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Abstract. We derive a new representation of the Brownian disk in terms of a forest of labeled trees, where labels correspond to dis-
tances from a subset of the boundary. We then use this representation to obtain a spatial Markov property showing that the complement
of a hull centered at a boundary point of a Brownian disk is again a Brownian disk, with a random perimeter, and is independent of the
hull conditionally on its perimeter. Our proofs rely in part on a study of the peeling process for triangulations with a boundary, which is
of independent interest. The results of the present work will be applied to a continuous version of the peeling process for the Brownian
half-plane in a companion paper.

Résumé. Nous donnons une nouvelle représentation du disque brownien en termes d’une forét d’arbres étiquetés, ou les étiquettes
correspondent aux distances depuis une partie de la frontiere. Nous utilisons cette représentation pour obtenir une propriété de Markov
spatiale montrant que le complémentaire d’une boule complétée centrée en un point de la frontiere est encore un disque brownien, avec
un périmetre aléatoire, et est conditionnellement a ce périmetre indépendant de la boule complétée. Les preuves reposent en partie sur
une étude du processus d’épluchage pour des triangulations avec frontiére, qui est d’intérét indépendant. Les résultats du présent travail
seront appliqués dans un article suivant a une version continue du processus d’épluchage pour le demi-plan brownien.
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1. Introduction

Brownian disks are basic models of random geometry that arise as scaling limits of random planar maps with a boundary,
in the regime where the number of faces grows like the square of the boundary size. Brownian disks first appeared in the
work of Bettinelli [6], who obtained the existence of subsequential limits of rescaled quadrangulations with a boundary
in the Gromov-Hausdorff sense. The uniqueness of the limit, which is called the Brownian disk, was then obtained in
the work [7] of Bettinelli and Miermont. In these scaling limits, [6] and [7] mainly deal with the case where both the
boundary size and the volume are fixed, but it is also of interest to study the so-called free Brownian disk for which the
boundary size (also called the perimeter) is fixed but the volume is random, cf. Section 1.5 in [7]. The free Brownian
disk then appears as the limit of Boltzmann distributed random quadrangulations with a boundary, and in fact of much
more general bipartite planar maps [7, Theorem 8]. In view of certain applications, it is desirable to consider the case
of random planar maps with a simple boundary. Convergence to the free Brownian disk in that case was obtained for
quadrangulations by Gwynne and Miller [13] and for triangulations by Albenque, Holden and Sun [2]. Both these papers
prove convergence in a strong form of the Gromov-Hausdorff topology, which they call the GHPU convergence, which
includes the convergence of the so-called boundary curves.

In the present work, we are primarily interested in the free Brownian disk, and we also consider the variant called
the free pointed Brownian disk, where there is a distinguished point in the interior of the disk — if one “forgets” this
distinguished point, the distribution of the free pointed Brownian disk becomes a size-biased version of the distribution
of the free Brownian disk. The Bettinelli-Miermont construction applied to the free pointed Brownian disk (see Section
4.1 below) relies on a random forest made of a collection of labeled R-trees, where labels correspond, up to a shift, to
distances from the distinguished point of the Brownian disk. Different constructions, still based on labeled R-trees, have
been proposed in [18, 19] and shed light on various properties of (free) Brownian disks. In the construction of [18],
labels correspond to distances from the boundary, and in [19] they represent distances from a distinguished point of the



boundary. In the present work, we give yet another representation of the free Brownian disk (Theorem 16), where labels
correspond to distances from a part of the boundary.

Let us briefly describe our new representation of the free Brownian disk. Let us fix £ > 0, and let C(R,R ) denote
the space of all continuous functions from R, into R, . Then let ), ; d(, ,) be a Poisson point measure on [0, &] x
C(R4,Ry) with intensity 2d¢n(de), where n(de) denotes the Itd measure of positive excursions of linear Browian
motion. It is well known that each excursion e; codes a compact R-tree, which is denoted by 7.,. We then assign a real
label 4, to every point a of [0,¢] and to every a € T,, i € I, in the following way. We consider a Brownian excursion
(et)o<t<¢ of duration £ and we declare that the label of every a € [0,£] is £, := V/3e,. For every i € I, we assign the
label v/3 e, to the root of T;,, and then we require that labels evolve like linear Brownian motion along the segments of
Te, (independently when ¢ varies). In other words, (¢,)qcT, . is distributed as Brownian motion indexed by 7, started

from \/?:eti at the root. The preceding objects (the normalized Brownian excursion (e;)o<:<¢ and the labeled trees 7e,)
are the basic ingredients of the Bettinelli-Miermont construction of free Brownian disks [6, 7] (see Section 4.1 below),
but here we perform an additional step: we prune each tree 7., at levels where labels first hit the value 0, and write 7,
for the resulting pruned tree, which now carries nonnegative labels. We then consider the union

T [M}u(Ut),

i€l

where we identify the root of 7: with the point ¢; of [0, &]. We then proceed in a way very similar to known constructions
of the Brownian sphere or the Brownian disk. Precisely, if a, b are two points of T* with positive labels, we let D$(a, b)
be the sum of the labels of a and b minus twice the minimal label “between” a and b (see Section 4.2 for a more precise
definition) if this minimal label is positive, and if not we set DS (a,b) = +00. We finally write D, for the maximal
pseudo-metric on T* that is bounded above by D?. Theorem 16 then shows that the quotient space! U :=T*/{D, =0}
equipped with the metric induced by D is a free pointed Brownian disk with (random) perimeter £ 4+ Z, where Z is a
random variable measuring, in some sense, the quantity of points with zero label in T*. Moreover, labels on U (which are
inherited from the labels on T*) correspond to distances from the subset of the boundary that is the image of the set of
points of T with zero label under the canonical projection from T* onto U. The complementary part of the boundary is
the image of [0, £] under the canonical projection.

An important motivation for Theorem 16 came from an application to the complement of hulls centered at a boundary
point of a Brownian disk. Let D’ be a free Brownian disk with perimeter ¢ and boundary OD'. One can define a “standard
boundary curve” (I'(t));c[o,¢] that starts from a point uniformly distributed on 0D’ and runs along the boundary 9D’ at
“uniform speed” (see Section 4.1). Then let o and 3 be distinct real numbers in [0,£] and consider the two points a and
b of the boundary defined by a = I'(«) and b =T'(8). Fix r > 0 and write B,. for the ball of radius r centered at a in
D’. Conditionally on the event where the distance between a and b is greater than r, one may consider the connected
component of D'\ B, that contains b, and we denote this component by B?. By definition, the hull of radius r centered
at a, relative to b, is B :=D’ \R‘? . Then, Eﬁ’ (or rather its closure E;) equipped with the appropriate intrinsic distance,
is again a free Brownian disk, now with a random perimeter (Theorem 22). Moreover, conditionally on its boundary
size, this free Brownian disk is independent of the hull B? also equipped with an intrinsic distance (Theorem 23). These
results can be interpreted as a spatial Markov property of the free Brownian disk. Imagine that one starts exploring the free
Brownian disk from the point a of the boundary. At the time where one has discovered the ball B,.(a) and all connected
components of I\ B,.(a) not containing b, what remains to be explored is again a free Brownian disk (with a random
perimeter) which conditionally on its boundary size is independent of what has already been discovered. This is also
reminiscent of the peeling explorations of random planar maps, which have found a number of striking applications (see
in particular [3, 10, 11]).

The preceding results take an even nicer form in the model called the Brownian half-plane [4, 9, 12], which will
be studied in the companion paper [23]. The Brownian half-plane $) is a random non-compact metric space, which is
homeomorphic to the usual half-plane R x R, so that it makes sense to define its boundary 0f). The Brownian half-
plane comes with a distinguished point x on its boundary. For every r > 0, the hull of radius r centered at x is defined as
the complement of the unbounded connected component of £\ B,.($)), where B,.($)) denotes the closed ball of radius r
centered at x. Let B ($)) denote this hull. Then, the closure of $\ By () equipped with the intrinsic metric (and pointed
at a boundary point which can be chosen in a deterministic way from the hull B?(f))) is again a Brownian half-plane,
which furthermore can be shown to be independent of the hull B?($)). This property is again a continuous analog of the
peeling process of infinite half-planar planar maps (see in particular [3]). The proof, whose details will be given in [23],

I'The notation T* /{ D4 = 0} refers to the quotient space of T* for the equivalence relation defined by setting a ~, b if and only if D (a,b) = 0.
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is based on a passage to the limit from Theorems 22 and 23. Similarly, a passage to the limit from Theorem 16 yields a
simple new representation of the Brownian half-plane.

Let us discuss the relation between our main results and previous work. The paper [18] shows that connected com-
ponents of the complement of a ball centered at a distinguished point in the Brownian sphere are independent Brownian
disks conditionally on their volumes and boundary sizes (see also [20, Theorem 9] for a closely related result). The results
of [18, 20] can be used to verify the equivalence of the definitions of Brownian disks given in Bettinelli and Miermont
[6, 7] and in Miller and Sheffield [24] (we note that [24] was motivated by strong connections with Liouville quantum
gravity, where Brownian disks correspond to the so-called quantum disks, see in particular [25]). The proofs of [18] rely
on the excursion theory of [1] and on a representation of Brownian disks in terms of labeled trees, where labels correspond
to distances from the boundary. Here we are interested in the complement of the ball (more precisely, the hull) centered
at a boundary point of the Brownian disk, and the proof of Theorem 22 below depends on a very different representation
of the Brownian disk, which is provided by Theorem 16. Much of what follows is in fact devoted to the proof of the latter
result, which is rather involved and requires a number of new ingredients. We view both [18] and the present work as
steps towards a general form of the spatial Markov property in Brownian geometry.

Let us finally comment on the proofs of our results. The proof of Theorem 16 relies on discrete approximations. The
underlying idea is to start from a free pointed Brownian disk DD, and to consider hulls centered at the distinguished point
X, (which is now a point of the interior of D and not of D as above) relative to the boundary dD. More precisely,
we consider the hull H with a radius rg which is the distance between x, and the boundary 0D, and we write U for the
complement of H in ID. In other words, U is the connected component of the complement of the ball of radius ry centered
at x,, that contains all the boundary 0D but the single point x realizing the distance between x, and JID. The Bettinelli-
Miermont construction of D (Section 4.1) allows one to get a representation of U in terms of a Brownian excursion e and

a collection (7, );cr of labeled trees having exactly the distribution described above. On the other hand, one proves that
the completion of U for the appropriate intrinsic metric is also a free Brownian disk whose boundary can be viewed as
the union of 0D and 0 H, provided that the unique point xg of 9D N JH is split into two points. This identification of the
law of (the completion of) U is the difficult part of the proof of Theorem 16 in Section 5, and, for this, we first obtain an
analogous discrete result: we observe that, for a Boltzmann distributed pointed triangulation with a simple boundary, the
analog of the set U, which is conveniently defined via a particular version of the peeling process, is again a Boltzmann
distributed triangulation with a random boundary size, and we use properties of the peeling process to investigate the
asymptotics of this boundary size. This part of the argument relies on a study of the peeling process for a Boltzmann
distributed pointed triangulation with a boundary (Section 3), which is of independent interest.

In order to derive the spatial Markov property of Theorems 22 and 23, we rely on Theorem 16 and we also use the
representation of the Brownian disk in [19]. In this representation, the Brownian excursion (e;)o<;<¢ is replaced by a
five-dimensional Bessel excursion (b;)o<¢<¢, and the Poisson collection (7, )icr of labeled trees is conditioned to have
only positive labels. Furthermore labels now correspond to distances from a (uniformly distributed) point of the boundary.
Thanks to this last property, the complement of the hull of radius r centered at the distinguished point of the boundary
(and relative to another fixed point) can be coded by the “subexcursion” b(") of b above level r that straddles a given
time of [0,£], and by the labeled subtrees 7, for indices 7 such that ¢; belongs to the time interval associated with b("),
provided these subtrees are pruned at levels where labels first hit . Under an appropriate conditioning, the pair consisting
of b(:) and the collection of pruned labeled trees (where labels are shifted by —r) has the same distribution as the pair
(e,(Te,)icr) considered above, provided ¢ is replaced by the quantity £’ which is the duration of b("). This allows one to
apply Theorem 16 in order to obtain that the hull complement is again a Brownian disk.

The paper is organized as follows. Section 2 gives several preliminaries. In particular, we recall the formalism of curve-
decorated measure metric spaces, and the associated Gromov-Hausdorff-Prokhorov-uniform distance d¢ g pyy, which has
been introduced in [12] and also used in [2]. Moreover, we recall basic facts about snake trajectories and the Brownian
snake excursion measure, which provide a convenient setting to deal with our labeled trees. In Section 3, we discuss the
peeling process of triangulations with a boundary, whose scaling limit is known to be the Brownian disk [2]. In Section 4,
we introduce the space U, and we explain how this space can be identified with (the completion of) the complement of
a hull centered at the distinguished point in the free pointed Brownian disk. Section 5, which is the most technical part
of the paper, is devoted to the proof of Theorem 16 identifying U as a Brownian disk. The general idea is to pass to the
limit from the analogous discrete result for triangulations, but unfortunately this passage to the limit requires a number of
technicalities. Finally, Section 6 presents the proof of Theorems 22 and 23.
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2. Preliminaries
2.1. Convergence of metric spaces

In this work, we will consider different notions of convergence of a sequence of compact metric spaces, which we briefly
present in this section. A bipointed compact metric space (F,d,x,z’) is just a compact metric space (F,d) given with
an ordered pair (z,2') € E x E of distinguished points. We write M@ *® for the set of all isometry classes of bipointed
compact metric spaces (two pointed compact metric spaces (E,dy,x1,x)) and (Fs, da, 22, x%) are isometry equivalent if
there is an isometry ® from F; onto Es such that ®(x1) = x5 and ®(x}) = x5). We can equip M“H** with the bipointed
Gromov-Hausdorff distance dg ee, Which is defined by setting

dgtes ((Er,dy,1,2)), (By, do, w2, 7)) 1= inf{dg(<1>1(E1),¢>2(E2)) V d(® (1), P (2)) Vd(q>1(x;),¢>2(x;))},

where the infimum is over all isometric embeddings ®; : £y — E and @, : E5 — E of E; and E5 into the same com-
pact metric space (£, d), and dﬁ is the usual Hausdorff distance between compact subsets of E. Then, (MGH ** dcHes)
is a Polish space. See in particular [8] (proofs in [8] are given in the non-pointed case, but are immediately adapted). We
can also define dgpee in terms of correspondences. Recall that a correspondence between E; and Es is a subset C of
E; x E5 such that the restrictions to C of both canonical projections Fy x F5 — F4 and Ey X E5 — FE5 are surjective.
The distortion of C is then defined by

dis(C) :=sup{|di (y1, 21) — d2(y2, 22)| : (y1,92) €C,(21,22) €C},

and the dg7ee distance can be expressed as

1. )
dgres((F1,dy, @1, ), (E2,da, 2, x5)) = B inf{dis(C)}.
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where the infimum is over all correspondences between E; and F5 such that (x1,25) € C and (27, z5) € C.

We will consider metric spaces equipped with additional structures. If (E,d) is a compact metric space, we let
Co(R, E) be the space of all continuous functions v : R — E' such that, for every € > 0, there exists 7' > 0 such
that d(~(t),v(T)) < € and d(y(—t),v(—T)) < € for every t > T. By convention, if 7 : [a,b] — E is only (continuous
and) defined on an interval [a, b], we view it as an element of Cp(R, F) by extending it so that it is constant on (—o0, a]
and on [b,00). A curve-decorated and pointed (compact) measure metric space is then a compact metric space (F,d)
equipped with a finite Borel measure u (sometimes called the volume measure), with a curve v € Cy(R, E), and with
a distinguished point . We write M@ PU* for the set of all isometry classes of curve-decorated and pointed compact
measure metric spaces (here (E,d, u,v,z) and (E',d’',i/,~',2") are isometry equivalent if there exists an isometry ®
from E onto E’ such that @, = ', v/ = ® 0y, and ®(x) = 2). One can equip M“H PU® with the so-called Gromov-
Hausdorff-Prokhorov-uniform distance dg 7 prre, Which is defined by

darpue(E1,d1, p1,71,21), (Ea,da, 2,72, 22))

:=inf {dﬁ(‘bl(El% Dy (B)) V dF ((P1)wpin, (P2)upia) V Sup d(®1071(t), P2 072(t)) V d(P1(21), ¢2($2))}7

where the infimum is over all isometric embeddings ¢, : £y — E and &5 : F» — F of F; and FE» into the same
compact metric space (E,d), and dg denotes the Prokhorov metric on the space of all finite measures on E. By a

straightforward adaptation of the arguments of [12, Section 2.2], one verifies that dg g pi7e is @ complete separable metric
on MGHPUe

Following [12], we will also use the space M“H U of all isometry classes of (non-pointed) curve-decorated compact

measure metric spaces, which is equipped with distance dgy py defined exactly as dg g pue in the last display by just
omitting the last term d(®; (z1), @2(z2)). Then (ME“H PV dgy prr) is again a Polish space [12].

