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Abstract

We study the random metric space called the Brownian plane, which is closely related
to the Brownian map and is conjectured to be the universal scaling limit of many discrete
random lattices such as the uniform infinite planar triangulation. We obtain a number of
explicit distributions for the Brownian plane. In particular, we consider, for every r > 0, the
hull of radius r, which is obtained by “filling in the holes” in the ball of radius r centered
at the root. We introduce a quantity Z, which is interpreted as the (generalized) length
of the boundary of the hull of radius r. We identify the law of the process (Z,),>o as the
time-reversal of a continuous-state branching process starting from +oo at time —oo and
conditioned to hit 0 at time 0, and we give an explicit description of the process of hull
volumes given the process (Z,),~o. We obtain an explicit formula for the Laplace transform
of the volume of the hull of radius r, and we also determine the conditional distribution of
this volume given the length of the boundary. Our proofs involve certain new formulas for
super-Brownian motion and the Brownian snake in dimension one, which are of independent
interest.

1 Introduction

Much recent work has been devoted to understanding continuous limits of random graphs drawn
on the two-dimensonal sphere or in the plane, which are called random planar maps. A funda-
mental object is the random compact metric space known as the Brownian map, which has been
proved to be the universal scaling limit of several important classes of random planar maps con-
ditioned to have a large size (see in particular [1} 3 [6, 23, 30]). The main goal of this work is to
study the random (non-compact) metric space called the Brownian plane, which may be viewed
as an infinite-volume version of the Brownian map. The Brownian plane was first introduced
and studied in [9], where it was shown to be the scaling limit in distribution of the uniform
infinite planar quadrangulation (UIPQ) in the local Gromov-Hausdorff sense. The Brownian
plane is in fact conjectured to be the universal scaling limit of many discrete random lattices
including the uniform infinite planar triangulation (UIPT) introduced by Angel and Schramm
[5] and studied then by several authors. It was proved in [9] that the Brownian plane is locally
isometric to the Brownian map, in the following sense. Recalling that both the Brownian map
and the Brownian plane are equipped with a distinguished point called the root, one can couple
these two random metric spaces in such a way that, for every 6 > 0, there exists £ > 0 such
that the balls of radius € centered at the root in the two spaces are isometric with probability
at least 1 — . As a consequence, the Brownian plane shares many properties of the Brownian
map. On the other hand, the Brownian plane also enjoys the important additional property of
invariance under scaling: Multiplying the distance by a constant factor A > 0 does not change
the distribution of the Brownian plane. This property suggests that the Brownian plane should



be more tractable for calculations than the Brownian map, for which very few explicit distribu-
tions are known. Our purpose is to obtain such explicit distributions for the Brownian plane,
and in particular to give a detailed probabilistic description of the growth of “hulls” centered at
the root.

In order to give a more precise presentation of our results, let us introduce some notation.
As in [9], we write (Pso, Doo) for the Brownian plane, and we let po, stand for the distinguished
point of Py called the root. We recall that P., is equipped with a volume measure, and we
write |A| for the volume of a measurable subset of Ps,. For every r > 0, the closed ball of radius
7 centered at poo in P is denoted by B, (Px). In contrast with the case of Euclidean space, the
complement of B,(Ps) will have infinitely many connected components (see [24] for a detailed
discussion of these components in the slightly different setting of the Brownian map) but only
one unbounded connected component. We then define the hull of radius r as the complement of
the unbounded component of the complement of B,(Px ), and we denote this hull by Bf(Ps).
Informally, B?(P~) is obtained by “filling in the holes” of B, (P« ) — see Fig. 1 below, and Fig. 3
in Section 5 for a discrete version of the hull.

In what follows, we give a complete description of the law of the process (|Bf(Px)|)r>0- To
formulate this description, it is convenient to introduce another process (Z,),~¢ which gives for
every r > 0 the size of the boundary of Bf(Px).

Proposition 1.1. Let r > 0. There exists a positive random variable Z, such that

lim 872|B;(Poo)c N Br+5(7)oo)| =Zy

e—0
in probability.

In view of this proposition, one interprets Z, as the (generalized) length of the boundary
of the hull of radius r (this boundary is expected to be a fractal curve of dimension 2). A key
intermediate step in the derivation of our main results is to identify the process (Z,),~0 as a
time-reversed continuous-state branching process. For every u > 0, set 1(u) = /8/3u3/2. The
continuous-state branching process with branching mechanism ) is the Feller Markov process
(X¢)e>0 with values in Ry, whose semigroup is characterized as follows: for every x,¢ > 0 and
every A > 0,
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Ele™Xt | Xo = 2] = exp ( — x(/\_1/2 +4/2/3 t) )
See subsection [2.1] for a brief discussion of this process. Note that X gets absorbed at 0 in finite
time. It is easy to construct a process (X¢);<o indexed by the time interval (—oo, 0] and which

is distributed as the process X “started from 4o00” at time —oo and conditioned to hit zero at
time 0 (see subsection for a more rigorous presentation).

Proposition 1.2. (i) For every r > 0, we have for every A > 0,

2)\r2\ —3/2
Blexp(-2Z,)| = (1+ : )
Equivalently, Z, follows a Gamma distribution with parameter % and mean 2.

(i) The two processes (Zy)rso and (X_y)rso have the same finite-dimensional marginals.

We observe that results closely related to Proposition [I.2] have been obtained by Krikun
[16, [I7] in the discrete setting of the UIPT and the UIPQ.
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Figure 1: lllustration of the geometric meaning of the processes (Z,),>0 and
(|Br(Poo)|)r=0. The Brownian plane is represented as a two-dimensional “cactus” where
the height of each point is equal to its distance to the root. The shaded part represents
the hull B?(P) and Z, corresponds to the (generalized) length of its boundary. At
time s, both processes Z. and |B®*(Px)| have a jump. Geometrically this corresponds
to the creation of a “bubble” above height s.

Part (ii) of the preceding proposition implies that the process (Z,),~¢ has a cadlag modifi-
cation, with only negative jumps, and from now on we deal with this modification. We can now
state the main results of the present work. For every r > 0, we write AZ, for the jump of Z at
time 7.

Theorem 1.3. Let s1,s3,... be a measurable enumeration of the jumps of Z, and let £&1,&o, . ..
be a sequence of i.i.d. real random variables with density
1
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which is independent of the process (Z,)r~o. The following identity in distribution of random
processes holds:

(Zr, |B;(Poo)\)r>0 @ (Zr, Y& (AZ&)?)

i:5; <r r>0

This theorem identifies the conditional distribution of the process of hull volumes knowing
the process of hull boundary lengths, whose distribution is given by the preceding proposition.
Informally, each jump time r of Z corresponds to the creation of a new connected component of
the complement of the ball B, (P, ), which is “swallowed” by the hull, leading to a negative jump
for the boundary of the hull and a positive jump for its volume. The common distribution of the



variables &; should then be interpreted as the law of the volume of a newly created connected
component knowing that the “length” of its boundary is equal to 1 (see [4, Proposition 6.4] and
especially [10, Proposition 9] for related results about the asymptotic distribution of the volume
of a triangulation with a boundary of size tending to infinity). This heuristic discussion is made
much more precise in the companion paper [10], where many of the results of the present work
are interpreted in terms of asymptotics for the so-called “peeling process” studied by Angel [4]
for the UIPT.

The proof of Theorem depends on certain explicit calculations of distributions, which are
of independent interest.

Theorem 1.4. Let r > 0. For every pu > 0,
E{exp(—M!B;(Poo)\)} — 33/2 COSh((Q/,L)l/4T) (coshz((2,u)1/47") + 2) _3/2.
Furthermore, for every £ > 0,
B exp(= B} (Poo)l) | 2, = ]

= T3(2M)3/4 s(;(rjlshg(((él;))ll//t:)) exp ( — 6(\/5(3 cothz((zﬂ)l/%) - 2) - %))

In view of the first assertion of the theorem, one may ask whether a similar formula holds for
the volume |B,(Ps)| of the ball of radius 7. In principle our methods should also be applicable
to this problem, but our calculations did not lead to a tractable expression. One may still
compare the expected volumes of the hull and the ball. From the first formula of the theorem,
one easily gets that E[|Bf(Ps)|] = 7*/3. On the other hand, using the method of the proof of
[26], Proposition 5], one can verify that E[|B,(Pw)|] = 2r*/21.

We also note that there is an interesting analogy between the second formula of Theorem
and classical formulas for Bessel processes (see Corollary 1.8 and Corollary 3.3 in [31, Chapter
XI]), which also involve hyperbolic functions — in special cases these formulas can be restated
in terms of linear Brownian motion via the Ray-Knight theorems.

The preceding results can also be interpreted in terms of asymptotics for the UIPQ. In the
last section of this article, we prove that the process of hull volumes of the UIP(Q converges in
distribution, modulo a suitable rescaling, to the process (|B?(Ps)|)r>0. A similar invariance
principle should hold for the UIPT and for more general random lattices such as the ones
constructed by Addario-Berry [2] and Stephenson [32].

Our proofs depend on a new representation of the Brownian plane, which is different from the
one used in [9]. Roughly speaking, this representation is a continuous analog of the construction
of the UIPQ that was given by Chassaing and Durhuus in [7], whereas [9] used a continuous
version of the construction in [I2]. Similarly as in [9], the representation of the Brownian plane
in the present work uses a random infinite real tree T, whose vertices are assigned real labels.
The probabilistic structure of the real tree 75, is more complicated than in [9], but the labels
are now nonnegative and correspond to distances from the root in P, (whereas in [9] labels
corresponded in some sense to “distances from infinity”). This is of course similar to the well-
known Schaeffer bijection between rooted quadrangulations and well-labeled trees [§]. The fact
that labels are distances from the root is important for our purposes, since it allows us to give
a simple representation of the hull of radius r: The complement of this hull corresponds to the
set of all points a in 75, such that labels stay greater than r along the (tree) geodesic from a to
infinity. See formula below. There is a similar interpretation for the boundary of the hull,
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and a key observation is the fact that the “boundary length” Z, can be obtained in terms of exit
measures from (r,00) associated with the “subtrees” branching off the spine of the infinite tree
T at a level greater than the last occurence of label r on the spine (see formula below).

The construction of the infinite tree 7o, and of the labels assigned to its vertices, as well
as the subsequent calculations, make a heavy use of the Brownian snake and its properties.
In particular the special Markov property of the Brownian snake [18] and its connections with
partial differential equations play an important role. Because of the close relation between super-
Brownian motion and the Brownian snake, some of the results that follow can be written as
statements about super-Brownian motion, which may be of independent interest. In particular,
Corollary [£.7, which is essentially equivalent to the second formula of Theorem gives the
Laplace transform of the total integrated mass of a super-Brownian motion started from ud,
(for some u,a > 0) knowing that the minimum of the range is equal to 0. Similarly, Corollary
determines for a super-Brownian motion starting from dg the law of the process whose value
at time r > 0 is the pair consisting of the exit measure from (—r,00) and the mass of those
historical paths that do not hit level —r.

