R). Let D €
N\ {0} and consider the “regular” partition (I,) of X of pace D71, i.e. the collection of non-

empty intersections between X and the family (Hle[%; j%—l)

. Let sp be the piecewise
. _ _ >’ J1yendh€L
constant function, defined on each piece Iy of this partition by

Sp = Leb(ly) /IA (t)dt .

Then,
. 2 > 2+ka"! c—1—ka! pl—k(1+a™1)
(s(t) —sp)“dt > Ly q€ o R
X (8.20)
» (D vé_l)flfka_hr(kfl)a .
REMARK 8.8. (1) The number of pieces in the partition is not D but (approximatively,

depending on the shape of X) Leb(X)D¥. Then, if X has a lower bounded density
w.r.t. Leb on X, under the assumptions of Lemma 8.20, (Ap) is satisfied with §; =
El4a™t — (k- 1Dk o

(2) The following upper bound on the bias is straightforward:

1 2 2 212
— t) — dt < ||s — < R*D™ =% .

(3) When X is not a ball of R¥, we can use a general argument assuming only that for every

o
r1,x9 € X, there is a path from x1 to xo that has an n-enlargement in X for some n > 0.
We then obtain (8.21) instead of (8.20), but this still implies (Ap).

Optimality of the lower bound in [0;1]. When X is a non-empty compact interval of R, the
exponent 1 + o~ ! in Lemma 8.19 is unimprovable in the following sense. Without any loss of
generality, we assume that X = [0;1].
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LEMMA 8.21. Let X = [0;1], R> 0, a € (0;1], 1 > 6 > (1 +n)D~! (for some n > 0) and
L(Q)R|DS|D~' > ¢ > 0.

inf {/ (S(t) — SD(t) )2 dt} < L(a7 n)R*Ol_l62+a_15717a_1D717a_1 )
SG'H(;’E(O(,R) X

REMARK 8.9. If D > 257!, one can replace by 1 and this upper bound is (up to some factor
L(«)) the same as the lower bound in Lemma 8.19.

Thus, the exponent 3; = 1+ a~! cannot be improved as long as we look for a uniform bound
on H; (o, R). However, this does not mean that there exists a function s € H(«, R) approximated
by regular histograms at the rate D=1=2"" To our knowledge, this question remains unsolved.
Some references about this problem (and the equivalent one when the knots of the partition are
no longer fixed) may be found in Burchard and Hale [BHT75|. See also the book of DeVore and
Lorentz [DL93], in particular Chap. 12.

8.10.2. Proofs.

Regular histograms in [0;1].

PROOF OF LEMMA 8.19. The upper bound directly follows from

I(s,sp) < ||s — sp|%, < R*D~*
so that
/32 =2« 02 = R2 .

The lower bound needs some more work. As s € Hs(a, R), there exists 1 < x5 in [0; 1] such
that |s(z2) — s(z1)] > € > 0. The interval [z, z2] intersects N(D) < 2+ D|zy —x1| < 2+ D§
intervals I, of the regular histogram of size D (denote by Ap(zi,z2) this set). On each of the

(I\)xeAp (w1,22), the variation

variar, (s) =sups — inf s
Iy I

of s may be at most RD™® since s € H(a, R), and the sum of the N(D) variations variar, (s) is
larger or equal to e.
From lemma 8.22, we have

ls—spl2> S0 / (s(t) — sp(t))? dt
)\EAD(:Dl,:BQ) I/\
> Z RO g2 variag, (s)2+°‘_1
)\EAD(:Dl,:BQ)

> R g4 > variag, (s) N(D)~'-

)\GAD($1,$2)
> R—a_12—4—2a_162+a_1N(D)—l—a_

1

where we used Holder inequality in the last but one line, since 2 + a1 > 1.
When D > (26)~!, we deduce that

Is — sp|? > L(a)R 2te g-1ma" pl-a™t
Since for every k,D € N\ {0}, ||s —sp|ly > ||s — skp||y, we get for every D > 1 that

—1-a~ !

Is — spll2 > L(@) R "t '§71="" (D v §1)
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LEMMA 8.22. Let s be an (a,R) holderian function on a compact interval I. Denote by
varias(s) := sup; s — inf; s the variation of s on I and sy the mean of s on I. Then,

. o+ 1
2 variay(s)“"a
/1(8(95) —s7)de > Raigitza T
PROOF OF LEMMA 8.22. Let T = varia;(s). One among sup; s and inf; s must be at distance
at least % of s;. By symmetry, we can assume that it is the supremum. As s is continuous,
supy s = s(xg) for some xg € I. As s € H(a, R), there is an interval J around xg, of size

-1 -1
sup; s —s7 \ T \“
> ——— - >
Leb() = (222 ) = (1)

5> sy +supy s >Z .
- 2 !

and on which

As a consequence,

/I (s(x) - s1)2de > /J (s(2) — s1)?de > (%) .

Regular histograms in RF.

PROOF OF LEMMA 8.20. A first simple reasoning leads to a large exponent in the lower
bound, that is sufficient to derive (Ap) and may be easier to generalize to other metric spaces.
In the case of R¥, we get a more accurate result.

General argument. Let z1,22 € X' that comes from s € H; (o, R) (defined at the beginning
of Sect. 8.10.1), and

T —1—332 ||$1 —.Z‘QH
A=B ==
* ( 2 2
Since X is a ball, A C X. There exists a path from z1 to x5 in A that crosses
N(D) <2+ Dz — 22 o, <2+ D§

pieces of the regular partition. Denote by Ji,..., Jy(p) those pieces.
Along this path, s is varying at least of ¢, so that

N(D)
Z varia, (s) > € .
i=1

From (8.24), we have
N(D

) ND) (variay. (s) )2
[z X [ tamapytz BTl

- 144 x 4ko™! Rla™!

Since 2 4+ ka~! > 1, we can apply Holder inequality to deduce

N(D) N(D) 24+ka~1

—1 _
> (variag, ()77 > | Y7 variay,(s) N(D)~ 1k
i=1 =1
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Thus, for every D > (26)7 !,

/ (s —sp)? > Lk, a)e2the ! g-1-ka™l p=ka™l p=l-ka™t (8.21)
A

Improved lower bound. In the previous argument, we only used the existence of one path from
x1 to 29 in A C X that crosses

N(D) <2k + D||z1 — x2||; < kDo

pieces of the regular partition. We did not actually need that the whole ball A is in X. Using
this fact, we can find oc D*~! such paths, “sufficiently” distinct, so that we obtain a better lower
bound. We will show that it is possible with at most N (D) < %eRilDa points in each path that
may be shared with the union of the other paths.

Consider the spheres S} = S(z1, %) and So = S(xa, %) for the norm ||-||;. Denote also
by O; (resp. O3) the orthant of R¥ that contains x5 (resp. x1), taking the origin at x; (resp. ).
The idea of the proof is to build monotonic paths from z; to s (each coordinate is monotonic)
that goes from x; to S; N Oq, then from S; N O; to S3 N Os, and finally from Sy N O3 to x2. The
point here is that the second step can be made with Card(S; N O;) = Card(S2 N O2) completely
disjoint paths, in the sense that they cross disjoint pieces of the regular partition. This is done
by translating S1 N O1 onto So N Os in De — %Rleo‘ steps.

On each path, we have an inequality like (8.21), with
2D e

>
3R 3
instead of € (we remove the paths from z; to S; N O1, and from S N Oy to x9, using that the
variation of s on each of piece of the partition is at most RD~%. Since

e— RD ™ x

> —
Card(SlﬂOl)_L<3R> 5

we obtain, for every D > (20)7 1,
/ (s—sp)? > Lk7a62+ka*15—1—ka*1R—kofl—(k—l)D—l—ka*1+(k—1)a . (8.22)
A
O

We now prove the analogous of Lemma 8.22 needed in the proof of Lemma 8.20. We prove it
in a more general case, assuming only that X is a measurable metric space.

LeEMMA 8.23. Let (X,d,pu) be a measurable metric space, I C X measurable with u(I) €
(0;00), and s a measurable function I — R. Assume that s is («, R) holderian, i.e.

Ve, oo €1, |s(z1) — s(z2)| < Rd(zy1,z2)” .

Assume that .
s = —= [ sdu and variaj(s):=sups—infs
H(I) /I I 1

both exist and are finite. Then, there exists some xg € I such that

. variay (s) ) /¢
/I(S e (variaz(s))? (I N Bj4§x07 ( 4R( ) ) > > | o

PROOF OF LEMMA 8.23. There must be some point zg € I such that s(xp) is at a distance

variaj (s)
3

larger than from sy (otherwise, we must have varias(s) = 0 and any z¢ € I is convenient).
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. 1/ .
Ifx € I and d(z, x0) < (%ﬁ) a, then |s(z) — s(xo)| < %’(S) since s is («, R) holderian.

. . 1/a
By definition of zg, we have |s — s;| > %21(8) uniformly in I N By (xo, (%é(s)) > The
result follows. O
In Lemma 8.20, we use Lemma 8.23 in the following framework. Let X = R* d = Il 00>
w = Leb and I = By(c,ry) for some ¢ € X and r > 0, we have for any zg € I and any s > 0,
1t (Ba(zo,8)NI) > (rrAs) .

As a consequence, if s : RF — R is (o, R) hélderian (for the norm |[-||. ), we have s; < oo,
variar(s) < R(2ry)® < oo and

(o (o)
(variaz(s))” | rr A | T2
[ (sta) =1 utae) > S N

24+k/a

_ (variaf(s))

144 x 4ka”! Rka™t (8.24)

Optimality of the lower bound in [0;1]. We first have to prove the “optimality” of Lemma 8.22.

LEMMA 8.24. Let I be a compact interval of R. Let R > 0, o € (0;1], T € [0; Ra“]. Then,
there exists an increasing function s € H(a, R) such that variar(s) = T and [ (s(t) — sp)tdt <
L(a)R™ T2

PROOF OF LEMMA 8.24. Let a be the length of I; up to a translation, we can assume that
I = [0;al.

Consider s(z) = R (z A €)® with e = (T/R)® ' < a, we have s € H(a, R) and varia;(s) = T.
Straigthforward computations show that

€ a R a+1 _
s; = a_l/ Rt%dt + a_l/ ReCdt = - 4 R "€
0 . ala+1)
a+1 «
:Rea—&:Rea 1- -2 f)e R—E;Reo‘
ala+1) a+1la a+1
R262a+1 a+1

‘ 2 _ ‘ o 2 € 2
= - =—— —25tR——
/0 (s(t) —sy)"dt /0 (Rt sp)~dt 5 n Sy : + es2

2
_ R2¢2a+1 Cope (1 a e Reaﬂ (e a eatl
20+ 1 a+1la a+1 o+

1 a

2
_ R220+1 12 1— % Yy~
20+1 ao+1 a+la a+la

1
< R2 201+1 1
= Yo+l

Moreover, we have
2
Ra 62a+2
a

/ea(s(t)—31)2dt:(a—e)(Rea—31)2:(a—e)<a+1 i

Ra 2 e2at2 Ra \?
< RO[_ 2: < 2a+1 .
< (Re® — 1) <a+1) a <a+1) ‘




8.10. APPROXIMATION PROPERTIES OF HISTOGRAMS 231

Thus,

2

1 -1 -1
) —sp)dt<R2e2H [~ 414 T ) = L(a)R* T*
/I(S() s1)"dt < R'e 2% t1 +(a+1)2 (o)

O

PROOF OF LEMMA 8.21. We use here Lemma 8.24, and base our proof upon the one of
Lemma 8.19. Let z; = 0 and 22 = |[D§| D! € X (because § € (0;1]). Then, § — D! <
|x1 — z2] <0 and both z1,x2 are limit points of the regular partition of X with D pieces. There
are exactly

n
N(D) = — D= |Dé$ Dé—1>—""-D¢
(D) =|e1 — a2l D = D3] > D3 - 1>
intervals of the partition between z; and xzs.

Let T € [0; RD™?] to be chosen later. Define sy as the continuous function on X such that:

e 50(0) =0,

e for every k = 0,...,|DS§| — 1, on [kD Y (k+ 1)D71Y), sg — so(kD™!) is equal to the
increasing function of Lemma 8.24 with a variation T,

e 50 is constant on [z2;1].

The resulting function sg is increasing, so that |so(z1) — so(x2)| = TN (D). It is more difficult to
show that sp € H(a, R), we will do it last.
From Lemma 8.24, we also have

/X (so(t) — so.n())? dt < N(D)L(a)R— T2+

Taking T = eN(D)~! < e~ 1D, we have |so(71) — so(z2)| > € and

-1

/X (so(t) — so.p(t))?dt < L(a)R™ ¥t 'N(D)™>

—1—
< L(a)R™ e <—775 ) ’ Dl
- 1+7n

It remains to prove sg € H(a, R). Given 0 < y; < ys < 1, we want to prove: |so(y1) — so(y2)| <
R|y1 — y2|®. If y1 and yo belong to the same interval of the regular partition, this is satisfied by
construction of sg. Otherwise, we must use the exact definition of sy that follows from the proof
of Lemma 8.24.

Let p = D! be the size of an interval of the regular partition. For every z € [kp; (k + 1)p)
(with 0 < k < D — 1 an integer), we have so(x) = kT 4+ (R(z — kp)®) A T. Since the increments
of sg are periodic with period p, we can assume that y; belongs to the first interval of the regular
partition. Then,

so(y1) = (Ryy) AT and  so(y2) = so(kp+ he) = kT + (Rh§) AT

and |y1 — y2| = kp + ha — y1. Since so(y2) does not increase when Rh§ > T whereas |y; — y2|
does, we can assume that RhS < T

When Ry{* > T, it suffices to consider y; = p (it is not in the first interval of the partition,
but it belongs to its closure and sg is continuous). A previous remark (“periodicity”) remains this
case to y; = 0. Finally, the only case to consider is when 0 < Ryf < T and 0 < Rh§ <T. We
then have

|so(y1) — so(y2)| = kT + R(hy —yi") and |y1 —ye| =kp+ha—y1 .
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0.8

0.6

0.4;

0.2

% 0.5 1

FiGURE 8.1. The function s of the proof of Lemma 8.21, with D = 6, a = 0.5,
R=1,6§=0.9,¢=0.5.

We deduce the following condition on T: for every 1 < k < D — 1 and 0 < ¢1,ty < 1 (with
ty = (R/T)* " hy and the same for t; and y;):
T(k+(t5—19)) < R (kp+ 1% R (1, —t1)>a
Let z = (T/R)* . This may be written as
(k4 (85 —19) Skp+z(t2—t1)

which is equivalent to

: kp
z < inf =)
1sksp-tosuest | (k+ (6§ - 5))" — (1)

Keeping k > 1 fixed, the infimum is attained when the denominator (k + (t§ — t$') )C’F1 —(te —t1)
is maximal, i.e. when ¢; = 0 and t5 = 1 (it is increasing in t5, and decreasing then increasing in
t1; thus, the maximum is attained either at (0,1) or at (1,1); since o' > 1, it is at (0,1)). We
obtain the following condition on 7"

T\
(8) =cith =)
R 1<k<D-1 ([ (k+ 1)@ —1

—1
. _ -1 . 1)~ -1 . . . . . .
Since ™! > 1,  — z%  is convex, so % is increasing in k. Thus, the infimum is

attained for k = D — 1, and the condition becomes

“\Dv -1
so that the choice T = eN (D)™ ! is possible as soon as € < L(a)RD™!| D§|. O

D—1 \*
T < <7> Rp® < L(a)RD™!



CHAPTER 9

On the constant in front of global penalties

RESUME. Ce chapitre aborde la question de la calibration de pénalités glob-
ales par rééchantillonnage, telles que les complexités de Rademacher ou les pé-
nalités définies par Fromont [Fro04]. Il y a un facteur au moins 2 entre la borne
théorique «pessimiste» et la borne observée dans différentes études de simu-
lations. Nous montrons que la borne observée est valable sous une hypothése
additionnelle de symétrie, tandis que la borne «pessimiste» est atteinte dans un
cas asymeétrique limite. Il s’agit d’'un phénomeéne hautement non-asymptotique,
qui indique que la théorie ne peut rejoindre la pratique qu’au prix d’hypothéses
supplémentaires, sans doute beaucoup moins restrictives que la symétrie. Ces ré-
sultats indiquent également qu’il peut étre nécessaire de calibrer de telles pénal-
ités en utilisant les données. On ne peut pas se contenter des bornes théoriques
générales pour obtenir une procédure optimale.

9.1. Introduction

In this chapter, we consider global resampling penalties in classification. Following the intro-
duction of Chap. 7 (and using the same notations), the ideal global penalty is

Penigg(m) = Sup (P = F)y(t) = (P = Fa)y(5m) - (9.1)
€Sm
We then call global penalty any estimator of pen;y ,(m). Defining

Fm i ={€X x Yt st teSy} ,
the ideal global penalty can be written

Co(F) == sup {(P = P,)(f) }
fer
for some class F of functions. Global penalties are thus global complexrity measures of the classes

The Rademacher complezity (independently introduced by Koltchinskii [Kol01| and Bartlett,
Boucheron and Lugosi [BBL02]) is now a common global complexity measure in learning theory.
It can be defined as follows:

R.(F)=E

sup { % > ef(&) }

fer L% im

5] 92)

where €1, ...,€, are i.i.d. Rademacher variables (i.e. equally distributed between +1 and —1),
independent from the sample &;_,,. A similar complexity measure is the Gaussian complezxity (see
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[BMO02] and the references therein), defined as

G(F) = E | sup { Z Gif () } s] (9.3)
feF
where G1,...,G, are i.i.d. standard gaussian Varlables, independent from the sample & .

More recently, Fromont [Fro04, Fro07| defined more general complexities, called bootstrap
penalties, which are based upon Efron’s resampling heuristics. They can be written

Sup{ Zngl}

ferF

BY(F) =

where (Z1,...,7Z,) € R™ is any random vector independent from the sample & _,. With the
notations of Sect. 7.1, the weights Z; would be written 1 — W;. Notice that Fromont’s results are
restricted to some particular weight vectors: i.i.d. symmetric, or exchangeable with ) . Z; = 0
(for instance Efron’s bootstrap (Efr): W; = 1 — Z; multinomial). The first case includes the
Rademacher and Gaussian complexity cases:

R(F) = BY(F)  Gu(F) = B{(F) .

In order to use these complexities in penalization procedures, we would have to show that they
are close to pen;q ,(m) for every m € M, with large probability (see (7.4) and (7.5) in Sect. 7.2.1).
Assuming that they satisfy concentration inequalities (like the ones of Fromont [Fro07], or those
of Chap. 7), we need a comparison of their expectations. This is why, in this chapter, we are
interested in the ratio

E|BY\(F su noogorie
P L CaT DU 7% 0 > T 77) S

E [én(]-')] E [supger {2 it (E[f(&)] = (&) }]

If we knew exactly Rz(F), we would be able to use RZ(]:)AETQZ)(}") as a penalty, which
is unbiased. Then, the resulting penalization procedure would be asymptotically optimal (and
satisfy an oracle inequality with constant almost one).

However, in most cases, we only know that Rz(F) belongs to some interval [a,b] of (0, 00).
With this knowledge, the most reasonable choice of penalty is a*1§£z)(f ), which ensures that
id,¢ With large probability. Then, we are able to derive an oracle
inequality, in which the variance term is overestimated within a factor Rz(F)a~!. If this factor
is small in most cases, this does not matter. But if b/a > 1 (even asymptotically) and Rz(F) is
close to b, then we have a suboptimal model selection procedure (in the sense of Sect. 5.2).

the penalty is larger than pen

The aim of this chapter is to investigate whether this may happen or not, in particular in
binary classification. It appears that the values taken by Ry (F) can differ from a factor at least
two according to the class P and the distribution of the sample. This phenomenon occurs with
both Rademacher complexities and Efron’s boostrap complexities B &Efr) but it is highly non-
asymptotic. Moreover, the classes F and distributions P we consider have a very “asymmetric”
design. We can then conjecture that Rz (F) should be constant over a wide set of classes F and
distributions P, which are the most used in practice.

Another interest of studying the ratio Rz(F) is that it appears in the confidence balls built
in Chap. 10. In particular, we prove that we can not drop entirely the symmetry assumption on
the data distribution.



9.2. LOWER BOUNDS ON Rz (F) 235

The rest of the chapter is organized as follows. We first give several lower bounds on Rz (F)
in Sect. 9.2. Then, we give upper bounds in particular frameworks in Sect. 9.3. We compare these
lower and upper bounds in Sect. 9.4. Finally, the proofs are given in Sect. 9.5.