Proposition 1. Let (E,,dy, tin;Vn,Tn), for n €N, and (Eoy,doo, lhoos Yoo, Too) be elements of MEHPU®  Suppose
that (B, dp, thy, Yns Tn) converges t0 (Eog, doo, Hoos Yoo, Too) in (MEHPU® dappus), as n — co. Then, we can find
a compact metric space (E,d) and isometric embeddings ®,, : E, — F and ®, : Eoo — E such that ®,,(E,) —
D (Ewo) for the Hausdorff metric, (Pp)spin — (Poo)slioo for the Prokhorov metric, ®,, 0 v, (t) — Poo © Yoo (t)
uniformly in t, and ®,,(x,) — P (o), as n — 0.

This is the exact analog of [12, Proposition 1.5], which deals with M&# U instead of M&HPU®_ The proof is the same
as in [12]. In what follows, we will be interested in random metric spaces in M“#PU* and particularly in the special
case where the distinguished point is chosen “uniformly”” according to the volume measure. The following lemma will be
useful.

Lemma 2. Let (X", D", Y™ T™), for n € N U {co}, be random variables with values in MEHPU Assume that
(X™, D", Y™ T'™) converges to (X°°, D> T T'°°) in distribution when n — cc. Also assume that 0 < E[T™(X™)] <
oo for every n € NU{oo}, and that

(1 E[Y™(X™)] — E[T>(X™)].

n—o0

For every n € NU {oc}, define a probability measure ©,, on MGHPU®

function F' on MGHFPUe

by setting, for every bounded continuous real

1
Fde,=———-E| | T"(dz) F(X", D", Y™, T", .
/ ol T F )]
Then ©,, converges weakly to © , as n — oo.

Proof. By the Skorokhod representation theorem, we may assume that (X™, D™ Y™ T'") converges almost surely to
(X°°, D>, T T°). We then observe that, if F' is bounded and continuous on M&HFU®  the mapping

(Bdup) = [ ude) PUE . 7.2)
is continuous on M@ PU (we leave the proof to the reader). It follows that we have a.s.
/T"(dx)F((X",D”, I, z)) ? T(dz) F (X, D>, T T z)).

Using dominated convergence and our assumption (1), we obtain that [ F'd®,, — [ F dO. O



2.2. Snake trajectories

To construct the models of random geometry that we consider, we will use the formalism of snake trajectories. A (one-
dimensional) finite path w is a continuous mapping w : [0, (] — R, where the number ¢ = ((,,) > 0 is called the lifetime
of w. We let 20 denote the space of all finite paths, which is a Polish space when equipped with the distance

dan (W, w') := |w) = Gewn) | + sup (W(t A Cw)) = W' (A Cwn))-

The endpoint or tip of the path w is denoted by W = w(((v)). For z € R, we set W, := {w € W : w(0) = z}. The trivial
element of 2, with zero lifetime is identified with the point x of R.

Definition. Let x € R. A snake trajectory with initial point z is a continuous mapping s — w, from R into 20, that
satisfies the following two properties:

(i) We have wy = = and the number o(w) := sup{s > 0 : ws # z}, called the duration of the snake trajectory w, is
finite (by convention o (w) = 0 if ws = x for every s > 0).
(ii) (Snake property) For every 0 < s < s’, we have w;(t) = wy (t) for every t € [0, £n1<n Clwn)-

We write S, for the set of all snake trajectories with initial point z and S = | J . S. for the set of all snake trajectories.
If w € S, we often write W (w) := w, and (s(w) := ((4,,) for every s > 0. The set S is a Polish space for the distance

ds (w,w') = |o(w) = ()] + 5P day(Ws(w), Wa ().

We stress that a snake trajectory w is completely determined by the knowledge of the lifetime function s — (s(w) and of
the tip function s s W, (w): See [1, Proposition 8].

Let w € S be a snake trajectory and o = o(w). The lifetime function s — (s(w) codes a compact R-tree, which will be
denoted by 7,y and called the genealogical tree of the snake trajectory. This R-tree is the quotient space 7, := [0, 0]/~
of the interval [0, o] for the equivalence relation

s~ s ifandonly if (s(w)=C(y(w)=  mi ¢r(w),

n
sAs'<r<svs’

and 7, is equipped with the distance induced by

d(w) (S, 8/) = Cs (w) + CS/(W) -2 s/\s’rgnggs\/s’ CT(W).
(notice that d)(s,s’) = 0 if and only if s ~ s'). We write p(. : [0,0] — 7., for the canonical projection, and the
mapping [0,0] 3t + p(.,)(t) can be viewed as a cyclic exploration of 7). By convention, 7(,, is rooted at the point
P(w) = P(w)(0), and the volume measure on 7, is defined as the pushforward of Lebesgue measure on [0, o] under p(,).
If u,v € T(,). [[u, v]] denotes the geodesic segment between w and v in 7. The segment [[p(, u]] is called the ancestral
line of u.

By property (ii) in the definition of a snake trajectory, the condition p . (s) = p(.(s’) implies that W (w) = Wy (w).
So the mapping s +— W (w) can be viewed as defined on the quotient space 7(,,. For u € 7(,,), we set £, (w) := W, (w)
whenever s € [0, 0] is such that u = p(,,(s) (by the previous observation, this does not depend on the choice of s). We
interpret £, (w) as a “label” assigned to the “vertex” u of 7. Notice that the mapping u — £, (w) is continuous on 7,
and that, for every s > 0, the path W (w) records the labels £, (w) along the ancestral line [[p(.,),P(w)(s)]]. We will use
the notation W, (w) := min{/, (w) : u € T }.

We now introduce an important operation on snake trajectories in S. Let z,y € R with y < x. For every w € 20, set

7y(w) :=1inf{t € [0, ()] : W(t) =y}

with the usual convention inf @ = oo (this convention will be in force throughout this work unless otherwise indicated).
Then, if w € S,., we set, for every s > 0,

t
Ns(w) := inf {t >0: / dr (¢ oy <ry(wr)} > s}.
0
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Note that the condition () < 7,(w,) holds if and only if 7, (w,) = 0o or 7, (w;) = ((,)- Then, setting w} = w,)_(, for
every s > 0 defines an element w’ of S, which will be denoted by try (w) and called the truncation of w at y (see [1,
Proposition 10]). The effect of the time change 7s(w) is to “eliminate” those paths w; that hit y and then survive for a
positive amount of time. The genealogical tree 7(i,, («)) is canonically and isometrically identified to the closed set

{v e T : lu(w) >y for every u € [[p(.), v]\{v}},

and this identification preserves labels. In what follows, we will therefore view 7(i;, (.,)) as a subset of 7). Informally,
T(tr, (w)) 18 obtained from 7., by pruning branches at the level where labels first take the value y.

We can then also define the excursions of w away from a given level. Consider w € S, and y < x. Let (¢, 55), j € J,
be the connected components of the open set

{s€[0,0]: 7y(ws) <)}

and notice that we have w,; = wg,, for every j € J, by the snake property. For every j € J, we define a snake trajectory
wl € S, by setting

Wl (8) = (e )78, (Cway) T1) 5 Tor 0 <t <€) = Qi 1pnpy) ~ Gl A 5 > 0,

We say that w?, j € J, are the excursions of w away from 3. We note that, for every j € J, the tree T(wi) is canonically
identified to a subtree of 7(,,) consisting of descendants of p(.,) () = p) (55)-

2.3. The Brownian snake excursion measure on snake trajectories

Let x € R. The Brownian snake excursion measure N, is the o-finite measure on S, that satisfies the following two
properties: Under N,

(i) the distribution of the lifetime function ((s)s>0 is the Itd measure of positive excursions of linear Brownian motion,
normalized so that, for every € > 0,

1
1 (sp. > ) = o
$>0 2e

(i) conditionally on ((s)s>0. the tip function (W;)s>¢ is a Gaussian process with mean « and covariance function

K(s,s'):=  min .

( ’ ) sAs'<r<svs’ CT

Informally, the lifetime process (¢s)s>0 evolves under N, like a Brownian excursion, and conditionally on (¢,)s>0, each
path W is a linear Brownian path started from x with lifetime (5, which is “erased” from its tip when (, decreases and is
“extended” when (, increases. The measure N, can be interpreted as the excursion measure away from x for the Markov
process in 20, called the Brownian snake. We refer to [15] for a detailed study of the Brownian snake. For every y < z,
we have

3
2(x —y)*’

where we recall the notation W, (w) for the minimal label on ’7'(w). See e.g. [15, Section VI.1] for a proof.

@) Ny (W, <y) =

Exit measures. Let z,y € R, with y < z. Under the measure N, one can make sense of a quantity that measures “how
many” paths Wy hit . One shows [18, Proposition 34] that the limit

1 t
Y im — —

(3) Lt E lslﬁ)l ) /0 d$1{7-y(WS):oo,W5<y+s}

exists uniformly in ¢ > 0, N, a.e., and defines a continuous nondecreasing function, which is obviously constant on

[0,00). The process (LY);>0 is called the exit local time from (y,c0), and the exit measure Z, is defined by 2, :=

LY = LY. Then, N, a.e., the topological support of the measure dL7 is exactly the set {s € [0,0] : 7,(Ws) = (s}, and,

in particular, Z, > 0 if and only if one of the paths W, hits . The definition of Z, is a special case of the theory of
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exit measures (see [15, Chapter V] for this general theory). We will use the formula for the Laplace transform of Z,: For
A>0,

) N, (1-exp(-22,)) = (e~ ) V2B +2772)

See formula (6) in [11] for a brief justification.
It is useful to observe that Z,, can be defined in terms of the truncated snake tr, (w). To this end, recall the time change

(ns(w))s>0 used to define try(w) at the end of Section 2.2, and set E’ = L}, for every ¢t > 0. Then Zgo =LY =2,
whereas formula (3) implies that

~ 1 [t
Yy _ 15 _ —
) Ly =1im = /0 A5 L, o, (w)) <o)

15

uniformly for ¢ > 0, N, a.e.

The special Markov property. We use the notation introduced in Section 2.2. More precisely, we write w?, j € J, for the
excursions of w below y and (¢, f;), j € J, for the associated time intervals. The special Markov property states that,
conditionally on the truncation tr,(w), the point measure:

(6) D 0wy

jed
is Poisson with intensity 1(o z,|(t) dt Ny (dw). We refer to the Appendix of [17] for a proof. By combining the special

Markov property with the fact that the “law” of W, under N, has no atoms, one easily gets that, for every fixed z €
(=00, ), the value z is N, a.e. not a local minimum of the function s — Wj.

2.4. A technical lemma

In this section, we establish a lemma that will be useful in forthcoming proofs. This lemma is a direct consequence of

arguments used in the proof of [18, Proposition 31], which was the key result needed for the extension of the distance
to the boundary in the construction of the Brownian disk presented in [18]. We use the notation N Lo] =N,.(- | W, <0)
for every r > 0. Under NL (dw), we write W = tro(w) to simplify notation. Recall that £, (W) = W,(w) if a = p(g)(s),

and note that £,(w) > 0 for every a € T(g), N (dw) a.s. The “boundary” of the tree 7z is then defined as the set
0T (&) = {a € Ti) : La(@) = 0}. We set, for every s,t € [0,0(w)],

Ay (s.t) == Wo(@) + We(@) —2  min  W,(@)

sAt<r<sVt

if the minimum in the last display is positive, and A‘(’@) (s,t) := oo otherwise. We then set, for every a,b € T(5)\0T (),

Az (a,b) :==min{A{ (s, 1) : 5,1 € [0,0(w)], p@)(s) = a,p)(t) = b},

and
P
A @) (a,b) = inf { 3 AL (@it ai)}
i=1
where the infimum is over all choices of the integer p > 1 and of ag = a, a4, ...,ap_1,a, = bin T()\07(s). It is not hard

to verify that the mapping (a,b) — As)(a,b) takes finite values and is continuous on (7(z)\07(s)) X (T(2)\97(&))- See
the comments following Proposition 30 in [18].

Lemma 3. NI a5, the mapping (a,b) — Ag)(a,b) has a unique continuous extension to T(zy X T(z). Moreover, there
exists a finite constant C, which does not depend on r, such that

[0] ~ —
N» (a,l?g%@) A (a, b)) Cr.
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Proof. By scaling, it is enough to consider the case = 1. Let us start by proving the first assertion. Since A4 satisfies
the triangle inequality, it is enough to verify that, for any a € 074, if (an )nen is a sequence in T()\07 () that converges
to a, we have A () (an, @m) — 0 as n,m — oo. To get this, write m,. for the minimal label along the ancestral line of ¢
in 7). for every c € (), and, for every 6 > 0, let C;?, j€{1,...,Ns}, be those connected components of the open set
{c € T(%)\0T () : mc < 6} whose closure intersects the “boundary” 07 ). By formula (53) in [18], we have

sup ( sup A(@)(b,b’)> —0
1<j<Ns “bb'eCs 60

(note that formula (53) in [18] deals with a function A(x,y) which is defined in a slightly different way than A ) (z,y),
but the arguments apply as well to A ) (z,¥)). For every fixed § > 0, there is a unique index j such that a belongs to the
closure of C?, and, for n large enough, a,, must belong to C;?. The desired convergence of A () (ay, @y,) to 0 then follows
from the last display.

Let us turn to the second assertion. To simplify notation, we write £, instead of £,(w) and p instead of p(g). Our goal
is to verify that

Ny ( sup A (p, a)) < o0,
a€T(a)

which will immediately give the second assertion (for r = 1) since A g satisfies the triangle inequality. We need to recall
some ingredients of the proof of Proposition 31 in [18]. We first introduce the reduced tree of 74, which consists of
all points a of 7(z)\07 () that have at least one descendant with label 0 (a belongs to the reduced tree if there exists
b € Tz such that £, =0 and a € [[p,b])). Let TV stand for this subtree. Then the tree 7" is a binary R-tree, which
can be constructed by induction as follows. One starts from a line segment connecting the root p to a first branching
point ag. To this branching point are attached two other line segments connecting ag to branching points a1 and as,
listed in the order prescribed by the exploration ¢ > p(s)(t) of T(5). To a; (respectively to as) are then attached two line
segments connecting a; (resp. az) to branching points a(; 1) and a; 2) (resp. a(2,1) and a2 2)) and so on. The reason for
introducing this reduced tree is the bound

7 sup Agy(p,a) <2 sup ( Za(il,...,in)> +4 sup £,
=0

acT(a) (i1,i2,.. ) €{1,2}N \ ;= a€T(@)

which easily follows from the fact that Az (ai,...i, 1), Ay, in)) < fa(ilv_'_ﬂ., 0 —i—ﬁam ..., (see the end of the proof

of [18, Proposition 31] for more details). The second term in the right-hand side of (7) has finite expectation under N[lo]
because, for every x > 1,

2
N[10]< sup 4, >x) < *N1( sup Lo > x) <(@-17%
a€T(a) 3 a€7 (@)

using (2). So it remains to verify that the first term in the right-hand side of (7) also has finite expectation under N [10]. To

this end, we rely on the formula
0] s/2) _ (24"
Nl <(£a(i1 ,,,,, 'i,,L)) / ) - (E) )
which is obtained in the proof of [18, Proposition 31] as a consequence of the recursive structure of the tree 7. We fix
a € (0,1) such that 2>/ < 49/24. Then, for every = > 1,

N[lo] ( sup (i ga(il ,,,,, in)> > l’) < iN[lo] (( sup l G i”)) > (1 _ OL)O("I>

a
(41,92,...)€{1,2}N (31,02,..,0n)€{1,2}"

n=0 n=0

N 0}

<y oon sup Ny (f Ly > (1= oz)oz”a:)
nz:% (i1,i2,0yin ) E€{1,2} 0 in)
> 24\ n+1

< 2M s ((1 — n,.\—5/2 % (7)

<32 (a7 (3

=ca 52

with some constant ¢ < co. This completes the proof. O
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3. Peeling of a triangulation with a boundary

Our goal in this section is to discuss certain properties of Boltzmann distributed pointed triangulations with a simple
boundary. More precisely, we are interested in the discrete hull whose radius is the distance from the distinguished vertex
to the boundary. Thanks to the results of [2], this study will allow us to derive similar properties for the free pointed
Brownian disk. In our investigation of Boltzmann distributed triangulations, it will be convenient to use the peeling
algorithm.