The paper is organized as follows. Section 2 presents a number of preliminaries. In particular,
we recall basic facts about the (one-dimensional) Brownian snake including exit measures and
the special Markov property, and its connections with super-Brownian motion. We also state
a recent result from [25] giving a decomposition of the Brownian snake knowing its minimal
spatial position. The latter result is especially useful in Section 3, where we derive our new
representation of the Brownian plane. In order to show that this new construction is equivalent
to the one in [9], we use the fact that the distribution of the Brownian plane is characterized
by the invariance under scaling and the above-mentioned property stating that the Brownian
plane is locally isometric to the Brownian map. Section 4 contains the proof of our main results:
Propositions and [1.2] are proved in subsection Theorem [1.4] is derived in subsection
and Theorem [I.3] is proved in subsection [£.3] Finally, Section 5 is devoted to our invariance
principle relating the hull process of the UIPQ to the process (| By (Pso)|)r>0-
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2 Preliminaries

2.1 A continuous-state branching process

An important role in this work will be played by a particular continuous-state branching process,
which was already mentioned in the introduction. We refer to [19, Chapter 2] and references
therein for the general theory of continuous-state branching processes, and content ourselves with
a brief exposition of the case of interest in this work. We fix a constant ¢ > 0. The continuous-
state branching process with branching mechanism 1 (u) = cu?/? is the Feller Markov process
(X¢)e>0 with values in Ry, cadlag paths and no negative jumps, whose semigroup is characterized
as follows. If P, stands for the probability measure under which X starts from Xy = z, then,
for every z,t > 0 and every A > 0,

E:E [e—/\Xt] — e T ug ()

where the function uy(\) is determined by the differential equation

dut(/\)

N = —c(u(N\)¥?, up(N) = A




It follows that u;(\) = (A"1/2 + £¢)72, and thus,
_ _ ¢\ "2
E, e %] :exp(—az()\ 1/2+§t> ) (1)
By differentiating with respect to A, we have also
CAXE) _oy-3/2 (y—1/2 | €N\ _ “12 , €N
E.[Xe | =z (/\ + 2t> exp( x()\ + 275) ) (2)

Let T := inf{t > 0 : X; = 0}, and note that X; = 0 for every ¢ > T, a.s. Since Py(T' < t) =
Pp(X; = 0) = exp(—-3%), we readily obtain that the density of 7' under P, is (when z > 0) the
function

S8z 4x
t— (bt(f[f) = ﬁ exp ( — ﬁ)

For future purposes, it will be useful to introduce the process X conditioned on extinction
at a fixed time. To this end, we write ¢:(z, dy) for the transition kernels of X. We fix p > 0 and
define the process X “conditioned on extinction at time p” as the time-inhomogeneous Markov
process indexed by the interval [0, p] with values in (0,00) (with 0 serving as a cemetery point)
whose transition kernel between times s and ¢ is

¢p—t(y)
Pp—s (z)

mst(z,dy) = qi—s(x, dy),

if0<s<t<pand x>0, and

7rs,p(fﬂa dy) = 60(dy)
if s € [0,p) and x > 0. This is just a standard h-transform in a time-inhomogeneous setting,
and the interpretation can be justified by the fact that, for every choice of 0 < 1 < -+ <
sp < p, the conditional distribution of (X, ,...,Xs,) under P;(- | p < T < p +¢) converges to

70,51 (w, dyl)ﬂ'shw (y17 dy?) s sy 1,8p (yp—17 dyp) as e i/ 0.
If0<s<t<pandz >0, the Laplace transform of 7, ¢(x,dy) is

Ay 1 oA Xims
[ maliann) = o s Balop X))
3
p— S
(p —t+(t—s)(1+ %)\(p - t)2)1/2>

X exp (— if(((cjf o ) (o s>—2)>, (3)

where the second equality follows from the explicit expression of ¢,—s and formula .

Finally, let us briefly discuss the process X which was introduced in Section 1. Simple
arguments give the existence of a process ()?t)te(—m,O} with cadlag paths and no negative jumps,
which is indexed by the time interval (—oo, 0] and such that:

e X, >0 for every t < 0, and Xy = 0, a.s.;
° )~(t — 40 as t | —oo, a.s.;

e for every z > 0, if T, := inf{t € (—00,0] : X; < z}, the process <X(Tz+t)/\0)t20 has the
same distribution as X started from .
To get an explicit construction of X , one may concatenate independent copies of the process X

started at n and stopped at the hitting time of n — 1, for every integer n > 1. We omit the
details.



2.2 Preliminaries about the Brownian snake

We give below a brief presentation of the Brownian snake, referring to the book [19] for more
details. We write W for the set of all finite paths in R. An element of W is a continuous mapping
w : [0,¢] — R, where ¢ = (() > 0 depends on w and is called the lifetime of w. We write
W = W(((w)) for the endpoint of w. For x € R, we set W, := {w € W : w(0) = x}. The trivial
path w such that w(0) = z and ((y) = 0 is identified with the point = of R, so that we can view
R as a subset of W. The space W is equipped with the distance

d(w,w") = |w) — Sy + sup [(w(t A Cwy) = W' (EA Sy

The Brownian snake (Ws)s>0 is a continuous Markov process with values in W. We will
write (s = (qw,) for the lifetime process of Ws. The process ((s)s>o0 evolves like a reflecting
Brownian motion in Ry. Conditionally on ({s)s>0, the evolution of (Wj)s>¢ can be described
informally as follows: When (; decreases, the path Wj is shortened from its tip, and when (s
increases the path Wy is extended by adding “little pieces of linear Brownian motion” at its tip.
We refer to [19, Chapter IV] for a more rigorous presentation.

It is convenient to assume that the Brownian snake is defined on the canonical space
C(R4, W) of all continuous functions from Ry into W, in such a way that, for w = (ws)s>0 €
C(R4, W), we have Ws(w) = ws. The notation Py, then stands for the law of the Brownian
snake started from w.

For every x € R, the trivial path z is a regular recurrent point for the Brownian snake, and
so we can make sense of the excursion measure N, away from z, which is a o-finite measure on
C(R4,W). Under N, the process ((s)s>0 is distributed according to the It6 measure of positive
excursions of linear Brownian motion, which is normalized so that, for every € > 0,

Nx(iglo)gs > 6) = %

We write o := sup{s > 0: (s > 0} for the duration of the excursion under N,. For every ¢ > 0,
we will also use the notation Néz) =No(- | o =1).
We set
R::{WS:SZO}, W. :zinfRzig%Ws.

We Wﬂl\consider R and W, under the ex/c\ursion measures N,, and we note that we have also
R={Ws:0<s<oc}and W, = min{W; : 0 < s < o}, N; a.e. Occasionally we also write
wy = Wi (w) for w € C(R4, W).

If z,y € R and y < z, we have

3

Ne(y € R) = No(Wa <) = 5753

(4)
(see e.g. [19, Section VI.1]).

It is known (see e.g. |27, Proposition 2.5]) that N, a.e. there is a unique instant sy € [0, 0]
such that W, = W,.

Decomposing the Brownian snake at its minimum. We will now recall a key result of [25]
that plays an important role in what follows. This result identifies the law of the minimizing path
W, under Ny, together with the distribution of the “subtrees” that branch off the minimizing

path. Let us define these subtrees in a more precise way.



For every s > 0, we set

~

(s == C(sm+s)/\o ) Cv-s = C(smfs)VO :

We let (a;,b;), i € I be the excursion intervals of (s above its past minimum. Equivalently, the

~

intervals (a;,b;), i € I are the connected components of the set
>0:¢ in }
1020:6> min &

Similarly, we let (dj,gj), J € I be the excursion intervals of CVS above its past minimum. We
may assume that the indexing sets I and I are disjoint. In terms of the tree T¢ coded by
the excursion (Cs)o<s<o under Ny (see e.g. [20, Section 2]), each interval (a;,b;) or (i, bj)
corresponds to a subtree of 7¢ branching off the ancestral line of the vertex associated with sp.
We next consider the spatial displacements corresponding to these subtrees. The properties of
the Brownian snake imply that, for every ¢ € I , the paths Wy_ s, s € [a;, lA)l], are the same up

to time Copta, = G, 15, and similarly for the paths W, s € [a;,bj], for every j € I. Then,
for every i € I, we let WUl € C(R,, W) be defined by

m—S)

W) = W, arapniy Comras T8) 3 0SESC L0, — Cometa
Similarly, for every j € I ,
whl(t) = W, = yrsynb; Csm—ay ) 5 0 <SE<C o np, = Com—dye

We finally introduce the point measures on Ry x C(Ry, W) defined by

N = Z 5(Csm+di7W[’i]) I N = Zé(CSmfdj ,W[]])
el

i€ jef

Theorem 2.1. (i) Let a > 0. Under the excursion measure No and conditionally on W, = —a,
the random path (a 4+ Wi, (Cop — t))o<i<c,,, 5 distributed as a nine-dimensional Bessel process
started from 0 and stopped at its last passage time at level a.

(ii) Under Ny, conditionally on the minimizing path Ws_, the point measures /V(dt, dw) and
/V(dt, dw) are independent and their common conditional distribution is that of a Poisson point
measure with intensity

2 1[0,<sm] (t) 1{w*>V/[\/5m} dt NWsm () (dw) .

Parts (i) and (ii) of the theorem correspond respectively to Theorem 5 and Theorem 6 of
[25]. Note that when applying Theorem 5 of [25], we also use the fact that the time-reversal of a
Bessel process of dimension —5 started from a and stopped when hitting 0 is a nine-dimensional
Bessel process started from 0 and stopped at its last passage time at level a (see e.g. [31, Exercise
XI.1.23]). We refer to [31, Chapter XI] for basic facts about Bessel processes.

Exit measures and the special Markov property. Let D be a nonempty open interval of
R, such that D # R. We fix z € D and, for every w € W,, set

7p(w) = inf{t € [0, ()] s w(t) ¢ D},

with the usual convention inf @ = co. The exit measure Z” from D (see [I9, Chapter 5]) is
a random measure on dD, which is defined under N, and is supported on the set of all exit



points Wy(7p(Ws)) for the paths Wy such that 7p(Ws) < oo (note that here D has at most
two points, but the following discussion remains valid for the d-dimensional Brownian snake and
an arbitrary subdomain D of R?). Note that N,(Z” # 0) < co. It is easy to prove, for instance
by using Proposition [2:2] below, that

{ZP =0} ={Rc D}, N, ae. (5)

A crucial ingredient of our study is the special Markov property of the Brownian snake [18].
In order to state this property, we first observe that, N, a.e., the set

{s>0:m7p(Wy) < (s}

is open and thus can be written as a union of disjoint open intervals (a;, b;), ¢ € I, where I may
be empty. From the properties of the Brownian snake, one has, N, a.e. for every ¢ € I and
every s € [a;, by,

TD(WS) = TD(Wai) = <aia

and more precisely all paths W, s € [a;, b;] coincide up to their exit time from D. For every
i € I, we then define an element W of C(R4+, W) by setting, for every s > 0,

WS(Z) (t) = W(ai—&-s)/\bi(cai + t)? for 0 <t < C(Ws(l)) = C(ai—l—s)/\bi - C(li'

Informally, the W(#)’s represent the “excursions” of the Brownian snake outside D (the word
“outside” is a little misleading here, because although these excursions start from a point of 0D,
they will typically come back inside D).