9.2. Lower bounds on Ryz(F)

9.2.1. A factor 2 between theory and practice. We first recall all the bounds used by
Fromont [Fro07] in order to build bootstrap penalties with several weights.

When Z, ..., Z, areii.d. symmetric (e.g. Rademacher or Gaussian as in R,(F) and G, (F)),
a classical symmetrization tool shows that

E|\Z
o) > A _g (), (9.6)
(see for instance Lemma 1 in [Fro07| and the references therein). In the Rademacher case, the
right-hand side is equal to 1/2, so that Rademacher penalties should be equal to 2R, (F).
When the weights (Z;)1<i<n are exchangeable and ) . Z; = 0 a.s., another lower bound comes

from the proof of Prop. 2 of [Fro07]:
Rz(F)>E(Z1), - (9.7)

In the bootstrap case, (1 — Z;)1<i<n ~ M(n;n~t,...,n71) so that 1 — Z; is binomial with
parameters (n,n~!). The right-hand side is then equal to (1 — n=%)" ~,, .o e~ !, so that Efron’s
bootstrap penalties should be equal to egszfr) (F).

However, in simulation experiments, Lozano [Loz00] and Fromont [Fro07] prefer to use R, (F)
as Rademacher penalty, and E,(LEH) (F) as Efron’s (global) boostrap penalty. In addition, Fromont
gives two arguments in favour of these constants (in Rk. 3, following Thm. 3 of [Fro07]): an
experimental computation of the ratio Rz(F), and the asymptotic results of Giné and Zinn

|GZ90| and Preestgaard and Wellner [PW93| which suggest that

n 1/2
Ry(F) ~ (% 3 zf) . (9.8)
=1

In both Rademacher and Efron’s bootstrap cases, the right-hand side of (9.8) is close to 1.

There is thus a gap between the theoretical lower bounds (9.6) and (9.7) and the experimental
values of Rz (F), which are within a factor 2 or more. On the one hand, using the theoretical
bounds will often lead to overpenalization and suboptimal model selection. On the other hand,
using the experimental values may lead to a strong overfitting if the theoretical bounds happen
to be sharp. The next subsection shows that accurate theoretical bounds can be obtained with
some assumptions on P and F.

9.2.2. Tight theoretical bounds. In Chap. 10, we are interested in quantities of the form
1 « 1 «
~i SN 1 i i
¢<5;ZZY ) for estimating gb(nZ(Y E[Y ]))
1=
with Y,..., Y™ € RE, ¢ : RX - R satisfying some properties and Z € R" independent from

i=1
Y. For instance, we can take ¢ : € RX +— sup, { —x;, } in the results of Sect. 10.2.2 (Prop. 10.2
and 10.3) to obtain bounds on Rz (II) with

M={m:2€RN—uz, ; 1<k<K)} and & =Y'.

E fl...n
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Notice that in Chap. 10, we use these bounds for building confidence balls. This is why we
really need a tight estimate of Rz(IT). With the results of Sect. 9.2.1, we would obtain much less
powerful confidence regions for each given confidence level.

Gaussian classes. We now extend these results to more general families F. First, if (f(§)) rer
is a gaussian process such that supsez { f(§) — E[f(£)]} is measurable and has finite expectation,
then for any random Z € R" independent from &1,

When F is finite, this is exactly Prop. 10.2. Otherwise, it follows from the caracterization of
gaussian processes by their covariance structure.

Equation (9.9) thus gives an example in which (9.8) is attained. Of course, this assumption
never holds in classification where f(§) € {0,1} (with the 0-1 loss) or at least bounded. Its main
interest is when ¢ € R is gaussian and F is a class of linear forms.

Symmetric classes. Secondly, following Prop. 10.3, we obtain tight bounds on Ryz(F) under
a symmetry assumption on F.

ProrOSITION 9.1. Let &1,...,&, be i.i.d. random variables with values in some measurable
space = and F a class of measurable functions = +— R such that

(&) ~E[fE)]) jer = (EIF )]~ FE)) jer - (9.10)

Let Z € R™ be some random vector independent from &1. ., such that ZZ Z; =0 a.s. Then, we
have the following:

(1)

1 n
&VDEZM%' (9.11)
=1
(ii) of moreover |Z; — xo(Z1,...,Zyn)| = a a.s. for some a € R and some measurable z :
R" — R, then
Ry(F) < a+Elao(Zu,.... Z0)| . (9.12)
REMARK 9.1.

(1) When the weights are exchangeable, (9.11) improves (9.7), since the lower bound E ( Z7 ) ,
is replaced by E|Z1| =2E(Z1),.

(2) The assumption that ), Z; = 0 forbids the use of i.i.d. Rademacher or gaussian weights.
However, we can use Prop. 9.1 with “centered Rademacher weights” (centRad) Z; =

¢—n"! 2?21 €j (for some i.i.d. Rademacher variables €;._, independent from &;_,). We

denote by E;L(f )= BlentRad) (F) the resulting complexity measure. Notice that (9.12)

can be applied with zo =n"1Y", Z; and a = 1, showing that (9.11) is sharp:
1+ n71/2 > RcentRad(f) >1- n71/2 .

This is also the case with Random hold-out weights (see Sect. 10.2).
(3) When for every f € F, f(§) € [0,1] a.s., the centered Rademacher complexity can be
compared to the classical Rademacher complexity (see Sect. 9.5 for a complete proof):
~ ~ 1
E|Ry ()] -E[Ru(F)]| < = - 1
E|RP)] -2 [R(A)]| < 1= (9.13)
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When F is the loss class of a model with VC-dimension V', global complexities are of
order /V/n so that the remainder terms in (9.13) can be neglected. In particular,
RRad(F) =~ 1, which improves on the classical bound (9.6).

However, the symmetry assumption is quite strong. In the classification case, each variable
f(&) belongs to {0,1} a.s., so that it is binomial with parameter P(f). Then, (9.10) is equivalent
to

1
P(f)6{0,5,1} for every f e F .

In other words, this can only be applied to classes of perfectly true, perfectly wrong and uninfor-
mative classifiers. In particular, when the classification problem is ill-posed, any classifier satisfies
P(f) =1/2 and the symmetry assumption holds.

Binary classification. As a conclusion to this first section, let us focus on the binary clas-
sification framework, with the 0-1 loss. In Sect. 9.2.1, we recalled theoretical lower bounds on
Rz (F) that can be applied for most model selection problems. They have the drawback of being
twice smaller than experimental and asymptotic estimates of Rz(F). In Sect. 9.2.2, we gave tight
bounds that avoid this factor 2, but the first one can’t be applied to binary classification, and the
second one is limited to a toy framework.

However, even if Prop. 9.1 is restricted to very particular classes F, it gives theoretical evidence
of the drawbacks of the bounds of Sect. 9.2.1, even non-asymptotically. It is then tempting to
conjecture that this factor 2 is never necessary, at least when f(§) € {0,1} a.s. In Sect. 9.3, we
show that this conjecture would be wrong.

9.3. Upper bounds on Rz(F)

In view of Prop. 9.1 above, classes such that (9.6) and (9.7) are tight have to be asymmetric.
We start with a very simple case, when F is reduced to two opposite points.

9.3.1. Two points classes.

PROPOSITION 9.2. Let F = { fo,1 — fo} such that fo(&) is a Bernoulli variable with parameter
p € (0,1). Let Z € R™ a random vector independent from & ., such that ), Z; = 0.
Then, for every n € N,

1O 1 O
(L=np), 5~ ;E\Zil < Rz(F) < (L+n(n—1p) 5 ;E\Zil : (9.14)
As a consequence, when p goes to zero and n is fized,

1 n
AMWN%me. (9.15)
=1

REMARK 9.2. The assumption ), Z; = 0 is unnecessary if one considers the class F = { fo }
and complexities of the form sup;c |]. We can then apply Prop. 9.2 to “symmetric” Rademacher
complexities

gln]

1 n

= eif(&)
n “

=1

and the following “symmetric” ideal global complexity

Coy™(F) = sup (P = P)(f)

]/%flym(]:) =E [sup
feF
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Although the example of Prop. 9.2 seems somehow artifical, (9.14) gives an example where
(9.7) is sharp. Its main consequence is that the bounds of Sect. 9.2.2 can not be generalized
without additional assumptions on F and P.

There may seem to be a contradiction between (9.15) and the asymptotic comparison (9.8).
Actually, this is because the phenomenon of Prop. 9.2 is highly non-asymptotic. For a given
sample size n, it only occurs when 0 < P(fy) < n~2. Moreover, an experimental study showed
that Rz (F) is close to its asymptotic value when p is not too close to 0 or 1, and the “minimal
distance to 0” seems to be of order n1.

9.3.2. Independent classes. The example of the previous section is somehow disappointing,
since it is limited to very small classes. We now extend it to some finite classes, under an
independency assumption. The main example to have in mind here is a particular case of Chap. 10:
2 ={0,1}* and F is the set II of coordinates projections.

PROPOSITION 9.3. Let F = { f,1 — f s.t. f € F1} such that Fy is finite and (f(§))rer, are
independent Bernoulli variable with parameters py € (0,1/2]. Let Z € R"™ a random vector
independent from &1, such that ), Z; = 0.

Then, for every n € N, if Zf pr < (4n)~1,

2 2
Efpf—n(prf) __ Ry . prf+n2(2fpf)

2 = CIN RZ] 2
Squpf+prf+n2(prf) n i Bl supfpf+2fpf—3n(2fpf)

(9.16)
As a consequence, when Zf Dy goes to zero and n is fived,
p 1<
Ry (F) ~ 2pen?] x =Y E|Z . (9.17)
SWrer, (Pf) + 2per Pr - M i

REMARK 9.3. The proof of Prop. 9.3 can be extended to functions ¢ : RC4(F1) . R more
general than sup |-|, under assumptions made in Chap. 10. Moreover, like Prop. 9.2, we can drop
the assumption ) ; Z; = 0 by considering directly complexities of the form supgcz |-| and the
class Fi.

Notice that when Card(F;) = 1, we recover Prop. 9.2 (up to some small enlargement of the
remainder terms).

We now give some comments on the consequences of Prop. 9.3:

(1) Taking one of the (pf)ser, equal to p, and the other ones negligible in front of p, we
obtain a larger family of examples for which (9.7) is sharp. In particular, contrary to
Prop. 9.2, we no longer assume that Card(F) = 2, but only that it is finite.

(2) In classification, the independency assumption is valid when F; = { fp}, or in some
particular cases, e.g. X = [0,1]%, X uniform on X, Y =0 and

.7:1:{fk$r—>]lxk§pst1§k:§K} .

Thus, (9.11) can not be generalized to all classes of any finite cardinality.

(3) When all the py are equal to some p € (0,1/2], the limit value of Rz(F) when p — 0
in (9.17) is Card(F)/(1 + Card(F)). There is thus some hope that the 1/2 factor is
unnecessary when Card(F) is large enough and the variables f(£) not too asymmetric.

(4) Asin Prop. 9.2, this counter-example is highly non-asymptotic, since we have to assume
that >, pf < n=2
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9.3.3. Rademacher complexities. In Prop. 9.2 and 9.3, we assume that ), Z; = 0, which
forbids the use of Rademacher weights. We here consider this particular case, for which the
behavior of Rraq(F) when p — 0 is quite different.

PROPOSITION 9.4. Let F = { fo,1 — fo} such that fo(&) is a Bernoulli variable with parameter
p € (0,1). Let Z € R"™ be a random vector independent from & such that E (3, Z;), >0 (for
instance, i.i.d. Rademacher variables).

Then, for every n € N,

Ry(F)>E (zn: Z¢> Lomp 2 BIZ| (9.18)
i=1 "

2np 2
As a consequence, when p goes to zero and n is fized,
Rz(F) — +o0o . (9.19)

REMARK 9.4. A similar phenomenon occurs with the framework of Prop. 9.3, where Card(F)
can take any finite value.

When E (2, Z;), =0but E(>; Z;)_ > 0, we have the same behaviour when p — 1.

The behaviour of Rademacher complexities with highly asymmetric classes is thus very dif-
ferent from Efron’s bootstrap penalties, or centered Rademacher complexities. This comes from
the fact that ), Z; is not a.s. equal to zero: the Rademacher complexity stays away from zero,
whereas the true complexity én(f ) ~ 2p goes to zero.

9.4. Discussion

In the binary classification framework, we have thus found instances of classes F and distri-
butions P for which Rz(F) is very far from its asymptotic value. When ), Z; = 0 a.s. (for
instance Efron’s bootstrap and “centered Rademacher” complexities), the ratio Rz vary within a
factor at least two, between symmetric and asymmetric families. As a consequence, the classical
bound (9.7) is unimprovable, but not always tight, even non-asymptotically. On the other hand,
when P(} . Z; # 0) > 0, the ratio Rz can be infinitely larger with asymmetric families than with
symmetric ones.

The first consequence of these facts is that for every fixed sample size n, no global resampling
complexity 3(12)
distributions P (even if we restrict to binary classification and 0-1 loss classes).

is proportional in expectation to the complexity 6’n over all classes F and all

However, from the practical viewpoint, it appears that Rgg and Rgraq is (almost) always close
to 1. In addition, this always holds asymptotically. This is why we can hope to generalize (9.11)
to classes F and distributions P satisfying mild assumptions.

In view of Sect. 9.3, we can conjecture that a limitation of the “asymmetry” of the class (e.g.
> e n~1) may be sufficient. In classification, this means that we would assume that the
classifiers in F are not uniformly good, which may be unintuitive. Since such classes have a
uniformly small risk, underestimating their complexity can not have serious consequences on the
risk. Thus, a proof of (9.11) under this mild “non-asymmetry assumption” would be of great
interest.

On the contrary, Rademacher complexities overestimate the complexities of these “too good”
classes, which may enlarge the risk of a model selection procedure based upon them. Added to the
fact that global penalties can be much larger than the ideal one, this may be a serious limitation
of global Rademacher penalties.
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Alternatively, if the ratio Rz(F,,) is unknown but almost constant over the family of models
m € My, we can try to estimate it from the data. This can be done for instance with the “slope
heuristics” (algorithm 3.1 in Sect. 3.4). But if the ratio Rz (F,,) is strongly dependent from m, the

bootstrap complexity Er(lz)(}"m) does not even estimate the shape of an(]:m), and this method
will not work.

In this chapter, we focused on global penalties, as opposed to local penalties, which estimate
(P — P,)(8,)- For instance, in Chap. 5, 6 and 7, we proposed resampling penalties of the form

E[(Pu— P )G €rn]

It would be interesting to determine whether these local penalties have the same drawback as
global resampling penalties.

Finally, in the confidence region and multiple testing framework of Chap. 10, our results have
more straightforward consequences. Indeed, we have shown that the concentration thresholds
defined in Sect. 10.2 can not be used with any bounded data. However, the symmetry assumption
(SA) is probably too restrictive. We could hope to generalize (9.11) when the sample size is larger
than some ng, which may quantify the “asymmetry” of the sample.

9.5. Proofs

PROOF OF PRrROP. 9.1. (i) Since Zy,..., Z, is independent from &, for every sample &1,

(%gE'Zﬂ)W >—SUP{ [ ZIZI 7€) 51..4}

Then, using Jensen inequality and integrating w.r.t. &1,

<%§EIZiI>E[@(f)] ;gg{ Z|Z| <>>H

We now use the symmetry assumption (9.10) and the independence of the &; to derive

1TL
?22{ A &) - (f))}]
1?’1
L ee p i oo

_BOF) +E ( Zz) sup {~P(f))
+

feFr

3 |

1 n
(E;Z'i)_ ;telg{P(f)} :

When ). Z; = 0 a.s., this upper bound is equal to E,(LZ) and the result follows.
(ii) comes from similar arguments and the additive assumption:

Sup{ ZZ (f))}]

fer
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so that E(Z)(}") <E

sup { lz:(Zi —x0(Z1..n)) (f(&) — P(f)) }]

i=1

sup{ Zﬂﬁo Z1..n) z)_P(f))}]

feF
= <a+E|xo<zl...n>\>6n<f> .

PROOF OF (9.13). Define €=n"13",¢;. Then,

sup{jLZm —E)f(&)}

E[E;(f)] ~E | sup >

<E [ﬁzn(f)} +E
feF

Sup{_EPn(f) }]

=E[Ru(F)| +E

and similarly

E|R,(F)| > E[Ru(F)| ~E(e)
Notice that the same reasoning can be applied to any Z. Then, using that the ¢; are symmetric
and i.i.d., we have

_ 1 1 =
B(e). =Bl < gVEe = - .
O

PROOF OF PROP. 9.2. Let B be some binomial variable with parameters (n,p). Because of
the particular form of F, we have
Elnp—-B| 2

E|Cu(F)| = EI(P - P)(fo)l = =5 “E|[(np— B) Lp<ny)
> 2pP (B =0)=2p(1 —p)" >2p(1 —pn)+
When moreover np < 1, the first inequality is an equality so that
2p(1 — pn) < E [@n(f)} —op(1—p)" < 2p . (9.20)

On the other hand,

E|B(F)] =E max{ ZZfo &); ZZ ——ZZfo &) H =E|- 3" Zip(&)
=1
1

;Zzifo(@ I, fo(e=1 ;Zzifo(fi) Ly, jo(e>2

i=1 i

1%
gIP’(le)EZz P(B > 2)= ZE\Z|
=1
< [p(1—p)" L+ (1= (1= p)" — np(1 — p) ZE\Z|

< [p+n(n-1)p° ZE\Z|
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and with the same decomposition,

E[BO(F)] > BB = 1)% zn: %

=p(1—p) ZE|Z\>p(1—n—1 ZE|Z|

=1

Combining this with (9.20), we derive

—
|
3
=
|
A=
N
A
=y
N
3
A

(1+n(n—1)p ZE\Z|

PROOF OF PRrROP. 9.3. For én(f), we start as in the proof of Prop. 9.2:

E[Cu(F)] =E [sup (P - Pn)(f)|] - E

fer

sup |[npy — By|
feF

where (By)fer, are independent binomial variables with parameters (n,pf)ser . Hence, using
that suprer py < 1/(2n),

E [én(f)} _ %E + %E

sup |npy| Lyy, B;=o sup [npy — By| 1y, Bf=1]
feF feF

1
+-E
n

sup [npy — Byl 1y 5,5
ek ! FI Ry Br>

= <s1;ppf> P(Vf, By =0) +%Z [((1=nps)P(Bf=1and Vf # f, By =0)]
f

E

1
+ —
n

sup |npy — Byl ﬂzf Bf>2]
fer

=supps [[(1=pp)" + > | pr@—npp) X —pp)" ' ] (1=pp)"
f f f FI#F

1
+~E
n

sup |npfr — Bf| 1~ g, >9
fer d d Ef =

Using repeatedly that for every a,b >0, (1 —a)(1 —b) > 1 —a — b, we have

[[a-pp)=1-n> p

f f
and for every f € Fi,

(L=npp)(t—pp)" " ] (M=pp)" =1 =(n—1)pf—n)d pp .
iy 7
As a consequence,

f f I’

ZSl;ppf+pr—anf31;ppf—(n—l)Zp?—n pr (9.21)
! ! ! !
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and

E [@(7—')} gsgpprerer]P’ (ZBf > 2)

! f

gs?ppf—l—pr—kl— <1n2pf) _”Z |:pf (1(n1)pfn2pf/):|
!

! f I'#f

2
Ssblcpprerern? (pr) : (9.22)
f

!

We now focus on B, (F). As in the proof of Prop. 9.2,
Z Zi (&) ]

_ZZE'Z‘ (&) =1 and V(j, 1) # (i, ), f'(&) =0)

i=1 feF

E [En(}")] sup

fer

n

sup | =3 Z:£(€)

n
fer |

ZZ —pf —p)" N ] = pp)”
i=1 feF

I'#f

sz

=1

+E

ﬂEf > f(fi)>2]

+E | sup

fer

)| Is, 5, r(e)>2 ]

Using the same inequalities as for Cn, we obtain

E|Bu(F)| = (%gE\ZA) [zf:pfn (zf:pfy} 9.23)

and

E | Ba(F) ] < (%;Em) _zfjprP (Efj;f@i) > 2)]

< (%ZE%I) > pr+n’ (pr) } : (9.24)
i=1 | f f

We now combine (9.21) with (9.24) to obtain

2
n n2
F)<(%ZE|ZZ‘|>>< Sprer (Sr)
=1

2
supypy + > ppf — 3n (prf)
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and (9.22) with (9.23) gives

2
> (%iﬂﬂzz‘) X prf_n(zfpf)
i=1

2
SupfprerprrnQ(prf)

PROOF OF PROP. 9.4. From (9.20) in the proof of Prop. 9.2, we know that if np <1,
2p(1—pn) B[ Cul(F) | =21 —p)" < 2p .

