
3. Schur measures



Previously, weconsideredman inte
tableauxd witha

- conditically toJe Ponte 1
...,

the law ofT= &P, 4 ... The is

uniform on ST(br) ·

= the measures T of the random partitions In satisfy
Th(s) +(

- [Istell M

IST(J)/
-
N : JT

We claim that the extremal central measures are related to Schurfunctions.
& Further properties of Schur funcions .

opicidl : p . s =Es
&:&

proof : With a sufficient number Not variceles : (N211 + 1) .

Pe(xy
, ...,

xn) wa
-en(x ...., xw)

= [[X ,
<(0)TYxdi + Nasi)J

i
= 1 ofS(N)S

-Drejen
o'if adding a box o the juth row of J does not

produce an integer partition.

= E -4 + en(x ...., xn) &

-

X = xi

Therefore , if U : Sym-> R is a morphism ofalgebras with
. Y(py) = 1 then(s) = 1ST())4(s))
2. 4(s)0zy is a central measure.



② Hall scalor product on Syn
The Hall scalar product is the unique .

1
. > a Sym which makes (s))sery on

orthon or mal basis
.

lemma : Consider two graded basis (vi) ser and (5)Jery of Sym.
Wehave < Ive>= Se if [ro() (4)=

i;Jey

Indeed
,

the formal power series rewrites in terms of Schurfunctions :

y(x)= [Upsp(x) LHS

(p) = 1x / i
=

[GpBy sp(x)sz(Y)
v(y) = [Ve((Y)
|| (y) W

& E(U
+

V(p2 Sp(x)sy(Y)
and < u(ve)

-Evp =1(V)m=
p

U-VT, is en athagann

excepte -
: [h, (x)my(Y) = [hy(x) x

*

=π((x)( ;S4) .

=it igj
example 2 : Set zj= Ss()ms()

Then
, [p()= )

= exp
&

= expl[y)y



③ expansion of Schurfunctionsan semistondad tableaux :

Denote xT the product of variceles Xi
,

i appearing in a call of asemistora
Then : Sy(x

,
+

, ...,
x) =2x

TESST(J
,
N)

goof : The Hall scalar productflows are to define skew Schur functions so
with 1121p) :

Fe,ipse = spse ; degsip = 11-Iplifsyipto.
We have ageneralisation of the Jacobi-Trudy formula :

Sy = detChai-i
-

rj + j)
(this implies that if p <J ,

then Syn = 0).

We have &sap(x)s(y) = [ <yip(s)sp(x)g(y)6
, 4

=(spse> se(x)sj(y)

= [se(x)sp(y)se(y) =
C(X

,Y)sp(Y) .

= [ho(x)mp(Y) sp(Y)
U

=> [Sp(x) a+en(y ....., yn)
= [hy(x)y

=

2p+2n(y..
-- yn)

=>Sap(x) = Cyber([ + op+ en) h
= (x)

os(N)

= det (hpi-i)= (pj-j)) -

->

(with 2 bit more work)
det (eg: - i)j - j) .

H()E(t) =+m



# particular
, if X = [xy ,

then Say (x1) = Ap is an horizontal strip (H)
This implies the expansion ,

because Sy(X + Y) = [Sp(x) sp(Y).↑

proof : Sj(X + y) = [sj(z))[g(x+Y)sj(z)
↓

= [sj(z)])((x+ y
,
z)

= (sj(z)])((X
,
z)((y

,
z)

= (sj(z)]([su(x) sp(Y) So(z)sp(z)) .

up

= Sip(x)sp(Y) . &

2 .
The Thoma simplex indices extremal cente measures.

~ - 2( , B) pair of un increasing non netiresequences
with Edi + Bi =

1Ust]
We set

pl.
This defines a marphism ofulgebras Sym = R[p .....] - R with

Yap(p) =
1

-

Theorem : #(
,
B)E-

,
VEY

,
Yap(s))=(,

B) 0
.

At this point ,

it is
very

hard togivea complete proof of this fact ; some orgumen
to

rely o the connection between schur functions and the representations of8).

Sketch of proof:is the Schur positivity is keept by addition of morphisms athe

power sums pleas

This isrelatedtothefactthproduoftwoSchu functiona



a) of X = c = (e
,

d
,

... ) is a summable vence with
sea

positive coefficients ,

then pla .

(2) = [Pi)< is Schurpositive,
i= 1

because we then have (a) = [G = 0.

TESST(x)

3) ifXisssummbleSequence
with positive coefficiea

then (B) = 0 #J-Y.

Indeed
, by stability by sum

,
it suffices to trest the case of

B = (B) = (B1 ,
0

,
-) .