3.1. Peeling probabilities

For integers L > 1 and k > 0, we let T'(L, k) be the set of all rooted planar triangulations of type I (i.e. loops and
multiple edges are allowed) with a simple boundary of length L and k inner vertices. By convention, triangulations with
a simple boundary are rooted on the boundary in such a way that the external face (of degree L) lies to the left of the root
edge (see e.g. the introduction of [2] for a more detailed presentation of triangulations with a boundary). Then (see e.g.
Theorem 1.1 in [5]), T'(1,0) = @ and, for (L, k) # (1,0),

4, (2L+3k—5)! 2L _
Tl L :4k 1(—L ~ (l) L 12 k 5/2
®) #T° (L, k) E'2L+k—1)! (L)k—»ooc (L) \/§) K ’
where

3L=2 /2L 1
9 CO(L) = L( ) ~ VL12%.
©) (L) 421\ L ) L—oc 36m/2

(When L =2 and k = 0, formula (8) is valid with the convention (—1)!! = 1, provided we consider the “trivial triangula-
tion” as in [11].) Assuming that L > 2, we have

= - _ 6E(2L—5)!!
(10) Z(L) := k;(uﬁ) #T (L,k)_i&/gﬂ .

(see e.g. [3, Section 2.2]). We set T (L) :=J; », T*(L, k). A random triangulation 7 in T*(L) is said to be Boltzmann

distributed if P(7 = 0) = Z(L)~(12v/3)7*, for every k > 0 and 6 € T'(L, k). We will also consider rooted and pointed
triangulations with a boundary, which in addition to the root edge have a distinguished vertex, which can be any inner
vertex of the triangulation. We can then define Boltzmann distributed rooted and pointed planar triangulations in exactly
the same way as we did in the non-pointed case (using the fact that Y-, k (12v/3) *# T (L, k) < oo, by (8)).

For integers L > 1, p > 1, and k > 0, let T?(L, p, k) be the set of all planar triangulations with two simple boundaries
of respective lengths L and p, and k inner vertices, that are rooted on both boundaries (with the same convention for the
orientation of the root edges). Notice that we distinguish the first and the second boundary, and that the size of the first
one is L. We refer to the introduction of [5] for a precise definition of triangulations with several boundaries, and note in
particular that the boundaries are assumed to be vertex disjoint. According to [14] (see also [5]),

) 4% (2(L+p)+3k—2)I! (2L 2
(4 #renn =St () ()

Set

Z'(L,p) = i(u\/é)*k #T2(L,p, k).

k=0
Using calculations in Krikun [14], one checks that

/ _1 3L+p 2L 2p - 647T (1) (1)
(12) 2L =55 )el, )= ,¢ < Cre)

In the appendix below, we explain how formula (12) can be deduced from [14].

From now on, we always assume that L > 2. Let T?(L,p) stand for the union of all T?(L,p,k) for k > 0. Con-
sider a random triangulation 7 of T?(L, p) distributed according to Boltzmann weights. This means that, if 6 is a given
triangulation of T?(L, p, k) for some k > 0,

P(r=0)=Z'(L,p)~ " (12v/3) .
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Consider a given edge of the second boundary of 7. This edge, which will be called the revealed edge, is chosen in a
deterministic manner given the root of the second boundary. Let A be the triangle incident to this edge, which is called
the revealed triangle. Several configurations may occur (see Fig. 1 for an illustration).

1. The third vertex of A does not lie on any of the two boundaries. Then, if we “remove” A from 7, we get a
triangulation of T2(L,p + 1,k) for some k > 0 — the root edge on the second boundary can be chosen again in a
deterministic manner from the position of the second root edge in 7. We observe that configuration 1 occurs if and only
if 7 is obtained by filling the space between the first boundary and the (new) second boundary by a triangulation of
T2(L,p+ 1, k) for some k > 0. For any fixed choice of the latter triangulation, the probability of the corresponding event
is

Z'(L,p)~t (12¢/3)F1

Finally, the probability of configuration 1 is

1 Z'(L,p+1)
12v3 Z'(L,p)

Y 12V TR HT (Lp 4+ 1,k) =
k=0

and this quantity is also equal to

1 L+p CWO(p+1)

13
(13) 12v/3 L+p+1 CO(p)

2. The third vertex of A belongs to the second boundary, and the revealed triangle disconnects the first boundary from
m edges of the second boundary, where m € {0,1,...,p — 1}, and these edges may lie either to the right or to the left of
the revealed edge. Consider the case where these edges lie to the right of the revealed edge (the other case is symmetric).

The complement of the revealed triangle in the initial triangulation has two connected components (when m = 1,
one of them may be the trivial triangulation). The one incident to the first boundary must be filled by a triangulation of
T2(L,p — m, k) for some k > 0, and the other one is filled by a triangulation of T*(m + 1, 5) for some j >0 (j > 1 if
m = 0). If these two triangulations are fixed, the probability of the resulting event is

Z'(L.p)~" (12v3)™"

Hence, the probability of the configuration is

2™ Y 12V T L= m R #T o+ 1) = 2+ 1) L L)
k,j=0 7

The last quantity is also equal to

L+p CW(p—m)

(14) Top—m 2m+ D) —gig

3. The third vertex of the revealed triangle A belongs to the first boundary. To evaluate the probability of this event, we
first notice that there are L possible choices for the third vertex. Then, given the revealed triangle, the initial triangulation
7 is determined from a triangulation of T*(L + p + 1, k) for some k > 0, and if this triangulation is given, the probability
is

Z'(L,p)~t (12V3)7*

The probability of configuration 3 is thus

- Z(L+p+1)
LxZ'(L E (12 THL 1.k) =L ———M—~=
g p k=0 f # ( e ) Z/(va)
When L is large, we have
\/g L
Z(L 1) ~ 2 1254 ([ 4 p)=5/2
(L+p+1) 8/ (L+p) )
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uniformly in p (cf. Section 6.1 in [11]), whereas

Z'(L,p) S 4 Lp<2p>
’ oL+p) Vrl\p)

It follows that the probability of configuration 3 behaves, when L and p are large, like

FIG 1. Illustration from left to right of configurations 1,2 and 3.

3.2. The peeling process

In this section, the integer L > 2 is fixed, and we also fix an integer pg > 1. As previously, we consider a Boltzmann
triangulation 7% in T?(L, py). We define a peeling algorithm giving rise to a sequence (7,%)o<n<¢, of triangulations
with two boundaries, where (;, > 1 is a random integer. Precisely, we take 7& = 7L, and then we proceed inductively as
follows.

At step n, assuming that n < (7, we choose an edge of the second boundary of 7~ and reveal the triangle incident to
this edge in the way explained in the previous section. If configuration 1 occurs, we let 7.2 1 be obtained by remov-
ing the revealed triangle in 7L If configuration 2 occurs, 7.F .1 is obtained by removing both the revealed triangle
and those triangles that are disconnected by the revealed triangle from the first boundary. Finally, if configuration
3 occurs, we take (, :=n+ 1.

The preceding description is a little informal since we need to specify how the revealed edge is chosen at each step. To
this end, define, for every n < (z, the planar map .~ obtained by considering the second boundary of 7% and all triangles
of 71 that do not appear in 7.7. We view 7L as a rooted planar map whose root edge is the root of the second boundary
of 71 and call 7L the revealed region at step n. The revealed region 7 is given with a “boundary” that consists of all its
edges that are incident to 7,7, We also define the revealed region at step (7, by adding to %CLL _, the revealed triangle at step
(1, (which necessarily has a vertex on the first boundary of 7%), and defining the boundary in the obvious manner. Then,
at each step n < (r,, the choice of the revealed edge is made on the boundary of 7 as a deterministic function of 7.
Furthermore, ’7'7{:’ is viewed as a triangulation with two boundaries, and the first root edge is the same as in 7L whereas
the second root edge is chosen on the boundary of 7L as a deterministic function of 7L

For n < (r,, write PL for the size of the second boundary of 71 and set P = 1 for n > ¢z, where { serves as a
cemetery point. The discussion of the previous section shows that, conditionally on the event {n < (1, P =k}, L is
distributed as a Boltzmann triangulation of T?(L, k). Furthermore, (PL),,>¢ is a Markov chain with values in NU {1}

n
with transition probabilities

1 Z'(L,p+1
P(PL,y =p+1|PF=p)= (Lpt1)

= =: ,p+1
23 Z'(L.p) qr(p,p+1)
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and, for every m € {0,1,...,p— 1},

Z'(L,p—m)

L L .
P(P7L+1:p_m|Pn :p): Z’(L,p) Z(m+1) :-qL(p7p_m)7

and finally

PPy =1 Py =p)=1-qr(p,p+1) - Zqup m) =:q1(p,1)-

Now recall (13) and (14), and use the notation ¢ (p, j) for the transition probabilities of the peeling process of the UIPT
of type I, which is discussed in [11, Section 6.1]. According to [11], the nonzero values of ¢ (p,j) are determined as
follows. For every integer p > 1, we have

1 CW(p+1)
12v/3 CW(p) ~

Ioo(p,p+1)=

and, for every m € {0,1,...,p— 1},

CW(p—m)
Goo(p,p —m) =2Z(m+1) o)
Comparing the last two displays with (13) and (14), we see that we have
. L+p .
P+J) =770 (P,p+
qr(p,p +3) Tipij° (p.p+7)
for every j € {1,0,—1,— —p + 1}. In other words, (PL),,>¢ is a h-transform of the peeling process of the UIPT,
for the function h = hp, deﬁned by
L
hp(j) = ——
L) =17 5

forj=1,2,...
3.3. Asymptotics for the peeling process

‘We now want to derive asymptotics when L. — oo (the integer py remains fixed). We set 2, = PCLL 1 +1(thus L+ Zy, is
interpreted as the boundary size of the triangulation that needs to be “pasted” to the revealed region at time (j, to recover
71). We also write (P2°),,>0 for the Markov chain with transition probabilities g. (p, 7) started at pg, which is known to
be transient [11].

Proposition 4. We have

where A has density 3 (1+2)~%/? on R,..

Proof. For every integer j > 1, we get, using the h-transform relation between the Markov chains (PL),>o and
(P )n>0,

P(Z,=j+1)= ZIP’ =j.(e=n+1)
—ZIP’ 7)ac(j,1)
_ %ZP(R‘? =74)he(j)qr (4, 1)
n=0

(15) - ﬁ U(po,5) he(G) az (G 1),
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where we have written U (k, £) for the potential kernel of the Markov chain (PS°

> )n>0- We can explicitly compute U (po, j)
when j > pg. To this end, set for every integer k € {1,0,—1,—2,...},

1
%

2Z(k+1)127% ifk<o.

ifk=1,
g = lim goo(p,p+ k) =
p—00

From [11], (¢x)k<1 defines a probability measure with mean zero on Z. Let (S,, ), >0 denote the (recurrent) random walk
with jump distribution (gx.)r<1, and set T’ = inf{n >0:S,, < 0}. Consider the killed random walk (S ),,>0 defined by
Se =8, ifn < Ty and S = fif n > T According to [11], (P2°),,>0 is the h-transform of the Markov chain (S),,>0,
for the function

he(p) :=1272C"(p)

for every p > 1. For the random walk S started from 0, the expected number of visits of j > 1 before the first return to 0
is equal to 1, and is also equal to 1/ /3 times the expected number of visits of j for the Markov chain S* started from 1.
So, if U* denotes the potential kernel of S*®, we have U*(1,5) = /3 for every j > 1. The h-transform relation between
the Markov chains (P°),>0 and (S),>0 then gives

and since (P2°),> is transient and its positive jumps are of size 1, it is immediate that U(p,j) = U(1, ) whenever
p < j. From (9), we have he(1) = 1/(72v/27) and

1
ho(p) ~ — .
®) % 3605 VP

It follows that, for 5 > pg,
2
Ulpo. i) =72V6mha(j) ~_ ff

Now recall formula (15). From the end of Section 3.1, we know that ¢z, (j, T) behaves like

Vv3r |L
vor Z (L N\—3/2
7\t
when both L and j are large. We thus get

2 L \/3 / .
P(Zp=j7+1) ~ f\/j T il —3/2 = L3/2 (L+35)7%2
L,j—o0

+ J
The result of the proposition follows. O
3.4. Convergence of rescaled triangulations

For every integer L > 1, let 7/ be a Boltzmann distributed rooted triangulation with a simple boundary of size L. We
let dg, stand for the graph distance on the vertex set V(7/). We write 97/ for the set of all boundary vertices and
we denote the set of all inner vertices by V;(7/) := V(T/)\OT/. We also let v/} be the counting measure on V;(7;)
scaled by the factor %L‘Q. We finally consider the “boundary path” ©7 = (07, (k))o<k<r. which is obtained by letting
©’(0) = ©, (L) be the root vertex of 7; and then letting ©% (1), 0%.(2),..., 0" (L — 1) be the points of 97, enumerated

in clockwise order from ©’; (0). We also set (:)’L(t) =0 (| Lt]) for t € [0,1]. According to Theorem 1.1 of [2] we have
(16) V(TL).\/3/2L7 12y, L,@’) (D’ D'V 1)

where the convergence holds in distribution in (M@ "V dggpy), and (D', D', V', T") is a curve-decorated free Brow-
nian disk of perimeter 1 (the precise definition of this limiting space will be given below in Section 4). We note that
E[V’(D')] = 1 (the density of V’(ID’) is the function r +— (277°)~ /2 exp(—1/(2r)), cf. [7, Section 1.5]).
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The convergence (16) seems to be stated incorrectly since the paths @'L are not continuous and thus the random space
(V(TE),\/3/2 L~ ?dg,, v, @'L) does not belong to M@H PV There is however a straightforward way of overcoming
this difficulty, by replacing V' (7} ) with the union of all its edges, each edge being represented by a copy of the interval
[0,1], so that the boundary path can be made continuous and its range will be the union of the boundary edges — see [2]
for more details.

We now want to argue that a result similar to (16) holds for rooted and pointed triangulations. So, for every integer L >
1, let 77, be a Boltzmann distributed rooted and pointed triangulation with a simple boundary of size L. We define V;(T},),
vy, and O, in the same way as V; (7'L’) v} and © were defined above, and we also write viL) for the distinguished vertex
of 7r.. Then, we have

17) (VL) /32 L 2dge,vp, 61,08) 2 (DD, VT x.),
L—oo

where the convergence holds in distribution in (M%7PV® dgppye), and the limit (D, D, V,T',x,) is now a curve-

decorated free pointed Brownian disk of perimeter 1 (see Section 4 below).

Let us explain why (17) follows from (16). To simplify notation, write X', respectively X'*, for the space
(V(T2),/3/2 L ?dgy, 1,01, ot resp. for (V(T7), V3/2L7Y2dy,, v, ©}). Also write (/) 1) for the total mass
of v/} . Then, for every bounded continuous function F' on (MEHPUS dcppue),

E[Scviry) FUXEa)|  E[[vi(d)F(X,2))]

LN\
E[F(XF)] = E#Vi(T)] - E[(vg,1)] ’

where (X', x) obviously denotes the pointed space derived from X/ by distinguishing the point . We then claim that

(18) E[(vy, 1)) 2 1=E[V/(D)].

Assuming that (18) holds, we can apply Lemma 2, which implies that X” converges in distribution (in the space
(MGH PUe dGrpue)) to the random space X°° whose law is characterized by

E[F(X>)] :E{/V’(dx)F((D’,D’,V’,F’,x)) .

The last display exactly means that X*° is a (curve-decorated) free pointed Brownian disk of perimeter 1 — see e.g. the
discussion in [19, Section 6]. It only remains to justify our claim (18). We already know (by (16)) that (v} ,1) converges
in distribution to V’(I)’), and therefore it suffices to verify that E[(v7,1) 1{(,: 1)>4}] tends to 0 as a — +o0, uniformly
in L. This can be checked from the explicit formulas (8),(9),(10) and we omit the details.

4. The limiting space
4.1. The Bettinelli-Miermont construction

In this section, we recall the Bettinelli-Miermont construction of the free Brownian disk [6, 7], which will play an
important role in our proofs. We follow the presentation of Section 6 in [22], which is slightly different from [6, 7].

