A SURVEY OF THE THEORY OF GRAPHONS AND PERMUTONS
PIERRE-LOIC MELIOT

AssTrRACT. The purpose of this note is to present the theory of graphons and permutons.
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1. GRAPHONS AND THEIR TOPOLOGY

1.1. Graphs and morphisms. In this paper, a graph will be a finite undirected simple graph, that
is to say a pair (V, E') with V finite set of wvertices, and F subset of the set PBo (V) of pairs of vertices.
Thus, E is a finite set of pairs {vq, vo} with v, v9 € V and vy # v,. These pairs are the edges of the
graph.

Ficure 1. A graph G with vertex set V' = [1,6] and edge set E =
{{1,5},{2,3},{2,4},{2,6}, {3,6}}.

A morphism (cf. [LS06]) from a graph F' = (Vr, EF) to a graph G = (Vz, E¢) is a map ¢ :
Ve — Vi such that, if (vi,v2) € Ep, then (¢(v1), d(v2)) € Eg. We denote hom(F, G) the set of
morphisms from F' to G, and the morphism density from F to G is defined by

_ |hom(F,G)|
t(Fy G) - |Vg|‘VF| ’
where |A| denotes the cardinality of a set A. This is a real number between 0 and 1, which measures
the number of copies of F' inside G. One can also work with embeddings of F' into G, that is

morphisms that are injective maps Vp — V. Set
lemb(F, G)|
Vg [Vel
where emb(F, Q) is the set of embeddings of F into G, and n** = n(n—1)--- (n—k+1) denotes a

falling factorial — thus, |V |YV¥! is the number of injective maps from Vj- to V. The two quantities
t(F,G) and to(F, G) are close when G is sufficiently large:

to(F,G) =

Lemma 1. For any finite graphs F and G,
1 |VF|)
tHFG)—t(F,G)| < — .
15.6) - (R0 < o (1
Proof. We have:

HE,.G) — to(F,G) = LM G| _ [emb(F, G)]

|VG‘|VF| ’VG|¢|VF\
hom(F,G)| _ Jewb(F,G)|
| VglIVel |V |!Vel
< |number of non-injective morphisms F' — G|
= V|Vl ‘

Set n = |Vi| and k = |V|. To construct a non-injective map from Vi to Vg, it suffices to choose a
pair {a, b} of vertices in Vi that will be sent to the same image in V; (() possibilities for the pair,
and n possibilities for the image), and then to choose the k& — 2 other images (n*~? possibilities).
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So, the number of non-injective maps, and therefore the number of non-injective morphisms from

F to G is smaller than (g) n*~1 and

.0 -wrre L () <1(5)

|hom(F,G)|  |emb(F,G)|
Ve|Vel Vg [Vl

1 1 B Vg |1V
2 |emb(F, G)| (|VG\|VF| - ,VGWF) =t(F,G) ( Ve Vel 1
Vel
> M 1> _l k :
= WelVel — 0= T a\e

the last inequality coming from the same argument as before. O

Similarly,

HE,G) — to(F,G) =

Definition 2. Let (G,,)nen be a sequence of graphs. One says that (G,,)nen converges if, for any fixed
graph F, the density of morphisms t(F, G,,) admits a limit when n goes to infinity. If |V, | — oo, then
by the previous lemma this is equivalent to ask that to(F, G,,) admits a limit for any fixed graph F.

We call graph parameter a family of real numbers (t(F'))p groph indexed by the countable set of
(isomorphism classes of) finite graphs, such that there exists a sequence of finite graphs G,, with

Tim #(F, Giy) = t(F)

for any F. The theory of graphons will allow us to identify all the graph parameters.

1.2. Graph parameters and graph functions. A graph function is a function f : [0,1]* — [0, 1]
that is measurable and symmetric: f(z,y) = f(y, z) Lebesgue almost surely on [0, 1]*. Thus, the
graph functions form a subset W of the space L>([0, 1]?) of essentially bounded measurable func-
tions on the square [0, 1]. If f is a graph function, then one can associate to it a family (£(F, f)) r graph
indexed by finite graphs:

t(F,f):/[ | H f(xi,x;) | doey day - - - day,
0,1]k

where Vi is identified with [1, k] if £ = |V|. For instance, if F' is the graph of Figure 1, then

HE )= | J(@1,25)f (22, 25) (22, 24) (22, 26) [ (3, T6) d.
[0,1]
Notice thatif o : [0, 1] — [0, 1] isa map that preserves the Lebesgue measure, then t(F, f(o(-),0(+))) =
t(F, f(-,+)). Therefore, the map ¢t(F,-) : W — [0, 1] is invariant by the action of the Lebesgue iso-
morphisms of [0, 1]. In a moment, we shall define graphons as orbits in W under this action. We
first describe the connection between graph functions and graph parameters:

Theorem 3 (Theorem 2.2 in [LS06]). A family (t(F))p is a graph parameter if and only if there exists
a graph function [ such that t(F, f) = t(F) for any finite graph F.

Let us first see why graph functions give rise to graph parameters. If G is a finite graph with
vertex set Vi = [1, n], then one can associate to it a graph function g as follows: g is the function
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on the square that takes its values in {0, 1}, and is such that

. 1 1 -
g(way):11fx€{l ,1),3/6{] ,l) andi ~ jin G,
n 'n n 'n

and 0 otherwise.

FiGure 2. The graph function associated to the graph of Figure 1.