We also need to introduce a o-field that contains the information about the paths Wy before
they exit D. To this end, we set, for every s > 0,

17£j = inf{r >0: / dulgc,<rpwa)y > S}
0 <

and we let £P be the o-field generated by the process (Wﬁé’) s>0 and the class of all sets that are

N,-negligible. The random measure Z” is measurable with respect to £ (see [I8, Proposition
2.3]).
We now state the special Markov property [18, Theorem 2.4].

Proposition 2.2. Under N, conditionally on EP, the point measure

> b

i€l
is Poisson with intensity

/ 2P (dy) N,

Remarks. (i) Since on the event {ZP = 0} there are no excursions outside D, the previous
proposition is equivalent to the same statement where N, is replaced by the probability measure
(ii) In what follows we will apply the special Markov property in a conditional form. Suppose
that D = (a,00) for some ¢ > 0 and that x > a. Then the preceding statement remains
valid if we replace N, by Ny(- N {R C (0,00)}), provided we also replace [ZP(dy)N, by
[ 2P(dy)N,(- N {R C (0,00)}). This follows from the fact that conditioning a Poisson point



measure on having no point on a set of finite intensity is equivalent to removing the points that
fall into this set. We omit the details.

For a < x, we write Z, := (Z(®>) 1) for the total mass of the exit measure outside (a,c0).
We will use the Laplace transform of Z, under N, which is given by

1
(,ufl/Q + \/%(x — CL))27

for every p > 0. This formula is easily derived from the fact that the (nonnegative) function
u(z) = N;(1 — exp(—p2,)) defined for x € (a, 00) solves the differential equation u” = 4u? with
boundary conditions u(a) = p and u(oo) = 0 (see [19, Chapter V]). On the other hand, an
application of the special Markov property shows that, for every b < a < z,

Nx(l - exp(*uZa)) = (6)

N, (exp(—=AZp) | £®)) = exp ( — Z4Ny(1— exp(—/\Zb))).

If we substitute formula @ in the last display, and compare with , we easily get that the pro-
cess (Z;—q)a>0 is Markov under N, with the transition kernels of the continuous-state branching
process with branching mechanism 9 (u) = 1/8/3u%2. Although N, is an infinite measure, the
preceding assertion makes sense, simply because we can restrict our attention to the finite
measure event {Z,_. > 0}, for any choice of ¢ > 0. It follows that (Z,_4)s>0 has a cadlag
modification under N,, which we consider from now on.

We finally explain an extension of the special Markov property where we consider excursions
outside a random domain. For definiteness, we fix £ = 0, and for every a > 0, we set &, =
£(=4) Let H be a random variable with values in (0, 0], such that No(H < 00) < oo, and
assume that H is a stopping time of the filtration (&,)q>0 in the sense that, for every a > 0, the
event {H < a} is £,-measurable. As usual we can define the o-field £g that consists of all events
A such that AN {H < a} is £,-measurable, for every a > 0. Since Z_, is ,-measurable for
every a > 0, it follows by standard arguments that the random variable Z_p is £g-measurable
(at this point it is important that we have taken a cadlag modification of the process (Z_4)a>0)-

We may consider the excursions (W!()),c; of the Brownian snake outside (—H, oc). These
excursions are defined in exactly the same way as in the case where H is deterministic, consid-
ering now the connected components of the open set {s > 0: Ws(t) < —H for some t € [0, (5]}
We define W0 by shifting W@ so that it starts from 0.

Proposition 2.3. Under the probability measure No(- | H < o0), conditionally on the o-field
€y, the point measure
> O

el
is Poisson with intensity
Z_ g Np.

This proposition can be obtained by arguments very similar to the derivation of the strong
Markov property of Brownian motion from the simple Markov property: we approximate H
with stopping times greater than H that take only countably many values, then use Proposition
and finally perform a suitable passage to the limit. We leave the details to the reader.

The Brownian snake and super-Brownian motion. The initial motivation for studying
the Brownian snake came from its connection with super-Brownian motion, which we briefly
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recall. Under the excursion measure Ny (dw), the lifetime process ((s(w))s>o is distributed as a
Brownian excursion, and so we can define for every ¢ > 0 the local time proces (¢%(w))s>0 of this
excursion at level . Next let u be a finite measure on R, and let

N(dw) = Z Oy (dw)

keK

be a Poisson measure on C(R;,W) with intensity [ u(dz)N,(dw). For every t > 0, let X; be
the random measure on R defined by setting, for every nonnegative measurable function ¢ on
R,

o(wk)) —
Xig) = X [ dbhw) o(Wawi)) ™
kek 70
If we also set Xy = p, the process (X;)i>0 is then a super-Brownian motion with branching mech-
anism 1 (u) = 2u? started from p (see [19, Theorem IV.4]). A nice feature of this construction
is the fact that it also gives the associated historical process: Just consider for every ¢ > 0 the
random measure X; defined by setting

U(W k)
<m@=24(%m%mmmm, (8)
keK

for every nonnegative measurable function ® on W. Some of the forthcoming results are stated
in terms of super-Brownian motion and its historical process. Without loss of generality we
may and will assume that these processes are obtained by formulas and of the previous
construction. This also means that we consider the special branching mechanism g (u) = 2u?,
but of course the case of a general quadratic branching mechanism can then be handled via
scaling arguments.

3 The Brownian plane

3.1 The Brownian plane as a random metric space

We start by giving a characterization of the Brownian plane as a random pointed metric space
satisfying appropriate properties. We let K;; denote the space of all isometry classes of pointed
boundedly compact length spaces. The space Ky is equipped with the local Gromov-Hausdorff
distance drgm (see [9, Section 2.1]) and is a Polish space, that is, separable and complete for
this distance. For r > 0 and F' € Ky, we use the notation B,.(F') for the closed ball of radius r
centered at the distinguished point of F'. Note that B, (F) is always viewed as a pointed compact
metric space.
The Brownian plane P, is then a random variable taking values in the space Kp;.

Definition 3.1. Let Ey and Ey be two random variables with values in Ky, We say that Ey
and Ey are locally isometric if, for every § > 0, there exists a number r > 0 and a coupling of
Ey and Ey such that the balls By(E1) and B, (E2) are isometric with probability at least 1 — 9.

We leave it to the reader to verify that this is an equivalence relation (only transitivity is not
obvious). The interest of this definition comes from the next proposition. If E is a (random)
metric space and A > 0, we use the notation A - F for the same metric space where the distance
has been multiplied by .

11



Proposition 3.2. The distribution of the Brownian plane is characterized in the set of all
probability measures on Kye by the following two properties:

(i) The Brownian plane is locally isometric to the Brownian map.

(ii) The Brownian plane is scale invariant, meaning that X\ - Pso has the same distribution as
Poo, for every A > 0.

Proof. The fact that property (i) holds is Theorem 1 in [9]. Property (ii) is immediate from the
construction in [9], or directly from the convergence (1) in [9, Theorem 1]. So we just have to
prove that these two properties characterize the distribution of the Brownian plane. Let E be a
random variable with values in K., which is both locally isometric to the Brownian map and
scale invariant. Then, E is also locally isometric to the Brownian plane, and, for every ¢ > 0,
we can find r > 0 and a coupling of F and P, such that

P[BT(E) = BT(POO)] >1- 65

where the equality is in the sense of isometry between pointed compact metric spaces. Trivially
this implies that, for every a > 0,

P(Bu(% - E) = Bu(5 - Poc)] > 16,

By scale invariance, 7 - E and I - P have the same distribution as £/ and Py, respectively. So
we get that for every d > 0, for every a > 0, we can find a coupling of E and P, such that

P[B4(E) = By(Ps)] > 1— 4.

Recalling the definition of the local Gromov-Hausdorff distance drgm (see e.g. [9, Section 2.1])
we obtain that, for every £ > 0 and every d > 0, there exists a coupling of E and Py, such that

P[dLGH(E,POO) < 6] >1-9.

Clearly this implies that the Lévy-Prokhorov distance between the distributions of £ and Py
is 0 and thus F and P have the same distribution. ]

3.2 A new construction of the Brownian plane

In this section, we provide a construction of the Brownian plane, which is different from the
one in [9]. We then use Proposition and Theorem to prove the equivalence of the two
constructions.

We consider a nine-dimensional Bessel process R = (R;):>0 starting from 0 and, conditionally
on R, two independent Poisson point measures N/ (d¢, dw) and N”(dt,dw) on Ry x C(Ry, W)
with the same intensity

21{R(w)c(0,00)} At Np, (dw).

It will be convenient to write

Nl = Zé(ti7wi) 5 N// = Zé(thwi)’

i€l icJ

where the indexing sets I and J are disjoint.
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We also consider the sum N = N’ + A", which conditionally on R is Poisson with intensity

41{R(w)c(0,00)) At Nr, (dw),

and we have

N= 2 ). (9)
i€1UJ

We start by introducing the infinite random tree that will be crucial in our construction of
the Brownian plane. For every i € I UJ, write 0; = o(w?) and let ((!)s>0 be the lifetime process
associated with w’. Then the function (¢!)p<s<,; codes a rooted compact real tree, which is
denoted by 7', and we write p¢i for the canonical projection from [0, 0;] onto T (see e.g. [20,
Section 2] for basic facts about the coding of trees by continuous functions). We construct a
random non-compact real tree T, by grafting to the half-line [0, 00) (which we call the “spine”)
the tree T* at point t;, for every ¢ € I U J. Formally, the tree 7o, is obtained from the disjoint