We now consider the Bootstrap complexity. Define Z = n~! > i Zi

E[E,g@(f)] [sup{ ZZf&}

fer

- [max{ ZZfofz Z——ZZfo& H

E(Z), (VZ fo(fi)zo)
maX{ ZZfsz Z__ZZf0£Z}132fo(§z ]

>E(Z), (1—np), —pZElZi\ :
=1




CHAPTER 10

Resampling-based confidence regions and multiple tests

This chapter is a joint work with Gilles Blanchard! and Etienne Roquain®. A short version of
it has been published in the Proceedings of CoLr’07 [ABRO7].

RESUME. Ce chapitre est consacré & 1’étude de régions de confiance par
rééchantillonnage pour la moyenne d’un vecteur aléatoire, dont les coordonnées
ont une structure de dépendance inconnue. La dimension de ce vecteur peut
étre bien plus grande que le nombre d’observations, et nous cherchons un con-
trole non-asymptotique du niveau de confiance. Le vecteur aléatoire est supposé
soit gaussien, soit symétrique et borné. Nous considérons deux approches, la
premiére fondée sur des inégalités de concentration, la seconde sur I'estimation
directe de quantiles par rééchantillonnage. Dans la premiére, nous considérons
une trés grande famille de poids de rééchantillonnage, alors que les résultats de la
seconde sont limités aux poids Rademacher. Ces résultats sont appliqués ensuite
au probléme de test multiple unilatéral ou bilatéral, pour lequel nous obtenons
plusieurs procédures step-down par rééchantillonnage d’ott découle un contrdle
du Family-Wise Error Rate. Nous comparons ces différentes procédures dans
une étude de simulation, et nous montrons qu’elles peuvent s’avérer meilleures
que les méthodes de Bonferroni ou de Holm dés lors que le vecteur observé a
des coordonnées suffisamment corrélées.

ABSTRACT. We study generalized bootstrapped confidence regions for the
mean of a random vector whose coordinates have an unknown dependence struc-
ture. The dimensionality of the vector can possibly be much larger than the
number of observations and we focus on a non-asymptotic control of the confi-
dence level. The random vector is supposed to be either Gaussian or to have a
symmetric bounded distribution. We consider two approaches, the first based
on a concentration principle and the second on a direct bootstrapped quantile.
The first one allows us to deal with a very large class of resampling weights
while our results for the second are specific to Rademacher weights. We present
an application of these results to the one-sided and two-sided multiple test-
ing problem, in which we derive several resampling-based step-down procedures
providing a non-asymptotic FWER control. We compare our different proce-
dures in a simulation study, and we show that they can outperform Bonferroni’s
or Holm’s procedures as soon as the observed vector has sufficiently correlated
coordinates.

lFraunhofer FIRST.IDA, Berlin, Germany.
2INRA Jouy-en-Josas, unité MIG, Jouy-en-Josas, France
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10.1. Introduction

10.1.1. Goals and motivations. In this chapter, we assume that we observe a sample
Y ;= (Y',...,Y") of n > 2 ii.d. observations of an integrable random vector Y? € R¥X with a
dimension K possibly much larger than n. Let p € RE denote the common mean of the Y?; our
main goal is to find a non-asymptotic (1 — «)-confidence region for u, of the form:

{2 eRN st ¢(Y —2) <to(Y)} (10.1)

where ¢ : RX — R is a measurable function fixed in advance by the user (measuring a kind
of distance), a € (0,1), to : (R¥ )n — R is a measurable data-dependent threshold, and Y =
% Yoy Y is the empirical mean of the sample Y.

The form of the confidence region (10.1) is motivated by the following multiple testing problem:
when we want to test simultaneously for all 1 < k& < K the null hypotheses Hq : ¢ p5, < 07 against
Hy g “pg > 0, a classical procedure consists in rejecting the Hy j corresponding to

{1<k<Kst.Yp>t,(Y)} . (10.2)

The error of such a multiple testing procedure can be measured by the Family-Wise Error Rate
(FWER) defined by the probability that at least one hypothesis is wrongly rejected. Denoting
by Ho = {k s.t. up <0} the set of coordinates corresponding to the true null hypotheses, the
FWER of the procedure defined in (10.2) can be controlled as follows:

P (3k s.t. Yi > to(Y) and p <0) <P (Jk € Ho s.t. Y — pg > ta(Y))

=P (kseuﬁo {Ye—m} > ta(Y)>

Since py, is unknown under Hj y, controlling the above probability by a level « is equivalent to
establish a (1 — a)-confidence region for y of the form (10.1) with ¢(z) = supyey, (1) Similarly,
the same reasoning with ¢ = supy, |-| in (10.1) allows us to test Ho: “up = 07 against Hjg:
“ur # 07, by choosing the rejection set {1 <k <K s.t. !?M > to(Y) }

In our framework, we emphasize that:

e we aim at obtaining a non-asymptotical result valid for any fixed K and n, with K
possibly much larger than the number of observations n.

e we do not want to make any assumptions on the dependency structure of the coordinates
of Y (although we will consider some general assumptions over the distribution of Y,
for example that it is Gaussian).

In the Gaussian case, a traditional parametric method based on the direct estimation of the
covariance matrix to derive a confidence region would not be appropriate in the situation where
K > n, unless the covariance matrix is assumed to belong to some parametric model of lower
dimension, which we explicitly don’t want to postulate here. In this sense our approach is closer
in spirit to non-parametric or semiparametric statistics.

Our viewpoint is motivated by practical applications, especially neuroimaging (Pantazis et al.
[PNBLO5|, Darvas et al. [DRP105], Jerbi et al. [JLNT07]). In a typical magnetoencephalog-
raphy (MEG) experiment, each observation Y? is a two or three dimensional brain activity map®
of 15000 points, or a time series of length T of such data, 50 < 7' < 1000. The dimensionality
K thus goes from 10% to 107. Such observations are repeated n = 15 up to 4000 times, but
this upper bound is very hard to attain (see Waberski et al. [WGK™'03] for an experiment with

3actually7 Y is the difference between brain activities with and without some stimulation. Then, non-zero means

are locations at which the stimulation has a significant effect.
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n > 4000). Typically, n < 100 < K. In such data, there are strong dependencies between
locations (the 15000 points are obtained by pre-processing data of 150 sensors) which are highly
spatially non-uniform, as remarked by Pantazis et al. [PNBLO05|. Moreover, there may be distant
correlations, e.g. depending on neural connections inside the brain, so that we cannot make use
of a simple parametric model.

Another field of applications for this work is genomics, particularly microarray data analysis,
where it is common to observe samples of limited size (e.g. less than 100) of a vector in high
dimension (e.g. more than 20 000, each coordinate corresponding to a specific gene), and where the
dependency structure can be quite arbitrary (Dudoit, Shaffer and Boldric [DSBO03|, Ge, Dudoit
and Speed [GDS03]).

10.1.2. Two approaches to our goal. The ideal threshold t, in (10.1) is obviously the
1 — a quantile of the distribution of ¢ (? — u). However, this quantity depends on the unknown
dependency structure of the coordinates of Y* and is therefore itself unknown.

We propose here to approach t, by some resampling scheme: the heuristics of the resampling
method (introduced by Efron [Efr79], generalized to exchangeable weighted bootstrap by Mason
and Newton [MIN92] and Preestgaard and Wellner [PW93]) is that the distribution of Y — y is
“close” to the one of

— 1 &  —
Yy ::EZ(W W)Y ZW =(Y-Y)

=1

Wil

conditionally to Y, where (W;)i<i<n are real random variables independent of Y called the
resampling weights, and W = n=1 "7 | W;. We emphasize that the family (W;)1<i<n itself need
not be independent.

Following this general idea, we investigate two different approaches to obtain non-asymptotic
confidence regions:

(1) “Concentration approach”: the expectations of ¢ (Y ,u) and ¢ ( W ]> can be pre-

Y
cisely compared, and the processes ¢ (Y u) and E [ ( ) } concentrate well
around their expectations.
(2) “Quantile approach™ the 1 — « quantile of the distribution of ¢ (?[W—W] ) conditionally

to Y is close to the one of ¢ (? — u) .

The first approach above is closely related to the notion of Rademacher complexity in learning
theory, and our results in this direction are heavily inspired by the work of Fromont [Fro04|, who
studies general resampling schemes in a learning theoretical setting. It may also be seen to some
extent as a generalization of cross-validation methods. For what concerns the second approach, we
will restrict ourselves specifically to Rademacher weights in our analysis, because we rely heavily
on a symmetrization principle.

10.1.3. Relation to previous work. Using resampling to construct confidence regions (see
e.g. Efron |[Efr79|, Hall [Hal92|, Hall and Mammen [HM94|) or multiple testing procedures (see
e.g. Westfall and Young [WY93|, Yekutieli and Benjamini [YB99]|, Pollard and van der Laan
[PvdLO03], Ge, Dudoit and Speed [GDS03|, Romano and Wolf [RW07]) is a vast field of study

in statistics. Roughly speaking, we can mainly distinguish between two main kinds of results:

e asymptotic results, which are based on the fact that the bootstrap process is asymptoti-
cally close to the original empirical process (see van der Vaart and Wellner [vdVW96]).
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e exact randomized tests (see e.g. Romano [Rom89, Rom90|, Romano and Wolf [RW05|),
which are based on an invariance of the null distribution under a given transformation;
the underlying idea can be traced back to Fisher’s permutation test (see Fisher [Fis35]).

Because we focus on a non-asymptotic viewpoint, the asymptotic approach mentioned above is
not adapted to the goals we have fixed.

Our “concentration approach” of the previous section is not directly related to either type of the
above previous results, but, as already pointed out earlier, is strongly inspired by results coming
from learning theory. On the other hand, what we called our “quantile approach” in the previous
section is strongly related to exact randomization tests. Namely, we will only consider symmetric
distributions: this is a specific instance of an invariance with respect to a transformation and
will allow us to make use of distribution-preserving randomization via sign-flipping. The main
difference with traditional exact randomization tests is that, because our first goal is to derive
a confidence region, the vector of the means is unknown and therefore, so is the exact invariant
transformation. Our contribution to this point is essentially to show that the true vector of the
means can be replaced by the empirical one in the randomization, for the price of additional
terms of smaller order in the threshold thus obtained. To our knowledge, this gives the first non-
asymptotic approximation result on resampled quantiles with an unknown distribution mean.

10.1.4. Notations. Let us now define a few notations that will be useful throughout this
chapter.

e A boldface letter indicates a matrix. This will almost exclusively concern the K x n data
matrix Y . A superscript index such as Y? indicates the i-th column of a matrix.

o If y € RX| Y — 1 is the matrix obtained by subtracting y from each (column) vector of
Y. IfceRand W eR", W —c= (W, — ¢)i<i<n € R™.

e If X is a random variable, D(X) is its distribution and var(X) is its variance.

e We denote by Eyy [-], the expectation operator over the distribution of the weight vector
W only, i.e., conditional to Y. We use a similar notation Py, for the corresponding
probability operator and Ey ,Py for the same operations conditional to W . Since Y
and W are always assumed to be independent, the operators Ey and Ey commute by
Fubini’s theorem.

e The vector o = (0k)1<k<k is the vector of the standard deviations of the data: Vk,1 <
k<K, o), =var'/2(Y}).

e @ is the standard Gaussian upper tail function: if X ~ N(0,1), Vo € R, ®(z) = P(X >

Several properties may be assumed for the function ¢ : RF — R:

e Subadditivity: Vz,2' € RE, ¢ (z+2') < d(x) + ¢ (2').
e Positive-homogeneity: Vo € RE VA € Ry, ¢ (\z) = A\p(z).
e Bounded by the p-norm, p € [1,00]: Vo € RE |¢(z)] < |||, where [z[|, is equal to
(s, 2k P)VP if p < 0o and maxy{|zx|} otherwise.
Finally, different assumptions on the generating distribution of Y can be made:
(GA) The Gaussian assumption: the Y? are Gaussian vectors.

(SA) The symmetry assumption: the Y? are symmetric with respect to p d.e. Y'—p ~ pu—Y?!

(BA)(p, M) The bounded assumption: |[Y’— ,LLHp < M as.
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In this chapter, our primary focus is on the Gaussian framework (GA), because we obtain more
accurate results under this assumption. In addition, we always assume that we know some upper
bound on a p-norm of ¢ for some p > 0.

The chapter is organized as follows. We first build confidence regions with two different
techniques: Sect. 10.2 deals with the concentration method with general weights, and Sect. 10.3
with a quantile approach with Rademacher weights. We then focus on the multiple testing problem
in Sect. 10.4. Finally, we illustrate our results on both confidence regions and multiple testing
in Sect. 10.5 by a simulation study. Sect. 10.6 gives discussions and concluding remarks. All the
proofs are given in Sect. 10.7.

10.2. Confidence region using concentration

10.2.1. Main result. We consider in this chapter a general resampling weight vector W,
that is, a R"-valued random vector W = (W;)1<i<, independent of Y and satisfying the following
properties: for all i € {1,...,n} E [Wf] <ocandn '3 E ‘WZ — W! > 0. In this section, we
mainly consider an exchangeable resampling weight vector, that is, a resampling weight vector W
such that (W;)i<i<, has an exchangeable distribution (i.e. invariant under any permutation of
the indices). Several examples of exchangeable resampling weight vectors are given in Sect. 10.2.4,
where we also tackle the question of choosing a resampling. Non-exchangeable weight vectors are
studied in Sect. 10.2.5.

Four constants that depend only on the distribution of W appear in the results below (the
fourth one is defined only for a particular class of weights). They are defined as follows and
computed for classical resamplings in Tab. 10.1:

Aw =E|W; - W| (10.3)
3
1 « —\2
Bw :=E (E;(Wi—w) ) (10.4)
3
n ==\ 2
Cyy = <n_1E[(Wl—W) ]) (10.5)
Dw :=a+E|W —xo| ifVi, |W;—xo|=aas. (witha>0,z9€R). (10.6)

Note that these quantities are positive for an exchangeable resampling weight vector W:

0<AW§BW§CW\/1—1/n.

Moreover, if the weights are i.i.d., we have Cy = V&T(Wl)%. We can now state the main result of
this section:

THEOREM 10.1. Fiz o € (0,1) and p € [1,00]. Let ¢ : REX — R be any function subadditive,
positive-homogeneous and bounded by the p-norm, and let W be an exchangeable resampling weight
vector.

(1) If Y satisfies (GA), then
¢ (Y —p) < Bw |0 <;{V[VWW])] (a/2) [HBW y

holds with probability ot least 1 — . The same bound holds for the lower deviations, i.e.
with inequality (10.7) reversed and the additive term replaced by its opposite.

1

+llefl, @

w1 ] (10.7)
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(2) If Y satisfies (BA)(p, M) and (SA), then

o (Y —p) < o {(b (Z[VWW] ” + % log(1/a) (10.8)

holds with probability at least 1 — «. If moreover the weights satisfy the assumption of
(10.6), then

— Ew | ¢ Yy 2
o (Y —p) > W[ <DV[VW W]”—% 1+g—gv‘;\/2log(1/a) (10.9)

holds with probability at least 1 — .

Inequalities (10.7), (10.8) and (10.9) give thresholds such that the corresponding regions of
the form (10.1) are confidence regions of level at least 1 — av.

In specific situations, it can be the case that an alternate analysis of the problem can lead
to deriving a deterministic threshold ¢, such that P(¢ (?— u) > to) < «. In this case, we
would ideally like to take the “best of two approaches” and consider the minimum of ¢, and
the resampling-based thresholds considered above. In the Gaussian case, the following corollary
establishes that we can combine the concentration threshold corresponding to (10.7) with ¢, to
obtain a threshold that is very close to the minimum of the two.

COROLLARY 10.1. Fiz o, 6 € (0,1), p € [1, 00| and take ¢ and W as in Theorem 10.1. Suppose
that Y satisfies (GA) and that to_s) is a real number such that P (qb (?— u) > ta(l,(;)) <
a(l —9). Then with probability at least 1 — «, ¢ (?— /J,) 1s upper bounded by the minimum
between ty(1_s5) and

Ew 6 (Y m) ] ol -1 <a<1 — 5)) L Mol Cw s <a_5) ' (10.10)

Bw + \/ﬁ 2 n By 2

REMARK 10.1. (1) Cor. 10.1 is more precisely a consequence of Prop. 10.4 (ii).
(2) The important point to notice in Corollary 10.1 is that, since the last term of (10.10)
becomes negligible with respect to the rest when n grows large, we can choose ¢ to be

quite small (for instance § = 1/n), and obtain a threshold very close to the minimum
between ¢, and the threshold corresponding to (10.7). Therefore, this result is more
subtle than just considering the minimum of two testing thresholds each taken at level
1 — 5, as would be obtained by a direct union bound.

(3) For instance, if ¢ = sup(-) (resp. sup|-|), Cor. 10.1 may be applied with t, equal to the
classical Bonferroni threshold (obtained using a simple union bound over coordinates)

1 -1/« , 1 -1/ «
thten = = 1018 (f2) (1050 thona = S ol ® ' (55 ) -
We thus obtain a confidence region almost equal to Bonferroni’s for small correlations
and better than Bonferroni’s for strong correlations (see simulations in Sect. 10.5).

The proof of Thm. 10.1 involves results which are of self interest: the comparison between the
expectations of the two processes Eyy [gb <?[W—W] )] and ¢ (? - u) and the concentration of
these processes around their means. This is examinated in the two following subsections. Then,
we give some elements for a wise choice of resampling weight vectors among several classical
examples. The last subsection tackles the practical issue of computation time, and proposes two
ways of solving it.
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10.2.2. Comparison in expectation. In this section, we compare E [gf) (v[W—W] )] and

E [qb (? — ,u)] We note that these expectations exist in the Gaussian and the bounded case
provided that ¢ is measurable and bounded by a p-norm. Otherwise, in particular in Prop. 10.2
and 10.3, we assume that these expectations exist. In the Gaussian case, these quantities are
equal up to a factor that depends only on the distribution of W:

PROPOSITION 10.2. Let Y be a sample satisfying (GA) and W a resampling weight vector.
Then, for any measurable positive-homogeneous function ¢ : REX — R, we have the following
equality:

BwE[6(Y =) =E ¢ (Y m)]| - (10.11)

REMARK 10.2. (1) In general, we can compute the value of By by simulation. For some
classical weights, we give bounds or exact expressions (see Tab. 10.1 and Sect. 10.7.4).
(2) In a non-Gaussian framework, the constant By is still relevant, at least asymptotically:
in their Thm. 3.6.13, van der Vaart and Wellner [vdVW96] use the limit of By when
n goes to infinity as a normalizing constant.
(3) If the weights satisfy Y& ;(W; — W)? = n a.s., then (10.11) holds for any function ¢
(and BW = 1).

When the sample is only symmetric we obtain the following inequalities:

PROPOSITION 10.3. Let Y be a sample satisfying (SA), W an exchangeable resampling weight
vector and ¢ : R — R any subadditive, positive-homogeneous function.

(i) We have the general following lower bound:

AwE [ (Y= )] <E |6 (Ypm )| - (10.12)

(ii) Moreover, if the weights satisfy the assumption of (10.6), we have the following upper
bound

DwE[6(Y =u)] 2E |6 (Y )] - (10.13)

REMARK 10.3. (1) The bounds (10.12) and (10.13) are tight for Rademacher and Ran-

dom hold-out (n/2) weights, but far less optimal in some other cases like Leave-one-out
(see Sect. 10.2.4 for details).

(2) When Y is not assumed to be symmetric and W = 1 a.s., Prop. 2 of Fromont [Fro07]
shows that (10.12) holds with E(W; — W), instead of Ay,. Therefore, the symmetry
of the sample allows us to get a tighter result (for instance twice sharper with Efron
or Random hold-out (q) weights). According to Chap. 9 (in particular Prop. 9.2, 9.3
and 9.4), (10.12) does not hold in general. However, we conjecture that (10.12) could be

generalized (up to some small additional term) when Y is not “too asymmetric”.

10.2.3. Concentration around the expectation. In this section we present concentration
results for the two processes ¢ (? - u) and Eyy [qb (?[W—W] ) } in the Gaussian framework.