It is then easily seen that ¢(F, G) = ¢(F, g) for any finite graph F', so a finite graph G can be embed-
ded in the space W of graph functions in a way that is compatible with graph parameters. There is a
reciprocal to this construction, which associates to any graph function w a model of random graphs.
Fix a graph function w, and for n > 1, consider a family (X1, ..., X,,) of independent uniform ran-
dom variables with values in [0, 1]. We denote G,,(w) the random graph with vertex set [1, n], and
with i connected to j with probability w(X;, X;). Thus, the random variables X7, ..., i
drawn, we consider new independent Bernoulli random variables B, ; of parameters w(X;, X;),
and we connect i to j in G,(w) if and only if B;; = 1. Again, the laws of these random graphs

G (w) are invariant under the action of any Lebesgue isomorphism of [0, 1] on w.

A“"

\R\‘“ \V.~

‘\‘" -w'i? I'A\
\‘\1”\\‘
’l» \"A
"‘

94‘

Ficure 3. Two random graphs of size n = 20 associated to the graph functions

w(z,y) = ¥ and w'(2,y) = 2y.
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Proposition 4. If w € W, then for any n > 1,

3|Vpl?

n

var(t(F, Gp(w))) <

Proof- Set k = |V|, and let ¢ be an injective map from [1, k] to [1, n]. Conditionally to the random
variables X, ..., X, the probability that ¢ is an embedding of F" into the random graph G,,(w) is
H(i,j)eEF ’LU(X¢(Z-), X¢(j)). Therefore,

P[¢ is an embedding] = /

[0,1]"

( 11 W(I¢<z‘>793¢<j))> dry -+~ dx,
(

= /[Ol]k ( H w(:r;i,xj)) dxy - -dxy, = t(F,w).
’ (i.j)eEr

E[tO(F,Gn(w))}:ﬁ S HFw) = HFw).

¢ injective map

Asa consequence,

To compute the variance, introduce F;, = F' U F, which is the disjoint union of two copies of F.
Then, hom(F, G) = hom(F, G) x hom(F, G), and as a consequence, t(Fy, G) = (t(F, G))? for any
finite graph F'. We also have ¢(Fy, w) = (¢(F,w))? for any graph function w. So, by using Lemma
1,

BI(H(F. Gu(w) ] = Bl Golw)] < o, Go(w))] + (5 )

2
< t(Fp,w) + 27162 = (t(F,w))* + 27162’
EFGu ) > (1R ) - ) = (w2
and var(t(F, G, (w))) < % — 3\‘7/1F|2 -

Fix ¢ > 0, and let n be large enough so that % < 5. We then have
EIH(F, G, (w)] — t(Fow)]| < E[H(F,Go(w) ~ ta(F. Go(w)] < =
and a direct consequence of the previous proposition is
BlJ1(F. Gu(w)) — 1(F,w)| > €] < P |[1(F, Go(w)) ~ E[t(F, Cu(w)))| > ]|

- 4var(t(F,2Gn(w))) <12 (M)Q l

So:

Corollary 5. For any graph function w € W, the model of random graphs (G, (w))nen has the property
that t(F, G, (w)) converges in probability to t(F,w) for any finite graph F.

A classical consequence of convergence in probability is the existence of a subsequence that con-
verges almost surely (see [Bil95, Theorem 20.5]). Since the set of isomorphism classes of finite
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graphs is countable, by diagonal extraction, one can find a subsequence (G, (w))en such that for
any finite graph F,
klim t(F,Gp,(w)) =t(F,w) almost surely.
—00

In particular, there exists a sequence of graphs (G, )ren whose observables t(F, G,,, ) converge to
the observables t(F, w), so (t(F,w))r is indeed a graph parameter. This ends the proof of the first
half of Theorem 3.

1.3. The space of graphons. We now want to prove the second part of Theorem 3: if a sequence
of graphs (G,,)nen has all its observables ¢(F, G,,) that converge, then the limits of the observables
correspond to a graph function w € W. This is clearly a completeness result, so it is natural to try
to detail the topology on W that is associated to the observables ¢(F, -). Given w € L>°([0, 1]?), we

set:
/ w(x,y) dxdy‘ :
SxT

This is a norm on the space L°([0, 1]?), and one can show that it is equivalent to the norm of
operator || - ||Le(jo,1))—11(j0.1)) (here, L>([0, 1]?) acts on these spaces by convolution).

|wllog = sup
S, TC[0,1]

Definition 6. The cut-metric on graph functions w € W is defined by

do(w,w") = inf ||w” — w'||g,
g
where the infimum runs over Lebesgue isomorphisms o of the interval [0, 1], and where

w’(z,y) = wlo(z), o(y)).

Notice that dn(w, w') is also the infimum inf, ; ||w” — (w’)7||g over pairs of Lebesgue isomor-
phisms; as a consequence, dy satisfies the triangular inequality. We define an equivalence relation
on W by

we~w = dp(w,w') = 0.
If w and w’ are the equivalence classes of the graph functions w and w’, then the quotient space
G = W/ ~ is endowed with the distance 0p(w,w’) = dg(w,w’). We call graphon an equivalence
class of graph functions in G, and the space of graphons (G, d5) is a metric space. Furthermore,

e the observables ¢(F, -),
e and the models of random graphs (G,,(w))nen

are invariant by Lebesgue isomorphisms, so they are well-defined on the space of graphons. Then,
we have the following fundamental result:

Theorem 7 (Theorem 5.1 in [L.S07] and Theorem 3.8 in [Bor+08]). The space of graphons (G, 0n)
is a compact metric space. A sequence of graphons (wy,)nen converges in this space towards w if and only
if, for any finite finite graph F, t(F,w,,) — t(F,w).