We fix £ > 0, which will correspond to the boundary size of the Brownian disk. We consider a Brownian excursion
(et)o<t<¢ of duration &, and, conditionally on (e;)o<¢<¢, a Poisson point measure N =", _; d(¢, w,) on [0,£] x S with
intensity

2dtN ., (dw).
We let ¥ be the compact metric space obtained from the disjoint union
(19) [0,6]U (U%n)
icl

by identifying the root p(,,,) of 7, with the point ¢; of [0, &], for every i € I. The metric ds on ¥ is defined as follows.
First, the restriction of dg to each tree 7(,) is the metric d.,. Then, if u,v € [0,£], we take dx(u,v) := |[v — ul. If
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u € [0,&], and v € T, for some i € I, we take dg(u,v) := |u — t;| + d(w,) (P(w,), v). Finally if u € T,y and v € T
with j # i, we let

wj)

ds(u,v) := d(w,) (U, ) + [t = ]+ d(w;) (P(w;) V)

The volume measure on ¥ is the sum of the volume measures on the trees 7, 7 € I.

If ¥:=) ,c.;0(w;) is the total mass of the volume measure, we define a clockwise exploration (£;)o<¢<s of T,
informally by concatenating the mappings p.,) : [0, (w;)] — 7(s,,) in the order prescribed by the t;’s. To give a more
precise definition, set

ﬁs = Z 1{ti§s} U(wi) ) Bs— = Z 1{ti<s} U(wi) ;
i€l iel
for every s € [0,&]. Then, for every ¢ € [0, X], we define & € T as follows. We observe that there is a unique s € [0,¢]
such that 5, <t < 34, and:

e Either there is a (unique) ¢ € I such that s = t;, and we set & := p(,,,)(t — B¢, )-
e Or there is no such i and we set & := s.

Note that &, =0 and £y, = €.

The clockwise exploration allows us to define “intervals” in T. Let us make the convention that, if s, € [0,X] and
s > t, the (real) interval [s, t] is defined by [s, ¢] := [s,X] U [0, 1] (of course, if s < t, [s,1] is the usual interval). Then, for
every u,v € ¥, such that u # v, there is a smallest interval [s, t], with s, ¢ € [0, X], such that & = u and & = v, and we
define

[lu,v]] :=A{& : 7 € [s,1]}.

Observe that in general [|u, v|] # [|v,u|]. We also take [Ju,u|] = {u}. Note that we use the notation [|u,v|] rather than
[u, v] to avoid confusion with intervals of the real line.

We then assign labels ({4 ) to the points of T. If a = s € [0,£], we take £, := /3 e,, and if a € T, for some
i € I, we simply let £, be the label of a in 7. The function a + £, is continuous on ¥. The following simple fact will
be important for us: For every € > 0, formula (2) and the property |, OE dt/(e;)? = oo imply that some of the trees 7,
such that ¢; < e carry negative labels.

For every a,b € ¥, we set

D°(a,b):=4€, + {, — 2max (Cerﬂ(ilr})uﬁc,cerﬂiijri”ﬂc).

Notice that D°(0,&) = 0 (because £y = £¢ = 0 and the “interval” |
T by setting, for every a,b € T,

&,0|] is the pair {0,£}). We define a pseudo-metric on

P

D(a,b) := inf ZDO(ai,l,ai)
ap=a,at,...,ap_1,ap,=>b =1
where the infimum is over all choices of the integer p > 1 and of the points aq,...,a,—1 in €. One can prove [6,

Theorem 13] that D(a,b) = 0 if and only if D°(a,b) = 0 (the “if” part is trivial). We set D := T/{D = 0}, where the
notation T/{D = 0} refers to the quotient space of ¥ for the equivalence relation defined by setting a ~ b if and only if
D(a,b) =0, and this quotient space is equipped with the metric induced by D — similar notation will be used several
times in what follows. It is immediate that D(a,b) > |€, — ¢3|, and therefore D(a,b) = 0 implies that £, = £, so that
we can make sense of labels on D, for which we keep the same notation ¢,. We write II for the canonical projection
from ¥ onto ID. The volume measure V on D is the pushforward of the volume measure on ¥ under II. The metric space
(D, D) is a.s. homeomorphic to the closed unit disk of the plane [6], and, in any such homeomorphism, the unit circle
corresponds to the “boundary” 9D :=II([0,£]) (which is therefore the set of all points of D that have no neighborhood
homeomorphic to the open unit disk).

There is a unique point a,. € T such that ¢,, = min{¢, : a € T} <0 and we set x,. = II(a.). For every z € D, we have
D(xy,x) = £, — lx, . In particular, the distance from x, to 9D is —¢y,, and I1(0) = T1(&) is the unique point of D at
minimal distance from x,..

The free pointed Brownian disk with perimeter £ may then be defined as the random measure metric space (D, D, V)
with the distinguished point x,. but, for our purposes, it will be convenient to view D as a curve-decorated space. We first
observe that the mapping [0, &] 3 ¢ — TI(¢) is a simple loop (recall that TT(0) = I1(£)) whose range is D). More precisely,
the loop [0,&] > t — I1(t) is a standard boundary curve in the following sense. We first recall from [19, Theorem 9] that
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the measures 5’21{ D(x,0D)<e} V (dz) converge weakly (a.s.) to a measure on the boundary 9D, which we denote by pap
and whose total mass is the perimeter £ of D (the measure pgp is known as the uniform measure on the boundary of D).
We then say that f : [0,£] — 0D is a standard boundary curve of D if f is a simple loop whose range is D, and if the
pushforward of Lebesgue measure on [0, &] under f is pgp. The latter property is equivalent to

(20) t= 811_1>r(1J g2 /V(dx)l{D(x7f([07t]))§E}, for every t € [0,£].
It then follows from [19, Theorem 9] that the loop [0, ] > ¢ — I1(¢) is a standard boundary curve, and the same holds for
the time-reversed loop T1(t) := I1(¢ — t). Moreover, for every x € 9D, there are exactly two standard boundary curves
with starting point 2, which are obtained by changing the origin of the loops II(¢) and II(¢).

We observe that the starting point I1(0) of the loop ¢ — II(¢) is not a “typical” point of 9D, since it is the point of O
at minimal distance from x... So we will consider the loop ¢ — TI() “re-rooted at a uniform boundary point”. To this end,
let $( be uniformly distributed over [0, £] and independent of the random quantities involved in the definition of D. We set
I(t)=T(U+¢t) fort € [0, —4],and T'(¢) = TI(Lh+ ¢ — &) for ¢t € (£ — U, &]. Then I is again a standard boundary curve
(now rooted at a uniform boundary point).

The curve-decorated free pointed Brownian disk with perimeter £ that appears (for £ = 1) in formula (17) is the ran-
dom space (D, D, V,I',x,), which is a random variable taking values in MEHPU® The curve-decorated free Brownian
disk with perimeter ¢ (appearing in (16)) is then the random space (D', D', V' T") in M@H#PU whose distribution is
characterized by

@b Bl D, V1)) = [ O]

See the discussion at the beginning of [19, Section 6]. It will sometimes be convenient to “forget” the curve I' and to
keep track only of its initial point: The pointed measure metric space (D, D’, V', T7(0)) is the free Brownian disk of
perimeter & pointed at a uniform boundary point, which is discussed in [19, Section 6] (informally, given the unpointed
space (D', D', V'), the distinguished point I'’(0) is chosen according to the uniform measure on 9D').

Let us finally discuss simple geodesics in D. Let 2 = II(a) be a point of I, and 7 € [0, X] such that a = &,.. For every
t</l,— L, =D(x,x), set

() = inf{s€[r,X]:le, =L, —t} if{s€[rX]:le, =l —t}#03,
Prit) = inf{s €[0,r]:lg, =¥, —t} otherwise.

Then (H(é’%(t))) 0<t< D (xu.) is a geodesic from x to x,, which is called a simple geodesic. It is easy to verify that, if
2 =1I(a) and y = TI(b) are two points of D, there are two simple geodesics starting from z and from y respectively that
coalesce at a point whose label is

max( min ¢., min Ec).

c€lla,b|]]  ce[lb,al]

Consequently, the quantity D°(a,b) is the length of a path from II(a) to II(b) obtained by concatenating two simple
geodesics up to the point where they merge.

4.2. Construction of the limiting space

We will now slightly modify the preceding construction of the Brownian disk to get another random metric space, which
later will be identified to a particular subset of D) equipped with an intrinsic metric. We start from the same Poisson point
measure N = Zie I §(tiawi) as in the previous section, but, for every i € I, we now consider the truncation @; := tro(w;)
of w; at level 0, and we write tro(N) = >, d(+, ). Recall that the genealogical tree 7(s,) is identified to the subtree
obtained from 7(,,,) by pruning the branches when labels first hit 0. We then consider the geodesic space T* which is
obtained from the disjoint union

[0’5] U <U 7—(131))

il
by identifying the root of 7(4,) with the point ¢; of [0, &], for every i € I. Then T* is identified to a closed subset of T, so

that labels ¢, are defined for every a € * and we can equip T* with the restriction of the distance on T. We also define
the volume measure on T* as the sum of the volume measures on the trees T(uiw)’ 1el.



We note that labels ¢, are nonnegative for every a € T*, because we have replaced w; by trg(w;). We define the
boundary of T* by 9%* := {a € ¥* : £, = 0} and note that 0,£ € 9%*.

We can introduce a clockwise exploration process (£F)o<s<x+ of T* in exactly the same way as we did for %, and use
this exploration process to define the “interval” [|a, b|], for every a,b € T* (we have in fact [|a, b|], = [|a,b|]] N T*). We
then set, for every a,b € T¥\9%*,

(22) D3 (a,b) :=4£, + £, — 2max ( min {,, min fc)
c€llabll.  c€llball.

if the maximum in the right-hand side is positive, and DS (a,b) := oo otherwise. Finally, in exactly the same way as we
defined D from D°, we set, for every a,b € T*\0%*,

p

23 D,(a,b):= inf D3 (a;—1,a;
( ) ( ) aoza,al,...,ap,l,ap:biz:; ( ! )
where the infimum is over all choices of the integer p > 1 and of the points ay,...,a,—; in T*\OT*. It is not hard to

verify that D, (a,b) < oo (see Proposition 30 (i) in [18] for a very similar argument). The mapping (a,b) — D,(a,b) is
continuous on (T*\9T*) x (T*\IT*), and we have again D, (a,b) > |¢, — £3|. We also notice that DS (a,b) = D°(a,b)
whenever D¢ (a,b) < oo (if labels are positive on [|a, b|], this implies that [|a, b|]« = [|a, b|]). Consequently, D, (a,b) >
D(a,b) for every a,b € T\0T*.

Proposition 5. Almost surely, the function (a,b) — D, (a,b) has a continuous extension to T x I*, which satisfies the
triangle inequality and the bound D, (a,b) > |, — {p| for every a,b € T*. Furthermore, the property D, (a,b) = 0 holds
if and only if either a and b both belong to T*\0T* and D$(a,b) =0, or a and b both belong to 9%* and we have
{a,b}y ={&;, &}, with0 < s <t <¥*, and Lgx > 0 for every r € (s,1).

Proof. Let us start by proving the first assertion. Since D, satisfies the triangle inequality, it is enough to verify that,
for any a € 9%, if (a,)nen is a sequence in T*\JT* that converges to a, we have D, (ay,,a,,) — 0 as n,m — oco. If
a € 0T*\{0, &}, this is a straightforward consequence of Lemma 3. Indeed, let 7 € I such that a € T(g,). Then, we have
also a,, € 7'(@1.) when n is large. However, when a,, and a,,, both belong to 7@1.), we immediately get from our definitions
that D, (an,am) < A(g,)(@n, ay,) with the notation introduced before Lemma 3. The convergence of D, (ay, ) to 0
now follows as a consequence of the first assertion of Lemma 3.

Let us turn to the case where a = 0 or a = £. For definiteness, take a = 0 (the other case is similar). We can list all
indices ¢ € I such that ¢; € [0,£/2] and W, (w;) <0 in a sequence iy, iz, ... such that /2 > t;, >t;, > ---. We set
hi=+/3 ey, for every j > 1. Then, conditionally on (et)o<t<e and on the sequence (¢;,,t;,,. . .), the snake trajectories

(0]

Wi, Wiy, - - - are independent and the conditional distribution of w;; is N hy " As already mentioned, we have for every
a,be T(a;ij)\aT(wij),
(24) Dy(a,b) < A, (a,b),
For every j > 1, set
H; :=sup {A(@ij)(a, b):a,be T(@ij)\amij ) }

Thanks to Lemma 3 and a scaling argument, we have H; = h; H ]’ where the random variables H ]’ are independent of
(e,ti,,ti,,-..) and have the same distribution with finite expectation. Next observe that
o £/2 €/2 ¢
]E{Zhj’e}:Q/ dt\/getN\/get(W*SO):ii\/g/ — < o0 as.
j=1 0 0

€

and thus

oo
Z h; <oco as.
j=1

It also follows that

o0
ZHj <00 a.s.
j=1
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since

E[iﬂj‘ett] Zh E[H CZh

where the constant C'is as in Lemma 3. For every j > 1, write p; = ti for the root of T(a;i - Fix an integer k > 1, and let
J

a € [|0, px|]« such that £, > 0. Then there is an index j > k such that either a € 'T(@ij) or a € [|pj, pj—1l]«. We observe

that in both cases we have

(25) D.(a,pj) < Hj + La.

Ifa € T(L;,LJ - this is immediate from the bound (24) and the definition of H;.If a € [|p;, pj—1]]+, we choose £ > 0 smaller
than the minimal label in [|p;, p;_1|], and we write a(. for the last vertex (in the clockwise exploration of T*) of Ta,
with label . Then we have D, (a,p;) < Di(a(e),p;) + Dx(a,a()), and on one hand D, (a(.),p;) < Hj, on the other
hand, D, (a,a(.) = £, — € (because labels “between” a.) and a remain greater than ¢).

In the case a = p;_1, (25) gives D, (p;j—1,p;) < Hj + h;_1. Using the triangle inequality, it follows that, for every
a,be HO, pkH* with £, A4y >0,

Z (Hj 4+ hj)+2sup{lc:c€ [0, prll«}-

The right-hand side can be made arbitrarily small by choosing k large. This proves that D, (a,b) tends to 0 when a,b — 0
in T\ O%*. This completes the proof of the first assertion of the proposition.

We note that the continuous extension of (a,b) — Dy(a,b) also satisfies the triangle inequality and the bound
D, (a,b) > |€, — lp].

Let us turn to the second assertion. Trivially the property DS (a,b) = 0 for a,b € T*\0T* implies D, (a,b) = 0. Then
suppose that a,b € 0%*, and a = £}, b= &, with 0 < s <t <X¥*, and fg. > 0 for every r € (s,t). Take u = (s +1)/2
and for every ¢ € (0, l¢» ), define

sci=sup{r € [s,u] : lex =¢}, to:=inf{r € [u,t]: ley =¢}.

Then, D, (€} ,&7 ) = 0 and by letting ¢ — 0 we get D, (a,b) =

Conversely, if D, (a,b) =0, with £, = £, > 0, this implies a fortiori that D(a,b) = 0 and, from results recalled in
Section 4.1, this can only occur if D°(a,b) = 0. In particular labels are greater than or equal to £, on [|a, b|] (or on [|b,a|])
and it readily follows that we have also D¢ (a,b) = 0.

Finally, suppose that D, (a,b) = 0 for distinct points a,b € 9T*. Let us write a = £, b= &}, with 0 < s <t < ¥*,
and exclude the case {s,t} = {0,X*}. Note that [|a,b|], = {€} : s <r < t}. Argue by contradiction and suppose that
£, vanishes for some c € [|a,b|]«\{a,b}. Then there must also exist ¢’ € [|a, b|] such that £, < 0 (because 0 cannot be
a local minimum for the function s — Wg(wl) for any ¢ € I, see the end of Section 2.3). Since it is also clear that the
minimum of labels on [|b, a|] is negative, it follows that D°(a, b) > 0, which in turn implies that D(a, b) > 0, and a fortiori
D, (a,b) > 0 (the bound D, (a,b) > D(a,b) remains valid for any a,b € T* by continuity). This contradicts our initial
assumption D (a,b) =0

The preceding argument does not work for a = 0 and b = £ because D°(0,£) = 0, but we can argue as follows.
Suppose that D, (0,£) = 0. For every integer n > 2/, we choose 7, € (0,1/n) small enough so that D, (0,7,) <1/n

and D, (§ — rp, &) < 1/n. Then Dy (ry,& — r,) < 2/n by the triangle inequality. It follows that we can find a(n) =
rayal™, . al™ el =€ —r,, in TH\OT* such that b Di(a () 4\ < 2/n. Next fix any io € I such that labels

yeeenp 1, Apy j—1>%;

on T, .,) vanish. For n large enough so that r, <t;, < 5 Ty, at least one of the points a( ") , 1< <pn_1,say a( ),
must belong to Twio) (otherwise we would have D?(a gn)l’ Sn)) oo for some j). By extracting a convergent sequence
from the sequence (ag-:)), we get a point a(>) of T(@:,) such that D, (0, a{®>)) = 0. By the cases treated previously, this
is impossible, and this contradiction completes the proof. [

We then consider the quotient space U := T*/{D, = 0}, and the canonical projection II, : ¥ — U. In contrast with
the construction of D, we observe that II, (0) # II,(£). The function (a,b) — D,(a,b) induces a metric on U, which
we still denote by D,, and the metric space (U, D,) is equipped with the pushforward of the volume measure on T*
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under II,. This measure will be denoted by V,. We also write dyU = I1,([0,£]) and 01U = IL,(0%*). We note that
labels £, make sense for « € U (because D, (a,b) = 0 implies ¢, = ¢;). Furthermore, we have D, (z,0,U) = £, for every
2 € U (here and below, we use the notation D, (z, A) :=inf{D,(z,y) : y € A}). Indeed, the bound D, (z,0,U) > £, is
immediate since D, (xz,y) > |{, —£,| for every y € U. Conversely, if =TI, (€)) and s = inf{t > r : £g; = 0}, it is easy
to verify that D, (z,£7) = ¢,.

