
5. Planched measures and representations of finite groups



Wewe looking for a simple proof of the LSKV kn of lg numbers.

↓
~ Pl Planchere measure on Y(n) .

Wa = continuous function associated to the Young disgor In
&

& Wan
I

-x-

+y
+

-

un(s) = w(s)
; (Wistklds = 1-

In 2

Wein
2

Is) if 1s/2 .

idea : consider functionals F(w) in an algebra of observables O
such that

wh- YFEO Flun) = F(a)
I

and use a methodofmoments on the random variceles Flun) .

1
.

Geometric observables of partitions-
Ph(x) =

k(k- q)(5(s) sk-2ds g(s) = u (s)
k= 2

R

=

- h/oj'(s) skids = (o(s) shds .

Lemma : suppose that (W)is a sequence of continuous Yang diegos with&

S
functions CR--+,

1- Lipschitz
,

= Is) for Isdign



1
. EM : VsM ,

wils)l

2. (a)now)2.
Then

,wew

roof :
The set of cutinous Young diagrams with support C[-M,

MJ is compact
(Arzela-Ascoli)

If it is limit of a convergent subsequence of (wilnew
,

then :

=2
, pin) = ple).

=

SteneWeierstrass #fEC(EM ,

MJ)
, /fill-wils) ds = o

=>Su-w)" (s)ds = 0
,

sow = w.

Theunicity of accumulation point implies that we w D .

II . Ilco .

Remarks: & With
very high probability ,

of J. ~ Pl
,

then we is supportedbyze).
Indeed :

P( ? = R] = (y)2(n- k) !=k!
n

& #2
Flaw)

Je
,
k

and if K = a tr
,

then the RHS is equivalent to
cn ect

lacE) =can fo, see

② pile) = k(k)/shoe metal e

Tpp) - h2 shi (eresin-syns) e



# l is odd
,

then pie(-) =
0

.
Otherwise,

(2) Ch/2/1-Zarin)
C

= 22 k (sin 0)2k case (1-) do
O

= echt (ind (2) Willis' integre

=> to prove LSKV
,

it suffices to show that PK(WelAueren (2)
problem : set 0-R[p,s ....

]. If FE Ohow to computeI

ECF(wr)] !
Texpectation under the Plancheel measure Pla

.

2. Representations offinite groups.

The Planchere measures
,

and more genedly the central measures
,

are spectral measures

of representations or traces on the symmetric groups 8).

Definitions : Let G be a finite group .

&

↑ representation of G is a pair (V, e) where Visa (finite-dimensional)
complex vector

space anda is a morphism of groups p
: G + GL(V).

It allows O to act linearly a V :

gov
= e(g)(v).

examples :o trivid representation : V= K
; elg) = ide Eg
.

② permutation representation of 5) : V= 2
,

0. (x
, ..., x)

= (xo+

(2) .
. .

., Yo+(n)
③ subrepresentation : WCK

,
W = (x(( x + x2 +... + m =

0].
④ regular representation of G finite group

.

KG = & forma liner combinations [ gy



↳
. [agg = [cg . (hg).
⑤ direct sum of representations : if (V,)and /V, 8) are

two representations
,
then (VQV

,
2) is a representation :

go(v + re) =

g = v + gev .

objective : describe all the representations of a finde group
G.

DefinitionAmaphism ofrepresentiasbetween, ande
&(g -

v)
=

g - d() . = committivity of thedingons↓ &
An isomorphism of representations is a morphism of representations which is k = k

also a linear bijection (ther
,

the inverse is also a morphism)- Ba(g)
Lemma : The image and the kernal of a maphism of representations are subepresentations

Def A representation (p) of G is said irreducible if its why subrepresentations
are GoG and V

, and if dim VI

Lemma If W is a subrepresentation of a representation V with GoGEWEV ,
then there exists a complement subspace Z which is a subrepresentation :

V = WGZ direct sum of representations.

roof : by taking means over G
,

we can construct a Hermition solarproduct <1 .>

such that Gaats by isometries
.