Before we prove Theorem 7, let us see why it implies the second half of Theorem 3. Let (G,,)nen
be a sequence of graphs whose observables converge: lim,, . t(F,G,) = t(F) for some graph
parameter (t(F'))r. One identifies the graphs G,, with their graph functions g,,, and then with
the graphons ~,, that are the equivalence classes of the functions ¢,,. By compacity of G, up to
extraction, one can assume that v, — 7 for some graphon v € G. However, this convergence
in the space of graphons is equivalent to the convergence of observables, so t(F') = ¢(F,~). This
proves that the graph parameter (¢(F'))r comes from a graph function in W (any graph function
in the equivalence class 7).

The proof of the compacity part of Theorem 7 relies on several approximation lemmas in the
space of graph functions, which are variants of Szemerédi’s regularity lemma (see [Sze78] for the
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original paper by Szemerédi; [Kom+02] for a survey of the applications of this result in graph
theory; and [L.S07] for the applications of the regularity lemma to the study of graphons). Let w
be a graph function. If IT is a set partition of [0, 1] in ¢ = ¢(II) measurable parts P, Ps, ..., Py, we
denote wry the graph function that is constant on each rectangle P; x P;, and equal on this rectangle
to the average

fPiXPj w(z,y) dr dy
fPixP]- Ldz dy

Lemma 8. For any graph function w € W and any £ > 0, there exists a set partition I1 of [0, 1] with
at most 41/5° parts, such that
|lw — wnllg <e.

Proof. Fix an integer ¢ and a set partition II of [0, 1] into ¢ measurable parts. If S and T are fixed
measurable subsets of [0, 1], let us consider the set partition I’ that is generated by II and by the
parts S and 7. Thus, II' is the coarsest set partition that is finer than IT and than the two set
partitions S U ([0, 1]\ ) and 7' U ([0, 1] \ T'). One sees at once that II" has at most 4¢ parts. Now,
notice that among all step functions v on [0, 1]? that are constant on the rectangles associated to the
parts of IT, the function wyy is the one that is the closest to w in L?*-norm (this can be seen by
computing the derivative of v with respect to its value on a rectangle). Therefore, for any ¢ € R,

lw — w72 < |lw — wn — t Lsxr [
< ||w—w1‘[||%2 — 2t / (w — wn)(z,y) do dy + 2.
SxT

Choosing the optimal t = [ ..(w — wn)(z,y) dx dy, we conclude that

2
< lw = wnllfz — [lw — wi||{2

/ (w — wn)(z,y) dz dy
SxT
< Nww[|f2 — [Jwnf2;

(JJlw — wy|o)? < sup (lwwllfz = [lwnlf:)

with the supremum on the last line that is taken over all set partitions I’ of [0, 1] that have at most
40 measurable parts.

Starting from the trivial set partition Il = {[0,1]} of [0, 1], suppose that for any k < =, one
can find recursively a measurable set partition IIj; 1 of [0, 1] with at most 4¢(II;) measurable parts,
and such that

(e, 122 = llwm,[IE2) > €.
Then, for any k < 5%,
lwn,., [IF2 > (& + 1),
However, we also have ||w||r2 < 1 for any graph function, so we obtain a contradiction by choosing
k = | %]. Therefore, there exists k < 2 such that
sup ([lerllEz = flum, ) < <.

By the previous argument, ||w — wyy, ||o < ¢, and by construction, ((II},) < 4% < 41/, O

Lemma 9. Fix again w € W and ¢ > 0. If k is an integer larger than 22°/=°, then there exists a set
partition 11 of [0, 1] in k parts of same measure ¢, such that

Jo - wnlls < e.
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. . . . .. . 2
Proof. By the previous approximation lemma, there exists a set partition II' into k' < 281/(5<%)

parts, such that
< 4e
o~ wiello < .
By cutting the parts of IT" in smaller blocks, one can then find a measurable set partition II with
exactly k parts, all of the same size, and with at most &’ parts that intersect more than one part
of II'. Let R be the union of all these exceptional parts, and u be the step function equal to w
on ([0,1] \ R)?, and to 0 on the complement of this set. Notice that the Lebesgue measure of R is
smaller than

E/ < 2—79/(852) < &2 2—79/8'

Then, for any measurable sets S and T,

| w= ey dedy
SxT

< [ — wirllo + ‘ / iy, ) do dy
Sx 01}2\([0 1\R)?2

s”‘—+w<[o,u2\<[ou\ﬂ Y ey
<——|—\/ < +2—1e)5§§’

so ||lw — ullg < 5. By construction, u is a step function relatively to the set partition II, hence
unr = u. However, for any function in L>([0, 1]2), |lwn||a < ||w]|g, so

lw —wnllo < [lw—ulg + lu—wnllo < |w—ulg + (v = wnllo < 2[w—ullg <e. O
Corollary 10. There exists a universal sequence of integers ({;)j>1, such that for any gmph function w,
one can find a sequence of measurable set partitions (I1;) ;1 with the following properties:

(1) For any j, 11,11 is a refinement of 11, ((11;) = {;, and 11; has all its parts with the same size %

(2) For any j, |[w — wn, ||g < %

Proof- We can take ¢; = 1 and II; = {[0, 1]} for any graph function. Suppose that the sequence

of integers {1, (s, . . . is determined up to rank j, and fix a graph function w and the corresponding
set partitions IIy, . .., II;, that are already constructed by induction hypothesis. In the proof of the
previous lemma, we set £ = jﬁ, and choose II" such that
4e
Hw wH/ ||E| < ?

