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Limits

lim
𝑛→∞

𝑢𝑛 = 𝑥 lim
𝑥→𝑥0

𝑓(𝑥) = 𝑦0 lim
𝑥→𝑥+

0
𝑓(𝑥) = 𝑦−

0

lim𝑥→𝑥0
𝑥≠𝑥0

𝑓(𝑥) = 𝑦0 lim
𝑥→𝑥0

𝑓(𝑥) = +∞ lim
𝑥→+∞

𝑓(𝑥) = +∞

Stick to 𝑓 ∶ ℝ → ℝ, source and target could be ±∞, 𝑥0, 𝑥±
0 , plus

variations where 𝑥 ≠ 𝑥0. Also 𝑥 could be constrained to be
rational.
That’s 13 × 13 = 169 definitions.

Limits compose. Eg. lim𝑥→𝑥0
𝑓(𝑥) = 𝑦0 and lim𝑦→𝑦0

𝑔(𝑥) = 𝑧0
implies lim𝑥→𝑥0

𝑔 ∘ 𝑓(𝑥) = 𝑧0.
That’s 13 × 13 × 13 = 2197 lemmas.
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Filters

A filter on 𝑋 is a collection 𝐹 of subsets of 𝑋 such that

• 𝑋 ∈ 𝐹

• 𝑈 ∈ 𝐹 and 𝑈 ⊆ 𝑉 implies 𝑉 ∈ 𝐹

• 𝑈 ∈ 𝐹 and 𝑉 ∈ 𝐹 implies 𝑈 ∩ 𝑉 ∈ 𝐹

Examples:

• 𝒩𝑥 = nhds of 𝑥

• 𝒩+∞ = {𝑈 ∶ set ℝ | ∃𝐴, [𝐴, +∞) ⊆ 𝑈}

• +∞ℕ = {𝑈 ∶ set ℕ | ∃𝑁0, [𝑁0, +∞) ⊆ 𝑈}

• given 𝐴 ∶ set 𝑋, 𝒫(𝐴) = {𝑈 ∶ set 𝑋 | 𝐴 ⊆ 𝑈}
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Filters and limits

Bourbaki : given a filter 𝐹 on 𝑋, and a point 𝑦 ∈ 𝑌 , say
𝑓 ∶ 𝑋 → 𝑌 converges to 𝑦 along 𝐹 if:

∀𝑉 ∈ 𝒩𝑦, 𝑓−1𝑉 ∈ 𝐹.

This is not general enough. Replace 𝒩𝑦 by any filter on 𝑌 . Say
that 𝑓 converges to a filter 𝐺 on 𝑌 along 𝐹 if

∀𝑉 ∈ 𝐺, 𝑓−1𝑉 ∈ 𝐹.
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Compositions

Order filters by (reverse) inclusion, and define the push-forward
filter 𝑓∗𝐹 by:

𝑉 ∈ 𝑓∗𝐹 ⇔ 𝑓−1𝑉 ∈ 𝐹.
So 𝑓 converges to 𝐺 on 𝑌 along 𝐹 iff 𝑓∗𝐹 ≤ 𝐺.

Trivial facts: (𝑔 ∘ 𝑓)∗𝐹 = 𝑔∗𝑓∗𝐹 and each 𝑓∗ is monotone.

Limits compose: Assume 𝑓∗𝐹 ≤ 𝐺 and 𝑔∗𝐺 ≤ 𝐻, then:

(𝑔 ∘ 𝑓)∗𝐹 = 𝑔∗𝑓∗𝐹
≤ 𝑔∗𝐺
≤ 𝐻
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What did we gain?

1. This was 100% mathematics, no computer science

2. This doesn’t exist in the real world

3. This is everywhere in proof assistants

4. There is no going back
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Properties holding eventually

• For 𝑁 large enough, 𝑃 (𝑁)
• For 𝑥 close enough to 𝑦, 𝑃(𝑥)
• For almost every 𝑥, 𝑃(𝑥)

They all mean: {𝑥 | 𝑃 (𝑥)} ∈ 𝐹 for some filter 𝐹 .