Our goal is to verify that the random measure metric space (U, D,, V) equipped with an appropriate standard bound-
ary curve is a curve-decorated free Brownian disk with a random perimeter. The boundary of this Brownian disk will be
9oU U 9, U. To this end, we will first identify (U, D, V,) with another space constructed directly from the Brownian
disk D.

4.3. Identification of U

We consider the free pointed Brownian disk ID with perimeter £ constructed in Section 4.1. Recall the notation II for the
canonical projection from ¥ onto D, and x, for the distinguished point of . To simplify notation, we will also write
xo = I1(0) = TI(£) for the unique point of I at minimal distance from x., and 7o = D(x.,Xg) = —{x, . Let Bp(x«,70)
stand for the closed ball of radius ry centered at x,, in ID. The hull H of radius ry centered at x, is the closed subset of D
defined by saying that D\ H is the connected component of D\ Bp(X., o) that contains 0D\ {xo}. We also let U be the
closure of D\ H, and write Int(U) = D\ H for the topological interior of U and U = U\Int(U) = 0H for its topological
boundary. Notice that Int(U) contains 0D\ {xg}. We also observe that D(x.,x) = ro for every € 9H. Since D is a
geodesic space, it follows that, for every « € Int(U), D(z,0H) = D(z,%4) — 1o = {z.

Let do, stand for the intrinsic distance on Int(U). For every z, y € Int(U), doo (,y) is the infimum of lengths of paths
connecting x to y that stay in Int(U) — here lengths are of course evaluated with respect to the metric D on D. The
fact that D is a geodesic space easily implies that do (2, y) < oo for every x,y € Int(U). We let (U’, d) stand for the
completion of the metric space (Int(U), do ). We write Vs for the restriction of the volume measure V to Int(U'), which
may also be viewed as a measure on U since Int(U) is an open subset of U’. Finally, we recall the abuse of notation that
consists in viewing %* as a subset of T.

Proposition 6. The measure metric spaces (U',dw, V) and (U, D,, V) are almost surely equal. More precisely, the
Sollowing property holds a.s.: there is a one-to-one mapping V from Int(U) into U such that ¥ maps 11(a) to 11, (a), for
every a € $*\O%*, and the mapping VU extends to a measure-preserving isometry from (U’,ds, Vi) onto (U, D, V).

Proof. Let us first identify the hull H in terms of our construction of . To this end, for every x € D, set m, = £, if
x €[0,&], and, if x = II(a) where a € T, for some i € I, let m, be the minimal label along the ancestor line of a in
T(w:)- Notice that this definition does not depend on the choice of a such that z = II(a). Then an easy extension of the
so-called cactus bound (cf. Proposition 3.1 in [16]) shows that any continuous curve from z to D has to come within
distance g + m, from x,. On the other hand, if x = I1(a) with a € T(,,), the image of the ancestral line of a under IT
provides a path from x to 0D\ {xo} whose minimal distance from x.. is 79 + m,. It follows that « € D\ H if and only if
mg > 0, and consequently

Int(U) =D\H =II(T*\0%*), H=IL(T\T*)UII(9T*), OH =0U =I11(0%,).
The next step is to prove that, if © =II(a) € Int(U) and y = I1(b) € Int(U), where a,b € T*\0T*, we have
(26) doo (2, y) = D (a,b).

The upper bound d(x,y) < D,(a,b) is easy because each quantity of the form

P

> D(aio1,ai),

i=1

where ap =a, ap =band a1,...,a,—1 € T*\OT* are such that D} (a;—1,a;) < oo for 1 <4 < p, is the length of a curve
from z to y that stays in Int(U) (use the simple geodesics defined at the end of Section 4.1 and note that the condition
D% (a;—1,a;) < oo precisely prevents the curve from hitting the set of points with zero label).

Let us now justify the reverse bound do,(x,y) > D,(a,b). It is enough to verify that, if v = ((t))o<¢<1 is a curve
connecting = to y and staying in Int(U), the length of ~ is bounded below by D,(a,b). Since v stays in Int(U), a
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compactness argument shows that dist p (v, 0U) > 0 (here we write dist p (v, OU ) for the minimal D-distance between a
point of the curve vy and 9U). So we can fix an integer n > 1 such that, for every i € {1,...,n}, we have

1—1 1 1.
)1(5)) < Jdisto(3,00).

27) D(v( -

Since the length of v is bounded below by

(28) S o= a)
i=1

it is enough to verify that the latter sum is bounded below by D, (a,b). Fix ¢ € (0, 1dist D ('y, 0U)). By the definition of

the metric D, for every i € {1,...,n}, we can find aj,a},. .. a}, €T with II(a)) = y(=2) and II(a}, ) = (%) such
that

29 D=4y A D°(a’_y,a})

(29) <7( " ) Z aj_1,0;)

This implies in particular that, for every k € {1,...,p;},

k . .
1—1 1 € .
Dloty01) < 3 D016 )< D(7(=)(0)) + = <distp(,0U).

Since I1(a}) belongs to the range of v, it follows that II(a% ) € Int(U). Thus all points a} must belong to T*\OT* (recall
that II(T\T*) UTI(0F*) = H). We now claim that

(30) D°(a%_y,a%) =Dg(a}_y,a%),

3173

forevery i€ {1,...,n}and j € {1,...,p;}. If the claim is proved, we obtain that

iD@(z ) En:ZD (a}_y,a) —e> Dy(a,b) — e,
i=1

=1 j=1
by the very definition of D (a,b). Since £ was arbitrary, this shows that the sum (28) is bounded below by D, (a,b), as
desired.
Let us prove our claim (30). From our definitions, it is enough to verify that

31 max ( min  {.,, min / ) >0
cellat_p,ail] * ceflai,ai_,l]
(note that, if for instance min.cjqi  qipj¢c > 0, this implies that [la%_y,a%]] = [la}_y,a%]]0). Fix i € {1,...,n} and

j€{l,...,p;}. Using (27), (29) and the bound De°(u,v) > |6, — £,|, we have

Pi
distp(v,0U) > Z D°(al_y,ak)
k=1

> ‘gv(%) —Ea;71|+€a; +£aji_ - 2max( min  {., min c) 11y — Lat

. a
cellai_yail]  cellat,ai_,|] ;

>/ ﬂ)+€7(%)—2max( min  f., min ]KC)

Y
= ellai_yaill * cellai.al_|

>2 <distD(’y, OU) — max ( min  ¢., min Ec)> ,

c€llai_y,a5l]  c€llaf,al_,l]

thanks to the equality D(x,0U) = ¢, for « € Int(U). Clearly this implies that (31) holds, completing the proof of (26).
Recall that Int(U) = II(T*\9%*), and also recall the notation 9; U = II, (0%*). By Proposition 5, two points ¢ and b
of T¥\O%* are identified in the quotient space defining U if and only if they are identified in the quotient space D. This
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shows that U\, U = IL,(T*\0%*) is identified as a set to Int(U), and (26) entails that this identification is an isometry
when Int(U) is equipped with do, and U\O1U is equipped with D,. Since U\0;U is dense in the compact set U, it
follows that the completion U’ can also be identified isometrically to U. Furthermore, it is clear that the volume measure
Vi corresponds to V, in this identification. This completes the proof of the proposition. O

In the identification of U’ with U, the “boundary” OU’ := U’\Int(U) is mapped bijectively onto 9, U. Note that every
point of QU’ = 9,U has to correspond to a point of QU. This correspondence is one-to-one except that the two points
I1,(0) and T1, (§) of 9;U correspond to the same point xo of U

We now record two technical properties that will be useful in the proofs of the next section.

Proposition 7. The following properties hold a.s.

(i) For every 6 > 0, let U5 be the set of all x € D such that there is a continuous path from x to O that stays at distance
at least ro — 0 from x,.. Then, for every € > 0, there exists § > 0 such that U5y C {x € D: D(z,U) <e}.

(ii) For every & > 0, there exists 6 > 0 such that, if ¢ € D and D(x, H) > €, there is a continuous path from x to 0D that
stays at distance at least ro + § from X,.

Proof. (i) Recall the notation m,, introduced in the proof of Proposition 6 for = € D. As it was explained in this proof,
any continuous path from z to D has to come within distance ¢ + m, from x.. So the proof boils down to verifying
that, given € > 0, we can find § > 0 such that

{zeD:m,>-6}C{xeD:D(x,U) <e}.

Note that the mapping = — m, is continuous. Moreover, the property m, = 0 may hold only if = € QU. To see this, first
note that, a.s. for every = € D of the form x = II(a) with a € T(,,), the property m, = 0 implies that £, = 0 and that
labels on [[p(,,,),a]]\{a} are positive. Indeed, if this were not the case, this would mean that the Brownian path describing
the labels along the ancestral line [[p(y,,),a]] has a local minimum equal to 0 at a point distinct from a, which does not
occur for any a € T, a.s. It follows that a € 9%, and = € OU.

The desired result then follows from a compactness argument, since the intersection of compact sets

ﬂ ({xe]]]):mx2—6}\{x€D:D(m,U)<5})

6>0

is empty by the preceding considerations and the fact that m,, > 0 implies = € Int(U).

(ii) For every x € D\ H, let (x) be the supremum of all § > 0 such that there is a continuous path from z to 9D that
stays at distance at least 7o + § from x,. Then ¢(x) > 0 for every x € D\ H and the mapping = — ¢(z) is continuous. It
follows that inf{p(x) : x € D, D(x, H) > ¢} > 0, giving the desired result. O

5. Passage to the limit
5.1. Preliminaries

For every integer L > 1, let 71, be a Boltzmann distributed rooted and pointed type I triangulation with a simple boundary
of size ny;, > 1. We assume throughout this section that n;,/L — £ > 0 as L — co. We use a similar notation as
in Section 3.4. In particular, vy, is the counting measure on the set V;(77) scaled by the multiplicative factor %L‘Q,
O =(01(0),0(1),...,0(ny)) is the boundary path of 77, and (:)L(t) =0.(|Lt]) for0<t<nrp/L, and U,EL) is
the distinguished vertex of 7. From (a trivial extension of) (17), we have

(32) (V(T2),/3/2 L dygy, vr, 61, 0P) Lﬂ (D, D,V,T,x.),
—00

where the convergence holds in distribution in (M“#PU® d oy pye ), and the limit (D, D, V, T, x,) is the curve-decorated
free pointed Brownian disk with perimeter £ as defined at the end of Section 4.1. Recall that the range of I' is the boundary
oD.

Assuming that dgr(viL),aTL) > 2, we can make sense of the hull of radius 1 centered at vﬁ(ﬂL), which we denote by
H, (v,(FL) ): We first define the ball By (’U,EL)) as the union of all faces of 7, that are incident to v{*), and the hull H, (y,(FL))
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is obtained by adding to the ball B, (v,gL)) all faces of 77, that are disconnected from 077, by the ball. This hull can be

viewed as a triangulation with a boundary, such that every boundary vertex is at distance 1 from viL).

Note that the probability of the event {dgr( 2 ,O0TL) > 2} tends to 1 as L — oo. From now on, we will argue

conditionally on this event. Then the complement of the hull H; (viL ) in 7, is a triangulation 7} with two boundaries.

The first boundary is 97, and the second one is the boundary of the hull H; (v,(kL)) — we may choose the root on the
second boundary uniformly at random, independently of 7. Furthermore, conditionally on the event that the boundary

size of the hull H- 1(U£L)) is equal to p > 1, the triangulation 7 is Boltzmann distributed on T?(ny,, p), so that we can

apply the results of Section 3. In view of this application, we also observe that the boundary size of H; (vﬁL)) (that is, the

size of the second boundary of 7/) remains bounded in probability when L — oo. This follows from an easy counting

argument since this boundary size is bounded above by the degree of o' in TL.
We can then run the peeling algorithm of 7]/ as described in Section 3. With a slight abuse of terminology, we will

consider that the revealed region at step n < (z,, as defined in Section 3.2, also includes the hull H; (vs (L )) and thus can
be viewed as a triangulation with a (simple) boundary of size PX. We consider the “peeling by layers” algorithm, which
involves particular choices of the revealed edge at each step (see e.g. [11] for more details). The only property of this
algorithm that we will use is the fact that, for every step n =0,1,...,(r, there exists an integer r,, > 1 such that every

vertex of the boundary of the revealed version at step 7 is at distance 7, or r,, + 1 from U£L). We let r(()L) be \/3/2 L~1/?

times the maximal graph distance between v( )

path from any point of the revealed region at time (f, to the boundary 977, must come within distance 4/2/3

from the distinguished point v£ ). On the other hand, by the properties of the peeling by layers algorithm, we have

azTL \/7 31/2 (L)

The collection of all faces of 7'L that do not belong to the revealed region at time (; will be called the unrevealed
region. It will be convenient to write V;, for the set of all vertices of the unrevealed region, and Wy, for the set of all
vertices of the revealed region (at time (). The unrevealed region is rooted at the root of 77, and then corresponds to a
triangulation with a simple boundary where two boundary vertices, say «/; and &7, have been glued to give the unique
vertex oy, of 0Ty, that belongs to the revealed region at step (;, (see Figure 2). If these two vertices are “unglued”, we
get a triangulation U;, with a simple boundary 90U, of size ny, + Zj,, where we know from Proposition 4 that Z;, /ny,
converges in distribution to a random variable denoted by A. Moreover, if e stands for the unique oriented edge of 97},
whose tail is a1, and such that the external face of 77, lies to the left of e, we may root I/}, at the edge corresponding to
e, whose origin is o (see again Figure 2). From the discussion in Section 3.1, one easily checks that, conditionally on
{Z}, = k}, the triangulation Uy, is Boltzmann distributed in T (ny, + k).

and a point of the boundary of the revealed region at time (z. So a
/2 r(()L)

FIG 2. Illustration of the triangulation 77, before and after ungluing the vertex ar,. We represent the revealed and unrevealed regions at time (r, in gray
and in white respectively.

Since, conditionally on Z,, the map Uy, is a Boltzmann distributed rooted triangulation with perimeter ny, + Zr,, and
L='Z;, converges in distribution to ) := £ A, we can also apply the convergence (16) to the triangulations U/,. Write
(©%,(4))o<j<ny+z, for the boundary path of Uz, and O (t) = ©%, (| Lt]) for 0 <t < (ny + Zr)/L. Also let dy, stand
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for the graph distance on V (U41,) scaled by the factor y/3/2L~'/2, and let §;, be the counting measure on V;(i;,) scaled
by 2L72. Then

(33) (V(Uy),dr,0r,0%) ‘2 (ﬁ),ﬁ,{/,f),

L—oo

where (]IA]/)7 l~), \N/', f) is a curve-decorated free (non-pointed) Brownian disk with perimeter £ + )/, and the convergence in
distribution holds in (MEHPY dgppy).

5.2. Paths avoiding part of the boundary

The boundary dU, of Uy, coincides with the set {© (j) : 0 < j <np + Z}. We will consider the subset 1y, of this
boundary corresponding to the boundary of the revealed region at time (z,. Precisely, we set 91Uy, := {0 (j) :np <j <
np + Zp} and ol := {07 (7) : 0 < j <np}. We also define 81}13) = {f(t) E<t<E+ VI

By the Skorokhod representation theorem, we may and will assume in this section that the convergence (33) holds a.s.,
and moreover Z1,/L — ) a.s.