PROPOSITION 10.4. Let p € [1,+00], Y a sample satisfying (GA) and ¢ : REX — R be any
subadditive function, bounded by the p-norm.

(i) For all a € (0,1), with probability at least 1 — « the following holds:

loll, 3 (a/2)
\/ﬁ )

and the same bound holds for the corresponding lower deviations.

P(Y—p) <E[op(Y —p)]+ (10.14)
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Efron 2(1——) —Aw <Bw < (/2= O =1
Efr., n — 400 =Aw < By <1=Cw
Rademacher 1—#§AW§BW5\/1—E Cw=1<Dw <1+
Rad., n — 400 Aw =Bw =Cw =Dy =1
_ _q — n_
R. h.-o. (q) Aw=2(1-3) Bw \/ 1
Cw = \/ T 1/——1 Dy =
R. h-o. (n/2) (2|n) Aw = By = Dy =1 CW_ /%
Leave-one-out %:AWSBW:\/% C'W:n—‘/_ﬁ1 Dy =1

TABLE 10.1. Resampling constants for classical resampling weight vector.

(ii) Let W be some exchangeable resampling weight vector. Then, for all a € (0,1), with
probability at least 1 — « the following holds:

B [6 (Vo )] <2 [0 (T )] + 108 Owe (a2 (10.15)

n

and the same bound holds for the corresponding lower deviations.

The bound (10.14) with a remainder in n~/? is classical. The last one (10.15) is much more
interesting since it it illustrates one of the key properties of resampling: the “stabilization effect”.

Indeed, the resampling quantity Eyy [gb <?[W—W] )] concentrates around its expectation at the

rate Cyyn~! = o (n_l/Q) for most of the weights (see Sect. 10.2.4 and Tab. 10.1 for more details).
Thus, compared to the original process, it is almost deterministic and equal to By E [(b (? - u) ] .
In an asymptotic viewpoint, this may be understood through Edgeworth expansions. Indeed, it is
well-known (see for instance Hall [Hal92]|) that when ¢ is smooth enough, the first non-zero term
in the Edgeworth expansion of Ey, [gf) (v[W—W] )] —Eo¢ (?[W—W]) is at least of order n=!.
REMARK 10.4. Combining expression (10.11) and Prop. 10.4 (ii), we derive that for a Gaussian
sample Y and any p € [1, 00|, the following upper bound holds with probability at least 1 — c:

Ew HY ll loll, Ow =
[ } T Y3 a/2) , (10.16)

and a similar lower bound holds. This gives a control with high probability of the LP-risk of the
estimator Y of the mean 1 € RX at the rate CWBV_Vlrf1

E|[Y —ul, <

10.2.4. Resampling weight vectors. In this section, we consider the question of choosing
some appropriate exchangeable resampling weight vector W when using Thm. 10.1 or Cor. 10.1.
We define the following classical weights:

(1) Rademacher: W; i.i.d. Rademacher variables, i.e. W; € {—1,1} with equal probabili-
ties.

(2) Efron: W has a multinomial distribution with parameters (n;n=t, ... n71).

(3) Random hold-out (¢) (R. h.-0.), ¢ € {1,...,n}: Wi = Z1ics, where I is uniformly
distributed on subsets of {1,...,n} of cardinality g. These weights may also be called
cross validation weights, or leave-(n — g)-out weights. A classical choice is ¢ = n/2 (when
2|n). When ¢ = n — 1, these weights are called leave-one-out weights.

For these classical weights, exact or approximate values for the quantities Ay, By, Cyw and
Dy (defined by equations (10.3) to (10.6)) can be easily derived (see Tab. 10.1). Proofs are given
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| Resampling || OwDBy (accuracy) | Card (supp £(W)) (complexity) |
1 1\~ n—1 —1
Efron <500-3) " —25% (hy) xn24"
Rademacher || < (1 — n*1/2)71 - 1 on
n—oo
— —1/2
R.heo. (n/2) || = /58 ——— 1 (1) ocn™ V2
Leave-one-out || = /-3 —— 1 n
n—ao

TABLE 10.2. Choice of the resampling weight vectors: accuracy-complexity tradeoff.
in Sect. 10.1, where several other weights are considered. Now, to use Thm. 10.1 or Cor. 10.1,
we have to choose a particular resampling weight vector. In the Gaussian case, we propose the
following accuracy and complexity criteria:

e first, relation (10.7) suggests that the quantity C’WB;V1 can be proposed as accuracy index
for W. Namely, this index enters directly in the deviation term of the corresponding
upper bound and the smaller the index is, the sharper the bound.

e second, an upper bound on the computational burden to compute exactly the resampling
quantity is given by the cardinality of the support of D(W), thus providing a complexity
index.

These two criteria are estimated in Tab. 10.2 for classical weights. For any exchangeable weight
vector W, we have Cy By' > [n/(n — 1)]'/2 and the cardinality of the support of D(W) is greater
than n. Therefore, the leave-one-out weights satisfy the best accuracy-complexity trade-off among
exchangeable weights.

REMARK 10.5 (Link to leave-one-out prediction risk estimation). Consider using Y for pre-
dicting a new data point Y"™! ~ Y! (independent of Y = (Y'!,...,Y"™)). The corresponding
LP-prediction risk is given by E H? — Y”HHp. For Gaussian variables, this prediction risk is
proportional to the LP-risk: E|[Y — qu =(n+ 1)%E 1Y - Y"HHP, so that the estimator of the
LP-risk proposed in Remark 10.4 leads to an estimator of the prediction risk. In particular, using
leave-one-out weights and denoting by ?(_Z) the mean of the (Y7,5 # i,1 < j < n), we have
then established that the leave-one-out estimator

1 ;
n Y-y
=1

correctly estimates the prediction risk (up to the factor (1 — 1/n2)% ~1).

p

10.2.5. Practical computation of the thresholds. In practice, the exact computation of

the resampling quantity Ey [qb (Y[wa] ) } can still be too complex for the weights define above.
To address this issue, we consider here two possible ways: first, we can use non-exchangeable
weights with a lower complexity index and for which the exact computation is tractable. Alter-
natively, we propose to use a Monte-Carlo approximation, as is often done in practice to compute
resampled quantities. In both cases, the thresholds have to be made slightly larger in order to
keep the level larger than 1 — . This is detailed in the two paragraphs below.

V-fold cross-validation weights. In order to reduce the computation complexity, we can use
“piecewise exchangeable” weights instead: consider a regular partition (Bj)i<j<v of {1,...,n}
(where V' € {2,...,n} and V|n), and define the weights W; = %L‘QBJ with J uniformly
distributed on {1,...,V }. These weights are called the (regular) V-fold cross validation
weights (VFCV).
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Applying our results to the process (\79 )i<j<k where Y/ = % Yic B, Y is the empirical mean
of Y on block Bj, we can show that Thm. 10.1 can be extended to (regular) V-fold cross validation
weights with the following resampling constants *:

2 1 Jn
w=7y Bw — Wy o7 Pw

With VFCV weights, the complexity index is only V', but we loose a factor [(n—1)/(V —1)]/2
in the accuracy index. The most accurate weights are leave-one-out ones (V' = n), whereas the
2-fold ones are the best from the computational viewpoint. The choice of V' thus relies on the
balance between those two terms and depends on the particular features of each problem.

More general non-exchangeable weights are studied in Sect. 10.7.5. In this section, we focused
on regular V-fold cross-validation weights because of they are both simple and efficient.

Monte-Carlo approzimation. When we use a Monte-Carlo approximation to evaluate
Bw |6 (Ywm)] -

we draw randomly a small number B of i.i.d. weight vectors W', ... , W% and compute

1 B
52 (Vo)
k=1
This method is quite standard in the bootstrap literature and can be improved in several ways

(see for instance [Hal92], appendix II). In Prop. 10.5 below, we propose an explicit correction of
the concentration thresholds that takes into account B < oo for bounded weights.

PROPOSITION 10.5. Let B > 1 and W .. .,W?B be ii.d. exchangeable resampling weight
vectors such that W — W1 € [a;b] a.s. Let p € [1,4+c], ¢ : RE — R be any subadditive function,
bounded by the p-norm.

If Y is a fixed sample and for every k € {1,..., K}, My is a median of (Y,i)KKn, then,
for every B € (0;1), -
1 (< -
5220 (Fpwecser) ) 2 B [0 (V)]
k=t (10.17)

p

b—a [In(f") i
holds with probability at least 1 — 3.

If Y is generated according to a distribution satisfying (GA), then, for every [ € (0;1) and

any deterministic v € RE,
n
(3o
=1 k

n
(Soivi-om)
=1 Ellp
holds with probability at least 1 — 3.

For instance, with Rademacher weights, we can use (10.17) with b —a = 2 and 8 =
(0 € (0,1)). Then, in the thresholds built upon Thm. 10.1 and Cor. 10.1, one can replace
Ew | ¢ ?[W—W] )] by its Monte-Carlo approximation at the price of changing « into (1 — ),

<E +loll, & (3/2)v/n (10.18)

p

“When V does not divide n and the blocks are no longer regular, Thm. 10.1 can also be generalized, but the
constants have more complex expressions. See Sect. 10.7.5.
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and adding

(10.19)

In oo - ,
S (S )

Ellp

to the threshold.

Note that (10.17) holds conditionally to the observed sample (hence independently from the
unknown law of Y'), so that B can be chosen in function of Y in (10.19). Therefore, we can choose
B with the following strategy: first, compute a rough estimate tegt o Of the final threshold (e.g. if
¢ = |||l and Y is gaussian, take the Bonferroni threshold ||o|| n_1/2671(a/(2K)) or the single
test threshold ||0||Oon_1/2671(a/2)). Second, choose B such that (10.19) is much smaller than

test,a-

REMARK 10.6. In the Gaussian case, (10.18) gives a theoretical upper bound on the additive
term (if one can bound the expectation term). This is only useful to ensure that the correction
(10.19) is negligible for reasonable values of B.

10.3. Confidence region using resampled quantiles

In this section, we consider a different approach to construct confidence regions, directly based
on the estimation of the quantile via resampling. Remember that our setting is non-asymptotic,
so that the standard asymptotic approaches cannot be applied here. For this reason, we based
our approach on ideas coming from exact randomized tests and consider here the case where Y
has a symmetric distribution and where W is an i.i.d Rademacher weight vector, that is, W; i.i.d.
with W; € {—1,1} with equal probabilities.

10.3.1. Main result. The idea here is to approximate the quantiles of the distribution
D (qb (? — u)) by the quantiles of the corresponding resampling-based distribution:

(6 (Ypm)| Y) - (10.20)

For this, we take advantage of the symmetry of each Y? around its mean. Let us define for a
function ¢ the resampled empirical quantile by:

4a(0,Y) :=inf {z e Rst. Py [¢(Yw)) > 2] <a} .

The following lemma, close in spirit to exact test results, easily derives from the “symmetrization
trick”, ¢.e. from taking advantage of the distribution invariance of the data via sign-flipping.

LEMMA 10.6. Let Y be a data sample satisfying assumption (SA). Then the following holds:
Plo(Y —p) > o (6, Y —p)] < (10.21)

Of course, since g, (¢, Y — p) still depends on the unknown g, we cannot use this threshold
to get a confidence region of the form (10.1). Therefore, following the general philosophy of
resampling, we propose to replace u by Y in qo (¢, Y — i). The main technical result of this
section quantifies the price to pay to perform this operation:

THEOREM 10.2. Fiz 6,0 € (0,1). Let Y be a data sample satisfying assumption (SA).
Let f : (RK)n — [0,00) be a nonnegative measurable function on the set of the data sample.

Let ¢ : RE — R be a nonnegative, subadditive, positive-homogeneous function. Denote ¢(x) =

max (¢(x),d(—x)) . The following holds:

P0(Y = 1) > tagi5) (6, = ) +31(a00)f (V)] S a0+ P [3(Y =) > f(Y)] , (10.22)
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where

and

B(n,n) :max{ke {0,...,n}

is the upper quantile function of a Binomial (n, %) variable.

REMARK 10.7. Note that from Hoeffding’s inequality, we have

1/2
n n
¥73 ad = 2
We can use this in (10.22) to derive a more explicit (but slightly less accurate) inequality.

By iteration of Thm. 10.2 we obtain the following corollary:

COROLLARY 10.7. Fiz J a positive integer, (;)i=o,....7—1 @ finite sequence in (0,1) and 3,6 €
(0,1). Let Y be a data sample satisfying assumption (SA). Let ¢ : RK — R be a nonnegative,
subadditive, positive-homogeneous function and f : (RK)n — [0,00) be a nonnegative function on
the set of data samples. Then the following holds:

J—1
P gf)(? — /J,) > 4d(1-8)a (¢7 Y — ?) + Z Yid(1-6) ey (57 Y - ?) + ’YJf(Y)]
=1

J-1
<Y ai+P (Y —p) > f(Y)] . (10.23)
=0

k—1
_k — Oéi5
where, for k> 1, v =n g <2l3’ <n, 5 ) —n) .

The rationale behind this result is that the sum appearing inside the probability in (10.23)
should be interpreted as a series of corrective terms of decreasing order of magnitude, since we
expect the sequence 7, to be sharply decreasing. Looking at Hoeffding’s bound, this will be the
case if the levels are such that a; > exp(—n).

Looking at (10.23), we still have to deal with the trailing term on the right-hand-side to
obtain a useful result. We did not succeed in obtaining a self-contained result based on the
symmetry assumption (SA) alone. However, to upper-bound the trailing term, we can assume
some additional regularity assumption on the distribution of the data. For example, if the data
are Gaussian or bounded, we can apply the results of the previous section (or apply some other
device like Bonferroni’s bound (10.11)). Explicit formulas for the resulting thresholds are given
in Sect. 10.4 and 10.5 (with J = 1). We want to emphasize that the bound used in this last step
does not have to be particularly sharp: since we expect (in favorable cases) v to be very small,
the trailing probability term on the right-hand side as well as the contribution of v;f(Y) to the
left-hand side should be very minor. Therefore, even a coarse bound on this last term should
suffice.

10.3.2. Practical computation of the resampled quantile. Since the above results use
Rademacher weight vectors, the exact computation of the quantile g, requires in principle 2"
iterations and thus is too complex as n becomes large. Therefore, it might be relevant to consider
a block-wise Rademacher resampling scheme. For this, let (Bj)1<j<y be a regular partition of
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{1,...,n} and for all i € B;, W; = W]-B, where (W]-B)lgjgv are i.i.d. Rademacher. This is
equivalent to applying the previous method to the block-averaged sample (}71, e ,}7\/) , where }73
is the average of the (Y;)iep, . Because the }73 are i.i.d. variables, all of the previous results carry
over when replacing n by V. However, this results in a loss of accuracy in Theorem 10.2 (and

then in Corollary 10.7).

Another way to address this computation complexity issue is to consider Monte-Carlo quantile
approximation: let W denote a n x B matrix of i.i.d. Rademacher weights (independent of all
other variables), and define

wi))2e =

B
~ . 1
Ga(0, Y, W) =inf ¢ z € R s.t. 5 ; ]lzb(?[

that is, ¢, is defined just as ¢, except that the true distribution Py, of the Rademacher weight
vector is replaced by the empirical distribution constructed from the columns of W, Py, =
B! Zf;l dws - The following result then holds:

ProprosiTiON 10.8. Consider the same conditions as in Thm. 10.2 except the function f can
now be a function of both Y and W. We have:

P [QS(? - :u) > aao(lfé) (¢>Y - ?7W) + ’)/(W,Oéo(S)f(Y,W)]
<@+ P |3(Y 1) > S(Y. W),

~ B 1
where o = % < ozo—l-# and

B
1
v(W,n) :=max< y > 0 s.t. EZ]HW\Z@J >n
j=1

is the (1 — n)-quantile of |W‘ under the empirical distribution Pw .

Note that for practical purposes, we can choose f(W,Y) to depend on Y only and use
another type of bound to control the last term on the right-hand side, see discussion in the
previous section. The above result tells us that if we replace in Theorem 10.2 the true quantile
by an empirical quantile based on B i.i.d. weight vectors, and the factor 7; is similarly replaced
by an empirical quantile of [W|, then we lose at most (B + 1)~! in the corresponding covering
probability. Furthermore, it can be seen easily that if g is taken to be a positive multiple of
(B +1)7!, then there is no loss in the final covering probability (i.e. &y = ap).

10.4. Application to multiple testing

In this section, we describe how the results of Sect. 10.2 and 10.3 can be used to derive multiple
testing procedures. We focus on the two following multiple testing problems:

e One-sided problem: test simultaneously the null hypotheses Hy j, : “p, < 0”7 against Hy j,
“up >0 1 <kE< K

e Two-sided problem: test simultaneously the null hypotheses Hy, :
Hyp:“pu, #0", 1< k< K.

[13

pr = 07 against

In this context, we precise the link between confidence regions and multiple testing, and explain
how to improve our resampling-based thresholds. We first introduce a few more notations:
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H:={1,...,K}, Ho:={1 <k <K st. Hyy is true} and H its complementary in H.

Note that Hg is course unknown since the goal of multiple testing is in fact precisely to

estimate this set.

e For any = € R, the bracket [z] denotes either x in the one-sided context or |z| in the
two-sided context.

e Reordering the coordinates of Y’

[Yow] 2 [Yo)] 22 [Youo]
with a permutation o of H, we define forevery i € {1,...,K},C; (Y ) :={o(j) st. 7 > i}
the set which contains the K — i + 1 smaller coordinates of Y. In particular, C; = H.

e Forany C C {1,...,K},
T(C) :=sup [Yj — pux] T'(C) :=sup [ Y]
keC keC

We remark that T'(H) > T(Ho) > T'(Ho) in general and T(Hg) = T"(Hp) in the two-
sided context.

10.4.1. Multiple testing and connection with confidence regions. A multiple testing
procedure is a (measurable) function of Y,

R(Y)CH,

that rejects the null hypotheses Hyy with k& € R(Y). For such a multiple testing procedure
R, a type I error arises as soon as R rejects at least one hypothesis which is in fact true. The
family-wise error rate of R is then the probability that at least one type I error occurs:

FWER(R) :=P(R(Y)NHo#0) .
Given a level a € (0,1), our goal is then to build a multiple testing procedure R with
FWER(R) < a. (10.24)

Of course, choosing the procedure R = ) (i.e. the procedure which rejects no null hypothesis),
satisfies trivially the problem. Therefore, provided that (10.24) holds, we want the average number
of rejected false null hypotheses, that is

E[R(Y)NH] , (10.25)

to be as large as possible.

A common way to build a multiple testing procedure is to reject the null hypotheses Hy

corresponding to
R(Y)={1<k<Kst [Yi]>t} , (10.26)

where ¢ is a (possibly data-dependent) threshold. From now on, we will restrict our attention to
multiple testing procedures of the previous form. In this case, the deterministic threshold that
maximises (10.25) provided that (10.24) holds is obviously the 1 — «a quantile of the distribution
of T'(Hy). However, the latter quantile cannot be directly accessed, because it depends both on
the unknown dependency structure between the coordinates of Y? and on the unknown set H,.
The aim of the following sections (10.4.2, 10.4.3, 10.4.4) will be to approach this quantity.

This should be compared to the confidence region context, where the smallest deterministic
threshold for which (10.1) holds with ¢ = sup][-] is the (1 — «) quantile of the distribution of
T(H). Since T(H) > T'(Hyp), we observe following:
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(1) The thresholds that give confidence regions of the form (10.1) with ¢ = sup[-] also
give multiple testing procedures with a FWER smaller than « (following the thresh-
olding procedure (10.26)). Therefore, we can directly derived from Sect. 10.2 and 10.3
resampling-based multiple testing procedures that control the FWER.

(2) One might expect to be able to find better (i.e. smaller) thresholds in the multiple testing
framework than in the confidence region framework. Therefore, when H is “large”, T'(H)
is “significantly larger” than T"(Hy) and then procedures based on upper bounding T'(H)
are conservative. A method commonly used to address this issue is to consider step-down
procedures. This is examinated in the following section.

10.4.2. Background on step-down procedures. We review in this section known facts
on step-down procedure (see Romano and Wolf [RWO05]). We consider here thresholds t of the
following general form:

t:CCH—t(C)eR .
We call such a threshold a subset-based threshold since it gives a value to each subset of H. A
subset-based threshold is said to be non-decreasing if for all subsets C and C’, we have

ccc = )<t .

In our setting, a non-decreasing subset-based threshold is easily obtained by taking a supre-
mum over a subset C of coordinates. In particular, the thresholds derived from Sect. 10.2
(resp. Sect. 10.3) define non-decreasing subset-based thresholds, by taking ¢ = supe [-] (resp.