[0,oo)U< U 7““)

i€eIUJ

by identifying the point t; of [0, 00) with the root p; of T¢, for every i € IU.J. The metric do on
Two is determined as follows. The restriction of dy, to each tree T is (of course) the metric d
on T8 If z € T¢ and t € [0,00), we take doo(z,t) = di(x, p;) + |t; —t|. f x € T and y € T,
with i # j, we take doo(z,y) = dyi(z, pi) + |ti — tj] + d7i(pj,y). By convention, 7 is rooted at
0. The infinite tree T4, is equipped with a volume measure V, which puts no mass on the spine
and whose restriction to each tree 7' is the natural volume measure on 7" defined as the image
of Lebesgue measure on [0, 0;] under the projection Dei
We also define labels on the tree To.. The label A, of a vertex x € T is defined by A, = Ry
if z = t belongs to the spine [0,00), and A, = & if v = pci(s) belongs to the subtree TE, for
some i € I U J. Note that the mapping = — A, is continuous almost surely (for continuity at
points of the spine, observe that, for every K > 0 and € > 0, there are a.s. only finitely many
values of i € I U J such that t; < K and sup{|&% — Ry,| : s > 0} > ). For future use, we also
notice that, if = = pi(s) belongs to the subtree 77, the quantities w(t), 0 < ¢ < ¢! are the
labels of the ancestors of x in T°.
We will use the fact that labels are “transient” in the sense of the following lemma. Recall
the notation w, = Wi (w).
Lemma 3.3. We have a.s.
lim ( inf wi) = +o00.
rtoo \i€lUJt;>r

Proof. 1t is enough to verify that, for every A > 0, we have

lim P( inf Wl < A) =0.
r1oo i€IUJ, t; >r

However by construction,
P( inf Wl < A)
ielUJt; >r

:P(gfm < 4) +E[1{%§£Rt > A} (1 —exp(—4/oodtNRt(O <W. < 4)))]

= P(t ko< 4) + Bfft Rz ah(-ew (-6 [ s - )
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using (). The desired result easily follows from the fact that the integral [*°dt(R;)™> is
convergent. O

Until now, we have not used the fact that A is decomposed in the form N' = N’ + N”. This
decomposition corresponds intuitively to the fact that the trees 7¢ are grafted on the left side of
the spine [0, 00) when i € I, and on the right side when ¢ € J. We make this precise by defining
an exploration process of the tree. To begin with, we define, for every u > 0,

/. . ", __ i
Ty = E ]-{tigu} Oy Ty = E 1{t¢§u} a; .
el ieJ

Note that both u — 7/ and u — 7,/ are nondecreasing and right-continuous. The left limits of
these functions are denoted by 7,,_ and 7, _ respectively, and 7)_ = 7{_ = 0 by convention.
Then, for every s > 0, there is a unique u > 0, such that 7/, < s <7/, and:

e Either there is a (unique) i € I such that u = ¢;, and we set
O :==pei(s — ).

e Or there is no such ¢ and we set 0} = .

We define similarly (©7)s>oby replacing (7,,)u>0 by (7, )u>0 and I by J. Informally, (0%)s>0 and
(©7)s>0 correspond to the exploration of respectively the left and the right side of the tree 7o.
Noting that O = O = 0, we define (Og)secr by setting

0. — CH if s >0,
1 e, ifs<o.

It is straightforward to verify that the mapping s — ©O; is continuous. We also note that the
volume measure V on 74 is the image of Lebesgue measure on R under the mapping s — O;.
This exploration process allows us to define intervals on 7o,. Let us make the convention
that, if s > ¢, the “interval” [s, t] is defined by [s, t] = [s, 00)U(—00, t]. Then, for every z,y € T,
there is a smallest interval [s, t], with s,¢ € R, such that ©5 = x and ©; = y, and we define

[z,y] :={O, : r € [s,t]}.

Note that [z,y] # [y, x] unless = y. We may now turn to our construction of the Brownian
plane. We set, for every z,y € Too,

D3 (z,y) = Ay + Ay — 2max (Zg%g;] A, zrer%zi:;] AZ>, (10)

and then )
Doo(,y) = xo:z,ggf.,%:y‘zl DS (w1, ) (11)

=
where the infimum is over all choices of the integer p > 1 and of the finite sequence g, 1,...,p

in 75 such that o = x and x, = y. Note that we have

D (z,y) > Doo(z,y) > |[As — Ay, (12)
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for every z,y € To. Furthermore, it is immediate from our definitions that
Dy (0,2) = D (0,2) = Ay

for every © € Ty. As a consequence of the continuity of the mapping s — Ag,, we have
DS (zp,x) — 0 (hence also Dy (xo,z) — 0) as & — xg, for every zp € Teo.

It is not hard to verify that Do, is a pseudo-distance on To,. We put x = y if and only
if Doo(x,y) = 0 and we introduce the quotient space Poo = Too /=~ , which is equipped with
the metric induced by Dy, and with the distinguished point which is the equivalence class of 0.
The volume measure on Pa is the image of the volume measure V on 7T, under the canonical
projection.

Theorem 3.4. The pointed metric space Poo is locally isometric to the Brownian map and scale
tnvariant. Consequently, P is distributed as the Brownian plane P.

Proof. The fact that P is scale invariant is easy from our construction. Hence the difficult part
of the proof is to verify that Poo is locally isometric to the Brownian map. Let us start by briefly
recalling the construction of the Brownian map mg,. We argue under the conditional excursion
measure Nél) = No(- | ¢ = 1). Under N(()l), the lifetime process ((s)o<s<1 is a normalized
Brownian excursion, and the tree 7¢ coded by ({s)o<s<1 is the so-called CRT. As previously,
p¢ stands for the canonical projection from [0,1] onto 7;. We can define intervals on 7¢ in a
way analogous to what we did before for Too: If z,y € T¢, [x,y] = {pc(r) : 7 € [s,t]}, where
[s,t] is the smallest interval such that p¢(s) = x and p¢(t) = y, using now the convention
that the interval [s,t] is defined by [s,t] = [s,1] U [0,¢] when s > ¢. Then we equip 7; with
Brownian labels by setting T, = W, if z = pc(s). For every x,y € T¢, we define D°(z,y),
resp. D(z,y), by exactly the same formula as in , resp. , replacing A by I'. We have
again the bound D(xz,y) > [I'; — I'y|. We then observe that D is a pseudo-distance on 7¢, and
the Brownian map m. is the associated quotient metric space. The distinguished point of m,
is chosen as the (equivalence class of the) vertex xm of 7 with minimal label, and we note that
D(xm,x) =Ty — Ty, =Ty — W for every z € 7T¢.

If we replace the normalized Brownian excursion by a Brownian excursion with duration
r > 0, that is, if we argue under N(()T), and perform the same construction, simple scaling
arguments show that the resulting pointed metric space is distributed as r'/4 - m, and is thus
locally isometric to ms, (both are locally isometric to the Brownian plane). Consequently, under
the probability measure

o dr o)
No(- o> 1) = [ 555 N0

the preceding construction also yields a random pointed metric space which is locally isometric
to my,. Let us write M for this random pointed metric space. We will argue that M is locally
isometric to Pao, which will complete the proof. Some of the arguments that follow are similar
to those used in [9, Proof of Proposition 4] to verify that the Brownian plane is locally isometric
to the Brownian map.

We set for every b > 0,

Ab ::/0 dS 1{7'(—b,oo)(Ws)<OO}’

where we used the notation 7p(w) introduced in subsection Still with the notation of this
subsection, the random variable A, is &-measurable, and it follows that

H:=inf{b>0: 4, =1}
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is a stopping time of the filtration (&,)s>0. Observe that {H < oo} = {0 > 1}, Ny a.e. From
Proposition we get that under the probability measure No(- | o > 1), and conditionally on
the pair (H, Z_f), the excursions of the Brownian snake outside (—H, co) form a Poisson point
process with intensity Z_g N_p (incidentally this also implies that Z_p > 0 a.e. on {o > 1}).
Among the excursions outside (—H, c0), there is exactly one that attains the minimal value W,
and conditionally on H = h and W, = a (with a < —h), this excursion is distributed according
to N_p(- | Wy = a).

Now compare Theorem with the construction of Pa given above to see that we can find
a coupling of the Brownian snake under Ny(- | o > 1) and of the triplet (R, N, N"’) determining
the labeled tree (7o, (Az)ze7s, ), in such a way that the following properties hold. There exists
a (random) real § > 0 and an isometry Z from the ball Bs(7¢) (centered at the distinguished
vertex Tm = p¢(sm)) onto the ball Bs(7Ts) (centered at 0). This isometry preserves intervals,
in the sense that if x,y € Bs(7¢), Z([z,y] N Bs(7¢)) = [Z(x),Z(y)] N Bs(Tso). Furthermore, the
isometry Z preserves labels up to a shift by —W., meaning that A7) = I'y — W, for every
x € Bs(T¢). Consequently, we have

D(xm,z) =Ty — Wi = Az(z) = Doo(0,Z())

for every x € Bs(7¢).

Next we can choose n > 0 small enough so that labels on 7:\B;(7¢) are all strictly larger
than W, + 2n and labels on 7o\ Bs(Too) are all strictly larger than 2n (we use Lemma [3.3| here).
In particular, if € 7¢, the condition D(zm,2) < 27 implies that « € Bs(7¢), and, if 2’ € T,
the condition Du(0,2’) < 27 implies that 2’ € Bs(7Ts). We claim that

D(%,y) :Doo(z(x)vl-(y))ﬂ (13)

for every x,y € T¢ such that D(zm,x) < n and D(xm,y) < n. To verify this claim, first
note that, if ',y € To are such that D (0,2') = Ay < 21 and D(0,y') = Ay < 2, we
can compute DS (z',y’) using formula , and in the right-hand side of this formula we may
replace the interval [2/,4/] by [2/,y'] N Bs(T) (because obviously the minimal value of A on
[z, 9] is attained on [2/,y'] N Bs(Ts)). A similar replacement may be made in the analogous
formula for D°(x,y) when z,y € 7¢ are such that I', < W, + 29 and I'y < W, + 2n. Using the
isometry Z, we then obtain that

D®(,y) = Deo(Z(x), Z(y)) (14)

for every z,y € T¢ such that D(zm,z) < 2n and D(zm,y) < 2n. Then, let 2/,y" € T be
such that A, < nand Ay < n. If we use formula to evaluate Do (2',7’), we may in the
right-hand side of this formula restrict our attention to “intermediate” points x; whose label
A, is smaller than 27 (indeed if one of the intermediate points has a label strictly greater than
27, then it follows from that the sum in the right-hand side of is strictly greater than
2n > Doo(2',y')). A similar observation holds if we use the analog of to compute D(z,y)
when x,y € T¢ are such that D(zm,z) <7 and D(zm,y) < 7. Our claim is a consequence
of the preceding considerations and .

It follows from that Z induces an isometry from the ball B, (M) onto the ball B, (Pu,).
This implies that M is locally isometric to Poo, and the proof is complete. O

In view of Theorem we may and will write Py, instead of Py, for the random metric
space that we constructed in the first part of this subsection. We denote the canonical projection

16



from 75, onto P by II. The fact that Deo(xg,x) — 0 as © — xg, for every fixed zg € T,
shows that II is continuous. The argument of the preceding proof makes it possible to transfer
several known properties of the Brownian map to the space Py. First, for every x,y € T, we
have

Doo(z,y) =0 if and only if DZ (x,y) = 0.