Notation: ∀𝑓𝑥 in 𝐹, 𝑃(𝑥)

Example: 𝜑 ∶ 𝑋 → 𝑌 , 𝐹 non-trivial filter on 𝑋

∀𝑓𝑥 in 𝐹, 𝜑(𝑥) ∈ 𝑉 and 𝜑∗𝐹 ≤ 𝒩𝑦 imply 𝑦 ∈ closure𝑉 .
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Pulling-back filters

Given 𝑓 ∶ 𝑋 → 𝑌 and a filter 𝐺 on 𝑌 :

𝑓∗𝐺 = {𝑈 | ∃𝑉 ∈ 𝐺, 𝑓−1𝑉 ⊆ 𝑈}

Example: given top spaces
𝑋 𝑍

𝑌
𝑖

𝑓

and 𝑦0 ∶ 𝑌 ,

lim𝑥→𝑦0
𝑥∈𝑋

𝑓(𝑥) = 𝑧0 ⇔ 𝑓∗𝑖∗𝒩𝑦0
≤ 𝒩𝑧0

𝑓∗ is monotone and (𝑓∗, 𝑓∗) form a Galois connection:
𝑓∗𝐹 ≤ 𝐺 ⇔ 𝐹 ≤ 𝑓∗𝐺.
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Lattice structure
Filters on 𝑋 form a complete lattice. 𝐹 𝐺 ∶ filter 𝑋, 𝑈 ∶ set 𝑋

𝑈 ∈ 𝐹 ⊔ 𝐺 ⇔ 𝑈 ∈ 𝐹 ∧ 𝑈 ∈ 𝐺

𝑈 ∈ 𝐹 ⊓ 𝐺 ⇔ ∃𝑉 ∈ 𝐹, ∃𝑊 ∈ 𝐺, 𝑉 ∩ 𝑊 ⊆ 𝑈

𝑈 ∈ ⊥

𝑈 ∈ ⊤ ⇔ 𝑈 = 𝑋

Example:
• in 𝑋 × 𝑌 , 𝒩(𝑥,𝑦) = pr∗

𝑋 𝒩𝑥 ⊓ pr∗
𝑌 𝒩𝑦 =∶ 𝒩𝑥 × 𝒩𝑦.

• 𝑖 ∶ 𝐴 ↪ 𝑋,
𝑥 ∈ closure𝐴 ⇔ 𝒩𝑥 ⊓ 𝒫(𝐴) ≠ ⊥

⇔ 𝑖∗𝒩𝑥 ≠ ⊥
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Bases

𝐵 ∶ 𝜄 → set 𝑋, 𝐹 ∶ filter 𝑋

𝐹 has basis 𝐵 if ∀𝑈, 𝑈 ∈ 𝐹 ⇔ ∃ 𝑖, 𝐵𝑖 ⊆ 𝑈

structure has_basis (l : filter X)
(p : ι → Prop) (B : ι → set X) :=

(mem_iff : ∀ U, t ∈ l ↔ ∃ i (hi : p i), B i ⊆ U)

If 𝐹 has basis 𝑆 ∶ 𝐼 → set 𝑋 and 𝐺 has basis 𝑇 ∶ 𝐽 → set 𝑌 then

𝑓∗𝐹 ≤ 𝐺 ⇔ ∀𝑗, ∃𝑖, 𝑆𝑖 ⊆ 𝑓−1(𝑇𝑗)
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Bases

𝐵 ∶ 𝜄 → set 𝑋, 𝐹 ∶ filter 𝑋

𝐹 has basis 𝐵 if ∀𝑈, 𝑈 ∈ 𝐹 ⇔ ∃ 𝑖, 𝐵𝑖 ⊆ 𝑈

structure has_basis (l : filter X)
(p : ι → Prop) (B : ι → set X) :=

(mem_iff : ∀ U, t ∈ l ↔ ∃ i (hi : p i), B i ⊆ U)

If 𝐹 has basis 𝑆 ∶ 𝐼 → set 𝑋 and 𝐺 has basis 𝑇 ∶ 𝐽 → set 𝑌 then

𝑓∗𝐹 ≤ 𝐺 ⇔ ∀𝑗, ∃𝑖, 𝑆𝑖 ⊆ 𝑓−1(𝑇𝑗)
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Bases