6 =0V supe []).

DEFINITION 10.1 (Step-down procedure with subset-based threshold). Let t be a non-decreasing
subset-based threshold and note for all i, t; = t(C;). The step-down procedure with threshold t

rejects
{1<k<Kst [Yi] >t}
where / = max { 1<i <K st V) <, [?a(j)] > tj} when the latter maximum exists, and the

procedure rejects no null hypothesis otherwise.

A step-down procedure of the above form can be computed using the following iterative
algorithm:

ALGORITHM 10.1.
(1) Init: define Ry := 0, & := H.
(2) Iteration ¢ > 1: put & := & _1\R;—1 and R; = {k € &; s.t. [?k;] > t(&) }
If R; = (), stop and reject the null hypotheses corresponding to:
R(Y) = {U(k‘) st. ke Ujgi_le} .
Otherwise, go to iteration 7 + 1.

We recall here Thm. 1 of Romano and Wolf [RWO05], adapted to our setting:

THEOREM 10.3 (Romano and Wolf, 2005). Let t be a non-decreasing subset-based threshold.
Then the step-down procedure R of threshold t satisfies,

FWER(R) < P(T(Ho) > t(Ho)). (10.27)

As a consequence, Algorithm 10.1 with any threshold derived from Sect. 10.2 (resp. Sect. 10.3)
with ¢ = supy, [-] (resp. ¢ = 0V supyy, [-]) gives a multiple testing procedure with control of the
FWER. We detail this in the following section.
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10.4.3. Using our confidence regions to build step-down procedures. Using Thm. 10.3
and Cor. 10.1 (wherein we use the Bonferroni threshold), we derive:

COROLLARY 10.9. Fiz o, € (0,1). Let W be an exchangeable resampling weight vector and
suppose that Y satisfies (GA). Then, in the one-sided context, the step-down procedure with the
following subset-based threshold controls the FWER at level a:

lolloogt (@1=8)\ supsce { (Vw1 ), }
\/ﬁ Card(C) ’ BW
where (o, 6,n) = ”‘;'%005_1 (a(12_5)) + IlUJJngW@_I (2).

Using Thm. 10.3 and 10.2 (with ap = a(1 — ) and f equal to the Bonferroni threshold at
level ay/2), we derive:

C — min +e(a, 6,n)

COROLLARY 10.10. Fiz «,v,0 € (0,1). Let W be a Rademacher weight vector and suppose
that Y satisfies (GA). Then, in the one-sided context, the step-down procedure with the following
subset-based threshold controls the FWER at level a:

Cr— QOz(l—ﬁ)(l—'y) (O \ Slép(), Y — ?> + E,(aa (57 Y1 Ca‘rd(c))

2B(n,a(1—v)6/2)—n ol 71 [ o
( (nw)/) \/ﬁ@ (2_2)

Of course, analogues of Cor. 10.9 and 10.10 can also be derived for the two-sided problem.

where &' (a, 8,v,n, k) =

REMARK 10.8. (1) Note that the above (data-dependent) subset-based thresholds are
translation-invariant because Y — Y is. Therefore, large values of non-zero means
will not enlarge these thresholds.

(2) Both subset-based thresholds of Cor. 10.9 and 10.10 are built in order to improve “Bon-
ferroni’s subset-based threshold”

oot (@
Cr =S40} —_—
vn Card(C)
Therefore, the corresponding step-down procedures are expected to perform better than
Holm’s procedure (i.e. the step-down version of Bonferroni’s procedure, see [Hol79]).

10.4.4. Uncentered quantile approach for two-sided testing. We now focus specifically
on the two-sided multiple testing problem. A fundamental consequence of Thm. 10.3 is that only
a weak control (i.e., when C = Hg) of T'(C) = supyec |Yi| is needed to obtain a step-down
procedure with a strong control (i.e., for arbitrary mean p € R¥) of the FWER. In this situation,
the main problem dealt with in Sect. 10.3 disappears: namely, under the hypothesis that Hog = C,
by definition all the coordinates contributing to the supremum in 77(C) are assumed to have zero
mean, and therefore, following the reasoning in Lemma 10.6, a direct exact quantile approach is
possible.

COROLLARY 10.11. Let W be a Rademacher weight vector and suppose that Y satisfies (SA).
Then for two-sided testing, the step down procedure with the subset-based threshold

oot (sl 1)
C

Note the differences of this result with our main approach (i.e., the analogue of Cor. 10.10 in

controls the FWER at level a.

the two-sided setting):
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e there is no additional trailing term & and no “shrinking” in the level of the computed
empirical quantile.
e the data is not recentered around the empirical expectation to compute the quantile.

In the following, we will call the threshold g, (supe |- |,Y) the “uncentered quantile”, while the
threshold built using our main approach (including the additional term) will be called “recentered
quantile threshold” for brevity.

To understand the practical consequences of these differences, let us consider an informal and
qualitative argumentation.

e if C = Hy, then the empirical mean Y should be close to 0. Hence, if we assume that
replacing Y by 0 does not change the centered quantile significantly, we conclude that the
uncentered quantile threshold will be smaller (hence better) than the recentered quantile
threshold, since the latter has the same form but at a slightly shrunk level and has an
additional term ¢’. In this situation the uncentered quantile will actually achieve the
exact level (up to 27").

e if on the other hand there are some coordinates with a large non-zero mean in the set C
(by which we mean having a large signal-to-noise (SNR) ratio), then these coordinates
will on average have a large absolute value and hence make the uncentered quantile
significantly larger; in this case the signal will contribute to the uncentered quantile more
than the noise. By contrast, and as remarked earlier, the recentered quantile threshold is
translation invariant and thus not affected by the relative strength of the signal. Hence,
in this situation, it is likely that the recentered quantile threshold will be smaller.

While the second situation above appears to be detrimental to the uncentered quantile, this
disadvantage will in some sense be “automatically corrected” by the step-down procedure. Namely,
if some coordinates have a large SNR, they will certainly contribute significantly to the uncentered
quantile threshold at the first step of the step-down procedure; however even if this threshold is
relatively large, it will still allow to eliminate at the first step precisely those coordinates having
a very large mean. This will result in an important improvement of the threshold at the second
iteration, and so on, until all coordinates with a large SNR have been weeded out, so that in the
end we actually end up very close to the situation described in the first point.

Hence, the conclusion from this qualitative discussion is that, in a situation where some of the
coordinates have a large SNR, we expect that the uncentered quantile will be less accurate (i.e.,
larger) than the centered quantile threshold in the first iteration(s) of the step-down procedure,
but that it will then improve along the iterations and eventually prevail in the race. (This behavior
will be confirmed by our simulations in the next section.)

At this point, it seems that the step-down using the uncentered quantile is both simpler and
more effective than our main approach and thus should always be preferred. However, this quali-
tative discussion also gives us another insight: the step-down procedure based on the uncentered
quantile may need more iterations to converge since the first steps result in an inaccurate thresh-
old. In order to fix this drawback, we propose to use the leverage of the recentered quantile for
the first step in order to weed out in one single step most of coordinates having a large SNR, and
then continue subsequently with the uncentered threshold in the next steps for more accuracy.
We thus obtain the following algorithm:

ALGORITHM 10.2.

(1) Reject the null hypotheses corresponding to:
Ry := {k s.t. |?k‘ > do(1-6)(1—7) (HHoo Y — ?) + sl(av 9, Y51, K) }
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Gaussian kernel convolution, K=128x128, n=1000, level 5%
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FiGurE 10.1. Left: example of a 128x128 pixel image obtained by convolution
of Gaussian white noise with a (toroidal) Gaussian filter with width b = 18 pixels.
Right: average thresholds obtained for the different approaches, see text.

(2) If Ry = H then stop.
Otherwise, consider the set of the remaining coordinates H\Ry and apply on it the
step-down Algorithm 10.1 with the subset-based threshold

Cr da(1—7) (SlépH ,Y)

PrRoOPOSITION 10.12. Fiz «,v,0 € (0,1). Let W be a Rademacher weight vector and sup-
pose that Y satisfies (GA). In the two-sided context, the Algorithm 10.2 gives a multiple testing
procedure with o FWER smaller than o.

What we expect is that the above algorithm will yield essentially the same final result as the
one of Cor. 10.11 (up to some small loss in the level), while requiring less iterations. In numerical
applications such as neuroimaging with a large number of images, where one iteration can take
up to one day, this can result in a significant improvement.

10.5. Simulations

For simulations we consider data of the form Y; = u; + G¢, where ¢ belongs to an m x m
discretized 2D torus of K = m? “pixels”, identified with T?, = (Z/mZ)?, and G is a centered
Gaussian vector obtained by 2D discrete convolution of an i.i.d. standard Gaussian field (“white
noise”) on T2, with a function F : T2, — R such that D teTz, F%(t) = 1. This ensures that G is
a stationary Gaussian process on the discrete torus, it is in particular isotropic with E [G?] =1
for all t € T2, .

In the simulations below we consider for the function F' a “Gaussian” convolution filter of
bandwidth b on the torus:

Fy(t) = Cyexp (—d(0,1)%/b?)
where d(t,t") is the standard distance on the torus and C} is a normalizing constant. Note that for
actual simulations it is more convenient to work in the Fourier domain and to apply the inverse
DFT which can be computed efficiently. We then compare the different thresholds obtained by
the methods proposed in this work for varying values of . Remember that the only information
available to the algorithms is the bound on the marginal variance; the form of the function Fjy
itself is of course unknown.
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10.5.1. Confidence balls. On Fig. 10.1 we compare the thresholds obtained when ¢ =
sup ||, which corresponds to L* confidence balls. Remember that these thresholds can be also
directly used in the two-sided multiple testing situation (see Sect. 10.4). We use the different
approaches proposed in this work, with the following parameters: the dimension is K = 128% =
16 384, the number of data points per sample is n = 1000 (much smaller than K, so that we
really are in a non-asymptotic framework), the width b takes even values in the range [0, 40], the
overall level is a = 0.05.

Recall that the Bonferroni threshold is

thnta = =171 (57)

For the concentration threshold (10.7)

Ew [0 (Ypw-m)]

——1
Leonc,a 1= By + ||0'Hp(1)

Cw 1
)| =V L~
@) |y ]
we used Rademacher weights. For the “compound” threshold of Cor. 10.1 (with Bonferroni as
deterministic reference threshold)

B [0 (V)| | lol s (e1=0Y IO (et |

A : /
tconc/\bonf,a = min tBonf,aa Bw \/'ﬁ 9 nBy

we used § = 0.1. For the quantile approach (10.23)
2B (n, O‘TO‘S> —-n

Lquant-+bonf,a ‘= o (1-9) (gb,Y — ?) +

t,Bonf,ozfao
2B (n, 0‘706> -n
n tconc,afao (Y) )

we used J =1, ap = 0.9a (= (1 — y)a with v = 0.1), § = 0.1 and took f either equal to
the Bonferroni or the concentration threshold, respectively (these values of g, a,7y,d will stay

tquant+conc,a = Ao (1-9) (¢,Y — ?) +

unchanged for all the experiments presented here, including in the next section). Finally, for
comparison purposes, we included in the figure the threshold corresponding to K = 1 (estimation
of a single coordinate mean)

tangir == <=7, (5)
and an estimation of the true quantile (actually, an empirical quantile over 1000 samples), i.e.
tideal,o the 1 — o quantile of the distribution of ¢ (Y — p).

Each point represents an average over 50 experiments (except of course for tﬁonf, o Lsingle,a
and tideal,o). The quantiles or expectation with Rademacher weights were estimated by Monte-
Carlo with 1000 draws (without the additional term introduced in Sect. 10.2.5). On the figure
we did not include standard deviations: they are quite low, of the order of 1073, although it is
worth noting that the quantile threshold has a standard deviation roughly twice as large as the
concentration threshold (we did not investigate at this point what part of this variation is due to
the MC approximation).

We also computed the quantile threshold g,(¢,Y — Y) without second-order term: it is so
close to tigeal,o that we would not distinguish them on Fig. 10.1.

The overall conclusion of this first preliminary experiment is that the different thresholds
proposed in this work are relevant in the sense that they are smaller than the Bonferroni threshold
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0.3 T T T 0.99 T =
+ guant. uncent. o, __
oo 0.98} m o
| —=— holm el
0.25 T, y - » - quant+bonf ST m’_s_-_,;:‘—t:::
S| - 8= s.d. quant+bonf A S P! FEb
- == ideal T g2t 7T
S 02} ~m s.d. quant. uncent. g, . e
g —— single
s b + quant. uncent.
0 15p—=3% — bonf
”""wn“;"az::::::;,--- . - holmt bonf
S, BRRLEEE T | ==~ quant+bon
o1t Beean g a"“'"_ 0.93 . -=- s.d. quant+bonf
. fal - TR .
[T R o == ideal
0.92r ~a- s.d. quant. uncent. ||
v v v v v v v v v - -- quant
0.05 + v v 0.91 + v ’
0 10 20 30 40 0 10 20 30 40
Convolution kernel width (pixels) Convolution kernel width (pixels)

FIGURE 10.2. Multiple testing problem with p defined by (10.28) for different
approaches, see text. Left: average thresholds. Right: power, defined by (10.30).

provided the vector has strong enough correlations. As expected, the quantile approach appears
to lead to tighter thresholds. (However, this might not be always the case for smaller sample
sizes because of the additional term &’.) One advantage of the concentration approach is that the
“compound” threshold (10.10) can “fall back” on the Bonferroni threshold when needed, at the
price of a minimal threshold increase.

10.5.2. Multiple testing. We now focus on the multiple testing problem. We present here
only the two-sided case because the one-sided case gives similar results, except that we can not
use the “uncentered quantile” method of Cor. 10.11.

We consider the experiment of the previous section, with the following choice for the vector

Y(i,5) € {0,...,127}2, 1 j) = (64674”* X 20tBonf o - (10.28)
In this situation, note that the half of the null hypotheses are true while the non-zero means are
increasing linearly from 0 to 20t%0nf7 o The thresholds obtained are given on Figure 10.2 (100
simulations). The ideal threshold #igeal o is now derived from the 1 — a quantile of the distribution
of T'(Ho) = supy, ‘?‘ We did not report tconc,a and teoncabont,o i order to simplify Fig. 10.2
(their values are unchanged, since these thresholds are translation invariant). In addition to the

of means:

previous thresholds, we consider:

e the uncentered quantile:

tquant.uncent.,a = (u (Sup || 7Y) (1029)

and its step-down version s d.quant.uncent., (€€ Cor. 10.11).
e the step-down version ls.d.quant+bonf,a of Lquant-+bonf,a-
e Holm threshold toim,« (i-e. the step-down version of the Bonferroni procedure).

On the right-hand-side of Fig. 10.2, we evaluated the powers of the different thresholds t,(Y),
defined as follows:
1<k<K s.t. Y Y
Power (t,) = Card{1 <k <K s.t. up # 0 and |[Yi| > t(Y)}
Card{1 <k <K st u,#0}

(10.30)

This experiment shows that:

(1) for single-step resampling-based procedures:
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e the single-step procedure based on our quantile approach (“quant+bont”) can out-
perform Holm’s procedure as soon as the the coordinates of the vector are sufficiently
correlated.

e the single-step procedure based on the uncentered quantile (“quant. uncent”) has
bad performance.

(2) for step-down resampling-based procedures:

e the step-down procedure based on our quantile approach (“s.d. quant-+bonf”) can
outperform Holm’s procedure as soon as the the coordinates of the vector are suffi-
ciently correlated (obvious from the point 1).

e the step-down procedure based on the uncentered quantile (“s.d. quant-+bonf”)
seems to be the most efficient thresholds of the step-down procedures considered
here.

However, when K and n are large, each iteration of the step-down algorithm for the uncentered
quantiles may be quite long to compute® while our quantile approach (“quant-+Bonf”) provides in
only one step a quite good accuracy. Following Sect. 10.4.4, these two methods can be combined
(see Algorithm 10.2, called here “mixed approach”), resulting in a speed-accuracy trade-off.

We illustrate this with a specific simulation study: consider the same simulation framework
as above unless that the bandwidth b is now fixed at 30, the size of the sample is n = 100 and
the means are given by: ¥(i,7) € {0,...,127}>, i,y = f(i+1285), where
(8192 — k)4

8192
and f(k) = 0 for the other values of k. In this situation, the non-zero means are increasing

log-linearly from 0.5 tp,,¢ , to 50 tp,; . With 100 simulations, we computed in Tab. 10.3 the
average number of iterations in the step-down algorithm 10.1 for the above step-down procedures.

Vk €{0,...,8192}, f(k) = 50tp,pt o X €xp (— log(lOO)) , (10.31)

Additionally, on Fig. 10.3, the power is given as a function of the number of iterations in the
step-down algorithm for the different approaches.
We can read the following results:

e The “mixed approach” needs on average significantly less iterations to converge.

e In the case of a very strict computation time constraint, it is possible to stop the step-
down procedures early after a fixed number of iterations. Stopping the mixed approach
procedure after only 2 iterations results in an average power that is virtually undistin-
guishable from the power obtained without early stopping. By contrast 3 iterations are
needed for the step-down with uncentered quantile threshold.

While these results are certainly specific to the particular simulation setup we used, they
illustrate that the informal and qualitative analysis we presented in Sect. 10.4.4 appears to be
correct. In particular, the fact that the mixed approach appears to give already very satisfactory
results after the two first iterations reinforces the interpretation that the first step (using the
recentered quantile threshold with remainder term) rules out at once all coordinates with a large
SNR while the second step (using the exact, uncentered quantile) improves the precision once
these high-SNR coordinates have been eliminated.

Therefore, this mixed approach can be an interesting alternative to the uncentered quantile
approach when several long iterations in the step-down algorithm are expected. This situation
arises typically when the signal (non-zero means) has a wide dynamic range (in our above simu-
lation, the signal-to-noise ratio for non-true null hypotheses varies between 0.25 and 25).

5typically one day in the neuroimaging framework.
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Holm’s procedure | “ s.d. quant+bonf” | “s.d. quant. uncent.” | “mixed approach”
3.25 3.13 4.92 3.94

TABLE 10.3. Multiple testing problem with p corresponding to (10.31) for dif-
ferent step-down approaches. Average number of iterations in the step-down algo-
rithm.
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05

FiGure 10.3.  Multiple testing problem with p corresponding to (10.31) for
different step-down approaches. Power as a function of the number of iterations
in the step-down algorithm.

10.6. Discussion and concluding remarks

10.6.1. Confidence regions and tests. In this paper we have first constructed confidence
regions of the form (10.1) and presented an application of this result to (multiple) testing. Because
of the duality between confidence regions and tests, a natural question is whether conversely, one
could construct tests first and deduce confidence regions. In particular, testing the (single) null
hypothesis H,,, : pt = 19 is very simple using an exact symmetrization test: using directly Lemma
10.6 we know that the test T}, 4 rejecting H,,, if ¢(Y — po) > ¢a(9, Y — po) has significance level
bounded by «. We can construct from this the confidence region

Fo(Y,1—a)={po € R s.t. T),.4 does not reject Hy} o

This method avoids completely the problems linked to the direct construction of a confidence
region that we faced in Sect. 10.3; furthermore, the above confidence region is almost exactly of
level 1 —« (up to 27™), while the region constructed in Sect. 10.3 is certainly more conservative.
Nevertheless, argue that the approach developed in Sect. 10.3 is much more practically relevant:

e the region Fy(Y,1 — «) constructed above by test inversion is not of the form (10.1),
that is, it is not a “¢-ball” around the empirical mean. However, it might be required by
external contraints, for example for further analysis, that the confidence region should
be of this form.

e more generally, it does not seem clear at all what shape the above region would take
or even if would enjoy some desirable properties such as convexity. This seems very
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impractical, particularly in high dimension, where regions which cannot be described
under a simple form seem very difficult to handle. In fact, it seems actually very difficult
to obtain any explicit description of this region short of calculating T},,  for every point
o on a discretized grid of R | which becomes intractable for both computational burden
and memory usage as soon as K is large.