Indeed this property will hold for x and y belonging to a sufficiently small ball centered at 0
in 75, by [21, Theorem 3.4] and the coupling argument explained in the preceding proof. The
scale invariance of the Brownian plane then completes the argument. Similarly, we have the
so-called “cactus bound”, for every z,y € Ts and every continuous path (7(t))o<t<1 in Poo such
that y(0) = II(z) and (1) = IL(y),

. o
i Do (0,7(t)) < in A, (15)

where [z, y]] stands for the geodesic segment between = and y in the tree 75,. The bound
follows from the analogous result for the Brownian map [22] Proposition 3.1] and the coupling
argument of the preceding proof.

Since labels correspond to distances from the distinguished point, we have, for every r > 0,

By(Poo) = T({z € T : Ay < 1}).
Recall the definition of the hull By (Ps) in Section 1. We claim that
B} (Po) = Poo \I({& € Tac : Ay > 7, Wy € [[w,00[}), (16)

where [[z, 0o is the geodesic path from z to oo in the tree To. The fact that B? (Ps) is contained
in the right-hand side of is easy: If z € T is such that A, > r for every y € [z, oo[], then
II([Jx, oo]) gives a continuous path going from II(z) to oo and staying outside the ball B, (Pxo).
Conversely, suppose that x € T is such that

min A, <.
y€[z,00]

Then, if (7(¢)):>0 is any continuous path going from II(z) to oo in P, the bound leads to

in D(0.~(1)) < min A, <
min (m()Lygﬁl;goﬂ y <,

and it follows that II(x) € B?(Ps), proving our claim.
Write 0By (Px) for the topological boundary of Bf(Px). It follows from that

OB} (Poo) = T({z € Too : Ay =7 and Ay > 7, ¥y €]z, 0[}), (17)

with the obvious notation ]z, co[. The latter formula motivates the definition of the (generalized)
length of the boundary of B?(Ps). We observe that this boundary contains (the image under
IT of) a single point on the spine, corresponding to the last visit of r by the process R,

L,=sup{t>0: Ry =r}.

Any other point « € 75, such that A, =7 and A, > r for every y € [z, o[ must be of the form
pci(s), for some i € TUJ, with ¢; > L, and some s € [0, 0;] such that the path wg hits r exactly
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at its lifetime. For each fixed i (with ¢; > L,), the “quantity” of such values of s is measured
by the total mass Z,.(w’) of the exit measure of w’ from (r,00). Here we use the same notation
Z, = (Z(m>) 1) as previously.

Following the preceding discussion, we define, for every r > 0,

Z, = / N dw) 1, Zow) = S Za(wl). (18)

1€lUJ ;> Ly

We observe that the quantities Z,.(w?) in are well defined since each w’ is a Brownian snake
excursion starting from R, and the condition ¢; > L, guarantees that R;, > r. We interpret Z,
as measuring the size of the boundary of the hull By (Ps).

Note that at the present stage, it is not clear that the random variable Z, coincides with the
one introduced in Proposition (which we have not yet proved). At the end of subsection
below, we will verify that the approximation result of Proposition [I.1] holds with the preceding
definition of Z,.

4 The volume of hulls

4.1 The process of boundary lengths

Our main goal in this subsection is to describe the distribution of the process (Z,),~o. We fix
a > 0. By formula and the exponential formula for Poisson measures, we have, for every
A>0,

> “)Z
E|exp(—2Z,)] = B[ exp (- 4/La At Ng, (1re ooy — %)) (19)
The quantity in the right-hand side will be computed via the following two lemmas.

Lemma 4.1. For every x > a and A > 0,

3 2\ -2
_AZ) _° _ LA —2\—1/2 -2
Nx(lmdo,oo)}(l € ))—2<(w a+t (5 +a) ) x )
Proof. We have

Nr(l{Rqo,oo)}(l - e_AZ“)) = Nm(l - 1{Rc<ovoo>}€_u“) - Nz(l - 1{Rc<o,oo>})
3

_ Nx(l - 1{RC(0,OO)}€7)\ZG) T oz’

by . In order to compute the first term in the right-hand side, we observe that we have
R C (a,00) C (0,00) on the event {Z, = 0}, N, a.e., by (5)). Therefore, we can write

Ny (1 - I{RC(O,OO)}e_)\Zd) =N; (1{Za>0}> - Nx(l{Za>0,'RC(O,oo)}€_>\ZG)

=Ny (Lz,50) = Na(1z,0) €5 exp (- ?;i) )
= Nx(l — exp ( - (A + 23?)2&)).

In the second equality we used the special Markov property, together with formula , to obtain

that the conditional probability of the event {R C (0,00)} given Z, is exp(—?;fg ). The formula

of the lemma follows from the preceding two displays and @ O
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Lemma 4.2. For every a € (0,a),
o 1 1 — a3
B[ exp (G/L dt((Rt)Q - (Rt—a)Q))} = (=)~
Proof. By dominated convergence, we have
© 1 1 . L 1 1
E{eXp (6/La dt ((Rt)z & _a)2>)} B %#?oiE[eXp (G/Lab dt ((Rt)z (& _a)z))}’

Let us fix b > a. By the time-reversal property of Bessel processes already mentioned after the
statement of Theorem the process (R;)i>0 defined by

Ry = R(1,—1vo

is a Bessel process of dimension —5 started from b. Set Tj, := inf{t > 0 : ]A%Et =a} = Ly — L.
Write (By):>0 for a one-dimensional Brownian motion which starts from r under the probability
measure P, and for every y € R, let ~,, := inf{¢t > 0: B; = y}. Then,

Ly 1 1 Ta 1 1
E{eXp (6/La dt((Rt)2 B (R: —a)2>>} - E[exp (6/0 dt((ﬁt)z B (Rt _a)2>>}
b\3 Ya d
- (3) Eb{exp(—ﬁ/o (Bti.é)aﬂ’

where the last equality is a special case of the classical absolute continuity relations between
Bessel processes (see [25, Lemma 1] for this special case). Next observe that

a d a—a a— a3
Blew (<6 [ 5 )] = Bafew (<6 [ 55)] = (G=2)

where the second equality is well known (and can again be viewed as a consequence of Lemma
1 in [25]). By combining the last two displays, we get

Blew (5 [t (G~ )] = () (G=5)"

a

and the desired result follows by letting b 1 oc. O

We can now identify the law of Z,.

Proof of Proposition (i). We start from formula and use first Lemma and then
Lemma [4.2] to obtain, for every A > 0,

E{exp(—/\Za)] = E{exp (6 /La dt ((Rt)2 — (Ri — (a— (% +a‘2)_1/2))2>)}

_ (a —(a— (2?; az)l/z))?”

which yields the desired result. O

Our next goal is to obtain the law of the whole process (Z,)q>0, where by convention we take
Zp = 0. To this end it is convenient to introduce a “backward” filtration (G,)q>0, which we will
define after introducing some notation. If w € W, we set 7,(w) := inf{t > 0 : w(t) ¢ (a,00)},
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with the usual convention inf @ = oco. Then, let ¢ > 0 and = > a, and let w = (ws)s>0 €
C (R4, W) be such that ws, = x for all s large enough. For every s > 0, we define tr,(w)s € W,
by the formula

taW)s = @y 1(,):

where, for every s > 0,

nga) (w) :=inf{r >0: /0 du l{C(wu)STa(wu)} > s}

From the properties of the Brownian snake, it is easy to verify that N, (dw) a.e., tr,(w) belongs
to C(R4, W), and the paths tr,(w)s do not visit (—oo, a), and may visit a only at their endpoint
(what we have done is removing those paths that hit @ and survive for some positive time after
hitting a). Note that we are using a particular instance of the time change 12 introduced when
defining the o-field £P in subsection (indeed, the o-field € (@:%) is generated by the mapping
w > trg(w) up to negligible sets).

Recall formula @ for the point measure N. For every a > 0, we let G, be the o-field
generated by the process (Rp,++¢)t>0 and the point measure

N@ = Z Ot tra(w)):

i€IUJt;>La

and by the P-negligible sets. Note that, in the definition of (@) we keep only those excursions
that start from the “spine” at a time greater than L, (so that obviously their initial point is
greater than a) and we truncate these excursions at level a. Also notice that N0 = N/

From our definitions it is clear that G, D Gp if a < b. Furthermore, it follows from the
measurability property of exit measures that Z, is G,-measurable, for every a > 0 (the point is
that Z,(w?) is equal a.s. to a measurable function of tr,(w?), see [I8, Proposition 2.3]). We also
notice that, for every a > 0, the process (Rr,+¢):>0 is independent of (R¢)o<t<r,. This follows
from last exit decompositions for diffusion processes, or in a more straightforward way this can
be deduced from the time-reversal property already mentioned above.

Proposition 4.3. Let 0 < a < b. Then, for every A > 0,

b 3 37 1 1
Elexp(—AZ,) | Gb] = (a—i— b—a)it 2)\;2>1/2) exp (_7b((b— . (% +a*2)*1/2)2_b72))'

If b > 0 is fixed, the proposition shows that the process (Zy_q)o<a<p is time-inhomogeneous
Markov with respect to the (forward) filtration (Gy_q)o<a<p, and identifies the Laplace transform
of the associated transition kernels. Since the law of Zj, is also given by Proposition (i), this
completely characterizes the law of the process (Z;)q>0. The more explicit description of this
law given in Proposition (ii) will be derived later.

Proof. Recall that 0 < a < b are fixed. We write
Za = Lap + i}a,ba
where

Yopi= Y. Zuw'), Y= > Za(wh).

i€IUJt;>Ly i€lUJ,Lo<t; <Ly
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From the fact that (Rp,+¢)t>0 is independent of (Rt)o<t<r, and properties of Poisson measures,
it easily follows that Y,; and Y,; are independent, and more precisely Y, ; is independent of
o(Yap) V Gp. This implies that

Elexp(=AZa) | Go] = Elexp(=AYap)] Elexp(=AYyp) | Gol- (20)

From the special Markov property (see also the remark following Proposition [2.2)), we have

Elexp(=AYap) | Gb) = E[ H exp(—AZq(w')) ‘ gb}

i€IUJt;>Ly

= exp ( - > 2w Nb(l{’RC(O,oo)}(l - B_AZ“D)

1€IUJ ;> Ly

= exp ( — 7y Nb(l{nc(o,oo)}(l - e_AZ“)))

= exp ( — 322b<<b_ a—+ (? +a*2)71/2)_2 B b2>>7

where the last equality is Lemma [£.1]
Using Proposition (i), we have thus,
2\ 5 —3/2
Elexp(—A\Y, )] = (1 +b? ((b —at (5 + a—Z)—l/Q) — b—2>>

b -3
N (b —a+ (% + a—2)—1/2) ’

and since Y, ; and Y, are independent,

Elexp(=AYa)] = Elexp(=AZ,)] x (Elexp(—=AYap)]) ™"

2Xa?y —3/2 b 3
= <1+ 30’ ) (b_a_|_(23)\+a—2)—1/2>

b

3
<a+ (b—a)(l—i—z’\g‘ﬁ)l/z) .