One can then choose IT = II;;; with ¢; x k = {;;; parts of the same size, that is finer than II;,
and such that the number of parts of II that intersect more than one part of IT; AII is smaller than
U; x k', where IT; ATI 1s the coarsest common refinement of II; and IT". The proof of the inequality
|w — wi,,, [|o < e = ﬁ is then exactly the same as before, so we have indeed found an integer
{;11 independent of w, and then a set partition II;,; with the properties required. O

Proof of Theorem 7: compacity. Let (7")nen be a sequence of graphons. For any n, we fix a represen-
tative g" € W of the graphon 7", and then a sequence of set partitions (II});>; with the properties
listed in the previous corollary. Thus,
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and moreover, the graph functions (¢")n» have the following property of averaging: if P, Q) are
parts of Il ;, then the value of (g,)nr on P x @ is the average of the values of (g")nr, on this

rectangle, for any j' > j. This statement is an immediate consequence of the fact that the set
partition IT%, is a refinement of the set partition II}. Now, as the set partitions IT} have parts with
the same size (¢;) ', we can also find for any n a Lebesgue isomorphism o™ that conjugates the parts
of IT7 to the intervals of size (¢;)~" (notice that we can choose a common Lebesgue isomorphism
o™ for all the values of j; this is not very hard to see). Then, g} = ((g" )H;;)" is a function that is

constant on all the squares of the grid with mesh size ;+; and the corresponding graphon 77 satisfies
J
1
< -.

o J
Moreover, for any n, the sequence of graph funetions (97)j>1 has the same averaging property
as stated before. Now, the space of graph functions that are constant on the squares of a fixed
grid is isomorphic to a finite product of intervals [0, 1], so there is an extraction such that (¢ )ren
converges on all the - squares of the grid with mesh size (¢;) ™. By diagonal extraction, we can in fact
assume that g3, g3*, . .. are also convergent. So, there exists an extraction (ny)xen, as well as limits
g1, ga, - - - that are constant functions on grids, such that limy_, 9;* = gj for any j. Moreover, the
limiting graph functions g; have the same averaging property as before.

on(y", ) < Hgn = (9")ur

If (X,Y) is a uniform random variable in the square [0, 1]?, then (g;(X,Y));>1 is a martingale,
because of the averaging property. It is bounded, so it admits a limit almost surely (see [Bil95,
Theorem 35.5]). It means that g;(x,y) — g(x,y) for almost any (z,y) € [0, 1]?, and some graph
function g. Let 7 be the graphon corresponding to g, and € > 0. For j large enough,

1
do(y"™, ;%) < = <¢,
J

and we also have ||g; — gllo < |lg; — 9|11 (j0,1)2) < € by dominated convergence. Then, j being fixed,
for k large enough,

Sa(V ) < [lgi =gl < g™ —gill. + llgs — glla
< |lgi* = g5l +¢
< 2e,

s0 dg(y™, ) < 3e for k large enough. This ends the proof of the compacity of the metric space
(G, dn). ]

1.4. Concentration of the graphon models. In order to prove the second part of Theorem 7, note
first that the observables ¢(F, -) are continuous with respect to the distance g, and even Lipschitz:

Lemma 11. For any finite graph F' and any graph functions w, v/,
[t(F,w) = H(F, w')| < |Ep| lw = w'o.

Proof. We enumerate the edges of F as follows: Er = {ey,es,...,¢e,} with e, = (i, js). Then,
[t(F,w) —t(F,w')| = / <Hw T, ) Hw/@iijjs)) dxy - - - dxy,
0,1 \ 34 -
Z / (Hw Tigy Ljg > (w(xitvyit) xztayzt ( H w IZS,fBJS > dIl .- d:L’k
=1 |/ [0,1]F o=t

<m sup
0<f,9<1

[ #1000 ol o) oy
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by integrating on the last line the variables different from z;, and z;,. The supremum over pairs of
functions (f, g) is then easily seen to be equal to |jw — w'||g. O

As a consequence, for any graphons v and 7/, |t(F,~) — t(F,7')| < |Er| 0a(v,7’). A converse of
this inequality is:

Proposition 12 (Theorem 3.7 in [Bor+08]). Let~y and ~/ be two graphons in G, such that |t(F,~) —
t(F,y)| < 37 for any simple graph F on k vertices. Then,

22

V1og, k'

This proposition and the previous lemma ensure that convergence with respect to the metric dg is
equivalent to the convergence of all the observables ¢(F, -), hence the second part of Theorem 7. In
turn, Proposition 12 relies on a concentration result for the model of random graphs (G,.(7))nen
associated to the graphon 7, which we shall just call graphon model. Thus:

(55(% ’Y/) <

Theorem 13 (Theorem 4.7 in [Bor+08]). Let v be any graphon in G. One has
5
V1og, k'

where a (random) graph G\ (7y) is identified with the corresponding graph function and graphon.

E[dn(y, Gr(7))] <

2
Remark. One can show that with probability larger than 1 — e~ Toss , the distance o5 (y, Gi(7)) 1s
smaller than 10//log, k. For our purpose, it will be sufficient to have a bound on the expectation
of the distance.