Then
,

the orthogonal complement of W is a subrepresentation Z.
D

As a consequence ,

we can split any representation
V as a directsum of irreducible

representations (Maschke Theorem).

V= mi Vi
,

the Vis nou isomorphic irreducible representations

unicity of the decomposition?
of G .



temm(Schut: Considethespecsofmarphismshomav
② homy (o

,
W) is additive

③ homg (CG
,

of is the functor Repre -> VectorSpaces

(Yp) + V
.

Proof : O Let & : V= W be a marphism between two representations.
# I is not an isomorphism ,

thenhen $ Pl0y . Ke=v
or in$$W = ind = 20)

Both cases imply that $ = 0.

So
, if Vand Ware not isomorphic ,

then home (V
,
W) = 20].

# VW ,

then we can regard of us a complex endomorphism of V.
Let I been eigenvalue of $ : 6-bidy is e no-injective morphism,

sod-didu = 0= d = didy.

So
, if VW ,

the home (V
,
W) = Kidy .

② obvious

③ We consider the map

I :

hom (CGV) =-
V

G I

& 1- p(e)
# is injective : of U(K) =

0
,

then #Egg ,

P([ag) = $([g .2) = [ag . Hege) =
0.

so = 0 .
!

It is surjective : if retr, the vis stained by the morphism of representations
:Zag = Egg .V. (we leave the functorial espects as an &

exercise) :

Collary Set G
= [isomaphism classes of irreducible representations of GG.

J = (v
,4)



⑧ Any representation of G splits uniquely as a direct sum

V = Gemjr).
② G is finite ,

and we have the decomposition KG =# (dimb) V
.

JE
③ In particular

,
161 = [ (dind)2.

JE

roof : O my =
dim Kong (V

,

VS) by Dude of the Schurlemma
;

this implies
the unicity
.

②and if KG-Edy Va ,

then dj = dim home (KG
,
VS)

de
= dim VJ. B

.

Definition : the spectral measure of a representation V of G is the probability measure

an E given by :

(PS) = mind if V=m
JE8

The plancheel measure of a group
G is the special measure of the regular representation IG.

Pl() = Hide
Fet : there exists objection) -> Y(e) which makes correspo

↓ the Planderel
measure of 86) with the Plancherel measure PC(d) = 112 .

n !

3. The Fourier isomorphism.

We endow IG with a structure ofalgebra :

([g · 9) + ([dh . h) = [gdh · (gh)
KG is a complex algebra with dimension,Y61

.

For each deG
,

there is a morphism ofalgebras
8 : G -> End(Vb)

Egg + [ag(g) .



Definition : The Fourier transform of G is the map
20 =- 92 End(Vt) .

x 1 - [(g(x) = f(x)
-E

We endow
-

G with the scrlar product <[Cg .g) [dgig) =Gagdy.
161

-
each space End (VS) with the scrlor product

< rv> = db +(
*

V)
1612

Theorem TheForestsunisomorphismoebdisometa
the isometry property.

Let us compute < py/pe , is dimd , kesding
↳ motices inouthonormal buses of Vand VM.

-pee
N

= 42k ge ge
-
T

: V= Up
We remark thatt is a maphism ofrepresentations :

Thor)=[Ig
< hig . ev

= ↳. lig .echgelux = Go Thrt
.



So
,

T= 0 .fdtp . Eft = p ,
ther T = c . idyd and trt = dimd . c.

However
,

tr=e ! IT=ge
- Tales geilgee
= Aj= 2 .

=> T= eidua
I

und <
pj 184x = My

= p ,
i = k

, j
=
e

din d.

Therefore , (eij) is an athogonal basis ofG .

Moreover,

gij(p) = 15(g)9Fe(g)(1
,
2

= 16) E ,

which has the right nom. D
dind

Coralary :
Z(CG) ~Zend(V))= Kidua

deG x28

which implies that IG1 = numberofajugacy classes of G.

WhenG, the enjugy classes areled by integer patitis,,set

8) =- Y(r) &