The statement of the proposition follows from and the preceding calculations. ]

We will now identify the transition kernels whose Laplace transform appears in the previous

proposition. To this end, we recall the discussion of subsection which we will apply with
the particular value ¢ = /8/3.

Proposition 4.4. Let p > 0 and x > 0. The finite-dimensional marginal distributions of
(Zp—a)o<a<p knowing that Z, = x coincide with those of the continuous-state branching process

with branching mechanism (u) = /8/3u? started from = and conditioned on extinction at
time p.
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Proof. Recall the notation introduced in subsection By comparing the right-hand side of
with the formula of Proposition we immediately see that, for 0 < s <t < p,

Blexp(=AZp1) | Gos] = [ € mas(Zyso ).

Arguing inductively, we obtain that, for every 0 < s1 < ... < s, < p, the conditional distribu-

tion of (Z,—s;,...,Zy—s,) knowing G, is mo s, (Z,, dy1)ms; s, (Y1, dy2) - . . Ts, 1,5, (Yp—1,dyp). The
desired result follows. O

We can now complete the proof of Proposition 1.2}

Proof of Proposition (ii). We first verify that Z, and X_, have the same distribution, for
every fixed a > 0. Let A > 0 and set f(y) = e~ to simplify notation. By the properties of the
process X, we have

E[f()?—a)] = i#roré Ey[f(Xr-a) 1{a§T}]a

where T' = inf{t > 0 : X; = 0} as previously. On the other hand, recalling the definition of the
functions ¢, in subsection

Eo[f(X1—0) Yia<ry] = hm ZE {a+i=t cr<arky F(Xiym)]

- gl;ﬂo:: B[ f(Xisn) Px,,, (a % <T<a)
=t SB[ [ anCXegn) )
B[ [ R0 u(x0) ],

where dominated convergence is easily justified by the fact that E,[T] < oo and ¢3(0) = 0 for
every b > 0. Now use the form of ¢, together with formula (with ¢ = 1/8/3) to see that the
right-hand side of the last display is equal to

o0 337 3 73/2 3 71/2 \/5 -3 3 71/2 \/5 -2
/Odtg()\-i-ﬁ) ((/\+@) + gt) exp(—x((/\—l-@) + gt) )

2\a? 3 3
— A% V=372 (1 _ 9 \—1/2
=(1+ 3 ) (1 exp(—z (A + 2a2) ))
We then let x 1 oo to get that
_ 2
Elexp(—AX_,)] = (1 + Q)\Ta)fg’m Elexp(—)\Z,)]

by assertion (i) of the proposition.

Knowing that Z, and X_, have the same distribution, the proof is completed as follows.
We observe that, for every a > 0, the law of (X—a+t)o<t<a conditionally on X_, = x coincides
with the law of X started from x and conditioned on extinction at time a (we leave the easy
verification to the reader). By comparing with Proposition we get the desired statement. [J

As a consequence of Proposition the process (Z,),~0 has a cadlag modification, and from
now on we deal only with this modification. We conclude this subsection by proving Proposition

22



We need to verify that our definition of the random variable Z, matches the approximation
given in this proposition.

Proof of Proposition If x € T and x is not on the spine, the point II(x) belongs to
B! (Ps)® N By4e(Pso) if and only if A, € (r,7 + €] and A, > r for every y € [z, 00[]. Recalling
our notation V for the volume measure on 75, we can thus write

| B (Poo)’ N Brie(Poo)| = Z V{zeT" :A, <7 +¢and Ay > 1, Yy € [pi, ] }).
elJJ:t;>L,

We will first deal with indices ¢ such that t; > L,,., and we set

A = Z V{z €T : Ay <r+eand Ay, >r, Yy € [p;,z]})

i€TUJt;> Loy e

to simplify notation. Recall that if z € 7" and & = pei(s), we have A, = @) and {A, : y €
[pi, z]|} = {wi(t) : 0 <t < (!}. An application of the special Markov property shows that the
conditional distribution of A. knowing Z, . is the law of U.(Z,4.), where U, is a subordinator
whose Lévy measure is the “law” of

(o

under N, ;. (and U, is assumed to be independent of Z,.). From the first moment formula for
the Brownian snake [19, Proposition IV.2], one easily derives that

[ _ [e.e] _ 9
NT+€</O ds L <rve way>r, we[o,cs}}) - ET+€[/O At 1(Bi<rie) 1{t<%}} .

where we have used the notation of the proof of Lemma [£.2] On the other hand, scaling

arguments show that
t

U-)ez0 @ E* Ui(F))r0.

and the law of large numbers implies that t~1U;(t) converges a.s. to 1 as t — co. Since the
conditional distribution of e 2A, knowing Z,,. is the law of 52U1(Z;2+5), it follows from the
preceding observations that

€A — Zpye — 0
e—0
in probability. Since Z,;. converges to Z, as € — 0, we conclude that
e A, — Z,
e—0
in probability. To complete the proof, we just have to check that

o2 > V{zeT : Ay <r+ecand Ay >, Yy € [pi,z]}) — 0

e—0
1€IUJ: Ly <t;<Lyie

in probability. We leave the easy verification to the reader. O
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4.2 The law of the volume of the hull

This subsection is devoted to the proof of Theorem We fix @ > 0 and recall our notation
B2(Ps) for the hull of radius @ in the Brownian plane P.,. To simplify notation, we write
B instead of Bj(Pw), and we also write |Bg| for the volume of this hull. Recall that Z, is
interpreted as a generalized length of the boundary of B.

Thanks to the construction of the Brownian plane explained in subsection [3.2 and to formula
, we can express the volume |Bg| as the sum of two independent contributions, namely, on
the one hand, the total volume of those subtrees that branch off the spine below level L,, and,
on the other hand, the contribution of the subtrees that branch off the spine above level L, (for
these, we need to sum, over all indices ¢ € I U J with t; > L,, the Lebesgue measure of the set
of all s € [0, ;] such that the path wi hits level a).

The beginning of this subsection is devoted to calculating the Laplace transform of the first
of these two contributions. Thanks to Theorem this is also the Laplace transform of ¢ under
the conditional probability measure N, (- | W, = 0). This motivates the following calculations.

We recall the notation Zj for the (total mass of the) exit measure from (0, 00), and we also
set

Yo ::/0 dS]‘{T()(Ws):OO}’

where we recall that mo(w) = inf{t > 0 : w(t) ¢ (0,00)}. We note that Vy = o under the
conditional probability measure Ny (- | W, = 0). Our first goal is to compute, for every A, i > 0,
the function wy ,(z) defined for every = > 0 by

upu(2) = N (1 — exp(=AZp — udb)).
Note that uy o(z) is given by formula @ On the other hand, the limit of w) , as A 1 oo is
m
oo (#) 1= Nall = Lo ) exp(-n30) = [ (Bcoth?(2)' %) ~2)  (21)
by [14, Lemma 7]. The latter formula is generalized in the next lemma.

Lemma 4.5. We have, for every x > 0:

o if A> /5,

uy () = \/g<3<coth2 ((2M)1/4x + coth™! ; + % iA)) - 2);

o if X< /5,
12 2 1/4 112 1 /2
BV Y
Remark. If A = /5, we have simply
u)"ﬂ(x) = %‘

This can be obtained by a passage to the limit from the previous formulas, but a direct proof is
also easy.
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Proof. By results due to Dynkin, the function u, , solves the differential equation

{ %u// =2u% -y, on (0, 00), (22)

This is indeed a very special case of Theorem 3.1 in [13]. For the reader who is unfamiliar with
the general theory of superprocesses, a direct proof can be given along the lines of the proof of
Lemma 6 in [14].

It is also easy to verify that

. o w
Jimuy () = No(1 —e™7) = \/;

The formulas of the lemma then follow by solving equation , which requires some tedious
but straightforward calculations. O

For future reference, we note that, if A > /£, we have, for every 2 > 0,
u)x,u(x) = uoo,u(x + ‘9#()‘))7 (23)

where the function 6,,, which is defined on (\/g ,00) by

_ L2 12
0, (\) = (2u)"* coth™! 3t3 ;/\,

is the functional inverse of 1y, . Of course is nothing but the flow property of solutions of

(22).

Proposition 4.6. Let a > 0. Then, for every u > 0,

374 cosh(2)40)
sinh3((2p)Y4a)”

_ 1
Na<€ mo |, = 0) =3 a® up, ,(a) = a®(2p)

Remark. The conditioning on {W, = 0} may be understood as a limit as ¢ — 0 of condi-
tioning on {—e < W, < 0}. Equivalently, we may use Theorem [2.1{ which provides an explicit
description of the conditional probabilities No(- | W, = y) for every y < 0. Recall that Yy = o
under Ny (- | W, = 0).

Proof. We first observe that, for every € > 0,

3 3 3
Ny(—e < W, <0)= " — c

202 2(a+¢e)? S0 a3’ (24)

by . On the other hand,

Nq (6_“% 1{—a<w*§0}) = (6_“y° 1{20>0,W*>—5})

Nq
No (€7 1 z,50) exp(—Zo No(W. < —¢)))
Nq

(eXp ( — pYo — 2%230) 1{zo>0})
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using the special Markov property in the second equality, and then . Set o = % to simplify

notation. Then,

No(exp (= 10— aZ0)1zp50)) = Na (1 — "Lz, g)) — Na(1 - e7#2070%0)

= uoo,,u(a) — Ua H( )
= Uso ,u,(a) — Uoo,u(a +0 ( ))
~ eu(a) (CL),

using in the last equality. Since

it follows from the preceding discussion that

N (ffuyo 1{—5<W*§0}> adh —ul, ,(a)e.

The result of the proposition follows using also .

O]

We state the next result in terms of super-Brownian motion, although our main motivation
comes from our application to the Brownian plane in Theorem [I.4] Recall that, in order to use
the connection with the Brownian snake, we always assume that the branching mechanism of

super-Brownian motion is ¢g(u) = 2u?.