For the proof of Theorem 13, we refer again to [Bor +08]; the proof uses once more the approx-
imation Lemma 8. Let us then see why Theorem 13 implies Proposition 12.

Proof of Proposition 12. Let w and w’ be graph functions in the equivalence classes v and 7/, and
u =" o = Clearly, dn(w,w’) = 20n(u, u'). We are going to construct a coupling of the
random graphs Gy (u) and G (u'), such that G(u) = Gy (u') with very high probability. To this
purpose, we introduce the notion of induced subgraph of a graph: a morphism ¢ : F — G gives
rise to an induced subgraph if it is injective from Vi to Vi (embedding), and if (i) ~ ¢(j) in G
if and only if i ~ j in F. The difference with embeddings is that for an embedding, one can have
o(i) ~ ¢(j) although i ¢ jin F. Let ind(F, G) be the set of embeddings as induced subgraphs of

F into G. Then,
lemb(F,G)| = ) [ind(F', G|,
FCF’

where the sum runs over graphs F’ with the same vertex set as F, and with more edges. By
inclusion-exclusion,

ind(F,G)| = > (=1)Pr=1Frljemb(F7, G)|.

FCF
Ift,(F,G) = % is the density of induced subgraphs, then we have similarly
tO(Fv G) = Z tl(FI7G) ) Z51(177 G) = Z (_1)‘EF/‘7|EF| Z50(’{7/7 G)
FCF’ FCF'

On the other hand, notice that given two graphs G and H with the same number £ of vertices, we
have |ind(G, H)| = 0 unless G and H are isomorphic. Fix a graph F with k vertices. We have by
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Proposition 4

t(F,u) = E[to(F, Gi(u)] = Y. PlGu(w) =Glto(F,G)
G graph on k vertices
= > PlGi(uw) =Glt(F,G)

F'|FCF'
G graph on k vertices

- Z P[Gy(u) = G] W
F'|FCF' ’
G isomorphic to F’
\|2
= Y BG ) = p) PUOE

F'|FCF
where aut(F”) is the group of automorphism of the graph F”. Therefore, by inclusion-exclusion,
k!

W= Fl= —— 3" (—1)Ee
and as a consequence,
/ k' / / /
P(Gi() = F] = PIGH() = FI| < (s 3 H(Fw) = 1(F )

F'|FCF"

> [P[Gi(u) = F] = PGr(u) = FI| <kl > [t(F u) — t(F' ).

F F,F'|FCF'

Notice that the left-hand side of the last inequality is twice the total variation distance between
the two random graphs G (u) and G («'). The theory of coupling ensures that there is a way to
realise the two random graphs G (u) and Gy ('), in other words a common probability space such
that P[Gy(u) = Gi(v')] = 1 — drv(Gi(u), Ge(u')) (see Section 4.12 in [GSO1]). Thus, if we can
compute a good upper bound of the quantity k! 3y 1| pep [€(F, u) — t(F, u')], then with high
probability we shall have Gy (u) = G(u), and therefore 0n(Gy(u), Gi(u')) = 0.

Since u = %% we have ¢t(F',u) = 2715715, o tE", w), and therefore

[t(F' u) — t(Fu)| < 271Brl N 3R =gk
F”‘F”CF’
So,

k(k+1)
2

2dry(Gr(w), Ge(w)) <k Y 37K = k3™ = ji3 :

F,F'| FCF'

IMES

PG (u) # Gi(u)] <37
by using on the last line the trivial inequality k! < 3¥*/2. This implies

0n(u, ') < Eldo(u, Gr(u))] + E[do(Gk(u), Gr(w))] + E[0o(Gr(w), u')]

10 _k 11
< +3 2 <

-~ /log, k ~ log, k'

An important corollary of the second part of Theorem 7 is:

Corollary 14. Let v € G be any graphon, and (G,,(7))nen be the corresponding graphon model. In the
space of graphons (G, 0n), Gn(7y) converges in probability towards ~.
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Proof. Indeed, we saw that there was convergence in probability of all the observables t(F, G,,(7)) —
t(F, ), and the convergence of observables is equivalent to the convergence for the metric. O

To conclude our presentation of the theory of graphons, let us propose a characterisation of the
graphon models. If 7 € G, then the graphon model (G,,(7))nen has the following properties:

(1) For any permutation 0 € S(n), the graph (G,(7))? obtained by permutation of the n
vertices of G,(7) has the same distribution as G, (7).

(2) If one removes from G,,(7y) the vertex n and all the edges coming from n, then one obtains
a random graph on n — 1 vertices with the same distribution as G,,_1 (7).

(3) For any subset S C [1,n], the graphs induced by G, (y) on S and on its complement
[1,n] \ S are independent.

Theorem 15 (Theorem 2.7 in [L.S06]). A model of random graphs (G,,)nen has the three properties
above if and only if 1t is a graphon model.

2. PERMUTONS AND THEIR TOPOLOGY

2.1. Permutations and patterns. In [Hop+13], Hoppen, Kohayakawa, Moreira, Rath and Sam-
paio developed a theory analoguous to the theory of graphons, and that allowed them to study
sequences of (random) permutations, and their densities of patterns. Recall that a permutation of
size n is a byjection o : [1,n] — [1, n]. The set of all permutations of size n is the symmetric group
of order n, denoted &(n), and of cardinality n!. If 7 € S(k) and 0 € S(n) with k& < n, we say
that 7 is a pattern in o if there exists a part {a; < as < --- < ai} C [1,n] such that o(a;) < o(a;)
if and only if 7(i) < 7(j). This definition is better understood on a picture: if one draws the graph
of o, then one can isolate points a; < ag < - -+ < qj, such that the restriction of the graph of o to
these points is the graph of the permutation 7; see Figure 4 hereafter.