𝐵 ∶ 𝜄 → set 𝑋, 𝐹 ∶ filter 𝑋

𝐹 has basis 𝐵 if ∀𝑈, 𝑈 ∈ 𝐹 ⇔ ∃ 𝑖, 𝐵𝑖 ⊆ 𝑈

structure has_basis (l : filter X)
(p : ι → Prop) (B : ι → set X) :=

(mem_iff : ∀ U, t ∈ l ↔ ∃ i (hi : p i), B i ⊆ U)

If 𝐹 has basis 𝑆 ∶ 𝐼 → set 𝑋 and 𝐺 has basis 𝑇 ∶ 𝐽 → set 𝑌 then

𝑓∗𝐹 ≤ 𝐺 ⇔ ∀𝑗, ∃𝑖, 𝑆𝑖 ⊆ 𝑓−1(𝑇𝑗)



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Extension by continuity

𝑋, 𝑌 topological spaces, 𝑌 regular, 𝐴 ⊆ 𝑋 dense subspace
𝐴 𝑌

𝑋
𝑖

𝑓

𝜑

if ∀𝑥, ∃𝑦, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝑦 then ∃𝜑, 𝜑 ∘ 𝜄 = 𝑓 .

Choose 𝜑 such that ∀𝑥, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥).
Let’s prove 𝜑 is continuous at 𝑥.

By regularity, suffices to prove ∀𝑉 ′ ∈ 𝒩𝜑(𝑥) closed, 𝜑−1𝑉 ′ ∈ 𝒩𝑥.

Since 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥), ∃𝑉 ∈ 𝒩𝑥 open, 𝑖−1𝑉 ⊆ 𝑓−1𝑉 ′

Suffices to prove 𝑉 ⊆ 𝜑−1𝑉 ′. Fix 𝑦 ∈ 𝑉 . Since 𝑉 is open,
𝑉 ∈ 𝒩𝑦. In particular 𝑖−1𝑉 ∈ 𝑖∗𝒩𝑦 hence 𝑓−1𝑉 ′ ∈ 𝑖∗𝒩𝑦.

Hence ∀𝑓𝑧 in 𝑖∗𝒩𝑦, 𝑓(𝑧) ∈ 𝑉 ′, 𝑓∗𝑖∗𝒩𝑦 ≤ 𝒩𝜑(𝑦) and 𝑖∗𝒩𝑦 ≠ ⊥ by
density so 𝜑 𝑦 ∈ closure𝑉 ′ = 𝑉 ′.



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Extension by continuity

𝑋, 𝑌 topological spaces, 𝑌 regular, 𝐴 ⊆ 𝑋 dense subspace
𝐴 𝑌

𝑋
𝑖

𝑓

𝜑

if ∀𝑥, ∃𝑦, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝑦 then ∃𝜑, 𝜑 ∘ 𝜄 = 𝑓 .
Choose 𝜑 such that ∀𝑥, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥).
Let’s prove 𝜑 is continuous at 𝑥.

By regularity, suffices to prove ∀𝑉 ′ ∈ 𝒩𝜑(𝑥) closed, 𝜑−1𝑉 ′ ∈ 𝒩𝑥.

Since 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥), ∃𝑉 ∈ 𝒩𝑥 open, 𝑖−1𝑉 ⊆ 𝑓−1𝑉 ′

Suffices to prove 𝑉 ⊆ 𝜑−1𝑉 ′. Fix 𝑦 ∈ 𝑉 . Since 𝑉 is open,
𝑉 ∈ 𝒩𝑦. In particular 𝑖−1𝑉 ∈ 𝑖∗𝒩𝑦 hence 𝑓−1𝑉 ′ ∈ 𝑖∗𝒩𝑦.