Sy() = [sj(z)])[s(B)sj(z)
>

=(sj(z)7(exp([Bp(z)
k

= [sj(z)](( + Bzi))
=(sj(z)]([Ben(z)

However : hm(z) = scr)(z) (clear by Jacobi Trudy
ek(z) = Si, (z)

↳Ch = zezE=-
= ek(z)

Sog(B) = # sijsh
(=
+k)B = 0.

a) (6
.
B) -- corresponds to the specialisation C +B + VE

with py(E) = & S
pk=z(z) = 0 .

Schur positive : Sp(E)=IA) by using
the Pierirle

&



Kerov-Versbik
ring

theoreme : Let 4 : Sym -> R be a linearfunction such that
· Y(pysj) =[S Pierirule

:J

· Y(sj) 0 #J .

· Y(p) = 1 .

We associate to 4 the central measure Tr(x) =
1ST(J) /4(s)) .

Then
,
ILear is an extremal cente measure iff t is amaphism of Algebras :

P(fg) = 4(f)4(g) #f, gfSym .

=

proof : Suppose thatI corresponds to an extremel central measure. We can view

Has a limer
mup on thequotient ring

A
= Sym/(px-1) : positive onthe

come K spanned by the projections of the Schrfections.
Let a

,
b EX

. We want to prove that Plab) = P(r) 4(b). The ring A is

spanned by K
,

so we can assume that a
,
b -R

.
Also

,
since

(pt = 2 IST()/s
x E Y(n)

14 = [ 1st(a)/j
, every

element of K is smaller than a

xEY(n) multiple of
So we can assume that 1bEK .

Let us then write :

Y(z) = 4(b) + Y(z(q b)) .

1st case : 4(b) 0
, P(14-b) + 0 .

Then
,

Y(r) = Yy(a) + Mob(z) with Tcl) -UI ↓
to

mups
as A correspondingto control measures.

By extremality ,
N = Yb

,

so Plab) = 4(a)4(b) .

Indase : 4(b) = 0 or P(1-b) = 0
.

Let ra treat thefirst ease.

We then have a s14
,

so ab Jb and Plub) = J4(b) = 0.



- Suppose thatI is multiplicative .

We decompose 4 as an integral over

the set of extremal points : Choquet theorem

U =S)
.
(This decompositio is not miguea

in

general.

Ford -Y set Xy = q(s)) under .
We have[X]] = Y(s)).

I

We also have :

#[(Xj (2) = [f(s))p(s))]

Sextremel points yield #[p(sj)] = 4(sj) = T(s)" = E[X]? .

multiplicative functions)
So

,
varXy = 0

,
and Xy is constant

.

=>P is concentrated on one point, and His extremel
M .

missing : the interpretation of the parameters Cand B W . r . t . the sequence of random
partitions (an)new

3. Schur measures and their determinantl expression.

The Coudy formly leads are to investigate a new familyof measures a partitions.

Suppose given X ,

Y morphisms ofalgebras Sym-R with s(x) - 0

S(y)0

#Ey .

If the series[pk(Y) is convergent, the

[s(x)sj(y) = exp)[p(Y)) =
C(X

,

Y).

xy

Definition : The Schur measure with parameters X
,
Y R

+
- is the



probability measurea Y = WY(r) give byi
x) ↑

c(X
,
Y)

example : Fix O30
,

and consider the centra measure associated to aparameter
w = (

,
B)-

Th(x) = 1ST(j))sj(
, B) .

Let Pow be the Poissonised version of the measures Th :

S

Pow[b] = Poisson (O)[n] Th [J]

- e-01ST()s(r)
This is the Schur measure associated to the parameters X = OE and Y= w-

example : In particular
,
the Poissonised Plancherel measure

PPo[a] = Istais
n !

We essociate to a partitio Jfi its descent set D(A) = (di-i+) is 1

& D

· ·
&

This is a subset of Z=+ with the property
12

+ nD(x)) = 12
- 12-nD()) + 0 .

Theorem (Okounkov
,
2000) .

Consider a random partition m $x
,
y

/

The random set of descents D(J) forms a determinantl point process on 2,
meaning

that
:



*E ,
. . .

, xyCI',
P2[*, ..., xy (Dj] =

de+ (kx
,y(xixj)+ +j + n

The Kend Kx
,
y

has on explicit generating function :

& (z
,
w) = [kx

,
y(x ,y)zw]=exp

x
,yz2 Izk krl -[

example : Forthe Paissanised Plancherel masure PPlo
,

X= Y =
0E

T(z
,
w)= exp(((z -

w) - (zw-t) -


