
2. Central measures
,

theThoma simplex
and symmetricfunctions



We want to study the Plancherel measure Pl(d) =

ISTCA)12
n !

1
. Central measures a the Young graph

Consider the Young graph Y : Y
1 /

x do if In ca be obtained from I byuddingone cell of the top-right border.

A standard tableau with shape d corresponds to a sequence + 1
...T = J.

recurrence relation :

ST(m) = [St(6)
↓ : / + &

n+ &
We can therefore define a transition kenel

pu : Y(+ ) + Y() --R
4

,j + 1ST())

ISTCA
Given JEY(r)

,

the transition kennels pi
,
pa , ..., po Now one to choose or uniform

standard tableau in STCJ) .

Definitioncentmesuisfomilyofprobability measures he

Er
,
The pur

Proposition : the plancherel measures form a central measure.

Proof We have to establish :
-

pen(x) = [Pla (&) IS T (d)

- :
J & IST(())

1 c=> (n+ +)(sT())=

1S= n+ + !
=[Ist()0 .

&J



Given an integer partition ↓, we denote d'the conjugate patition given by the sizes of
the columns of J.

: (5
,

4
,
2)' =

(3
,

3
,

2
,
2

,
4) .

#
We claim that both sides of the equation are equal to the number of permutations
of S(n+ 1) s .

t
.

. is a semistandard tablear with shaped
s(n)

* LHS

indeed
, if a is such a permutation

,

then :

-
onti) can be

any integer in [1
,

n + +D .
(n+ 1 possibilities).

- P(o
. ...a ) is the semisstandard thlear indicated bore

; knowing
on+ 1)

,

there are IST(J) / possibilities
- Q..) = Ad 1d ! +,

. --

C possibility) -

* RHS

-

Q(o) is one of the standard tableau obtained
byuddingn+ 1 otthe top right

boundary of Q -> are possibility for each I with Ji

- Plo) is arbitrary in ST()
, knowing &

Given a control measure (Trlne
,

one can use the Kolmogor extension theorem
in order to define a random infinite tableauT= +4 ... Thi...
such that :

Ye
,

law (d) = Tr

the subtableau ofTThetodhodistribution
pl



problem : find all the control measureson infinite standard tableaux
#all the families (2) of probability measures which satisfy the

harmonicity property '

m()
= 2 + ()

-

IST())
: )+ IST()8

The set of such functions M > R
+

is a compact convex set

-> it suffices to describe the extremal central measures product topologya

example : T = Scn)
T = SCI) (we shill see that all these examples are extremal).
Th = Pen

Theorem (Thoma
,

1964
;
Kerov-Vershik 1984)

There exists
-

an algebra of functions Sym= By
= a compact set-

-
a

way
to associate to

any we - a morphism of
algebres Sym R
f- Pulf)

such that
any

extremal central measure writes uniquely as

#(d) = 1st (x))Yw/ss) for some wer.

2 . Symmetric functions.
We fix an infinite alphabet of variceles X = [**, x2

, ...,
xm

,
... .

# monomial is a finite product of wristles.
2

Xisrsequence of neges eventually eara



The degree of a manomial is its number of terms ↑
des (xF) = 1 = [is .

531

* polynomial is a formal linear combination [CIX
*

of monomials
↑

which is bounded in degree : C
== 0 for all monomials with deg (xF) < some

GEN
.

&: 2x
*

xy - x2
,

x + x2 + .. - + X + ...

(not necessarily finite sums !

) .

We denote 1[x] the real rector space of polynomials. It is groded by
deg([cxF) = max (1,+ 0) C-c by convention for the O

polynomial) .

The rule X= xT = x

#T
can be extended by linearity to make

R[X] into a

g
raded real Algebra.

deg PQ = deg P + deg Q .

R(X]= RX-> homogeneous polynomia with degree n .

remark : For
my

No O
,

we have a specialisation morphism

for :
R(X] =- IR[XX

,
xz

,
... Xn] .

P(xy
,
x ...

) + P(x
,..., Xn , Yn+ 1

= 0
, xn+2

= 0
.... )

R[X] = Lin R[X
, *2

,
--

,
XN] with espect to the morphisms

N -3 +c

1(x
.

... xN+
] & REx

,...,
XN].optheegoragebrus

Definition A polynomial PEREX) is a symmetricfunction if, formy permutation
o f &(b) =(
P(Xa(e)

,
vo() ,

... ) = P(x
+, Xz ....
)

< YN
, In(p) ER(x , . . , xN]

5/n)
.

Sym = &Symmetrica fectionsG is a graded sublyberof [X].



example 1 : k = 1
, ph(X) =Z (vi) both power sum.

Ford ey = When Y(n)
,

we set py(x) = Px(X)px(x) - - - pye(X) .

py is a symmetricfunction with degree 161.

example 2 : V = 1
,
el(X) = & Viz --xil both elementary symmetricaLiz... Lik

3 = exe---exe . degej = 1)

example 3 : VA
,
hk(X) = [vixin---xik both homogeneous symmetriat

is Sizs ... Sit

hahaha ... hje . deghj-NI .
We havef instance h(X) = ec(X) + pa(x)

= 2q(X) = q(X) .