N W e Ot O

a1 az as

FIGURE 4. The permutation 213 is a pattern in 0 = 245361.
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As for graphs, we can define the pattern density of T in o by

tt
) Itz
(%)
where the numerator of this fraction is the number of parts {a; < -+ < a;} of [1,n] that make

appear T as a pattern of 0. We then have the analogue of Definition 2:

Definition 16. Let (0,,)nen be a sequence of permutations of arbitrary order. One says that (0,)nen
conwverges if |o,,| goes to infinity, and if for any fixed permutation T, the density of patterns t(r, ;)
admits a limit when n goes to infinity.

We also call permutation parameter a family of real numbers (£(7)); permutation indexed by the permu-
tations 7 € | |,y &(n), such that there exists a sequence of permutations (o7, )nen With |o,,| — +00
and

lim ¢(7,0,) = t(7)

n—oo

for any 7. Again, we shall present a theory that allows one to identify all the permutation param-
eters.

2.2. Probability measures on the square and permutons. Denote M ([0, 1]?) the set of borelian
probability measures on the square [0, 1]2. It is a topological space for the topology of weak conver-
gence of measures; and this topology is metrizable and yields a compact space, see [Bil69]. Let p;
and p, be the two projections [0, 1]> — [0, 1] associated to the first and second coordinates. These
are continuous maps, which yield continuous maps p; . and ps . from M([0, 1]?) to M(]0, 1]).

Definition 17. A permuton is a probability measure = € M([0, 1]2), such that py .(7) = pa.(7) = A
is the Lebesgue measure on [0, 1.

Since pi . and ps . are continuous, the space of permutons P is the reciprocal image of a point by
a continuous map, hence is closed, and a compact subspace of M ([0, 1]?) for the topology of weak
convergence.

Let (z1,y1),- -, (zk, yr) be a family of points in the square [0, 1]?. We say that these points are
in a general configuration if all the z;’s are distinct, and if all the y,’s are also distinct. To a general
family of k& points, we can associate a unique permutation 7 € &(k) with the following property:
iy {ay, ., xx} = [, k] and ¢s : {y1,. .., yx} — [1, k] are increasing bijections, then

T(Y1(2:)) = 2(yi)
for any i € [1,k]. We then say that 7 is the configuration of the set of points; and we denote

7 = conf((x1,y1), ..., (Tk, yx)). This notion allows one to define the pattern density of a permuton
7. If 7 is a permutation of size k, we set

One can give a probabilistic interpretation to this definition. Let (X3,Y7), ..., (Xk, Yi) be inde-
pendent random points in [0, 1], all following the same law 7. Since the marginal laws of 7 on [0, 1]
are the uniform laws, with probability 1, the random family of points (X1,Y7), ..., (X, Y%) is in
a general configuration. Then,

t(T7 7T) = P[CODf((Xl, le)v R (Xk7 Yk)) = T]'
Now, the analogue of Theorem 3 in the setting of permutations is:

Theorem 18 (Theorem 1.6 in [Hop+13]). A family (¢t(7)), is a permutation parameter if and only
if there exists a permuton T such that t(r, m) = t(7) for any permutation T.
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Again, the easy part of Theorem 18 is the construction of permutations that converge to 7 for
any m € P. Given an integer n and a permuton 7, we denote 0,,(7) the random permutation of
size n that is the configuration of independent random points (X1, Y1), ..., (X, Y,) in the square,
all chosen according to the probability measure 7.

Proposition 19. If m € P and 7 € &(k), then for any n > 2k,

E[t(7, on(m))] = t(7, 7);
k2

var(t(r, o,(m))) < —

Proof- Notice that if ((X1,Y7),...,(Xn,Y,)) follows the law 7%", then for any part {a; < as <
-+ < ay}, the family of points ((X,,, Ya,), - -+, (Xa,, Ya,)) follows the law 7®%. Therefore,

E[t(7,00(m))] - Y Pleonf((Xay, Ya,),- s (X Ya,)) = 7]

(Z) {a1<<ap}C[1,n]

1
= W Z t(r,m)

kJ {a1<--<ap}cl,n]

= t(r,m).

To compute the variance, we introduce the random variables C ,, defined as follows: if A = {a; <
g < -+ < ak}, then

1 ifconf((Xay, Yay)s-o, (Xay, Ya,)) =7,
CAT - .
’ 0 otherwise.

We then have to compute

E[(t(r, 0u(m)?] = —5 3 E[CaCi.l,

(1) 45

where the sum runs over pairs of subsets (A, B) of size k in [1,n]. Suppose first that A and B are
disjoint. Then, C4 , and Cj , are independent, since they involve independent families of points.
So, the part of the sum that corresponds to disjoint subsets is

Y EOLEC) = — Y <t<m>>2=(25))<t<m>>2.

n\ 2 n\ 2
() A,B| ANB=0 () A,B| ANB=0
On the other hand, if A and B are not disjoint, then we can still bound E[C4 , C ] by 1. Therefore,
(") ;) =)
o (U7 7))+
() ()
n\ _ (n—k n\ _ (n—k AW
Var(t(T, Un(ﬂ'))) S (k) (ng k )(1 o (t(T,ﬂ'))2) S (k) ( k ) —1— (n k) )
k
The right-hand side of the last inequality is the probability that a random arrangement (ay, . . ., ax)
n [1,n] meets [1, k]. This probability is smaller than the sum of probabilities P[a; € [1,k]] = £,

E[(t(r, 0 ()] <

. . 2
hence it is smaller than % O

Corollary 20. For any permuton m, and any permutation 7, (t(7, 0,()) ) nen converges in probability
to t(T, ).
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Then, the same argument as for graphons allows one to construct a sequence of random permu-
tations whose observables ¢(7, -) converge almost surely to ¢(7, 7). In particular, for any 7 € P,
(t(7, 7)), is a permutation parameter.