Lemma 8. Let 6 > 0 and n > 0. Then a.s. there exists £ > 0 such that, for every large enough L, for every x,y € V(UL,)
with dp,(x,01Ur) > 6 and dr,(y,1UL) > 6, there is a path from x to y that stays at dy,-distance at least £ from 01U,
and whose dp,-length is bounded above by dr,(x,y) + 0.

Proof. Let us fix w in the underlying probability space such that the (a.s.) convergence (33) holds and Z, /L — ). By
[12, Proposition 1.5] (or Proposition 1), we may assume that all metric spaces (V (Uy),d.) and (D, D) are embedded
isometrically simultaneously in the same compact metric space (E, A), in such a way that we have V (i;,) —» D for the
Hausdorff distance and ((:)’L(t A(nr+ Z1)/L))i>0 converges uniformly to (T(tA (€ + Y)))t>0. In particular, 01Uy, —
91D in the sense of the Hausdorff distance between compact subsets of (E, A).

We may assume that n < §. We argue by contradiction. If the statement of the lemma does not hold, we can find a
sequence € | 0 and a sequence Ly, 1 oo such that, for every k, there exist zx, yx, € V (U, ) with dy, (zx,01UL, ) >0
and dp, (yx,01UL, ) > 0, such that any path from x, to y;, that stays at distance at least ), from 01U, has dy, -length at
least dr,, (vx, yx) + 7.

By compactness, we may assume that xp — To, and Yy, — Too, Where Too, Yoo € D, and 5(:500,81]5) >4,
D (Yoo, 81D) > 6. We take k large enough so that A(z, o) < 7/16 and A(yx, yse) < 1/16 and then we have also
dr, (@1, k) = MA@k, yk) = Al@oo,Yoo) — 1/8 = D(Zoo, Yoo) — 1/8. Next, by Lemma 19 in [7], we can find a point
L, € D with D(Zoo,2.,,) < 1/16 and a point /., € D with D (yoc, y'.) < n/16, such that there is a D-geodesic from
xl to y. that does not hit dD, and thus stays at distance at least o > 0 from D, for some o > 0. We can assume that
a < n/8, and we write (V(t))OStSD(x;o,ygo) for the latter geodesic. To simplify notation, we set d, = D(z’,_, v/, ) and
we note that dp,, (2, yx) > D (Lo, Yoo) — /8 > dy — /2.

Then pick an integer N > 4 large enough so that dﬁ* < 7. Taking k even larger if necessary, we can choose, for every

0<i< N, apoint xgk) in VU, ) such that A(fy(“lw*),xz(-k)) < a/(2N). Hence, for every 0 < i < N — 1, we have
idy
A, a8) £ A0, (5)) + o

(2

idy . (i+1)d,

W)W(T» w

N

dy
N

+

)7‘%'1(57—)1) < :

+A(( <

| R

«
N
Moreover,

k k no,.n ., a _3n

and similarly A(yy, :cg\]f)) < %7. If we now concatenate a geodesic from x to xék) in Uy, with geodesics from x
xl(-i)l, for 0 <4 < N — 1, and finally with a geodesic from xg\];) to yi, we get a path from x, to y; with length smaller that
dy +a+ %" <dr, (zk,yx) + n. Furthermore, recalling that the A-Hausdorff distance between 01Uz, and 9D tends to 0

when L — oo, and using the bounds E(xoo,alf))) >6>mn, B(ym,ﬁlﬁ)) >6>n, A(xk,xék)) <31 A(yk,xg\]f)) <31

")

i

(6}

16° 16°
and the fact that the geodesic v stays at distance at least  from 0D, one easily verifies that the path from x to yi
that we constructed stays at distance at least a/4 from 01Uy, when k is large. Taking k such that £, < /4, we get a
contradiction with our initial assumption. This contradiction completes the proof. O
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For 6 > 0, we set
VL7§ = {.13 S V(UL) : dL(x,alb{L) > 5}

From the a.s. convergence (33), the latter set is not empty for J small. We will view Vy, 5 as a bipointed metric space with
distinguished points

ZL,5 = @/L(inf{j €{0,1,...,n5}: dL(@/L(j),aluL) >4}),
2y 5 =0 (sup{j € {0,1,...,np} : d(OL(j),UL) > 5}).

Again this definition makes sense if ¢ is small enough, which we assume in what follows. We also view (V (Ur),dr) as a
bipointed metric space whose distinguished points are ©’; (0) and O’ (nr,). Finally, we recall the notation dgpee for the
bipointed Gromov-Hausdorff distance (Section 2.1).

Lemma 9. Almost surely, we have

lim <limsupdGH..((VLyg,dL,zL’g,z’L,(;), (V(Z/{L),db@'L(O),G'L(nL)))> =0

-0 L—oco
where the limit holds as § — 0, except possibly along a countable set of values of 9.

Proof. We may assume that all metric spaces (V (1), dr) and (D, D) are embedded isometrically in (E, A) in the way
explained at the beginning of the proof of Lemma 8. Set

}]3)5 = {xef)):ﬁ(x,al]ﬁ)) 25}.

Then D # @ when 0 > 0 is small enough, which we assume from now on. We view (]]5)5, 5) as a bipointed metric space
whose distinguished points are

Z5 =1 (inf {t €[0,] : D(T(t), D) >6}), Z5:=T(sup{te[0,€]: DT(t),D)>4})
(again, this makes sense for § > 0 small, which we assume in the following). We claim that

(34) Vis — Ds,
" L—oo

for the A-Hausdorff distance, provided that § > 0 is not a local maximum of the function = — ﬁ(m, o1 ]]5)) on D (there are
only countably many such local maxima). _

Indeed, suppose that, for some o > 0, there exists a sequence Ly 1 oo and, for every k, a point 3, € Ds such that
A(zg, Vi, s) > a. By compactness, we may assume that x5, — Zo, € Ds. From the condition we imposed on §, we
can find 2 € D such that D (20, ) < a/3 and D(z/,_, D) > 6. Since V(Uyr,) converges to D in the sense of the
A-Hausdorff distance, we can find a point z} € V (UL, ), for every k, in such a way that A(z},z..) — 0 as k — oo.

This last property and the convergence of 01Uy, to 01D ensure that, for k large enough, we have A(z), UL, ) >0
and thus «}, € Vi, 5. Finally, writing dr,, (2, 2},) < A(Zk, o) + A(Too, 24 ) + A(zl,, 2},), We see that we have also
dr, (zk,x},) < a when k is large, which contradicts A(zy, Vr, s) > «. This contradiction shows that, for every ¢ > 0,
the set Dy is contained in {x € E : A(z, V5.5) < e} when L is large enough.

A similar (easier) argument shows that, for every & > 0, the set Vy, 5 is contained in {z € E : A(z, ﬁ)g) < e} when L
is large. This completes the proof of our claim (34).

We then observe that we have also, on the event where Zs5 and Eg are defined,

(35) ZL5—>557 Z/L5—>Eg,
" L—oo Y L—oo

provided that & is not a local maximum of the function [0, + Y]  t — D(I'(t), ;D). In fact, under the last assumption,

using the uniform convergence of @’L to I and the fact that 01Uy, converges to 041D for the A-Hausdorff distance, it is
easy to verify that inf{t € [0,ny, /L] : dp, (8, (t),0Uy,) > 6} converges to inf{t € [0,£] : D(L'(t), D) > 6} as L — oo,
which gives the first convergence in (35). A similar argument applies to the second convergence.

From (34) and (35), we conclude that dgree (Vi.s,dL, 21,5, 27 ), (Ds, D, Z5, Z5)) converges to 0 as L — oo, except
possibly for § belonging to a countable set. Finally writing ’
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dree((Vr,5,dr,21,5:21,6), (V(UL),dr,©7,(0),07,(nr)))
<dcres((VL.s,dL, 20,5, 21 5)» (Ds, D, %5,25))
+dgmee((Ds, D, %, %), (D, D,T(0),T(€)))
+dares((D, D,T(0),T(€)), (V(UL), dr,, ©7,(0), 07 (1)),
we obtain (for all but countably many values of 9),

hmsupdGH"((VL 5adLazL 572L 5) (V(uL)adng/L(O)a G/L(nL))) < dGH“((]ﬁ)ts’EaEc?az(/;)a (]ﬁ)’57f(0)71—‘(£)))

L—oo

This completes the proof since the right-hand side tends to 0 as § — 0. O
5.3. Comparing the length of discrete and continuous paths

We again use Skorokhod’s representation theorem, which allows us to assume that (32) holds almost surely. We then fix
w (in the underlying probability space) such that (32) holds. By Proposition 1, we may embed all measure metric spaces
(V(T2),~/3/2L~/%dy,) and (D, D) isometrically in the same compact metric space (E,A), in such a way that

V(T) — D

L—oo

for the Hausdorff distance Apays, the distinguished point viL) of V(T1,) converges to the distinguished point x, of D,
the boundary path ©, converges uniformly to I' (and in particular 97}, converges to D for the Hausdorff distance), and

we also have the weak convergence

vy —r V.
L—oo

Notice that we have then réL) — rg, where we recall that o = D(z,,0D) and r(()L) is the rescaled graph distance

between v ) and o7Tr.
We state a simple lemma that follows from the preceding convergences. The notation Length(~y) stands for the length
of a continuous path v in (D, D).

Lemma 10. Let w be fixed as explained above, and let A > 0. For every € > 0, we can find Lo such that the following
properties hold for every L > L.

(@) Let ((t))o<t<1 be a continuous path in D. Then we can find a discrete path i, = (ug,u1,...,up) in Ty, such that
A(y(0),u0) <&, A(y(1),up) < e and A(u;, {y(t) :0<t<1}) <e foreveryiec{1,...,p—1}. If Length(v) < A, we
can construct (Ug, U1, . ..,up) so that the rescaled dg.-length of vr, is bounded above by Length(v) + €. In all cases, if
~(1) € OD, we can take u, € OT,.

@) If (uo,u1,...,up) is a discrete path in T, we can find a continuous path v = (y(t))o<i<1 in D such that
A(Y(0),u0) <&, A(y(1),up) < € and, for every t € [0,1], A(vy(t),{uo,u1,...,up}) <e. If the rescaled dg,-length
of (ug, ..., up) is smaller than A, we can construct ~y so that the length of  is bounded above by the rescaled dg.-length
of (uo, - .., up) plus €. In all cases, if u, € 0Ty, we can take (1) € OD.

Proof. (i) Let N > 2 be an integer such that N(g/4) > A. We choose L large enough so that Ag,,.s(V(71),D) <

and Agaus (071, 0D) < ;5 forevery L > L. Then, let 0 = tg <ty <--- <t} = 1be such that D(y(t;_1),7(t;)) < 5/4
forevery 1 < j < k.Forevery 0 < j <k, we canfind v; € V(7z) with A(v;,7(t;)) <e/(4N) (and in the case y(1) € oD
we can take v, € 071). We note that, for 1 < j < N,

€
Avj—1,v5) S A(vj—1,7(tj-1)) + A(v(t—1),7(E5)) + A(v(t),v5) < A(y(tj-1),7(E5)) + N < 5

We construct the path (uo, . .., u,) as the concatenation of (graph distance) geodesics between v;_1 and v;, for 1 < j < k.

Then, for i € {0,1,...,p}, the vertex u,; belongs to the geodesic between v,;_1 and v;, for some j, and A(u;,v(t;)) <

Aui,v5) + Avs, () < Alvj—1,v5) +e/4<e.
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If Length(y) < A, we observe that we can then take k = N in the preceding considerations (thanks to the condition
N(e/4) > A). It follows that the rescaled dg.-length of the path (uy, ..., u,) is equal to

N N
€ €
D Awj-10) <D AG(t-1),7(t)) + N 5 < Length(y) + 5.
j=1 j=1
The proof of (ii) is similar and omitted. O]

5.4. The key technical result

Recall the convergences in distribution (32) and (33). By a tightness argument, we may find a sequence L,, T co along
which these two convergences hold jointly. From now on, we restrict our attention to values of L belonging to this
sequence. Then, by an application of the Skorokhod representation theorem, we may assume that both convergences (32)
and (33) hold a.s.

Proposition 11. Under the preceding assumptions, the bipointed metric space (D, D,T'(0),T(€)) coincides a.s. with the
space (Uv D*a H* (O)a H*(&))

The proof of Proposition 11 occupies the remaining part of this section, and will rely on several lemmas. From now
on until the end of this section, we fix w such that both convergences (32) and (33) hold. We may and will also assume
that w has been chosen so that the properties of Proposition 7 hold.

We embed all measure metric spaces (V(7z), \/3/2 L~'/2d,,) and (D, D) isometrically in the same compact metric
space (E,A) in the way explained at the beginning of Section 5.3. In the following, the word “distance” refers to the
distance A on the space E in which the measure metric spaces (V(7%),+/3/2L~'/?dy,) and (D, D) are embedded
isometrically.

Recall that Wy, denotes the set of all vertices of the revealed region at time (y,, and that Vy, is the set of all vertices
of the unrevealed region at the same time. We note that V(77,) =V, U Wy, and that V;, N Wy, = Wy, is the boundary
of the revealed region. We also observe that 0V, N 97}, consists of the single point a1, and every point of V;, except
a, corresponds to a single point of V' (U},). We already noticed that any path from Wy, to 9T, must visit a vertex whose

distance from v’ is bounded above by r(()L).

Lemma 12. For w fixed as above, we have both

36) Ve — U
L—oo

and

37 W, — H
L—oo

Sor the Hausdorff distance in (E, A).

Proof. For any (nonempty) subset A of E, we write A, := {z € E: A(z, A) < ¢c}. Let us first discuss the convergence
(36). Fix € > 0. We start by verifying that U C (V). for all large enough L. To this end, first suppose that z € Int(U).
Then A(x, H) > 0 and we can find a continuous path from z to 9D that does not intersect H, and therefore this path
stays at distance at least 7y + ¢ from the distinguished point x., for some 6 > 0 depending on x. For L large enough,
Lemma 10 (i) then allows us to find v(z,y € V(77 ) such that A(x,v(z)) < ¢, and a path from vz, to 9T, in Ty, that stays
at distance at least g + /2 > r(()L) from the distinguished point u(kL). Then v,y must belong to Vy,, and we conclude that
x € (V1)e for L large enough. This also holds when = € U, because we can then approximate 2 by a point of Int(U)
close to x and use the preceding conclusion with ¢ replaced by £/2. We can now use a compactness argument to verify
that U C (V1) for all sufficiently large L. Indeed, if this does not hold, we can find a sequence Lj T oo and, for every k,
a point z, € U that does not belong to (Vr,, ). Up to extracting a subsequence we can assume that x, — z~, € U, and
the fact that z, € (VL ). /2 for L sufficiently large forces x, € (Vr, ) for k large, which is a contradiction.

To complete the proof of (36), we also need to verify that V;, C U, for L large. If v € V1, we can find a path from v to
07Ty, that stays at distance at least r(()L) — \/% L~1/2 from viL). Assuming that L is large enough, Lemma 10 (ii) allows
us to find x € D with A(z,v) < /2, such that there exists a path from x to D that stays at distance at least ry — § from
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X4, Where § > 0 can be chosen arbitrarily small (note that the choice of L “large enough” depends on € and J, but can be
made uniformly in v). From the property stated in Proposition 7 (i), if § has been chosen small enough, this implies that
x € U /3 and thus v € U..

Let us turn to (37). We need to verify that, for every € > 0, we have for L large enough,

(38) HC (WL)E
and
39 Wy, C He.

Consider the second inclusion (39). It is enough to verify that, for L sufficiently large, if v € V(7;) and v ¢ H,, then
necessarily v € V(7;)\Wr. By the property stated in Proposition 7 (ii), we can find 6 = d(¢) > 0 such that, if « €
D\ H. /5, there is a path from x to ID in D that stays at distance greater than 7o + 6(¢) from x, (and thus at distance
greater than () from H). Then, if v € V(7.) and v ¢ H,, we can find (for L large, independently of the choice of v)
x € D such that A(v, ) < o, where o = (£/2) A (6(¢)/4). Since o < ¢/2, it is immediate that = ¢ H., 5, hence we can
find a path from z to JD that stays at distance greater than r + d(¢) from x.. Using Lemma 10 (i), we then obtain that,
for L large (independently of our choice of v), there is a path from v to 97, in V' (77,) that stays at distance greater than
r(()L) +6(e)/2 from o' This implies that v € V(TL)\WYy, as required.