Theorem: We have Sym = R[p , p .
... ]

= Rdex
,

e2
, ... ]

= R[ha
,

he
, ... J .

roof : ⑧First
,

let us show that the three families generate the some olgebr.
A

P(t
,
X) =[tGlog(k

= log(xit)
However, (x) + (with = 4)

= H(t
,
X)

.

So
, log H =

P = the twofamilies generate the some syebrew.
AWe also have -( + xit) = [ek(X)t (withH(+ X) O

So,) = Ect) = the two families generate the some ulgebra -



② If = Xi ... vie
,

denoted =t(x) the type f xF,
which is the integerpartition

&obtained by reordering the integers m
e... me.

PE Sym=> the coefficient of = only depends of + (xF)
.

Therefore ,
a linear basis of Symconsists in the manomial functions

my(x) = [x* examples :Ma(x) = [xi
+(x= ) = d

me
,

+(x) = 2
- xixj
i

m
,
+(x) =

[ij +i

xj
-

Denote Jap if I can be obtained fround by udding certain parts ,
and reordering

ex : (5
,

3
,

3
,
1) < (5

,

5
,
4) .

Them :
Ad

, py(x) = (T us() ! ) my(x) + [ * mp(x)
----

N > )

I -> triangular relation ,

and (palyey isw linew basis of Sym.
example : PS

,
3

,
3

,
2

= [xiSxjxk x

· jik ,
2

= E & + terms with equalities
it j + k = e

+ 2 ms
, 4

,
3

= 2 ms
,
3

,

3
,

1
+ 2m8

,

3
,
+ + 2m6

,
3

,
3

+ mo
,

5
,
4

+ 2 ms
,

4
,
1 + my1

,

y + 2mgz + ma
,

5 + mp2 .

+ 2mo
.
6

+ 2m8
,
4
.

↑ last interesting basic of Sym consists in the Schur functions .

3 . Schur functions
An antisymmetric polynomial in N variables is a polynomia PEREx . - - xn] such that



FoeS(N)
, Place ...., Yow) = E(o) P(x

, ...,
xn) .

example : M(x-- - xw) = det (x
*

j) 1 si
, jsm=demande determinanta

lemme : of Pf Antisymn and
*

appears with a nazero officient in P
,

then +(xF) iswn integer partition with its parts all distinct
-

-> a linear basis of Antisymn consists in the functions Jen [Eca)
+

of(n)
with

en = CN-4
,

N-2 , .., 8) and d Eglength an
lemmo 2 : if Pf Antisymen ,

then P = &Q with Q Syry =
REx ---]S)

the

mapSyren
= Antisyno

f - f4
is a +) graded isomorphism

We set Sj(x
, ...,
xn) = Prflayen) =

2+en(xx - - - xn)
g(x ... -, YN).

= det (x,G
+ N-

j)
&

det (xiN-j)

Lemma 3 : We have Sy(x
, ..., xn

,
YN+ 1

= 0) = Sj(x ,..., + ) if e() -N .

I
det xbj+ N+ 1 -j

( i
O O A

=
* .. - xnay+2n(x ... x)

.

det
x,

N+-j
*

x ..-

xnagn(xy - - - xN)

G O
·

=> There exists symmetric functions Sey with dog sy = 1)

Sym= Rsj- I

JEY



new statement of the Thoma/Keror-Vership theorem
- = [(c ,

B) : G
, B nonincessing na-negative sequence

with Ei + Bi = 4)
Thema simplex

Set pe(c ,
B) =

& and pkza(, B) =[ + (1) Bik.
j =

As Sym-R &
p

,
Pe, ...
]

,

this defines a maphism ofalgebras Sym-CR.
- - y

,
S(c

,B) 0
.

2. (a) = ST()) sj(
, B) is an extremal central measure

3 the corresponding infinite tables T= & + &+ +d ...
Tot

.. satisfies :

=+, i h
p- S .

p. S .

a all extremel central measures are of this kind.

6 . Duchy determinants and seven properties of Schur functions.
Consider for No A the Carchy determinant :

Cr = det(igj)menjen
&We have Cn=

y,-- yn.. 1

:
! :

i

y ,

- in lyY...&&

·Tign
(xy - xN)

-Tiynyiy 1 -

xy ,

...

(x) o

1 - XpyN-

:

[xn-xn) =xN) ↓
-

1- XN- , Y / 1- XN- , Y1

* ↑ &



-lyn-yi)(-xi)y
=>G =

&Y,
rolleries . O the Cordy farmla : given two commuting uphabets of variables,

we have

[s, (x)s(y) = T- 1xjJEy

Indeed
,
it suffices to show theformula with fiteMphobets (x ...., xw)

(yf ..., yo)
(n = &y +en(x)y+en(Y) .

-

- [ ([eo) xb+

en))([e(t) x

=A+en))
Jey oe5(r) TESCN)

=E [ce) +

= ye)=[e)yesisIENN PES(n) ES(N)

= EN

② the Jacobi- Trudy formula :

5) (x) =
det Choi +j : )esijse6)

with ho-t
h = 0

.

Indeed
,
Sj(x ...., x) = [yb

+en] [Sj(x . . .
- xn) a+en(y , - -

- yn)
=cybtenyypy j)



= Cystery [ealyon)[yFh= (x)

FENN

=> hai -
i + a()

= det (hyitj - i) -