2.3. Convergence in the space of permutons. To prove the second part of Theorem 18, we shall
use the following topological result:

Theorem 21. Let (7,)nen be a sequence of permutons. The following are equivalent:
(1) The sequence (T, )nen converges weakly to .

(2) The rectangular distance
do(mn, ) = sup [mn([a, b] X [¢, d]) — m([a,b] X [¢, d])]

0<a<d<1
0<c<d<1

goes to 0.

(3) For any permutation T, t(1, m,,) converges towards t(7,T).

Let us first explain why this implies the second part of Theorem 18. If ¢ is a permutation of size n,
then one can associate to it a canonical permuton, namely, the measure 7, on [0, 1]> with density
fo(,y) = 1 Lo(fma))=ray1-

For any z, the set of y’s such that f,(z,y) = n has measure <, so

d<p1,*(ﬂ-0))(m) — /:0 fg(w,y) dy -1

dzx

hence p1 .(7,) = A. Similarly, ps .(7,) = A, and 7, is indeed a measure whose marginal laws are
uniform. We refer to Figure 5 for an example.

FiGURE 5. The density of the permuton 7, associated to the permutation o = 245361.

Consider now a permutation 7 of size k < n.

Lemma 22. We have

tiro) = ttrm)l < (5)
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Proof. Let (X1,Y1), ..., (X}, Yi) be independent random variables with law ,; their configuration
is 7 with probability ¢(7, 7,). If n; = [nX;], then o(n;) = [nY;] by definition of the probability
distribution 7,. We introduce the two following events:

A = {conf((X1,Y1),...,( Xy, Y3)) =7};
B={Vl1<i<j<k n;#n,}.
We then have P[A|B] — P[A] = P[A|B](1 — P[B]), hence

[PIAB] ~ BlA]| < 1—B[B] =B[B< Y Pln,=nj) =~ (’;)

— n
1<i<j<k

since the X;’s are uniformly distributed on [0, 1] and independent. By the previous discussion,
P[A] = t(7,7,). On the other hand, conditionnally to B, the random vector (ny,...,n;) is uni-
formly distributed on the set of arrangements of size k in [1,n], and then A is equivalent to the
fact that this arrangement allows one to read 7 as a pattern of 0. So, P[A|B] = t(7, o), which ends
the proof. O

Consider now a sequence of permutations (0, )nen such that |o,| — co. Since P is a compact
set for the topology of weak convergence of probability measures, up to extraction, we can assume
that 75, — m in the sense of weak convergence, where 7 is some permuton. By Theorem 21, this is
equivalent to the fact that t(, 7,, ) — t(7, 7) for any 7, and by the previous lemma, we have in fact
t(r,0,) — t(1, 7). Hence, any permutation parameter corresponds indeed to a permuton 7 € P,
which ends the proof of Theorem 18. Let us now attack the proof of Theorem 21. We start with:

Proof of Theorem 21: (1) < (2). Suppose that (7, ).en is a sequence of permutons that converges
to m with respect to the rectangular distance. We fix a continuous function f on [0, 1]%, and we
want to show that m,(f) converges to 7(f). If £ > 0, then by compacity of [0, 1] f is uniformly
continuous and there exists a partition of [0, 1]* in N? small squares S; of size +., such that

Vi, sup |[f(p) — f(q)] <e.

P,qES;

Consequently, there exists an approximation f. of f that is constant on each of the squares S;, and

such that || f; — f]leoc < eand || f]loo < ||f]|oo- Then,

[T (f) = m(f)] < 26+ |7Tn(fe) — (o)l
< 2+ Z |f6 ’Wn Z) 71-(Sz)|

<2+ N2 [fllse dor(7n, 7)),

$0 limy, 00 T, (f) = 7(f). So, the convergence with respect to dj is stronger than the weak conver-
gence of probability measures.

Conversely, suppose that (7,)nen converges weakly towards 7. Since 7, and 7 are permu-
tons, their marginal laws are uniform, and in particular they do not have atoms; therefore, for
any rectangle R = [a,b] x [¢,d], mp,(OR) = 7(OR) = 0. Then, by Portmanteau’s theorem (¢f
[Bil69, Section 2]), lim,, o m,(R) = m(R). Introduce the bivariate cumulative generating func-
tions Fy,(z,y) = m,([0,2] x [0,y]) and F(z,y) = 7([0,z] x [0,y]). The sequence of functions
(F,)nen converges pointwise to F', and on the other hand, these functions are increasing in both
variables. Fix an integer N, and ng such that for any point ( of the grid with mesh size -

and any n > ny,
(
Fn N7 AT

N’N)

i j 1
—F <.
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Then, for any (z,y) in [0,1],if + <2z < &l and £ <y < £ then

Fu(z,y) - —,4)
L) 0 o
oo 5] (55 )