Let us finally discuss (38). Fix « € (0,(¢/3) A rp), and let © € H such that A(x,U) > «. Since we know by the
first part of the proof that V, converges to U in the Hausdorff metric, we have Vi C U,/ for L large, and this implies
that A(z,Vr) > a/2. Assuming that L is even larger, we can find v(z) € Tz such that A(z,v(z)) < a/4, and then
A(v(r), VL) > /4, which implies that v(zy € V(71)\VL. We conclude that, for L large,

{:E €H: A(ZL‘,U) > a} - (V(’TL)\VL)(J/AL c (WL)a/él'

On the other hand, if x € H is such that A(x,U) < «, then necessarily A(x,,z) < rg + « (points of 0H = QU are
at distance 7 from x,) and we can find on a geodesic from x to x, a point =’ such that A(x,,z’) =ro — « and
A(z,z") < 2. Clearly A(z',U) > «, and =’ belongs to the set in the left-hand side of the last display. We conclude
that 2 € VL )ga,4- By combining the two cases, and using the property o < €/3, we obtain that H C (W )., which
completes the proof of (38) and Lemma 12. O

Recall from Section 4.3 the definition of the metric space (U’,d,) and of its “boundary” U’ = U'\Iut(U). For
6 >0, we set

Ugy ={z €U :dx(x,0U") > 6}

(this set is not empty if § is small enough). We state an analog of Lemma 8, which is easier to establish.

Lemma 13. Let 6 > 0 and n > 0. Then there exists o > 0 such that, for every x,y € U(s), there is a path from x to y in
Int(U) that stays at d.-distance at least g from OU’, and whose d-length is bounded above by do.(z,y) + 1.

Proof. If the conclusion of the lemma fails, then we can find a sequence ¢ | 0, and, for every k, two points z; and
yk in U(sy such that any path connecting zy to y, and staying at d..-distance at least 5 from OU’ has length at least
doo (71, Yx) + 1. By compactness, we may assume that 7, — Zoo and yp — Yoo, With T, Yoo € Uys). By the definition
of the intrinsic distance dn, there is a curve (y(t))o<t<1 connecting o, to Yoo and staying in Int(U) whose length is
smaller than do(z,y) + 7/2. We can find « > 0 such that doo((t),0U") > « for every ¢ € [0,1]. By concatenating
the path v with D-geodesics from xj to o, and from y, to yi, we get, for all large k, a path from x; to y; which
stays at distance at least «/2 from OU’ and whose length is smaller than d(x,y) + 7). This gives a contradiction when
e < af2. O

Recall that Proposition 6 yields a canonical identification of the measure metric spaces (U’, doo, Vi) and (U, Dy, V),
so that we may view U as a closed subset of U. We will point the metric space (U(s), dw) at the distinguished points

zy = H*(inf{t S [0,5] :EH*(t) Z 5}), Z(/; = H*(sup{t c [0,5] :EH*(t) 2 5}),

which are the “first” and “last” points of dyU at distance ¢ from 0, U. The definition of z5 and zg makes sense for § small
enough, which we assume from now on. In what follows, we may also assume that U5 # @.
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Lemma 14. We have

dGHOO((U(5)ad007257Z(/§)7 (U7 D*aH*(O)vn*(g))) 5——)6 0.

This is immediate since Uy is identified to the closed subset {z € U: D, (z,0,U) > 0} which converges to U in the
sense of the Hausdorff distance, and we have also zs — I, (0) and 2§ — IL,(§) as 6 — 0.

Lemma 15. For all but countably many values of 5, we have

dGHOO((VL,57 dL> ZL,5, 22’5)7 (U(§)7d007 25, Z(IS)) L:;} 0.

Assume for the moment that we have proved Lemma 15. Then, writing

deres(V(UL),dr,07(0),07 (1)), (U, Dy, I1,(0), 1L (€)))
<dcree((V(UL),dr,07(0),07(n1)), Vis,dL, 21,6, 2L5))
+daree((Vis,dr,21.5,21.5) (U(s), doos 25, 25))
+ dgres(U(s)s doos 25, 25), (U, Dy, 1L (0), TL(£))),

we get, except possibly for countably many values of 6,

limsupdares (V(UL),dr, 07(0),0% (n)), (U, D,,IL.(0),IL.(€)))

L—oo

< dGHoo((U(é)vdooazéaz:S)a (U7 D*7H*<0)’H*(f)))
+ liinsup dGH--((V(Z/{L)a dr, @/L(O)a G/L(nL))v (VLJS?dLv ZL,85 22,6))'
—00

By Lemmas 9 and 14, the right-hand-side can be made arbitrarily small by taking § small. Hence, we have proved that

dGH"((V(uL)v dr, GIL(O)a elL(nL))> (Ua D, H*(O)7 H*(f))) L::o 0.
Now notice that (33) (which we have assumed to hold pointwise for the fixed value of w) implies the dg fes-convergence
of the pointed spaces (V (UL ),dr, 0% (0),0 (nL)) to (D, D,T'(0),I'(€)). The statement of Proposition 11 follows by
comparing with the last display.

Proof of Lemma 15. Although Vy, s was defined as a subset of V' ({/1,), we may and will identify V;, s with the corre-
sponding subset of V;, (recall that points of V;, are in one-to-one correspondence with the points of V(i) with the
exception of o, that corresponds to two points of V' (U1)), and we have also Vi, 5 = {z € Vp, : dp(x, W) > §}. We first
observe that

(40) Vs vl Us)s

in the sense of the Hausdorff distance Ap,y,s, except possibly for countably many values of §. The proof of (40) is
essentially the same as the proof of (34) above, using now the convergence of Wy, to H in Lemma 12. The reader may be
puzzled by the fact that the limit of V7, 5 in (40) is different than the limit in (34): The point is that Vr, s was viewed as a
subset of V' (Uy,) in (34), and we were using (in the proof of Lemma 9) a specific embedding of the metric spaces V (Uy,)
whereas in this section we are using another specific embedding of the spaces V' (77,).

We then also observe that, for all but countably many values of §, we must have

@1) ZLs — 25, ZLs — %
" L—oo " L—oo

Indeed, in the cyclic exploration of 9y, induced by the path ©p, zy s is the first visited point after o/} such that
dr(z1,5,Wr) > 6 and similarly, in the cyclic exploration of D induced by T', zs is the first point after x( such that
D(z5,H) > §. Moreover, it is easy to verify that a;, converges as L — oo to the point x¢ (which is the unique point
of OD at minimal distance from the distinguished point of D). Taking the preceding facts into account, one can use the
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convergence of Wy, to H and the uniform convergence of 6 1, to I to derive the convergence of zy, s toward zs. A similar
argument applies to the convergence of 2} ; toward z;.
Fix 0 > 0 such that (40) and (41) hold. We then define a correspondence between (V1 s,dr) and (Uys), dso ) by setting

Cr={(z,2") eV s % U : A(z,2")<rkp}
where

R = AHaus(VLﬁg, U((s)) + A(ZL,(;, 25) + A(ZILﬁ, Z(/;)

Note that i, — 0 as L — oo. By construction, the pairs (27,5, 25) and (27, 5, 2;) belongs to Cy,. From the characteriza-
tion of dgpee in terms of correspondences (Section 2.1), it therefore suffices to verify that the distortion of Cy, tends to 0
as L — oo.

We first verify that

(42) sup (dL(w,y)—doo(any’)) — 0.

(w,2/)€CL,(y,y')ECL Lmveo

To this end, fix € (0, 1), and choose ¢ as in Lemma 13. We can assume that eg <1 A g. Then choose Lj as in Lemma
10, withe = 2 A and A = diam(U’, d ) + 1, where diam(U’, d ) denotes the diameter of the metric space (U”, doo ).
Taking L larger if necessary, we can assume that <, < 54—0 and AgausWp, H) < %0, forevery L > Lg. Then,let L > L
andlet (z,2") € Cp and (y,y’) € C.. By Lemma 13, we can find a path (7(t));c[0,1] from 2’ to ' in Int(U), which stays at
distance at least € from H and whose length is smaller than d.. (2, y") + 7. By Lemma 10 (i), we can then find a discrete
path vz, = (ug,u1,...,up) such that A(v(0),up) < e, A(y(1),up) < e and A(u;, {y(t) : 0 <t <1}) < e for every
i€ {l,...,p— 1}, and the rescaled dg,-length of -y, is bounded above by Length(y) + €. Since Apaus(Wr, H) < %
and ~y stays at distance at least ¢y from H, it follows that the path vz, does not visit Wy, and therefore dr,(uo,up) is
bounded above by the rescaled length of vz, which is bounded by d (2',") +1 + €. Since A(z,2") < kg < 5, we have
A(ug,x) <e+ %" <e < g, and (since x € Vy, ;) it follows that a geodesic from ug to = in 77 does not intersect Wi,
and therefore dr,(x,uo) = A(uo,x) < €o, and similarly dr,(y, u,) < €o. Finally we get dr,(z,y) < dr(uo, up) +2¢¢ <
doo(x',y") + 3n + . This shows that the supremum in (42) is bounded above by 47 when L > L, which completes the
proof of (42).
It remains to verify that

(43) s (dee(a’y) — dulw)) — 0.
(m,x’)ECL,(y,y’)ECL L=ve0

This is very similar to the proof of (42). Fix i > 0. Then, we can use Lemma 8 to find ¢ > 0 such that the following
holds for all L > L4, for some integer L, > 1. For any z,y € V5, there is a discrete path vz, = (uo, ..., up) from z
to y in Vr, which stays at rescaled graph distance at least g from YWy, and whose rescaled length is bounded above by
dr(xz,y) + n. Let Lo be as in Lemma 10, with A such that diam(V (Uz),dr) < A for every L (the convergence (33)
allows us to find A with this property) and € = - A 7 A %. Taking L larger if necessary, we can assume that Ly > L
and Apaus(Wr, H) < e for every L > L, and moreover kj, < € for every L > Lg. Then, if L > Lg and (z,2’) € Cy,
and (y,y’) € Cy, and if the discrete path vy, = (uo,...,u,) from z to y is chosen as explained above, Lemma 10 (ii)
allows us to find a continuous path (v(t))¢e[o,1) such that A(v(0),uo) <&, A(y(1),u,) < € and, for every ¢ € [0,1],
A(y(t), {uo,u1,...,up}) < &, and moreover the length of ~ is bounded above by the rescaled length of ~, plus .
Recalling that Ayg.,s(Wr, H) < € and that 7y, stays at rescaled graph distance at least ¢ from W, we see that v
does not visit H because this would contradict the property A(~y(¢), {uo, u1,...,u,}) < & for every t € [0, 1]. It follows
that doo (7(0),7(1)) < dr(z,y) + 1 + €. However, we have A(v(0),2") < A(v(0),ug) + A(z,2") < 2¢, and similarly
A(y(1),y") < 2e, and it follows that a geodesic (in D) from z’ to (0), or from 3’ to (1), does not hit H. We finally
conclude that doo (2',y') < doo (7(0),7(1)) + 4e < dp(z,y) + 3n. Thus, for L > Lg, the supremum in (43) is bounded
above by 37. This completes the proof of Lemma 15. O

5.5. The main theorem

Recall the definition of the exit measures Z, in Section 2.3, and the point measures N = ) d(t;,w;) and N =

> ic1 9@t @, that were used in Section 4 to define D and U respectively. We set

Z[U = Z Z()(wi).

iel

i€l
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A first-moment argument shows that Zy < oo a.s. Specifically, using formula (4) one gets that N, (Zy) = 1 for every
y > 0, and consequently:

3
(44) E[Zy] :2]E[/0 dt N s, (Z0)] = 2¢.

Recall the notation 9yU = I1,(]0,&]) and 0, U = 11, (0F*) introduced at the end of Section 4.2, We next introduce a
path I'* parametrizing 9,U U &, U. For every i € I, we let (E? (wi))e>0 be the (time changed) exit local time of w; from
(0,0), as given by formula (5) with y = 0. In the time scale of the clockwise exploration (£ )o<s<x+ of T, each snake
trajectory w; corresponds to the interval [r;, ; + o (&;)], where

We then set, for every s € [0, 2*],

= Z z?sfri)Jr (wi)’

icl
so that E; represents the total exit local time accumulated at 0 by the clockwise exploration of T* up to time s. We set

ki (t) :=inf{s > 0: Lt >t} for every t € [0, Zy), and k, (Zy) := E*.
Then, for every ¢ € [0,&], we set T*(¢) :=II,(¢), and we also define I'*(¢) for £ <t < £ + Zy by setting

(45) (€ + 2y —8) :=1L(E], (), foreverys e 0,2yl

The two definitions of I'*(¢) are consistent since £ (5 ) = &% = §. We also note that I'(0) = I"*(¢ + Zy) = I1,(0).
Furthermore, we have {T'*(¢) : 0 <t < &} = 9yU, and {I'™*(¢) : £ <t < & + Zy}} =11,(0%*) = 0,U, by the support
property of the exit local time. So the range of (I'*(s))o<s<zy+¢ is U U 01U

We next observe that I'* is continuous, and is injective on the interval [0, £ + Zy), The injectivity property is a direct
consequence of Proposition 5, and we omit the details. On the other hand, we already know that the function [0,£] 3
t — IL,(t) is continuous (from the continuity properties of (a,b) — D,(a,b), cf. Section 4.2). So it remains to show
that (I (€ + Zy — s))o<s<z, is continuous. Let us briefly justify this point. Since [0,X*] 5 ¢ +— I, (&}) is continuous
and ¢ — £, (t) is right-continuous, we only need to show that if £ (t—) < () then IL(EX ,_)) =IL(E] ;). To this
end, notice that if k., (t—) < k4(t), the support property of the exit local time implies that all points of the form £ with
u € (ki (t—),k+(t)) have a positive label. Proposition 5 then ensures that IL (€7 ,_)) =IL(E} ;). as desired.

Theorem 16. Ler (U,D,,V,) be defined as in Section 4, and let T* be as above. Then (U,D,,V, T*) is
a curve-decorated free Brownian disk with a random perimeter £ + Zy distributed according to the measure
%53/2275/2 1{z>£} dz.

Proof. By Proposition 11, we may suppose that there exists a curve-decorated free Brownian disk (ID) D Vv I‘) with
perimeter £ + ) such that the random bipointed metric spaces (U, D,,IL,(0),1L,(¢)) and (D, D,T(0),I'(¢)) are a.s.
equal, so that, in particular, we have I'*(0) = I'(0) and T'*(¢) = I'(¢). We now want to argue that the preceding equality
of bipointed metric spaces carries over to the volume measures and to the decorating curves, meamng that we have also
V, =V and I'* =T (the equality I'* = T will imply in particular that Zy = J, which has density 332 (E4+2)75/ by
Proposition 4). o

The equality (U, D,) = (D, D) allows us to define the boundary JU (as the set of all points of U that have no neigh-
borhood homeomorphic to the unit disk), and we also know that OU is the range of a simple loop. It is easy to verify
that any point « of U\(9yU U 9;U) has a neighborhood homeomorphic to the unit disk (just note that the “interior”
U\ (9oU U 0, U) is identified to a subset of I in such a way that, in a sufficiently small neighborhood of z, the distance
D, coincides with the distance D). It follows that JU is contained in JyU U 91 U. Now recall that the range of the simple
loop (I'*(s))o<s<zy+¢ is precisely U U 0, U. It follows that the boundary of U is contained in a simple loop, which is
only possible if OU is the whole loop. We have thus 90U = 9,U U 0, U. B

Let us then verify that V, = V. It follows from the main result of [21] that V may be defined by

V(A)=cmp(A)
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for every Borel subset A of D, where ¢ > 0 is a constant, and my, stands for the Hausdorff measure with gauge function
h(r) = r*loglog(1/r). To be precise, the results of [21] apply to the Brownian sphere and not to the Brownian disk.
However, we may use the connections between the Brownian sphere and the Brownian disk, and in particular Theorem 8
in [20] showing that the complement of a hull in the Brownian sphere is a Brownian disk (this complement needs to be
equipped with the intrinsic distance, but this makes no difference for Hausdorff measures as long as we consider sets that
do not intersect the boundary, and on the other hand we know that the boundary has zero volume measure, and also zero
h-Hausdorff measure since its Hausdorff dimension is 2, by [6]).

So to prove that V, = V., it is enough to verify that we have also V,(A) = cmy (A) for every Borel subset A of U.
We may restrict our attention to subsets of U\d; U since we know that my(0U) = 0 and V,(9,U) = 0. Then we can use
the fact that U\0, U is identified to the open subset Int(U), and the previously mentioned result for the Brownian disk
D to obtain that the equality V,(A) = cmp(A) holds for every Borel subset of U\d;U — here again the fact that we
deal with the intrinsic distance on Int(U) instead of the distance of D makes no difference for Hausdorff measures. This
completes the proof of the equality V, = V.

To complete the proof of the theorem, we rely on the next lemma.