Hence ∀𝑓𝑧 in 𝑖∗𝒩𝑦, 𝑓(𝑧) ∈ 𝑉 ′, 𝑓∗𝑖∗𝒩𝑦 ≤ 𝒩𝜑(𝑦) and 𝑖∗𝒩𝑦 ≠ ⊥ by
density so 𝜑 𝑦 ∈ closure𝑉 ′ = 𝑉 ′.
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Extension by continuity

𝑋, 𝑌 topological spaces, 𝑌 regular, 𝐴 ⊆ 𝑋 dense subspace
𝐴 𝑌

𝑋
𝑖

𝑓

𝜑

if ∀𝑥, ∃𝑦, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝑦 then ∃𝜑, 𝜑 ∘ 𝜄 = 𝑓 .
Choose 𝜑 such that ∀𝑥, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥).
Let’s prove 𝜑 is continuous at 𝑥.

By regularity, suffices to prove ∀𝑉 ′ ∈ 𝒩𝜑(𝑥) closed, 𝜑−1𝑉 ′ ∈ 𝒩𝑥.

Since 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥), ∃𝑉 ∈ 𝒩𝑥 open, 𝑖−1𝑉 ⊆ 𝑓−1𝑉 ′

Suffices to prove 𝑉 ⊆ 𝜑−1𝑉 ′. Fix 𝑦 ∈ 𝑉 . Since 𝑉 is open,
𝑉 ∈ 𝒩𝑦. In particular 𝑖−1𝑉 ∈ 𝑖∗𝒩𝑦 hence 𝑓−1𝑉 ′ ∈ 𝑖∗𝒩𝑦.

Hence ∀𝑓𝑧 in 𝑖∗𝒩𝑦, 𝑓(𝑧) ∈ 𝑉 ′, 𝑓∗𝑖∗𝒩𝑦 ≤ 𝒩𝜑(𝑦) and 𝑖∗𝒩𝑦 ≠ ⊥ by
density so 𝜑 𝑦 ∈ closure𝑉 ′ = 𝑉 ′.
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Extension by continuity

𝑋, 𝑌 topological spaces, 𝑌 regular, 𝐴 ⊆ 𝑋 dense subspace
𝐴 𝑌

𝑋
𝑖

𝑓

𝜑

if ∀𝑥, ∃𝑦, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝑦 then ∃𝜑, 𝜑 ∘ 𝜄 = 𝑓 .
Choose 𝜑 such that ∀𝑥, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥).
Let’s prove 𝜑 is continuous at 𝑥.

By regularity, suffices to prove ∀𝑉 ′ ∈ 𝒩𝜑(𝑥) closed, 𝜑−1𝑉 ′ ∈ 𝒩𝑥.

Since 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥), ∃𝑉 ∈ 𝒩𝑥 open, 𝑖−1𝑉 ⊆ 𝑓−1𝑉 ′

Suffices to prove 𝑉 ⊆ 𝜑−1𝑉 ′. Fix 𝑦 ∈ 𝑉 . Since 𝑉 is open,
𝑉 ∈ 𝒩𝑦. In particular 𝑖−1𝑉 ∈ 𝑖∗𝒩𝑦 hence 𝑓−1𝑉 ′ ∈ 𝑖∗𝒩𝑦.

Hence ∀𝑓𝑧 in 𝑖∗𝒩𝑦, 𝑓(𝑧) ∈ 𝑉 ′, 𝑓∗𝑖∗𝒩𝑦 ≤ 𝒩𝜑(𝑦) and 𝑖∗𝒩𝑦 ≠ ⊥ by
density so 𝜑 𝑦 ∈ closure𝑉 ′ = 𝑉 ′.
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Extension by continuity

𝑋, 𝑌 topological spaces, 𝑌 regular, 𝐴 ⊆ 𝑋 dense subspace
𝐴 𝑌

𝑋
𝑖

𝑓

𝜑

if ∀𝑥, ∃𝑦, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝑦 then ∃𝜑, 𝜑 ∘ 𝜄 = 𝑓 .
Choose 𝜑 such that ∀𝑥, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥).
Let’s prove 𝜑 is continuous at 𝑥.

By regularity, suffices to prove ∀𝑉 ′ ∈ 𝒩𝜑(𝑥) closed, 𝜑−1𝑉 ′ ∈ 𝒩𝑥.