10.6.2. FWER versus FDR in multiple testing. It can legitimately be asked if the
FWER is in fact an appropriate measure of type I error. Namely, the false discovery rate (FDR),
introduced in Benjamini and Hochberg [BH95] and defined as the average proportion of wrongly
rejected hypotheses among all the rejected hypotheses, appears to have recently become a de facto
standard, in particular in the setting of a large number of hypotheses to test as we consider here.
One reason for the popularity of FDR is that it is a less strict measure of error as the FWER and
to this extent, FDR-controlled procedures reject more hypotheses than FWER-controlled ones.
We give two reasons why the FWER is still a quantity of interest to investigate. First, the FDR
is not always relevant, in particular for neuroimaging data. Indeed, in this context the signal is
often strong over some well-known large areas of the brain (e.g. the motor and visual cortex).
Therefore, if for instance 95 percent of the detected locations belong to these well-known areas,
FDR control (at level 5%) does not provide evidence for any new true discovery. On the contrary,
FWER control is more conservative, but each detected location outside these well-known areas
is a new true discovery with high probability. Secondly, assuming the FDR or a related quantity
is nevertheless the endgoal, it can be very useful to consider a two-step procedure, where the
first step consists in a FWER-controlled multiple test. Namely, this first step can be used as a
means to estimate the FDR or the FDP (false discovery proportion) of another procedure used
in the second step and thus fine-tune the parameters of this second step for the desired goal.
This approach has been for example advocated by Perone Pacifico et al. [PPGVWO04| with
application to neuroimaging data as well.

10.6.3. About the variances of the coordinates. In the concentration approach and
in the Gaussian case, the derived thresholds depend explicitly on the p-norm of the vector of
standard deviations ¢ = (o) (an upper bound on this quantity can be used as well). While
we have left aside the problem of determining this parameter if no prior information is available,
there is at least a simple solution available: build (using standard techniques) an individual upper
confidence bound for each o , then combine these different confidence bounds with the Bonferroni
method. While this naive method will not take into account the possible dependence between the
coordinates for the estimation of o itself, it will generally only contribute a lower order term in
the final threshold defined by (10.7).

A second and potentially more crucial problem is that, since the confidence regions proposed
in this paper are balls rather than ellipsoids, these regions will — inevitably — be conservative
when the variances of the coordinates are very different. The standard way to address this issue
is to consider studentized data. While this would solve this heteroscedasticity issue, it also voids
the assumption of independent datapoints — a crucial assumption in all of our proofs. Therefore,
generalizing our approach to studentized observations is an important (and probably challenging)
direction for future research.

10.6.4. Conclusion. In this chapter, we proposed two approaches to build non-asymptotic
resampling-based confidence regions for a correlated random vector:

e The first one is strongly inspired by results coming from learning theory and is based on

a concentration argument. An advantage of this method is that it allows to use a very



268 CHAPITRE 10. RESAMPLING-BASED CONFIDENCE REGIONS

large class of resampling weights. However, these concentration-based thresholds have
relatively conservative deviation terms and they are better than the Bonferroni threshold
only if there are very strong correlations in the data. Therefore, using this method when
we do not have any prior knowledge on the correlations can be too risky. To address
this issue, we propose (under the Gaussian assumption) to combine the corresponding
concentration threshold with the Bonferroni threshold to obtain a threshold very close to
the minimum of the two (using the so-called “stabilization property” of the resampling).

e The second method is closer to the idea of randomization tests: it estimates directly
the quantile of ¢(Y — p) using a symmetrization argument (it is therefore restricted to
Rademacher weights). The point is that an exact approach is not possible because we
have to replace the unknown parameter ; by the empirical mean Y. Therefore, the
derived thresholds have a remainder term, but it is quite small when n is sufficiently
large (typically n > 1000).

Our simulations have shown that for confidence regions in supremum norm, the confidence
balls obtained with the second method are better than the regions based on the Bonferroni thresh-
old, when there are important correlations between the coordinates. Moreover, it seems that the
quantile threshold without the remainder term is very close to the ideal quantile, so that we may
conjecture that the additional term is unnecessary (or at least too large).

Finally, we have used the two previous methods to derive step-down multiple testing proce-
dures that control the FWER when testing simultaneously the means of a (Gaussian) random
vector (in the one-sided or two-sided context). Because these procedures use translation-invariant
thresholds, the number of iterations in the step-down algorithm is generally small. Moreover, they
can outperform Holm’s procedure when the coordinates of the observed vector has strong enough
correlations. However, these procedures are somewhat too conservative because of the remain-
der terms (in the quantile approach, the remainder terms arise as a consequence of empirically
recentering the data).

In the two-sided context, an exact step-down procedure based on the resampled quantiles of
the uncentered data is valid and turns out to be more accurate than the above methods (because
no remainder term is then necessary). However, this exact method needs generally more iterations
in the step-down algorithm. Therefore, we propose to combine our quantile approach with the
latter exact method to get a faster procedure with (almost) the same accuracy.

Again, we may conjecture that the step-down procedure using the recentred quantile without
the additional term (or at least with a smaller term) still controls the FWER for a fixed n.
This would give an accurate procedure in both two-sided and one-sided contexts, and the latter
would be faster than the exact step-down procedure in the two-sided context. This is certainly
an interesting direction for future work.

10.7. Proofs

10.7.1. Confidence regions using concentration. In this section, we prove all the state-
ments of Sect. 10.2 except computations of resampling weight constants (made in Sect. 10.7.4)
and statements with non-exchangeable resampling weights (made in Sect. 10.7.5).

Comparison in erpectation.
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PROOF OF PrROP. 10.2. Denoting by ¥ the common covariance matrix of the Y?, we have
D(?[W—W] W) =N(0,(nt >0 (W; = W)?)n~ %), and the result follows because D(Y — p) =
N (0,77 ') and ¢ is positive-homogeneous. O

Proor or Prop. 10.3. (i). By independence between W and Y, exchangeability of W and
the positive homogeneity of ¢, for every realization of Y we have:

_ 1 & _ A
o (T =) =6 (2| 13- v
i=1
Then, by convexity of ¢,

Awo (Y —p) <Ey
i=1

(33w )

We integrate with respect to Y, and use the symmetry of the Y? with respect to p and again
the independence between W and Y to show finally that

AwE [¢ (Y = )] <E[¢<%i|Wi_W| (YZ’—u))]

i=1

(ii) comes from:

E¢ (Yy_w) =Eé (
(% (Wi = ) (Y - u>) +Eg (% S (w0 - W)Y - m)

i=1
Then, by symmetry of the Y? with respect to x and independence between W and Y, we get
— 1 ; 1 & _ ;
E¢ (Y ) <E¢ (EZ|WZ-—;1:O| (Y —u)) +E¢ (52|x0 ~-W| (Y —u))
N _

i=1

Concentration inequalities.

ProoOF OF ProOP. 10.4. We use here concentration principles applied to a supremum of Gauss-
ian random vectors, following closely the approach in Massart [Mas07], Sect. 3.2.4. The essential
ingredient is the Gaussian concentration theorem of Cirel’son, Ibragimov and Sudakov [CIS76]
(and recalled in [Mas07|, Thm. 3.8; see also Thm. 8.1 in Sect. 8.5), stating that if F'is a Lip-
schitz function on RY with constant L, then for the standard Gaussian measure on RY we have
P[F>E[F]+t] <20(t/L).

Let us denote by A a square root of the common covariance matrix of the Y. If Gisa K xn
matrix with standard centered i.i.d. Gaussian entries, then AG has the same distribution as Y —y .
We let for all ¢ € (]RK)n, Ti(C):==¢ (% Sy AQ) and T»(¢) :=E [qb (% Yo (W — W)AQ)].

From the Gaussian concentration theorem recalled above, to reach the conclusion we just need
to prove that T3 (resp. T3) is a Lipschitz function with constant |[o||, /v/n (resp. [|o||, Cw /n) with
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respect to the Euclidean norm ||-||, f,, on (]RK)n. Let ¢, (' € (]RK)n and denote by (ax)i<k<k
the rows of A. Using that ¢ is 1-Lipschitz with respect to the p-norm (because it is subadditive
and bounded by the p-norm), we get

IT1(¢) — T1(¢))

IN

1
EZA(Q )

(o)), ],

For each coordinate k, by Cauchy-Schwartz’s 1nequahty and since ||lag|, = o, we deduce

IA

p

n

<ak7 % > (G- C£)>

=1

n

< okl||—

Therefore, we get

T1(¢) = T1(¢)] < llofl, <” ”p 1€ =l kn

XS

using the convexity of z € RX i ||z||5, and we obtain (1) For T3, we use the same method as for
T1:

n

1200) = )| < o, B 0% - (G - )|
=1
o n L 2
< |an E|| > (Wi = W)(¢ —¢) 2 (10.32)
i=1

Note that since (Y1 | (W; —W))2 = 0, we have E(W; — W)(Wy — W) = —C%,/n. We now

develop HZZ‘ZI(VVZ -W)(¢G - H; in the Euclidean space RX:

E|| > (Wi = W)(G - @) =Cy (1-n~ Z 16 =il - Z ~ GG =)
i=1 i#j
=Cir > _lIG =Gl = = 326G = ¢
i=1 i=1 9
Consequently,
. T ? & 2 2
B> (W= W) (G=¢) | <Gl 306G =lly = Co lI< =<l (10.33)
i=1 2 i=1
Combining expression (10.32) and (10.33), we find that T3 is ||o||, Cw /n-Lipschitz. O

REMARK 10.9. The proof of Proposition 10.4 is still valid under the weaker assumption (in-
stead of exchangeability of W) that E [(W; — W)(W; — W)] can only take two possible values
depending on whether or not ¢ = j.

Main results.

PrROOF OF THM. 10.1. The case (BA)(p, M) and (SA) is obtained by combining Prop. 10.3
and McDiarmid’s inequality (Prop. 8.7 in Sect. 8.5). The (GA) case is a straightforward conse-
quence of Prop. 10.2 and the proof of Prop. 10.4. (]
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PROOF OF COR. 10.1. From Prop. 10.4 (i), with probability at least 1—a(1—6), ¢ (¥ — ) is

——1
upper bounded by the minimum between t,(;_s5) and E [qb (? — u)] + ol ® \(/5(176)/2) (because

these thresholds are deterministic). In addition, Prop. 10.2 and Prop. 10.4 (ii) give that with
probability at least 1—ad, E [qb (? — u)] < Ew [6(Y )] + ”ﬂ;jlw 671((15/2). The result follows

~ Bw
by combining the two last expressions. O

Monte-Carlo approzimation.

PROOF OF PROP. 10.5. The idea of the proof is to apply McDiarmid’s inequality condition-
ally to Y. For any realizations W and W’ of the resampling weight vector and any v € R¥,

o (Ypwon)) =0 (Vi) | < 0 (Vo) = Vw7 )
b;a (i‘yz—uk\)
i=1 k

since ¢ is sub-additive and bounded by the p-norm and W; — W € [a;b] a.s.
The sample Y being deterministic, we can take v = M which realizes the infimum. Since
Wt ..., W?" are independent, McDiarmid’s inequality (Prop. 8.7, Sect. 8.5) gives (10.17).
When Y satisfies (GA), a proof very similar to the one of (10.14) in Prop. 10.4 can be applied
to the remainder term with any deterministic . We then obtain (10.18). O

<

p

REMARK 10.10. When the weights are unbounded, one can replace (10.19) by any upper

bound on
T sup {6 (Vwowwawy ) }

which is data-dependent but hard to compute in general.

10.7.2. Quantiles. Remember the following inequality coming from the definition of the
quantile g, : for any fixed Y

Pw [¢ (Yw]) > ¢a(@,Y)] <a <Pw [¢(Yw]) = ¢a(6,Y)] . (10.34)

PrOOF OF LEMMA 10.6. We introduce the notation Y ¢ W = Y.diag(W) for the matrix
obtained by multiplying the i-th column of Y by W;,i=1,...,n. We have

Py [6(F = 1) > 6a(6, Y — )] =Ew [Py [6((Y = 1) > aal@, (Y =) s W) ]

=By [Pw [0 (Y= ) > aa(6,Y -] <a . (1035)

The first equality is due to the fact that the distribution of Y satisfies assumption (SA), hence
the distribution of (Y — ) invariant by reweighting by (arbitrary) signs W € {—1,1}". In the
second equality we used Fubini’s theorem and the fact that for any arbitrary signs W as above
Go(, (Y —p) o W) = qo (¢, Y — ) ; finally the last inequality comes from (10.34). O

PROOF OF THM. 10.2. Put 3 = 71 (agd) for short and define the event
Q= {Y s.t. oy (¢>Y - ,u) S an(l—é) (¢7 Y - ?) + ’)/lf(Y) } .
Then we have using (10.35):

P[d(Y — 1) > dap(1-5)(0: Y = Y) +71f(Y)] SP[A(Y — 1) > qa(6, Y —p) | + P[Y € Q°]
<ap+P[Y Q] . (10.36)
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We now concentrate on the event 2¢. Using the subadditivity of ¢, and the fact that
(Y M)[W} (Y — Y)[W} + W (Y — p), we have for any fixed Y € Q¢

a0 < Pw [6((Y = 1)) = dao(6, Y = )] <P |6((Y = ) > dag-(9,Y = ¥) + 1 f(Y)
< Pw [Cb((Y - ?)[W]) > ag(1-6) (0, Y — ?)] +Pw [¢(W(Y — ) > f(Y)]

< ag(l—08) +Pw [¢(W(Y — ) >nf(Y)] .

For the first and last inequalities we have used (10.34), and for the second inequality the definition
of Q¢ From this we deduce that

Q° C{Y st. Pw [o(W(Y — ) > f(Y)] > ad } .
Now using the homogeneity of ¢, and the fact that both ¢ and f are nonnegative:

Py [o(W (Y — 1)) > f(Y)] =Pw[\W|> ¢<SIgn’<hf§<) ))] [‘W‘ J(g( ,1)]
nSfY)

nl_n ]7
2 S(Y — p)

where B, 1 denotes a binomial (n,1) variable (independent of Y). From the two last displays

= 2Pw

and the deﬁnltlon of 1, we conclude
Q° {Y st. &Y — p) > f(Y)} ,
which, put back in (10.36), leads to the desired conclusion. O

PRrROOF OF COR. 10.7. Define the function

J—1
90(Y) = 41—5)0 (4, Y = Y) (Z%ql 5a: (0, Y =Y) + 7, £(Y )) ;

i=1
and for k=1,...,J,

Ik ( <Z%qu 50 (0. Y =Y) + s f(Y ))

with the convention g5 = f. For 0 < k < J—1, applying Thm. 10.2 with the function gz, yields
the relation

Pw [¢(Y — 1) > gi(Y)] < i +Pw [0(Y — ) > g1 (Y)]
Therefore,

Pyw [6(Y — 1) > go(Y ZaZHF’[ (Y —p) > f(Y )]
as announced. O

Proor or Prop. 10.8. Let us first prove that an analogue of Lemma 10.6 holds with g4,
replaced by ¢u,. First, we have

EwPy [Cb(? - :u) > aao (¢7 Y — s W)]
= EwBwPy [6((Y = ) > fao(6: (Y — 1) o W/, W)

= EvPww [6((Y = W) > Gao(6,Y — 1, W e W) |,
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where W’ denotes a Rademacher vector independent of all other random variables and W' e W =
diag(W'). W denotes the matrix obtained by multiplying the i-th row of W by W/, i=1,...,n
Note that (W', W' ¢ W) ~ (W', W). Therefore, by definition of the quantile gy,, the latter
quantity is equal to

B
Z < < M

S =W w2 (Y= = Y| =" g1

EvyPw w-

where the last step comes from Lemma 10.13 taken from Romano and Wolf [RWO05] (see below).
The rest of the proof is similar to the one of Thm. 10.2, where Py is replaced by the empirical
distribution based on W, Py = % Zle dwi - Thus, (10.34) becomes for any fixed Y, W:

Py (6 (Yw)) > Gao (0. Y, W)] < a0 < P [6 (Y w)) = Gae (6, Y, W) ] .
Then, the role of €2 is taken by
Q= {Y, W s.t. Goo (6, Y — 4, W) < Gup1-6) (6, Y = Y, W) +7f(Y, W)} |

where we put v = v(W, agd) for short. We then have similarly to (10.36):

| Bag] +1

Py w [¢(Y = 1) > Gap1-0)(6, Y = Y) +7f(Y,W)] < o

and following further the proof of Theorem 10.2, we obtain

[|W| > ;’E(Y_u;] >a05} :

which gives the result. U

+Pyw [ﬁc] ,

ﬁCc{Y,W

We have used the following Lemma:

LEMMA 10.13 (Essentially Lemma 1 of Romano and Wolf [RWO05|). Let Zy, Zi1, ..., Zp be
exchangeable real-valued random variables. Then for all o € (0,1),

B
1 |Ba| +1 1
— 1. < < — < —_—.
BZ Zizf SO\ S TR ST

The first inequality becomes an equality if Z; # Z; a.s. For example, it is the case if the Z;s are
i.1.d. variables from a distribution without atoms.

We provide a proof for completeness.

PrOOF OF LEMMA 10.13. Let U denote a random variable uniformly distributed in {0, ..., B}
and independent of the Z;s. We then have

B B
1
EZ]leZZO <« =P Z]IZJEZO < Ba+1
j=1

J=0

= PUP(Zi) Z ﬂZjZZU < Ba+1

|Ba] +1
B+1

—_

B
=Pz Pu ZﬂzjzzU <|Bal+1]| <

Note that the last inequality is an equality if the Z;s are a.s. distinct. O
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10.7.3. Multiple testing.

PROOF OF THM. 10.3, FROM ROMANO AND WoOLF [RWO05|. We use the notations of Def. 10.1.
If the procedure rejects at least one true null hypothesis, we may consider jo = min{j <
ls.t. H, ;) is true }. By definition of a step-down procedure, we have [Y,(j,)] > tj,. By def-
inition of jo, we have Hy C Cj, so that, since t is non-decreasing, t(Cj,) > t(Ho). Finally, we can

obtain (10.27) as follows:
FWER(R) < P (3jo s.t. H,(jy) is true and [Y,(0)] > t(Ho))

<P (T/(Ho) > t(Ho))

P

(T'(Ho) > t(Ho)) -

PROOF OF PROP. 10.12. First note that
da(1—7) <S71{1p H ’Y> < Qa(l—'y)(H'Hoo Y — ,u) :
0

Recall that from the proof of Thm. 10.2, with probability larger than 1 — ay we have
Ga(i—7) (Moo » Y = 1) < tai—s)1=7) (Mlos, Y =Y ) + &' (2, 6,7,n, K) .

Take Y in the previous event, where the above inequality holds. If the global procedure rejects
at least one true null hypothesis, we note jo the first time that this occurs (jo = 0 if it is in the
first step). There are two cases:

e if jo = 0 then we have
T(Ho) > qa(-s)1-—) (e, Y =Y) + (6,7, 1, K) > ga1—v) (S;{lp || ,Y>
0

e if jo > 1, all the null hypotheses rejected at the first step are false. Following the proof
of Thm. 10.3, T(Ho) > qa(1—~) (subs, |-, Y).

In both cases, T'(Ho) > qa(1—-) (supHO || ,Y), which occurs with probability smaller than «(1 —
) O

10.7.4. Exchangeable resampling computations. In this section, we compute constants
Aw, Bw, Cw and Dy (defined by (10.3) to (10.6)) for some exchangeable resamplings. This
implies all the statements in Tab. 10.1. We first define several additional exchangeable resampling
weights:

e Bernoulli (p), p € (0;1): pW; i.i.d. with a Bernoulli distribution of parameter p. A
classical choice is p =

e Efron (q), ¢ € {1...,n}: gn~'W has a multinomial distribution with parameters
(g;n~,...,n71). A classical choice is ¢ = n.

e Poisson (u), u € (0;+00): puW; ii.d. with a Poisson distribution of parameter u. A
classical choice is p = 1.

N[

Notice that ?[W—W] and all the resampling constants are invariant under translation of the

weights, so that Bernoulli (1/2) weights are completely equivalent to Rademacher weights in this
chapter.
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LEMMA 10.14. (1) Let W be Bernoulli (p) weights with p € (0,1). Then,
1-— 1 1
2(1 —p) - Pcaw<Bw</=-1/1-=
pn p n
1 1 1 1-—
Cw=,4/—--1 and Dw<—+——1'+ —p
p 2p |2p np
(2) Let W be Efron (q) weights with g € {1,...,n}. Then,
-1
Aw < By < L and Cw=1.
n

Moreover, if ¢ < n,

1 q
AW:2<1——> .
n

(3) Let W be Poisson () weights with > 0. Then,

1 1 1
Awngg— 1—— and CW:—.
iV T Vi
Moreover, if u =1,
2 1 <4
e vn—- W

(4) Let W be Random hold-out (q) weights with g € {1,...,n}. Then,

AW:2(1—2) Bw=,/" 1
n q

n [/n n n
Cw = ——1 d Dy =—+|1—-—
W n—1V q an W 2q+‘ 2q

PROOF OF LEMMA 10.14.