Corollary 4.7. Let a > 0 and r > 0. Assume that (X;)i>0 is a super-Brownian motion that

starts from ré, under the probability measure Ps5, . Set

[ee]
E - / dt <Xt7 1>,
0
and write R for the range of X. Then, for every pu > 0,

E,s, [67“2 ‘ min RY = 0}

= oo/t SOMOTD. (B (3comi?(2) ) - 2) -

sinh?((2u)1/4a)

Proof. We may assume that (X;);>0 is constructed from a Poisson point measure N with inten-

sity rN, via formula . Then, we immediately verify that
2 - / N(dw) ()

and properties of Poisson measures lead to the formula

E.s, [e*ﬁ‘z ’ min RY = 0} =N, (e*‘“" min R = 0) exp ( - TNa((l - 67“0)1{min72>0}>)'

The first term in the right-hand side is given by Proposition [4.6] As for the second term we

observe that

Na((l - e_ug>1{minR>0}) = Na(l - e_ual{minR>0}> - Na(minR < 0) = UOO,,LL(a) 5.9

and we use formula . This completes the proof.
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Proof of Theorem The first formula of the theorem is a straightforward consequence of the
second one since we know the distribution of Z,. More precisely, using Proposition (i), we

observe that
E[exp ( - Za<\/g<3 coth2((2ﬂ)1/4a) - 2) - %))}

_ 2a° ¢ [p 2 1/4 3 \\ 732
= (1 + ?(1/5(3coth ((2u)"a) — 2) - QTLQ))
-3/2
= 332473 (2p) 73/ (3 coth?((2p)"*a) — 2) .
If we multiply this quantity by

374 cosh((21)"/4a)

a3 (2#) sinh3((2,u) 1/4(1)

we get the desired formula for E[exp(—u|B2])].

Not suprisingly, the second formula of Theorem [I.4]is a consequence of the analogous formula
in Corollary [£.7] Let us explain this. Using our representation of the Brownian plane, and
formula , we can write |Bg| as the sum of two independent contributions:

e The contribution of subtrees branching off the spine at a level smaller than L,. Using
Theorem we see that this contribution is distributed as ¢ under the conditional prob-
ability measure Ny (- | W, = 0). We also note that this contribution is independent of the
o-field G,.

e The contribution of subtrees branching off the spine at a level greater than L,. This
contribution is G,-measurable. Furthermore, an application of the special Markov property
(similar to the one in the proof of Proposition [4.3|) shows that its conditional distribution
given Z, = r is the law of

> olww)

keK
where > ¢ i 0y, 18 a Poisson measure with intensity rNo(- N {W. > 0}).
The preceding discussion shows that the conditional distribution of |B$| given Z, = r coincides

with the distribution of ¥ under P,s, (- | min R = 0), with the notation of Corollary This
completes the proof. O

4.3 The process of hull volumes

Our goal in this subsection is to prove Theorem In a way similar to Corollary [£.7, we
consider a super-Brownian motion (&})¢>0, and the probability mesure P,s5, under which this
super-Brownian motion starts from rdg. We also introduce the associated historical process
(X4¢)t>0. As previously, we may and will assume that (X})¢>0 and (X¢)¢>0 are constructed from
a Poisson measure

N=3 Ousia

keK
with intensity Ny, via formulas and . We then set, for every a < 0,

Zo=_ Zalwp)
kek
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and, for every a <0,

Yo = Valw)

keK

where -
Ya(w) := /0 ds 17, (W, (w))=oc0}-

We also set Z) = r by convention.

In the theory of superprocesses [13], Z, corresponds to the total mass of the exit measure
of the historical process (X;)¢>0 from (a,00) (for our present purposes, we do not need this
interpretation). We also note that, for every a < 0, we have

Ya :/ de /Xt(dw) 1{Ta(W):OO})
0

and the right-hand side is the total integrated mass of those historical paths that do not hit a.

As previously, X = (X¢)i>0 denotes a continuous-state branching process with branching
mechanism 9 (u) = \/8/3u%/? that starts from 7 under the probability measure P,. We will use
the “Lévy-Khintchine representation” for v¢: we have

U(w) = [ wdy) € =14 2y)

where k(dy) is the measure on (0, 00) given by

3
K(dy) =/ 5y 52 dy.

Proposition 4.8. Let a > 0. The law under P.5, of the pair (Z_q,%_,) coincides with the law
under P, of the pair
(Xar > & (AX,)?) (25)
i:5;<a
where s1, So, ... is a measurable enumeration of the jumps of X, and &1,&s, ... is a sequence of
1.1.d. real random variables with density

1
6—1/21’ 1

\/ﬁ (0,00) (2),
which is independent of the process (Xi)i>0-

Proof. We first observe that, for every A, u > 0, we have
Eys,[exp(=AZLq — p@_,)] = exp(—ruy u(a))

by the exponential formula for Poisson measures. We will prove that the joint Laplace transform
of the pair is given by the same expression.

To this end, we fix 4 > 0 and write @ = /2 to simplify notation. We also set wq(\) =
uy(a) for every a > 0. As a consequence of (or directly from Lemma we have for
every a,b >0,

Wath = Wq © Wy

and wo(A) = . Furthermore, the derivative of w,(\) at a = 0 is easily computed from the

formulas of Lemma (.5}

d (\)jamo = \/z Va+a(a—2)) (26)

Wq
da
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where we recall that a = /2u.
Let us consider now the Laplace transform of the pair . We first observe that the Laplace
transform of the variables §; is given by

Ele™] = (1+ 2B) eV,

for every 8 > 0 (note that E[¢e 5] = eV/28 by the well-known formula for the Laplace
transform of a positive stable random variable with parameter 1/2). It follows that, for every
A >0,

Erlexp (= AXa—p Y2 &(AX,)?)] = Br[exp(-2Xa) [ (1+aAX,)e A% ],

:€;<a 0<s<a

The additivity property of continuous-state branching processes allows us to write the right-
hand side in the form exp(—rv,()\)), where the function v,(\) (which of course depends also on
«) is such that vg(\) = A. The Markov property of X readily gives the semigroup property

Vg+b = Uq © Up

for every a,b > 0. To complete the proof of the proposition, it suffices to verify that w, = v,
for every a > 0, and to this end it will be enough to prove that

d d
@wa()\)m:o = @Ua(/\)m:O' (27)

The left-hand side is given by . Let us compute the right-hand side. We fix A > 0 in what
follows.

As we already mentioned, the process X is a Feller process with values in [0,00). The
exponential function ¢y () = e belongs to the domain of the generator £ of X, and

Lor(z) = P(A) x oa(),

as a straightforward consequence of the formula for the Laplace transform of X;. Consequently,
we have

t
e Mt = e L My +p(N) / Xy e M ds,
0

where M is a martingale, which is clearly bounded on every compact interval. For every ¢t > 0,
set
Vii= [ (1+aAX,)e 2%,

0<s<t

and note that V' is a nonnegative nonincreasing process, which is bounded by one. By applying
the integration by parts formula, we have

t t t
Ve Mt — o= +/ Vi dM, +1/;()\)/ Vo X, e’AXSder/ e M dv,. (28)
0 0 0

The martingale term fot Vs— dM, has zero expectation. Let us evaluate the expected value of the
last term

t
/ e AXs dV, = Z ef)‘XSAVS = Z ef’\XS—VS_ x e AAXs ((1 + aAXS)e*O‘AXS — 1).
0 0<s<t 0<s<t
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We note that the dual predictable projection of the random measure

Z (5(5,AXS)(duv dl‘)
s>0,AXs>0

is the measure
X, du k(dz)

where we recall that x(dx) is the “Lévy measure” associated with X (a simple way to get this
is to use the Lamperti transformation to represent X as a time-change of the Lévy process with
Lévy measure k). It follows that

E{/Ot €_>\Xs d‘/s} = E{/Ot Xs‘/se_AXs ds} X /H(dx) €—>\x<(1 + aa:)e_o‘x B 1)

By taking expectations in , we thus get

e — g7 = E[/Ot X Vie M ds} X (1#()\) + /Ii(dl‘) 6_)@((1 + ax)e " — 1))

Note that ) .
fE[/ X Ve M ds} —re M,
t 0 an)

and thus it immediately follows from the preceding display that

%va()\)\a:o = —1(\) — /Fa(dx) efo<(1 + az)eoT — 1)

= — / r(dx) ((1 + ax)e”@FNT _q 4 )\x).

From the expression of k, straightforward calculations lead to the formula

/m(dx) ((1 +az)e”@FNT 1 4 Ax) = —\/2\/04 + A —2))

and our claim follows, recalling . This completes the proof. O

With the notation introduced in Proposition [4.8] set for every a > 0,

Yo=Y &(AXS)R

:5;<a

Corollary 4.9. The law of the process (Z—a,%-a)ax0 under Pps, coincides with the law of
(Xa, Ya)a>0 under P.

Proof. An application of the special Markov property shows that the process (274, %_4)q>0 is
(time-homogeneous) Markov under P,s,, with transition kernel given by

ET§0 [g(ff—a—by @—a—b) | (g—m @—a)] = (I)b(gf—aa @—a)v

where

Pp(2,y) = Eusol9( 20, y + Dp)].
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On the other hand, the Markov property of the continuous-state branching process X also shows
that the process (Xg, Ya)a>0 is Markov under P, and

Er[g(XaeryYaer) ‘ (Xayya)] = \Ilb<Xa7Ya)7

where
Up(2,y) = E2[g9(Xp, y + Y5)].
By Proposition 1.8, we have ®, = U}, and the desired result follows. O

Remark. We chose to put a strict inequality s; < a in the definition of Y, so that the process
Y has left-continuous paths, which is also the case for % ,. On the other hand, both %, and
X, have right-continuous paths.

Proof of Theorem Fix p > 0, and let U follow a Gamma distribution with parameter %
and mean p?, so that U has the same distribution as Z,, by Proposition (i). Suppose that,
conditionally given U, N is a Poisson point measure with intensity U Ny under the probability
measure P. We can use formulas and to define a super-Brownian motion (X;):>0 started
from U §p and the associated historical superprocess. We then define (2, %;)a<0 as in the
beginning of this subsection. We also write S for the extinction time of X.

The arguments used in the proof of Theorem[I.4] based on our representation of the Brownian
plane and formula ((16]), show that the process (Z,—a,|By| — [Bj_,|)o<a<, has the same distri-
bution as (224, Z-a)o<a<p under P(- [ S = p). For a precise justification, note that B)\Bj_,
is the image under II of those x € 75 such that A, > p — a for every y € [z, c0[ and there
exists z € [z, oo[ such that A, < p. If x satisfies these properties, either x belongs to one of the
subtrees branching off the spine at a level belonging to |L,—_q4, L,], or = belongs to one of the
subtrees branching off the spine at a level greater than L, but the label of one of the ancestors
of z in this subtree is less than or equal to p (and, in both cases, the labels of the ancestors of =
in the subtree containing z remain strictly greater than p — a). The volume of the set of points
x corresponding to the second case is handled via the special Markov property for the domain
(p,00), in a way similar to the end of the proof of Theorem . We obtain that the sum of the
two contributions leads to the quantity #_, for a super-Brownian motion starting from Z,do
and conditioned on extinction at time p.

Write Py for a probability measure under which the continuous-state branching process X
starts from U (and the process Y is constructed by the formula preceding Corollar , and
let T be the extinction time of X as previously. Recall the process X from Section and also
set for every a > 0, N N

Yo=Y &(AXg)%
:5;>—a
where s1, So,... is a measurable enumeration of the jumps of X, and the random variables &
are as in Proposition and are supposed to be independent of X.