Since 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥), ∃𝑉 ∈ 𝒩𝑥 open, 𝑖−1𝑉 ⊆ 𝑓−1𝑉 ′

Suffices to prove 𝑉 ⊆ 𝜑−1𝑉 ′. Fix 𝑦 ∈ 𝑉 . Since 𝑉 is open,
𝑉 ∈ 𝒩𝑦. In particular 𝑖−1𝑉 ∈ 𝑖∗𝒩𝑦 hence 𝑓−1𝑉 ′ ∈ 𝑖∗𝒩𝑦.

Hence ∀𝑓𝑧 in 𝑖∗𝒩𝑦, 𝑓(𝑧) ∈ 𝑉 ′, 𝑓∗𝑖∗𝒩𝑦 ≤ 𝒩𝜑(𝑦) and 𝑖∗𝒩𝑦 ≠ ⊥ by
density so 𝜑 𝑦 ∈ closure𝑉 ′ = 𝑉 ′.
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Extension by continuity (continued)

𝑋, 𝑌 topological spaces, 𝑌 regular, 𝐴 ⊆ 𝑋 dense subspace
𝐴 𝑌

𝑋
𝑖

𝑓

𝜑
∀𝑥, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥). Let’s prove 𝜑 ∘ 𝑖 = 𝑓 .

Fix 𝑎 ∈ 𝐴. 𝑓∗𝒩𝑎 = 𝑓∗𝑖∗𝒩𝑖(𝑎) ≤ 𝒩𝜑(𝑖(𝑎)).
But we also know 𝑓∗𝒩𝑎 ≤ 𝒩𝑓(𝑎), and 𝑌 is Hausdorff so
𝑓(𝑎) = 𝜑(𝑖(𝑎)).

Note how injectivity of 𝑖 is used nowhere!
We use image(𝑖) is dense and 𝒯𝐴 = 𝑖∗𝒯𝑋 (to get 𝒩𝑎 = 𝑖∗𝒩𝑖(𝑎)).

dense_inducing i
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Extension by continuity (continued)

𝑋, 𝑌 topological spaces, 𝑌 regular, 𝐴 ⊆ 𝑋 dense subspace
𝐴 𝑌

𝑋
𝑖

𝑓

𝜑
∀𝑥, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥). Let’s prove 𝜑 ∘ 𝑖 = 𝑓 .

Fix 𝑎 ∈ 𝐴. 𝑓∗𝒩𝑎 = 𝑓∗𝑖∗𝒩𝑖(𝑎) ≤ 𝒩𝜑(𝑖(𝑎)).
But we also know 𝑓∗𝒩𝑎 ≤ 𝒩𝑓(𝑎), and 𝑌 is Hausdorff so
𝑓(𝑎) = 𝜑(𝑖(𝑎)).

Note how injectivity of 𝑖 is used nowhere!
We use image(𝑖) is dense and 𝒯𝐴 = 𝑖∗𝒯𝑋 (to get 𝒩𝑎 = 𝑖∗𝒩𝑖(𝑎)).

dense_inducing i
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Extension by continuity (continued)

𝑋, 𝑌 topological spaces, 𝑌 regular, 𝐴 ⊆ 𝑋 dense subspace
𝐴 𝑌

𝑋
𝑖

𝑓

𝜑
∀𝑥, 𝑓∗𝑖∗𝒩𝑥 ≤ 𝒩𝜑(𝑥). Let’s prove 𝜑 ∘ 𝑖 = 𝑓 .

Fix 𝑎 ∈ 𝐴. 𝑓∗𝒩𝑎 = 𝑓∗𝑖∗𝒩𝑖(𝑎) ≤ 𝒩𝜑(𝑖(𝑎)).
But we also know 𝑓∗𝒩𝑎 ≤ 𝒩𝑓(𝑎), and 𝑌 is Hausdorff so
𝑓(𝑎) = 𝜑(𝑖(𝑎)).

Note how injectivity of 𝑖 is used nowhere!
We use image(𝑖) is dense and 𝒯𝐴 = 𝑖∗𝒯𝑋 (to get 𝒩𝑎 = 𝑖∗𝒩𝑖(𝑎)).
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