General case. We first only assume that W is exchangeable. Then, from the concavity of /-
and the triangular inequality, we have

E [W; — E[W:]| — \/E (W —EW1])? <E W, — E[Wy]| — E[W — E[W,]]

1
< Aw < By < \/”TCW . (10.37)

Independent weights. We now assume that the W, are i.i.d. Then,

var(Wh)
n

E W, —E[Wi]| — < Aw and Cw = /var(Wq) . (10.38)

Bernoulli. These weights are i.i.d. with var(W;) =p~! —1, E[W;] =1 and
EWi-1/=p(p~' =1)+(1-p)=2(1-p) .
With (10.37) and (10.38), we obtain the bounds for Ay, By and Cy . Moreover, Bernoulli (p)
weights satisfy the assumption of (10.6) with z9 = a = (2p)~!. Then,
1 1 ‘1 ‘
—+ |z =P+ — -
2p p

1 1 1 1 .
Dyw=—+EW-—|<—41—-—|+E[W-1|<
v 2p+ ‘ 2p‘2p+‘ 2p‘+ | < 2
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Efron. We have W = 1 a.s. so that

szwlnﬁlvar(Wl):

If moreover ¢ < n, then W; < 1 implies W; = 0 and
Aw =E[W1 —1[ =E[W1 — 14 21w, —]

:21@(W1:O):2<1—1>q .

n

The result follows from (10.37).

Poisson. These weights are i.i.d. with var(W;) = p=1, E[W;] = 1. Moreover, if u <1, W; < 1
implies W; = 0 and
E[W; — 1] = 2P(W; = 0) = 2¢* .
With (10.37) and (10.38), the result follows.

Random hold-out. These weights are such that {W;}, ., is deterministic, with W =
Then, Aw, Bw and Cy can be directly computed. Moreover, they satisfy the assumption of
(10.6) with o = a = n/(2q). The computation of Dy is straightforward. O

10.7.5. Non-exchangeable weights. In Sect. 10.2.5, we consider non-exchangeable weights
in order to reduce the complexity of computation of expectations w.r.t. the resampling random-
ness. Then, we are mainly interested in non-exchangeable weights with small support. This is
why we focus on the two following cases:

(1) deterministic weights

(2) V-fold weights (V € {2,...,n}): let (Bj)i1<j<v be a partition of {1,...,n} and W5 €
RY an exchangeable resamphng weight vector of size V. Then, for any i € {1,...,n}
with i € Bj, define W; = WF.

We will often assume that the partition (Bj)i<j<y is “regular”, i.e. that V divides n and
Card(B;) = n/V for every j € {1,...,V}. When V does not divide n, the B; can be cho-
sen approximatively of the same size. Remember that we always assume in this paper that W is
independent from the data Y, even in the non-exchangeable case.

In the following, we make use of five constants that depend only on the resampling scheme:
By and Dy stay unchanged (see definitions (10.4) and (10.6)), we modify the definitions of Ay
and Cy (notice that we stay consistent with (10.3) and (10.5) when W is exchangeable), and we
introduce a fifth constant Eyy (which is equal to Ay in the exchangeable case):

1< —
Ay = EZEMQ—W\ (10.39)
Cw :=+v/nBy  if W is deterministic (10.40)
Cy = . /max Card(B;)Cyys + v/l (WB . W‘ it W is V-fold (10.41)
J
1 n
Ew ==Y (EW,-W) 10.42
W - g | )0 (10.42)

We can now state the main theorem of this section.
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THEOREM 10.4. Let W be either a deterministic or V-fold resampling weight vector, and
define the constants Aw, Bw, Cw, Dw and Eyw by (10.39), (10.4), (10.40), (10.41), (10.6) and
(10.42).

Then, all the results of Thm. 10.1 and Cor. 10.1 hold, with only a slight modification in (10.8):

_ Elo(Ypwom) Y] a [ 2
o (Y —p) < . +% 1—1-%\/21055(1/04).

PROOF OF THM. 10.4. In the Gaussian case, we use the same proof as Thm. 10.1 and Cor. 10.1,
but we replace the concentration result (10.15) by the one of Prop. 10.15.

In the bounded case, the proof is identical (it relies on McDiarmid’s inequality), but we no
longer have Ay = Ew because the weights are non-exchangeable. (]

When V divides n, we can compute the constants for regular V-fold weights:

Aw =Ew = Ays By = Bys CW:,/g(JWB.

We now give two natural examples of non-exchangeable weights:
(1) Hold-out (q): W; = 71ie; for some deterministic subset I C {1,...,n} of cardinality
q. A classical choice is ¢ = [n/2].
(2) V-fold cross validation, V € {2,...,n}: V-fold weights with W% leave-one-out
(which is often called cross-validation). More precisely, W; = %]lig B,» J uniform
on {1,...,V}), (Bj)i<j<v partition of {1,...,n}.
The terms “hold-out”, “cross-validation” and “V-fold cross-validation” refer to slightly different
procedures which inspired these weights. In these two cases, we can compute the resampling
constants:

(1) Hold-out (q):

:2<1_g Bw=Ew=,/2—1
q

n n
__1 = 1— —
\/ Dw 2q+' 2q

(2) V-fold cross validation ( pOSSlbly non-regular):

dy = 2 Z Card(B;) (1 B Card(Bj)>

V—-14 n
7j=1

1%
1 Card(Bj) Card(Bj)
Bw = V-1 Zl n <1 a n
v
\/ﬁ Card(B;) 1
/max Card(B — Z - v
7j=1
1%
1 |1 Card(Bj)
A
7=1
% 2
Z Card(B <1 B Card(Bj))

n

Ew =

J=1
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When the partition (B;)i1<j<v is almost regular, i.e. max; !Card(Bj) —nV7l <landn>V >
3, then Cyw By < v/n/(V —1) (14 o(1)) which is close to its value in the “regular” case. This
means that the concentration thresholds behave as in the regular case provided that n is large
enough. The proofs of these results are given at the end of this section. Before this, we give
analogues of the results of Sect. 10.2.2 and 10.2.3 in the non-exchangeable case.

Expectations. Although we stated the results of Sect. 10.2.2 with exchangeable weights, the
proofs of Prop. 10.2 and 10.3 remain unchanged with non-exchangeable weights, with Ay defined
by (10.39). Moreover, Lemma 8.4 in Sect. 8.4.1 shows how to generalize any result on expectations
from exchangeable to non-exchangeable weights.

Concentration inequalities. Whereas Prop. 10.4 deals only with exchangeable weights, we can
derive a similar result for deterministic and V-fold exchangeable weights. This is the object of
the following result.

PROPOSITION 10.15. Let p € [1,4+00], Y a sample satisfying (GA) and ¢ : RE — R any
subadditive function, bounded by the p-norm. Let W be some resampling weight vector among

(i) Deterministic weights.
(ii) V-fold exchangeable resampling weight for some V € {2,...,n}.

Then, for all « € (0,1), (10.15) and the corresponding lower bound hold with Cy defined by
(10.40) (deterministic case) or (10.41) (V -fold case).

PROOF OF Pror. 10.15.
(i) Deterministic weights. We can use (10.14) and the corresponding lower bound with By o

instead of o since "
_ 1 - - (d) _
Yy _w) = EZ (W; = W)Y = By (Y — ) -
i=1
The result follows with Cy = \/nByy .
(ii) V-fold weights. The proof is widely inspired from the one of Prop. 10.4. We have to

compute the Lipschitz constant of T defined by
1 ¢ —
T5(¢) = E¢ (52_; (Wi = W) Aci>

For all ¢,¢’ € RE, we use the triangular inequality and the same arguments as in the proof of
Prop. 10.4:

T2(0) ~ o) <E|| -3 (Wi~ ) AG — )
=1

p

<E %Z(Wi—W)A(Q—Q) +E‘W—W‘ %ZA(Q—C{)
] » i=1 P

< ol B i(W._W)(g._g) 2+E‘W—W‘ I, ¢ =<l

=, < A 1 3 , \/ﬁ 2,Kn




10.7. PROOFS 279
Using the exchangeability of the W5, we show that
n L 2 \% L 2
S W= WEG-a)| =E|X (WF-WF) Y (G-¢)
i=1 2 j=1 i€B; 2
v 2
<CrsY (D (G-¢)
j=1|lieB; 5
1%
<02, Card(By) Y |G- <3
j=1 1€B;
by convexity of ||H§ Finally, this implies that T5 is Lipschitz of parameter
loll, loll, =5 —
Gl Card(By)Ciys + —LE WP ~ |
- mjax ard(B;) WB"‘\/E
O

Computation of the constants. We first remark that the following statements are straightfor-

ward:

e if W is deterministic, By = Ew.
o if W is regular V-fold exchangeable,

Aw =Ew =Aws  Bw =Bys Cw = ,/%CWB.

In the hold-out (q) case, we compute Ay, By and Dy exactly as in the Random hold-out

(q) case.

In the general V-fold cross-validation case, we use the following trick: conditionally to the
index J of the removed block, W is a deterministic hold-out (n — Card(By)) weight multiplied by

V(n—Card(By))

a factor ¢(J) = —v=n This allows to compute Ay, By and Dy from the hold-out case:

for instance,

j=1
2 XV: Card(B;) (| _ Card(B;)
VvV —1¢ n n
7j=1
This also shows
- _ — B
E‘WB —B‘ Z‘ V o n Card( 7) 1‘

from which we obtain Cyy. The computation of Eyy is done directly by noting that
14 Card(By) 2 Card(B;)
+ = el e VA I
V-1 n

2 1 TN\ 2 - Card(Bj) B T2
By ==Y (E|W; -W|)* =3 ———=(E|W] -W])
i=1 j=1

Ly — 1
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E%::<V;éi>2§i(}ﬂig%)(1"Cmig%)>2-

j=1
We now prove the last statement about “almost regular” VFCV: when max; Card(B;) <
nV=t41,

n VV Vyn
Cw < 4] +1
vENT T Y SOt av o

()

If moreover V! + n~! < 1/2 and the partition is almost regular, we have:

B2y V‘“ )(-ves)
¢—\/ (3‘1‘1)

1
> .
S _1# )




CHAPTER 11

Conclusions, open problems and prospects

But my father’s mind took unfortunately a wrong turn in the investigation;
running, like the hypercritick’s, altogether upon the ringing of the bell and the
rap upon the door,~-measuring their distance, and keeping his mind so intent
upon the operation, as to have power to think of nothing else,— common-place
infirmity of the greatest mathematicians! working with might and main at the
demonstration, and so wasting all their strength upon it, that they have none
left in them to draw the corollary, to do good with.

The Life and Opinions of Tristram Shandy, Gentleman, Chapter 1, XXXV
LAURENCE STERNE

RESUME. En guise de conclusion, nous revenons dans ce chapitre sur plusieurs
des avancées principales de ce travail de thése. Envisageant quatre points de vue
distincts, nous tentons — pour ne pas suivre 'exemple de Walter Shandy —
de dégager les principales conséquences des résultats des chapitres précédents.
Nous proposons également une vingtaine de problémes ouverts suggérés par ces
mémes résultats. Les quatre points de vues considérés sont les suivants : I'in-
térét du rééchantillonnage en général et des diverses fagons de rééchantillonner
entre elles ; ’étude non-asymptotique de processus empiriques rééchantillonnés ;
la calibration optimale de méthode de sélection de modéles par pénalisation ;
les régions de confiance et les tests multiples.

In this chapter, we sum up some of the contributions of this thesis, and several open problems
that are raised by our results. To do this, we propose four different approaches: resampling theory
from the statistical (Sect. 11.1) and probabilistic (Sect. 11.2) viewpoints, accurate calibration of
penalties in practice (Sect. 11.3) and confidence regions and multiple testing (Sect. 11.4). Notice
that some of the open problems below are closely linked together.

11.1. Why should resampling be used?
11.1.1. A general purpose device. Discussing a paper of Wu [Wu86|, Efron recalls the

main difference between resampling and ad hoc procedures:

“The jackknife and bootstrap are general-purpose devices, not specifically adapted
to take advantage of a special model like

y=X0+e, var(e) = ¥ = diag(o?,...,02) .

n
Comparisons with specially adapted methods (...) are misleading if this is not

made clear.”

Indeed, the resampling heuristics is so general that it can be applied in most of the frameworks,
and it often works (unfortunately, not always, the reason why a theoretical study of resampling
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is useful). When comparing resampling procedures to other ones in a particular framework, one
has to accept a small loss in performance as the price for generality.

For instance, for model selection in least-square regression, linear penalties like Mallows’ C),
are much easier to compute and perform better for some “easy” problems (homoscedastic data
with s smooth). The interest of Resampling and V-fold penalties (resp. RP and penVF) is that
they are robust to heteroscedasticity, contrary to linear penalties (Chap. 4). Of course, one could
design a special heteroscedastic penalty, adapted from Mallows” C,, (e.g. based upon an estimate
of o by a piecewise constant function on X', with a bin size allowed to go to zero). This ad hoc
procedure may outperform RP, but it is less general and robust.

For confidence regions and multiple testing, the resampling procedures defined in Chap. 10
need much longer computations than Bonferroni’s ((10.11), which assumes that each coordinate is
gaussian), but they are far less conservative when the data have correlated coordinates. Moreover,
the computational simplicity of (10.11) comes from the gaussian assumption, whereas resampling
(either used in each single test with a final Bonferroni correction, or as we do in Chap. 10) are
more robust to non-gaussianity.

In both cases, resampling procedures seem to be more robust than ad hoc ones. Considering
that real data may contain difficulties which have not been imagined by the statistician, our
conclusion would be: use a well-calibrated ad hoc procedure if you trust your strong assumptions,
prefer resampling procedures if you are more cautious.

11.1.2. A naturally adaptive device. Our results show that resampling naturally adapts
to some features of the unknown distribution P. In least-square regression on histograms, penVF
and RP are adaptive to the smoothness of s even if the noise is heteroscedastic (Chap. 5 and 6,
in particular Thm. 6.2). Moreover, results about RP are proven under several quite general sets
of assumptions (c¢f. Sect. 6.4.1 and 8.3). The main points remaining are the following:

OPEN PROBLEM 1. V-fold and Resampling penalties are adaptive to the
smoothness of s when it is a-hélder with o > 1 (this would need oracle inequal-
ities for piecewise polynomial models instead of histograms).

OPEN PROBLEM 2. When s is a-holder with 0 < a < 1, V-fold and Re-
sampling penalties are adaptive to heteroscedasticity of the noise (i.e. extend
[GPO5] to o < 1 and any dimension k > 1, since Thm. 6.2 already provides an
upper bound on the risk).

In binary classification, Fromont’s results [Fro07]| show that global resampling penalties are
minimax adaptive from the global viewpoint. Since penVF and RP are local penalties, we can
conjecture the following.

OPEN PROBLEM 3. In binary classification, V-fold and Resampling penal-
ties are margin adaptive.
We provide partial arguments in this direction in Chap. 7, together with a detailed way towards
a complete proof (in particular Sect. 7.3.3).

In Chap. 10, our simulation study suggests that the concentration and quantile thresholds
adapt to the unknown correlation matrix of the data, at least when they are gaussian:

OPEN PROBLEM 4. The confidence regions built in Chap. 10 are adaptive
to the unknown correlation matrix X, i.e. they attain the minimax separation
rate for every given X, without using the knowledge of .
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In Sect. 8.2, we show that adaptation of resampling procedures may come from structural
reasons. Indeed, resampling estimates F(P, P,) by Ey [F (P, PYV )], which has automatically
the same structure through . We can wonder whether this is a more general phenomenon:

OpPEN PROBLEM 5. Is there a link between the structure of F' and the
properties to which resampling adapts when estimating F(P, P,,)?

11.1.3. Choice of the resampling scheme. For both RP (Chap. 6, and Chap. 5 for penVF)
and concentration-based thresholds (Sect. 10.2), we provide a unified vision of many resampling
weights, including all exchangeable weights and V-fold ones. In both frameworks, it appears that
all the resampling schemes have the same estimation properties, i.e. there exists a multiplicative
constant Cyyo or By, (depending only on £(TW)) making them unbiased (at first order). In par-
ticular, Chap. 6 enlightens Shao’s results [Sha96| about identification with Efron (m) penalties:
when they are not multiplied by Cyy o, resampling penalties are consistent (for identification)
when Cyy o — 0. This should be compared to the ratio between AIC (asymptotically optimal
for prediction) and BIC (consistent for identification). Our conclusion is that one can a priori
use any resampling scheme for either prediction or identification, up to an adapted choice of a
multiplicative constant.

As a consequence, there remains three ways for comparing resampling schemes:

e computational complexity: it is large with exchangeable weights (the leave-one-out be-
ing optimal), much smaller with V-fold weights or Monte-Carlo approximations with
exchangeable weights.

o variability of the estimates: either measured by the variance of the resampling penalty,
or by the remainder term in the concentration-based thresholds (i.e. C’WBI/_Vl, see
Sect. 10.2.4; see also Prop. 10.5 for the variability of Monte-Carlo approximations).

e bias at second-order: Sect. 6.6.1 shows that Efron’s bootstrap penalties are slightly biased
downwards, whereas Rad and Rho slightly biased upwards, and Loo is the more accurate.

The second point, which seems to be quite important according to our simulation studies,
needs more theoretical results. We give in Sect. 10.2 some upper bounds for the concentration-
based thresholds. However, in the case of penVF and RP, we are neither able to compare the
variability of the resampling schemes nor to quantify the loss of variability induced by a Monte-
Carlo approximation. We consider this as a major issue, since theory should at least be able to
distinguish! between the hold-out (highly variable in practice) and the exchangeable resampling
schemes (far less variable). Moreover, this would allow to quantify more precisely the accuracy-
complexity trade-off involved for choosing V', as we do in Sect. 10.2.5 for concentration-based
thresholds. Some results in that sense have also been proven by Celisse and Robin [CRO06], in
the density estimation framework.

OPEN PROBLEM 6. Provide a sharp? non-asymptotic theoretical account for
the variability of Ey [F (P, PYV )] according to the distribution of W (at least,
in the case of RP and penVF, distinguish exchangeable, V-fold and deterministic
weights).
The difficulty of this problem is highlighted by a negative result of Bengio and Grandvalet [BG04|:
“there exists no universal (valid under all distributions) unbiased estimator of the variance of V-

fﬁ%d—efessfva-lidation”.

In the case of a particular randomized algorithm, Blum, Kalai and Langford [BKL99] proved that V-fold cross-
validation is more efficient than hold-out. However, this does not apply to the prediction error sensu stricto.
2that is, prove both lower and upper bounds on the variability, since upper bounds alone can be misleading.
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OPEN PROBLEM 7. Provide a non-asymptotic theoretical estimate of the
loss of accuracy when using a Monte-Carlo approximation instead of an exact
computation with exchangeable weights. For instance, generalize Prop. 10.5 to
more general resampling estimates, including RP.

As a first step, we could focus on the least-square regression case. Then, keep in mind that the
picture may be different in classification for instance, since empirical risk minimization algorithms
can be less stable. In particular, the leave-one-out should appear more stable with least-square
regression than it is with unstable algorithms.

11.2. Advances in the non-asymptotic theory of resampling

As we have noticed in Introduction, the non-asymptotic theory of resampling is still far less
developped than the asymptotical one (in particular in Chap. 3.6 of the book of van der Vaart
and Wellner [vdVW96]). Though, the non-asymptotic understanding of resampling is crucial:
the resampling heuristics being non-asymptotic, it should give better procedures than the usual
asymptotical approximations. This conjecture is both supported by Edgeworth expansions (Hall
|[Hal92|), large deviations (Hall [Hal92|, Appendix 5) and simulation studies, but there is still a
gap between non-asymptotic theory and practice.

In this thesis, our non-asymptotical approach allows us to deal with two particular statistical
frameworks of interest:

e model selection when the family of models M, depends on n, has a size possibly much
greater than n, and contains models of dimension going to infinity with n (Chap. 2 to 9).
e confidence regions when the data belongs to RX with K > n (Chap. 10).