From Corollary we obtain that the law of (2., %_4)o<a<, under P(- | S = p) coincides
with the law of (Xq, Ya)o<a<p under P (- | T = p). However, using the final observation of the
proof of Proposition (ii), the latter law is also the law of (X,era, 17,0 - ?p—a)ogagp-

Summarizing, we have obtained the identity in distribution

. . (d) v e U
(pra» |Bp| - |Bp—a’)0§a§l’ = (Xfp+a>yp - Ypfa)OSaSp-

This immediately gives

. 4 & v
(Zaa \Ba\)ogagp (:) (X—aa Ya)OSaSm
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from which the statement of Theorem [L.3] follows. O

5 Asymptotics for the UIPQ

We will rely on the Chassaing-Durhuus construction of the UIPQ [7]. The fact that this construc-
tion is equivalent to the more usual construction involving local limits of finite quadrangulations
can be found in [29]. The Chassaing-Durhuus construction is based on a random infinite la-
beled discrete ordered tree, which we denote here by T. In a way very analogous to the tree
T considered above, the tree T consists of a spine, which is a discrete half-line, and for every
vertex of the spine, of two finite subtrees grafted at this vertex respectively to the left and to
the right of the spine (if the grafted subtree consists only of the root, this means that we add
nothing). The root of T is the first vertex of the spine. The set of all corners of T is equipped
with a total order induced by the clockwise contour exploration of the tree. Each vertex v of
T is assigned a positive integer label £,, in such a way that the label of the root is 1 and the
labels of two neighboring vertices may differ by at most 1 in absolute value. We will not need
the exact distribution of the tree T: See e.g. [26, Section 2.3].

Let us now explain the construction of the UIPQ from the tree T. First the vertex set of
Qoo is the union of the vertex set V(T) of T and of an extra vertex denoted by 9. We then
generate the edges of Qo by the following device, which is analogous to the Schaeffer bijection
between finite (rooted) quadrangulations and well-labeled trees [§]. All corners of T with label
1 are linked to 9 by an edge of Q. Any other corner ¢ is linked by an edge of Qo to the
last corner before ¢ (in the clockwise countour order) with strictly smaller label. The resulting
collection of edges forms an infinite quadrangulation of the plane, which is the UIPQ Qo (see
Fig. 2, and [7] for more details). It easily follows from the construction that the graph distance
(in Qoo) between 0 and another vertex of Q is just the label of this vertex in T.

Let us introduce the left and right contour processes. Starting from the root of T, we list
all corners of the left side of T in clockwise contour order, and, for every k > 0, we denote
the vertex corresponding to the k-th corner in this enumeration by v, (in such a way that v

is the root of T). We then write CISL) for the generation (distance from the root in T) of v,
and Vk(L) = L, . Note that |C’lgi)1 - C’,gL)| = 1 for every k£ > 0. We define similarly C’,gR) and
V,C(R) using the exploration in counterclockwise order of the right side of the tree, and the analog
of the sequence (v},)r>0 is denoted by (v{)k>0. By linear interpolation, we may view all four

processes C'H) V(L) C(R) (R) a5 indexed by R,.. A key ingredient of the following proof is the
convergence [26, Theorem 5],

Low B3low 1w 3105 @
(O3 it Ol V)L, 8 (@ er @ o) a0

where we recall that ©) and ©” are the exploration processes of respectively the left and the
right side of 7o (see subsection[3.2)), and we use the notation h(©) = du (0, ©Y,) for the “height”
of ©, in 7. The convergence (29) holds in the sense of weak convergence of the laws on the
space C(R,,R*). We also mention another convergence in distribution concerning labels on the
spine. Write u,, for the n-th vertex on the spine of T. Then,

(\/gkguLkQSJ)SZO kjo (RS)SZO (30)
and this convergence in distribution holds jointly with . The convergence can be found
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Figure 2: The Chassaing-Durhuus construction. The tree T is represented in thin lines.
A few of the vertices v}, v} have been indicated together with their labels in bold figures.
The edges of (Q incident to 4 particular faces have been drawn in thick lines.

in [26 Proposition 1]. The fact that this convergence holds jointly with is clear from the
proof of Theorem 5 in [26].
According to [26, Lemma 3], we have for every A > 0,

dn (supP(jof W8 < 4)) =0 @)

and by symmetry the analogous statement with V(&) replaced by V) also holds. Finally, we
note that Lemma [3.3] implies

lim A@/S = hTm A@/SI = 400, a.s. (32)

sToo

For every integer k > 1, define the ball By(Q~) as the union of all faces of Q that are
incident to (at least) one vertex at distance smaller than or equal to k — 1 from 0. The hull
B;(Qs) is then obtained by adding to Bi(Q) the bounded components of the complement
of Br(Qw) (see Fig. 3). Define the “volume” |B}(Qs)| as the number of faces contained in
B (Qoo)-

Theorem 5.1. We have

@ 1

—4 | e .
(k™7 Bl (Qoo))r>0 P (§|Br 3/2(7Doo)|)r>07

in the sense of weak convergence of finite dimensional marginals.
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Figure 3: A representation of the UIPQ near the vertex 0. The shaded part is the ball
B2(Qoo). The hull BS(Q), whose boundary is in thick lines on the figure, is obtained
by filling in the holes of B (Qo)-

Remarks. (i) In the companion paper [10], we use the peeling process to give a different
approach to the convergence of the sequence of processes (k4 |BIkr | (Qoo)])r>0- The limit then
appears in the form given in Theorem

(ii) By scaling, the processes (%|B:\/3/—2(7300)\)T>0 and (‘B(.9/8)1/4T(PO°)DT>O have the same dis-

tribution, and we recover the “usual” constant (9/8)/* (see e.g. [8]). The reason for stating the
theorem in the form above is the fact that the convergence then holds jointly with or ,
as the proof will show.

Proof. Instead of dealing with ]B[kr | (Qoo)| we will consider the quantity ||Btkr | (Qoo)|| defined as
the number of vertices that are incident to a face of Bfkr | (Qso)- It is an easy exercise to verify that
the desired convergence will follow if we can prove that the statement holds when |Btkr | (Qoo)]
is replaced by HBI,W | (Qoo)|| (the underlying idea is the fact that a finite quadrangulation with
n faces has n + 2 vertices, and we also observe that, for every fixed r > 0, the size of the
boundary of B[,WJ(QOO) is negligible with respect to k* — this is clear if we know that the
sequence (k’_4HBIkT | (Qoo)l)r>0 converges to a limit which is continuous in probability).

We will verify that, if » > 0 is fixed, the sequence k:_4||BIkT | (Qxo)|| converges in distribution

to %|B' \/3%(7300) |. It will be clear that our method extends to a joint convergence in distribution
s
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if we consider a finite number of values of r, yielding the desired statement. To simplify the
presentation, we take r = 1 in what follows. So our goal is to show that

1
EIBH Q)| 2 1B 5Pl (33)

If u € V(T), write Geo(u — o0) for the geodesic path from u to oo in T, and set
m(u) := min{/, : v € Geo(u — 0)}.
Let k > 1. We note that:

(i) The condition m(u) > k+ 3 ensures that z ¢ B} (Q). Indeed, from the way edges of Qoo
are generated, it is easy to construct a path of Qo from u to oo that visits only vertices
at distance (at least) m(u) — 1 from 9. If m(u) — 1 > k + 2, none of these vertices can be
incident to a face of Bi(Qo)-

(ii) If m(u) < k then x € B} (Qo). This is an immediate consequence of the discrete “cactus
bound” (see [11, Proposition 4.3], in a slightly different setting), which implies that any
path of Qs going from u to oo visits a vertex at distance less than or equal to m(u) from

0.

Recall our definition of the “contour sequence” (v},)g>0 of the left side of the tree. We now
extend the definition of v}, to nonnegative real indices: If £ > 1 and k — 1 < s < k, we take
v, = vy, if C( ) = C’,(C )1 +1 and v, = vj,_, if C( ) = C’,(i)l — 1. This definition is motivated by
the fact that we have [5° ds1{v, = u} = 2 for every vertex u in the left side of T (not on the
spine), and the same integral is equal to 1 if u is on the spine and different from the root. We
extend similarly the definition of vy.

We next observe that, for every fixed s > 0,

Loy /2 minga, v € [0, o0[). (31)

and this convergence holds jointly with . The convergence is essentially a consequence
of and . Let us only sketch the argument. A first technical ingredient is to replace
m(v4,) by a truncated version obtained by replacing Geo(u — oc0) in the definition of m(u) by
the geodesic from u to the vertex w42, for some large integer constant A. One then proves,
using and , that the analog of holds for this truncated version, with a limit equal to
V2/3 min{A, : y € [©), A} (a convenient way is to use a minor variant of the homeomorphism
theorem of [28] to see that implies also the convergence of the associated “snakes”, which
is what we need here). Finally, the fact that the convergence of truncated versions suffices to
get is easy using (31)) and .

If we consider a finite number of values of s, the corresponding convergences hold jointly
(and jointly with ) Via the method of moments, it easily follows that, for every A > 0, and
every a > 0,

/ ds 1 (vi, )Sak} ,HOO/ ds 1{m1n{Ay €[04, 00[}</3/2a}"
Thanks to and (| ., we can replace A by oo and obtain

/ ds 1{m (v, ks <ak} / ds 1{m1n{Ay wele,00[}</3/2a}"
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By combining this convergence with the analogous result for the right side of the tree, we get

/0 ds L, )<ak) +/0 ds Loy, y<ak)

k?o/o ds1{min{Ay:yeue;,oou}s\/3/za}+/0 A5 1 inga, weor coli<y/3zay (39)

By , the limit in the previous display is equal to |B
remarks show that, if a k > 1,

(Poo)|- On the other hand, previous

:/3/2a

/0 ds 1{m(v;4s)§ak} —{—/0 ds l{m(vg%)gak} =2k Y (#{u e V(T) : m(u) < ak} —1).
Furthermore, it follows from properties (i) and (ii) stated above that
#{ue V(T) :m(u) <k} <||Br(Qoo)|l < #{u € V(T):m(u) < k+2}.

Our claim now follows from the convergence and the preceding observations, together
with the fact that the mapping r — |B}(P)| is continuous in probability. This completes the
proof. O

Let us conclude with a comment. It would seem more direct to derive Theorem (.1l from the
fact that the Brownian plane is the Gromov-Hausdorff scaling limit of the UIPQ [9, Theorem
2]. We refrained from doing so because the local Gromov-Hausdorff convergence does not give
enough information to handle volumes of balls or hulls. It would have been necessary to establish
a type of Gromov-Hausdorff-Prokhorov convergence in our setting, in the spirit of the work of
Greven, Pfaffelhuber and Winter [15], who however consider the case of metric spaces equipped
with a probability measure. This would require a number of additional technicalities, and for
this reason we preferred to rely on the results of [26].
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