§%+7T([0,1]>< {%%} +n([%,";1} x[O,l]) :%

by using on the last line the fact that 7 has uniform marginal laws. Similarly, one can show that
F,(z,y) — F(z,y) > —<, so for any N, one can find ng such that
3

sup sup|Fy () — Fla,y)] < 1
n>ng z,y€[0,1]

=
S
A
-
H/\N
=+
“u
.2‘+
—
&)
VR
2&
2=

2|“

)

IA
=|

However, the rectangular distance is directly related to this quantity, because
mn([a,b] X [¢,d]) = F,.(c,d) — F,(c,b) — F,(a,d) + F,(a,b),

and similarly for w and F. Therefore, dy(m,, ) — 0, and the proof of the equivalence (1) < (2
is completed. O

~—

For the other equivalences of Theorem 21, we shall use the following lemma:

Lemma 23 (Lemma 5.1 in [Hop+ 13]). Let 7 and 7' be two permutons. If t(r,7) = t(r,7") for any
permutation T, then m = 7’ in P.

Sketch of proof. Let F(x,y) be the bivariate cumulative distribution function of 7. This function
determines the probabilities under 7 of any rectangle [a,b] X [c,d] C [0,1]?, and therefore it de-
termines 7 in P C M([0, 1]?). So, it suffices to show that one can reconstruct F' from the family
(t(r,m)),. However, if one knows t(7, 7) for any 7, then one knows the distribution of the ran-
dom permutation o, () for any n € N. As before, F is increasing in both variables, and it has the
following regularity property:

Flz+ey+e)=7(0,z+¢] x [0,y +¢€])
([0, 2] x [0, 9]) + 7([z,x + €] x [0,y +¢]) + 7([0,2 +&] x [y,y +€])
< F(z,y) + n([z, 2 +¢] x [0,1]) + 7([0,1] X [y,y +¢]) = F(z,y) + 2e.

Set
fmﬂ

Zlanﬂ’ () <[ny]>»

which is a random permutation whose dlstrlbutlon is entirely determined by the observables
t(r,m). If (X, Yy )nen is a sequence of independent points of [0, 1]? under 7, denote X < X <
- < X the increasing reordering of the X;’s, and Y* < Y;* < --- < Y;* the increasing reordering
of the Y;’s. Then, with k = [nz| and I = [ny],
1 n
Fn<x7 y) = ﬁ Z 1(X1-<X;; and Y;<Y}*) -
i=1

By using the Hoeffding inequalities, one can show that

k1
P{Fn(x,y) > F(—, —) + 3n_1/4] < 3e
n'n
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For the same reasons,

ko
P{Fn(x,y) < F(—, —) — 3n1/4} < 3e 2V,
n'n
and by using the regularity properties of F, and F, this implies that F,,(z,y) converges in prob-
ability to F(x,y), hence that F' can be reconstructed from the observables (7, 7). We refer to
[Hop+ 13, Lemma 4.2] for the proof of the concentration inequality. O

Proof of Theorem 21: (1) < (3). Suppose that (7, )nen is a sequence of permutons that converges
weakly to 7, and fix a permutation 7 of size k. If ((X7,Y]"),..., (X2, Y)")) is a family of k inde-
pendent points of [0, 1] chosen according to (7, )®*, then we have the convergence in distribution
of this family towards the law 7®*. Now, the set of families ((z1, 1), - .., (xx, yx)) in ([0, 1]*)* with
configuration 7 has its boundary which has a measure 0 under 7®*. Indeed, on the boundary of
this set, x; = x; or y; = y; for some pair of indices (i, j), and this event has probability 0, because
under 7®*, the vectors (x1,...,z;) and (y1,...,yx) follow the uniform law A* on [0, 1]%, hence
have distinct coordinates with probability 1. So, by Portmanteau’s theorem,

lim Pleonf((XT,Yy"),..., (X{,Y{") = 7] = Pleonf((X1, Y1), ..., (Xi, Ya)) = 7],

where ((X1,Y7), ..., (X, Y)) follows the law 7®*. These probabilities can be rewritten as ¢(7, ,,)
and t(7,m), so (1) = (3).

Conversely, suppose that we have the convergence of observables ¢(7,m,) — t(7,7) for any
permutation 7. If (7, )ren is a subsequence of (7, ),y that converges weakly, then its limit 7’/
satisfies ¢(7, 7') = t(7, ) for any permutation 7, so by Lemma 23, 7’ = 7. The unicity of the limit
of any convergent subsequence, and the compacity of P imply now that 7, — = in the sense of
weak convergence. O

Again, an important corollary of the previous discussion is:

Corollary 24. Let m € P be any permuton, and (0,(7))nen be the corresponding permuton model. In
the space of permutons P, we have the convergence in probability o, (m) — m, where o, () is identified
with its canonical permuton as in Figure 5.

Proof. We know that in the sense of convergence of observables, the permutations o,,(7) converge
in probability towards 7. By Lemma 22, the permutons associated to the permutations o,,(7) also
converge in the sense of observables towards 7. Finally, the convergence of observables is equivalent
to the weak convergence by Theorem 21. O

Remark. The theory of permutons is sensibly easier than the theory of graphons, for two reasons:
one does not have the problem of identifiability of graphons (one does not need to take a quotient
space G = W/~ ), and the compacity of the space is immediately granted by standard results. On
the other hand, a small difficulty that is specific to the theory of permutons is the following: if o
is a permutation and 7, is the associated permuton, then the observables of o are not exactly the
same as the observables of 7, (see Lemma 22).
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