11.2.1. Concentration results. We prove several non-asymptotic concentration results on
resampling in this thesis. According to the way they are proven, we can split them into four
categories:

e exact computations in the histogram case, combined with moment inequalities (Boucheron,
Bousquet, Lugosi and Massart [BBLMO5]|): Prop. 5.10 in Sect. 5.7.4, Prop. 6.8 in
Sect. 6.8.7, Prop. 8.5 in Sect. 8.4.2.

e in a general framework, a moment inequality for py by Boucheron and Massart [BMO04],
with a restriction to subsampling weights: Thm. 7.1 in Sect. 7.3.2.

e Gaussian concentration theorem (Thm. 8.1 in Sect. 8.5): Prop. 10.4 in Sect. 10.2.3.

e McDiarmid’s inequality (Prop. 8.7 in Sect. 8.5): (10.8) and (10.9) in Thm. 10.1, Sect. 10.2.3.
Prop. 1 and 2 of Fromont [Fro07] rely on the same inequality.

However, they are not completely satisfactory, because of their lack of generality (the first
three assuming either a particular framework, a particular kind of resampling or a particular
distribution for the noise), or because they are not accurate enough (McDiarmid’s inequality is
too rough to attain fast rates). This is why the following generalizations of our results would be
quite interesting:

OPEN PROBLEM 8. Generalize Thm. 7.1 to exchangeable weights, or at
least to Efron (m) weights.

OPEN PROBLEM 9. Prove a non-asymptotic concentration inequality for py
in a general framework (e.g. the one of Thm. 7.1).
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In the case of subsampling, Problem 9 can be derived as Thm. 7.1 from a moment inequality on p;
similar to the result of Boucheron and Massart [BMO04] (see Problem 14). In the case of general
weights, this may be related to Problem 8.

OpPEN PROBLEM 10. Generalize Prop. 10.4 to sub-gaussian variables (or,
more generally, under moment assumptions).

In order to obtain such general results, several techniques can be considered: moment inequalities
(e.g. Boucheron, Bousquet, Lugosi and Massart [BBLMO5]), optimal transport (e.g. Villani
[Vil03, Vil07a]), coupling (e.g. Chen and Lo [CL97]), strong approximation (e.g. Berthet and
Mason [BMO6b| and references therein), to name but a few.

11.2.2. Expectations. The main lack of theory probably relies in the comparison between a
quantity F'(P, P,) and its resampling estimate in expectation, from the non-asymptotic viewpoint.
In this thesis, we use three kinds of techniques for proving such results:

e explicit computations using the specificity of the histogram framework (Prop. 5.2 in
Sect. 5.3.2, Lemma 5.7 in Sect. 5.7.2, and Sect. 6.3.3 for explicit computation of the
constants for several particular resampling schemes).

e a gaussian assumption, when F' has some homogeneity properties (Prop. 10.2 in Sect. 10.2.2)

e symmetrization-like inequalities, adapted from Fromont [Fro07], when the data is sym-
metric (Prop. 10.3 in Sect. 10.2.2). Notice that Fromont obtains less tight bounds without
assumptions on the data.

It then seems that there is no general method for comparing E[F(P, P,)] to E [F(P,, P}V)]
non-asymptotically (whereas Thm. 3.6.13 of van der Vaart and Wellner [vdVW96| provides an
asymptotic comparison). However, in Sect. 8.4.1, we prove that it is sufficient to consider the case
of exchangeable weights, when the data is exchangeable (Lemma 8.4). The expectation problem
is thus reduced to the following:

OPEN PROBLEM 11. Prove non-asymptotic bounds on E [F(P, P,)] /E [ F(P,, P)V) ]
for general exchangeable weights, and quite general functions F'.

In particular, this includes Problem 19 on global resampling complexities, and a similar ques-
tion on concentration-based thresholds (see Sect. 11.4.3).

11.3. Optimal calibration of penalties

The main point developped in Chap. 2 is the need for theoretical results helping practical
users to design optimal model selection procedures. Chapters 3 to 9 provide several answers to
this question, with penalization procedures, while raising several new open problems.

11.3.1. Flexibility of penalization. A main argument in favour of penalization is that it is
flexible. This is not new: AIC and BIC are the same penalty with a different multiplicative factor.
Indeed, identification generally needs to overpenalize for consistency, or even only to control the
probability of a type I error (Aerts, Claeskens and Hart [ACH99]). This is one of the drawbacks
of V-fold cross-validation, which can not overpenalize more than within a factor 3/2 (by taking
V = 2, as suggested by Zhang |Zha93|, Dietterich [Die98| and Alpaydin [Alp99]). Since we
have defined resampling penalties that work in a more general framework than linear penalties
for prediction, we can also expect to use penVF and RP for identification:

OPEN PROBLEM 12. V-fold and Resampling penalties, with a multiplicative
factor C' = In(n)Cw,o0/2 (or, more generally, C' > Cy ), are consistent for



286 CHAPITRE 11. CONCLUSIONS, OPEN PROBLEMS AND PROSPECTS

identification. In view of the assumption m — oo in [Sha96|, Cy oo > n~!
may also have to be assumed.

This would enlighten the result of Shao [Sha96| about “m out of n” bootstrap, since n > m — oo
can also be written C' =1 > Cyo ~ m/n > n~!. Moreover, this would show that one can
actually use (almost) any kind of resampling scheme for identification, contrary to what Shao’s
result seems to mean.

It is also known that when the bias of the models decay fast (e.g. exponentially fast in the
number of parameters), BIC performs better than AIC for prediction. If Problem 12 holds true,
it is likely that BIC-like penalties are the best one in such a case. When ideal penalties are
linear, it is known that one can combine the strengths of AIC and BIC in several® situations
(Yang [YanO03|], van Erven, Griinwald et de Rooij [VEGdRO7]|, and references quoted by Yang
[Yan05]). It is then legitimate to ask whether one can combine the strengths of AIC-like and
BIC-like penalties for prediction or estimation. From the non-asymptotic viewpoint, this is closely
related to Problems 16 and 15.

11.3.2. Calibration of resampling penalties with the slope heuristics. In order to
calibrate the constant C' in front of RP or V-fold penalties with real data, the use of Cyy o (which
is justified theoretically in the histogram regression case, or when n goes to infinity) may seem
hazardous. This is why we also propose to use the so-called slope heuristics. Whereas Birgé and
Massart [BMO6¢| only consider penalties that are a function of the dimension (mainly linear,
when M,, has a polynomial complexity), the results of Chap. 3 show that they are valid with
general shapes of penalties, in the histogram regression case. This lead us to propose Algorithm 3.1
in Sect. 3.1, in which the shape of the penalty can be estimated from the data.

Moreover, according to Chap. 5 and 6, it appears that RP and penVF provide efficient esti-
mates of the shape of the penalty. We then suggest the use of Algorithm 11.1 below.

ALGORITHM 11.1 (Resampling penalization with slope heuristics).

(1) Choose a resampling scheme, i.e. the law of a weight vector W.
(2) Compute the following resampling penalty for each m € M,,:

penshape(m) =Ew [Pn'y (gm (P?’IL/V)) - PTIL/V'Y (§m (P?’IL/V))]
(3) Compute the selected model m(K) as a function of K > 0

m(K) € arg min {Py(Sin(Pn)) + K pengpape(m) }

(4) Find l?min > 0 such that Dy, is too large for K < I?min and “reasonably small” for
K > Kmin-
(5) Select the model m =m (2Kmm>.

The detailed construction of pen can be found in Chap. 5 and 6. Remarks about the

exact definition of IA(min and efficient ways of computing it can be found in Sect. 3.1.

shape

The main drawback of Algorithm 11.1 is that its theoretical justification is restricted to the
histogram regression case. First of all, one can wonder whether the slope heuristics itself stays
valid in a general framework:

OPEN PROBLEM 13. Generalize the slope heuristics ((2.15), p1 = p2) and
its consequences ((2.14), i.e. Thm. 3.2: existence of a minimal penalty pen,,,

3but not always, since there is a conflict between identification and adaptation, see e.g. Yang [Yan05].
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dimension jump around pen,,; and Thm. 3.1: optimality of 2pen,;,) in a

general framework.
Since Problem 13 may be quite hard to solve, we would like to insist on a major part of it,
which is probably the most difficult one:

OPEN PROBLEM 14. In a general framework (more general than histogram
regression), prove a lower bound on p; with high probability, that may be com-
pared to py or E [pa].

It may seem strange that Problem 14 is difficult, whereas there exists some concentration results
for po (Prop. 7.2, which directly come from a moment inequality of Boucheron and Massart
[BMO04]). The main difference between p; and po is that py can be written as

pQ(m) = Sup {Pn’Y(Sm) - Pn’Y(t)} >
tESm

thus Talagrand’s inequality (or moment inequalities from Boucheron, Bousquet, Lugosi and Mas-
sart [BBLMO5]|) can be directly applied. In the case of p;, we can not get rid of the randomness
of s, inside P~ (-) with the same trick. In the classification framework, there may be a starting
point in Thm. 3.1 of Bartlett and Mendelson [BMO06al. We do not have found any other lower
bound on p; in the literature, except the one we prove in the histogram regression case (Prop. 5.8
in Sect. 5.7.4). Notice that in the histogram regression framework, the concentration inequality
for p; is also much more difficult to obtain that the one for p,.

11.3.3. Need for overpenalization. We have already pointed out in Sect. 2.4.1 a major
problem in practice: overpenalization is necessary for the non-asymptotic optimality of a penalty,
when the goal is prediction. We observe this in the simulation studies (Sect. 5.4 and 6.5; see
also Fig. 11.1), where we considered large signal-to-noise ratios. Moreover, the theoretical bound
(2.16) suggests that the need for overpenalization is linked with the variability of pen — peny.
This raises the following questions:

OPEN PROBLEM 15. How much shall we overpenalize? In particular, is
the non-asymptotic optimal overpenalization factor related to the variability of
(pen — pen;q)(m) (at least for m among the models “likely to be selected”)?

Since the variability of pen — pen;y may be related to the one of pen (when it is data-dependent,
e.g. obtained by resampling), Problem 15 is also related to Problem 6.

Even if the above problem was solved, designing non-asymptotic optimal penalties in practice
would still be an issue. When pen is resampling-based, we propose an answer, that is the following
problem:

OPEN PROBLEM 16. Provide an accurate and practical overpenalization
method. We make to proposals:
(1) Would an empirical (1 — a) quantile of PV (v (3m) — 7 (3%)) be efficient
in practice?
(2) Alternatively, these empirical quantiles may be used to derive a confidence
region at level a on the prediction errors, and then a confidence set for the

oracle m*. Would the “more parcimonious®

model” in this set be a good
choice for m?

In both cases, how to choose the “confidence level” a?

4e.g. defined as the one with the smallest penalty.
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FiGURE 11.1. How to choose the optimal overpenalization factor? Performance
of Mallows’ C}, (measured by C,, defined by (4.3)) as a function of the overpe-
nalization factor C,,. Taking into account the uncertainty of estimation of Cq,
(standard deviations are smaller than 0.04), the optimal overpenalization factor
belongs to [1.25;1.75] in this case. The data and the family of models are the one
of experiment (S1) (Sect. 4.4.2). A similar behaviour is observed with experiments
(S2), (HSd1) and (HSd2), and Resampling Penalties instead of Mallows’ C,,.

Remark that for method (1), overpenalization may not necessarily match with the smaller values
of a. The crucial point here is: “how does the variability of pen — pen;q varies with D,,?”. On
the contrary, in method (2), since the confidence set for m* is a non-increasing function of «,
overpenalization corresponds to the smaller values of «.

The presence of a “confidence level” « in the two above proposals makes our suggest close to
a testing procedure for making model selection. This may be related to the link between FDR
control and model selection, by Abramovich, Benjamini, Donoho and Johnstone [ABDJO06|. See
also Aerts, Claeskens and Hart [ACH99| which quantifies the “level” of AIC in an identification
setting, and suggests to overpenalize in order to control this level. Another interesting reference
for Problem 16 may be Birgé [Bir06|, where a theoretical model selection procedure by testing
is defined (as an alternative to penalization).

As an alternative to Problem 16, one could think of using (V-fold) cross-validation again for
choosing the overpenalization factor C,,. Apart from its prohibitive computational cost, this
method would probably work well, at least at first order.

11.3.4. Larger families of models. All along this thesis, we only consider model selec-
tion among a polynomial family M,, (assumption (P1)). With our definition of RP and V-fold
penalties, this is probably necessary, since too large families of models need larger penalties than
polynomial families (Birgé and Massart [BMO01, BMO06¢|, Baraud [Bar02]|, Sauvé [Sau06]).

When there are much more models, for instance in the segmentation problem (i.e. classifica-
tion with the entire family of histogram models) or in the change-points detection problem (i.e.
regression with the entire family of histogram models, see Lebarbier [Leb05]), we have to make
another proposal for using resampling penalties. Massart [Mas07] suggests to replace the rich

family (S, )mem, by the polynomial family (§D)1<D< , Where Sp = Up,,—p Sm and Dy, is
<n

any complexity measure of the model m (for instance, its dimension as a vector space). In other
words, we come back to the polynomial case with a different family of models. Notice that even
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if each S), is a model of histograms, neither are the S D, so that our results can not be applied
to change points detection. In the classification case, proving a result on the use of resampling
for segmentation would be quite interesting, since it is closely related to the use of resampling for
stabilizing CART. In other words, we would like to prove:

OPEN PROBLEM 17. Extend Thm. 6.1 to more general models, in particular
for the change-point detection and segmentation problems.

When the noise is heteroscedastic, another problem arises, because the natural complexity
measure (if there is one) depends on the unknown function o(-). For instance, when o(z) = 1,12,
the complexity of an histogram model m is measured by the number of jumps in [1/2, 1], which may
be much smaller than its dimension D,,. Since grouping the models according to D,, implicitly
assumes that they should be penalized in the same way, the resulting procedure may then be
suboptimal. We do not have yet suggestions for the following problem:

OPEN PROBLEM 18. When the noise is heteroscedastic, how to group his-
togram regression models? More generally, is there a “natural” way of grouping
the models, possibly a data-dependent one?
An alternative to grouping may come from an answer to Problem 15, since the need for larger
penalties when Card(M,,) is large is linked with the uniform fluctuations of pen — penyy.

11.3.5. Global penalties. In Chap. 9, we highlighted the difficulty of calibration of global
resampling penalties. There may be two answers for this, which are the two following problems:

OPEN PROBLEM 19. With an additional assumption (for instance, that the
best estimator in S, has a risk larger than n~1), prove tight theoretical bounds
on the ratio Rz(F,,), similar to the ones of Sect. 9.2.2.

OPEN PRrROBLEM 20. Can we calibrate global penalties with a slope heuris-

tics algorithm, since these penalties estimate pen;y, which may not have the

id,g
shape of pen;;?

11.4. Confidence regions and multiple testing

In Chap. 10, we define several resampling-based confidence regions, with a non-asymptotic
control of the level. A simulation study shows their performance when the coordinates are cor-
related: our thresholds seem to “adapt” to the unknown correlation matrix of the data. We can
thus conjecture that the answer to Problem 4 is positive.

11.4.1. Quantiles without additional term. Moreover, the quantile thresholds defined in
Sect. 10.3 seem to involve a too large additive term, maybe unnecessary in the gaussian framework.
A control of the level of these thresholds without the additive term would result in a procedure
uniformly more powerful than the “uncentered quantile”

OPEN PROBLEM 21. The remainder term in Thm. 10.2 can be removed (or
made much smaller), while keeping the level smaller than « (possibly with an
additional assumption on the distribution of the data).
Otherwise, is it possible to build a self-contained quantile threshold?
The interest of the last statement is that we would have a threshold valid for any symmetric
variable, not only the gaussian or bounded symmetric ones.
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11.4.2. Unknown noise-level. When applying our procedures to real data sets, the esti-
mation of the noise-level o can be an issue, as pointed out in Sect. 10.6.3. In neuroimaging, some
independent data are often available, thanks to which we can estimate (at least roughly) the
noise-level o, and even local estimates of the variance, allowing some global heteroscedasticity.
However, in general, o has to be estimated with the same data. This raises a two-fold problem:

OPEN PROBLEM 22. In the homoscedastic case, should the resampling-
based thresholds take into account the estimation of o, i.e. estimate a quantile
of 67 1¢ (? — ,u) instead of a quantile of 6~ 1¢ (? — u)? In the heteroscedastic
case, what can be done?

This problem may in particular be related to the (single) test built by Baraud, Huet and Laurent
[BHLO3| upon concentration inequalities, with an unknown noise-level.

11.4.3. Non-gaussian or asymmetric data. In practice, gaussian or symmetry assump-
tions are often questionable. In our approach, we really use symmetry, for controlling expectations
(in the concentration approach) and through the symmetrization trick (in the quantile approach).
Results from Chap. 9 show that without symmetry, it may be difficult to obtain a general tight
calibration of the concentration-based thresholds. However, the resampling heuristics is not linked
with the symmetry of the noise, so that it seems somehow unnatural to restrict our results to this
case.

For the concentration-based thresholds, solving Problem 10 would allow to consider sub-
gaussian symmetric variables, instead of gaussian or bounded ones (recall that the thresholds in
the bounded case are quite conservative, and make use of the bound A on the data). Sub-gaussian
asymmetric variables would then require tight results in expectation (e.g. through Problem 19,
which is part of Problem 11).

For the quantile approach, proving results without symmetrization trick seems quite hard: up
to our best knowledge, all the non-asymptotic results on quantiles rely on symmetrization. Since
asymptotical results show that general exchangeable weights can be used (Hall and Mammen
[HM94]), as well as asymmetric data (as soon as it is not too far from gaussian), we can rightfully
ask the following:

OpPEN PROBLEM 23. Control the level of the quantile thresholds with either
asymmetric data or general exchangeable weights.
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Rééchantillonnage et Sélection de modéles

Résumé : Cette thése s’inscrit dans les domaines de la statistique non-paramétrique et de la
théorie statistique de I’apprentissage. Son objet est la compréhension fine de certaines méthodes
de rééchantillonnage ou de sélection de modeéles, du point de vue non-asymptotique.

La majeure partie de ce travail de thése consiste dans la calibration précise de méthodes de
sélection de modéles optimales en pratique, pour le probléme de la prédiction. Nous étudions la
validation croisée V-fold (trés couramment utilisée, mais mal comprise en théorie, notamment pour
ce qui est de choisir V') et plusieurs méthodes de pénalisation. Nous proposons des méthodes de
calibration précise de pénalités, aussi bien pour ce qui est de leur forme générale que des constantes
multiplicatives. L’utilisation du rééchantillonnage permet de résoudre des problémes difficiles,
notamment celui de la régression avec un niveau de bruit variable. Nous validons théoriquement
ces méthodes du point de vue non-asymptotique, en prouvant des inégalités oracle et des propriétés
d’adaptation. Ces résultats reposent entre autres sur des inégalités de concentration.

Un second probléme que nous abordons est celui des régions de confiance et des tests multiples,
lorsque 'on dispose d’observations de grande dimension, présentant des corrélations générales et
inconnues. L’utilisation de méthodes de rééchantillonnage permet de s’affranchir du fléau de la
dimension, et d’«apprendre» ces corrélations. Nous proposons principalement deux méthodes, et
prouvons pour chacune un contrdle non-asymptotique de leur niveau.

Mots-clés : Statistique non-paramétrique, apprentissage statistique, rééchantillonnage, non-asymptotique,
validation croisée V-fold, bootstrap, sélection de modéles, pénalisation, régression non-paramétrique,
adaptation, hétéroscédastique, régions de confiance, tests multiples.

Resampling and Model Selection

Abstract:

This thesis takes place within the theories of non-parametric statistics and statistical learning.
Its goal is to provide an accurate understanding of several resampling or model selection methods,
from the non-asymptotic viewpoint.

The main advance in this thesis consists in the accurate calibration of model selection proce-
dures, in order to make them optimal in practice for prediction. We study V-fold cross-validation
(very commonly used, but badly known in theory, in particular for the question of choosing V') and
several penalization procedures. We propose methods for calibrating accurately some penalties,
for both their general shape and the multiplicative constants. The use of resampling allows to
solve hard problems, in particular regression with a variable noise-level. We prove non-asymptotic
theoretical results on these methods, such as oracle inequalities and adaptivity properties. These
results rely in particular on some concentration inequalities.

We also consider the problem of confidence regions and multiple testing, when the data are
high-dimensional, with general and unknown correlations. Using resampling methods, we can
get rid of the curse of dimensionality, and «learn» these correlations. We mainly propose two
procedures, and prove for both a non-asymptotic control of their level.

Keywords: Non-parametric statistics, statistical learning, resampling, non-asymptotic, V-fold
cross-validation, bootstrap, model selection, penalization, nonparametric regression, adaptivity,
heteroscedastic, confidence regions, multiple testing.
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