Lemma 17. Almost surely, T* is a standard boundary curve of (U, Dy, V).

Assuming the result of the lemma, the proof of the theorem is easily completed. Indeed, since I'* and T are both

standard boundary curves, the property (I'*(0),T*(¢)) = (I'(0),T(€)) can only hold if I* =T, which was the desired
result. -

Remark. The reason for dealing with bipointed spaces throughout this section is the fact that we need the equality
(T™*(0),T*(&)) = (T'(0),I'(£)) to identify I'*. The equality I'™*(0) = I'(0) alone would not be sufficient for this identi-
fication.

Proof of Lemma 17. Let gy be the boundary measure of the Brownian disk U. The total mass poy(9U) is the boundary
size of U, or equivalently of D, and is therefore equal to & + ), which has density %5 3/2 =5/2 1(.>¢ by Proposition 4
and the fact that )/ is distributed as £ A.

We already know that (I'*(¢))o<t<e4 z, is a simple loop, and we will verify that, almost surely for any continuous
function ® on AU, we have

§+2uy
(46) /0 dt®(T*(t)) = /M@U(dx) D(z).
This will imply that the perimeter of U is Zy + £ (take ® = 1), and then, by the very definition, that I'* is a standard
boundary curve of U.
Let us prove (46). We first observe that the restriction of pgy to JyU is the pushforward of Lebesgue measure on
[0,&] under II,. This is easy from the identification of Proposition 6, the fact that the boundary measure pop of 9D is

the pushforward of Lebesgue measure on [0, £] under II, and the approximations of the boundary measure by the volume
measure restricted to a tubular neighborhood of the boundary. It follows that

3 13
@7) / dtcp(r*(t)):/ ds@(H*(s)):/aUuaU(dx)CD(:c),

0 0

and in particular gy (9yU) = €. We then claim that we have also

E+2y
@$) [ wer @)= [ s o),
3 U
which will complete the proof of (46). To derive (48), introduce, for every € > 0, the measure v. on U defined by

<I/6,(I>> = 5_2 /V*(dx) ].{D*(I731U)<5}(I>(x).

It follows from the approximations of the boundary measure of U that

tim (v ) = [ | ouldn) #(z).



Spatial Markov property in Brownian disks 33

On the other hand, we can also verify that (v., ®) converges to the left-hand side of (48). Consider first the case & = 1.
Then, we know that (v, 1) converges to pay(01U) = pau(OU) — €. From the first observation of the proof, we get that
pou(01U) has density 2 £3/2 (€ + 2)~%/2, and in particular, E[p9y(8;U)] = 2€. On the other hand, recall the notation
introduced at the beginning of Section 5.5, and in particular the fact that each Wt iel, corresponds to the interval
[ri,7i + o(@;)] in the time scale of the clockwise exploration £*. Also note that we have D, (z,0,U) = ¢, = /V[Z_m (@)
when ¢ =11, (€}) with s € [r;,r; + 0(&;)]. Using Fatou’s lemma, we have

o(@q)
pou(OU) = lim (v.,1) > 3 (Timinf e~ /O AL (57, 50y ) = O Zolwi) = Zu,

i€l i€l

and we know from (44) that E[Zy] = 2§ = E[usu(01U)]. It follows from the last display that poy(61U) = Zy a.s.
Let us consider now a general continuous function ® on U. Without loss of generality we can assume that 0 < & < 1.
By Fatou’s lemma and the definition of V., we have

o(@:)
o P _ *
/allu pou(dz) @(z) = Ehg(l)(ljs,q)> > E (llgélfa /0 dtl{Wt(@iKE}(I)(H*(an))).

iel

Moreover, (5) entails that, for every i € I, the measures £ 21 (W50 <5}1[O,o(€u)} (t)dt converge weakly to dZQ (w?) as
€ — 0. Using the definition of L}, it follows that

§+2u
/81U,uaU(dx)<IJ( x)= hm (Ve, @ / dL} (&) = /g ds ®(T*(s)),

where the last equality holds by the definition of T*(s) when & < s < & + Zy. If we combine the bound of the last display
with the same bound when @ is replaced by 1 — ® (using pay(91U) = Zy), we arrive at the desired equality (48). This
completes the proof of Lemma 17 and Theorem 16. O

Remarks. (i) Another way of verifying that the boundary size of U is £ + Zy would have been to prove the convergence
in distribution of L' Z7, to 2y (independently of Proposition 4) and to check that this convergence holds jointly with the
convergence of (V(Ur),dr) to (U',dw) = (U, Dy).

(ii) It follows from Theorem 16 that the density of the distribution of Zy is 2 ¢3/2 (¢ + 2) /2. This can be verified by
the following direct calculation. For A > 0, we have

E[ef)‘ZU 6] = exp ( - 2/05 dtN\/get(l B eXp(*)\ZO))) = exp ( _ /O§ dt (e; + (2)\)*1/2)72),

using formula (4). Then, for every o > 0,

Blew ([ ateta?)]=1- /7 (&) uizt)

where x4 (z) = #x*m — e® erfc(y/x). This formula is the special case F' = 1 of Lemma 18 below. It follows that

Ele ] =127 (A)*? xa (A).

To invert the Laplace transform, start from the classical formula

*LB)\GI'C
/ \/ (z+1) VA fe(VA).

Two integrations by parts then give

% / (x+1)72e Az =120+ 2722 e erfe(VA) =1 — 27 A3/ 1 (N) = E[e M 2v/¢],
0

and we conclude that the density of Zy/¢ is 2 (2 + 1)~%/2.



34

6. Peeling the Brownian disk

Our goal in this section is to discuss a peeling exploration for Brownian disks. In particular, we will see that the com-
plement of a hull centered at a boundary point in a Brownian disk is again a Brownian disk. Our study relies on the
representation derived in Theorem 16.

6.1. Preliminary distributional identities

We first need to introduce some notation. We fix £ > 0 and r > 0. As previously, we write (e;)o<;<¢ for a positive
Brownian excursion of duration . We then consider a five-dimensional Bessel process (X;);>¢ started from r. Since r
is a regular point for this Markov process, we can define an (infinite) excursion measure away from 7, and we can also

make sense of the law of the excursion of duration £ above level r for the process X. We let (éﬁ”)ogtgg be distributed

according to this law, and set eET) = é,(f) — 7 for 0 <t <&, so that e(") starts and ends at 0. We let C([0,£], R) stand for
the set of all continuous functions from [0, £] into R, which is equipped with the sup norm.

Lemma 18. For every u > 0, set

®(u) :=1— 2u+ 2v/mu 2eterfe(vu) = 1 — 2v/mu®/ 2 xq (u).

Then, for every bounded continuous function F : C([0,£],R) — R, we have

E{F«ey))OStSE)} = ‘I’(Q%)_”E{F((et)ogts&) exp ( - /0E (esdjr)Z)]

Proof. For every € > 0, let (ft(a’r))ogtgg be distributed as a five-dimensional Bessel process started from r + € and
conditioned to hit r exactly at time £. See Proposition 3 in [19] for a precise definition, noting that this proposition deals
with a Bessel process of dimension —1 instead of a five-dimensional Bessel process, but this replacement gives the same
conditioned process because of the h-process relation linking the Bessel processes of dimension 5 and of dimension —1
(cf. formula (4) in [19]). By standard arguments, (ft(g’r))ogtgg converges in distribution to (éﬁ”)oggg as € — 0, and
therefore

(49) gig(l)E[F((ffs’r) - T)ogtgsﬂ =E{F((egr))ogt55>]
On the other hand, Lemma 5 in [19] shows that
(50) B[F((E5 — rocise )| == pjji_ i) E[F(()osise ) exp (- /0 E (g()dir)zﬂ ,

where (g§E>)0§S§§ is distributed as a linear Brownian motion started from & and conditioned to hit 0 exactly at time &,
and the functions g¢ (¢) and p¢ (e, ) are given by

62

qe(e) == \/%W? exp ( - i)

and
pele,r)=ce” =*/(2€) (Werfc(ﬁ + \/—») exp ((r\\[f + \/>)2) - 7"2\/1% * Tf/%)
Since

3 s £ S
el (6 cce) oo (| G )] =Bl (evsssd) o (- | @5l

the desired result will follow from (49) and (50) if we can verify that

s pg(E,?") _ 5
et e

This is immediately checked from the formulas for g¢ (¢) and pe (e, 7). O
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In what follows, we will consider e("/ V3) rather than e(r), and in order to simplify notation we set 1’ =1/ V3. Asin
Section 4, we assume that, conditionally on e, "=, 0(¢, »,) is a measure on [0, &] x S with intensity

2dtN 3, (dw).

We write Z = [ Zo(w) N (dtdw) =", Zo(w;) for the total exit measure at 0 of the atoms w; (£ = Zy in the notation

of Section 5) and tro(N) = 32} (t, tro (ws)) - Furthermore, conditionally given e(""), we let A be distributed as a Poisson
measure on [0, &] x S with intensity

(51) 21w, (w)>—r} dtNﬁegw>(dw)~

We introduce the same notation Z = [ Zo(w) N (dt dw) and tro(N) for the analogs of Z and tro(A\) when A is replaced
by N.

Lemma 19. For any nonnegative measurable functions F and G,

3¢

202

E[F(e) Gltro(N)] = @2 5) B [F(e) Gltrg (W) exp ( - 32)].

02
Proof. Suppose that, conditionally on e(™), N is distributed as a Poisson measure on [0,&] x S with intensity

2dtN (dw).

\/gegr/)

Let min A/ stand for the minimal value of W, (w) for all atoms (¢,w) of A”’. Then, conditionally on e(""), A/ is distributed
as N conditioned to have min N’ > —r. By formula (2),

/ ¢ ¢
P(mian>—T‘e(T)>:eXp<_2/o QX(\/gir’)_i_T)zdt):eXp(_/o M)

Hence, using the same notation as explained before the lemma to define tro(N”),

]E{F(e(r/)) G(tro(ﬁ/))} :E[F(e“')) G(tro(N')) 1iminA>—r} €XP (/j M)}

By the special Markov property and (2), we have

32’)7

P(minA” > - =
mll’lN T 27“2

e(’”'),tro(./\/")) = exp ( -

where Z’ is the total exit measure at 0 of the atoms of A//. We thus arrive at the formula

E[F(e") Gltro(N)| =E[F(e") Gltro (V")) exp ( ?éi - /05 m)]'

At this stage, we use Lemma 18 to observe that the law of the pair (e(rl),/\/ ") has a density with respect to the law of
(e, ) which is given by

3
w5 e (= | o)

where (e(t))o<s<¢ stands for the generic element of C'([0,£],R). Thanks to this observation, we get

E[F(e(r’))G(tro(J\/’)) exp ( - 2?; + /05 (e(w)dj—r’)Q)} = é(%)_lE[F(e)G(tro(/\/‘)) exp ( - ;))TZQ)},

and this completes the proof. O
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Lemma 19 applied with F' =1 and G(tro(N')) = ¢(Z), for any test function ¢, implies that

(52) Elp(2)] = 2(,5) " E[o(2) e (- o5 )]

Since we know that the density of Z is the function z — $£3/2(¢ + 2) =°/2, we get that the density of Zis

3 3¢

3z

) g4 2) O exp(—

).
Proposition 20. For any nonnegative measurable functions F and G, we have for Lebesgue almost every z > 0,
E [F(e“’)) G (tro (V) ‘ Z= z} —E [F(e) G (tro () ‘ zZ= z} .
In other words, the conditional distributions of (e("/),/\~/‘ ) given Z and of (e,N') given Z are the same.
Proof. This easily follows from Lemma 19. Set
N(2)i=E[F(e)) Gltro(N) | =2, 7(2) =E|F(e) Gltxo(N))| 2 = 2],

noting that both 1 and ~y» are defined up to a set of zero Lebesgue measure of values of z > 0. By Lemma 19 and formula
(52), for any nonnegative measurable function ¢ on R,

E[1(2)¢(2)| =E[F(e) Gliro(N) o(2)]

= a(5) E[Fe) Gliro(N) 0(2) exp  — o5 )]
=025 E[n(2)e(2) e (- 35 )]

=E[n(2) p(2)]

Since o was arbitrary it follows that v, (2) = v2(2), dz a.e. O
6.2. The complement of a hull in a Brownian disk

We now recall the construction of the Brownian disk “viewed from a boundary point” which is given in [19]. As in
[19], we deal with a Brownian disk of perimeter 1, but the construction and the results of this section can easily be
extended to an arbitrary perimeter £ > 0 via scaling arguments. We start from a pair (b, M), where b = (b;)o<t<1 is a
five-dimensional Bessel bridge from 0 to 0 over the time interval [0, 1] and, conditionally on b, M (d¢tdw) is a Poisson
measure on [0, 1] x S with intensity

2 I{W* (w)>0} dt N\/gbt (dw)
We write
M= w),
jeJ
and Y := " jeJ U(w;-). From M, we can define a compact measure metric space T’ exactly in the same way as ¥
was defined in (19). We also introduce an associated clockwise exploration (£)se[o,s], and intervals [|a,b|]" in T’ are

defined as previously from the clockwise exploration. We specify labels (¢/,), e by setting £} := v/3b; for t € [0,1],
and (7, := £, (w}) for u € T, j € J. A fundamental difference is the fact that £;, > 0 for every u € T’ (because by

construction W, (w}) > 0 for every j € J). Furthermore 0 and 1 are the only elements of T’ with zero label.
For every a,b € T we set

(54) D'°(a,b) := L), + ¢}, — 2max ( min /., min Eé),
c€l|a,b|] c€[|b,al]’
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and then
P
55 D’'(a,b):= inf D°(a;_1,a;
(55) (a,b) ao:a’al)m’%ih%:b; (ai-1,ai)
where the infimum is over all choices of the integer p > 1 and of the points a1, ...,a,_1 in T’. We notice that D’(0,1) =

D’°(0,1) = 0 and that, for every a,b € ¥,
(56) D'(a,b) =0 if and only if D"°(a,b) =0.

This follows from the analogous result [6, Theorem 13] in the Bettinelli-Miermont construction of Section 4.1 via an
absolute continuity argument.

Finally, we set D' = %'/{D’ = 0}. We observe that D’(a,b) = 0 implies £/, = ¢; so that we can make sense of labels
on ', for which we keep the same notation ¢/, = € ’. We write II’ for the canonical projection from ¥’ onto I, and
V' for the pushforward of the volume measure on T’ under IT'.

Theorem 21. [19, Theorem 15] The quotient space (', D', V') equipped with the distinguished point 11'(0), is a free
Brownian disk with perimeter 1 pointed at a uniform boundary point.

See the end of Section 4.1, or [19, Section 6] for the definition of the free Brownian disk pointed at a uniform boundary
point. The boundary 9D’ coincides with II'([0, 1]) (as in formula (19), [0, 1] is viewed as a subset of ¥'). In a way similar
to the formula D(x.,u) = ¢, — £, in the Bettinelli-Miermont construction, labels ¢/, exactly correspond to distances
from the distinguished point II'(0), which lies on 9.

We fix o € (0,1) and we set x; := II'(«), which is a point of 9D’ distinct from II'(0). Note that D'(II'(0),x;) =
V3b,. We also fix 7 > 0 and write B, for the closed ball of radius r centered at IT’'(0) in ID’. On the event where
D'(IT'(0),x1) >, we let BS™1 denote the connected component of I\ B, that contains x;, and define the hull B®*1 :=
D'\ B!, Notice that D'(IT'(0), z) = r for every a belonging to the topological boundary of B! . We also let B!
be the closure of E,‘?’xl.

Let us argue on the event where D'(I1'(0),x;) = v/3b,, > . On this event, we set 7_ := sup{t € [0,a] : b; = r//3}
and T :=inf{t € [, 1] : by =/+/3}, so that (T, Ty ) is the excursion interval of b above level /+/3 that straddles a.
We also set Py =74 —T_, and

P= Y  Z(W).

JETT_ <t <Ty

Theorem 22. Almost surely under the conditional probability IF’( | D'(IT'(0),%,) > r), the intrinsic metric on B* has
a unique continuous extension to B"xl, which is a metric on B”xl Furthermore, conditionally on the pair (Py, P1),
the resulting metric space equipped with the volume measure V; which is the restriction of V' to B,’. X1, and with the
distinguished point TU(T_), is a free Brownian disk with perimeter Py + Py pointed at a uniform boundary point.

Proof. Throughout the proof, we argue under the conditional probability P(- | D’(II'(0),x1) > r). For every ¢ € [0, P,
wesetby =br 4 — r/x/ﬁ Also define

o
M” = § 5(t3.—T,,w3.—T)v
JEJT_<ti<Ty

with the abuse of notation consisting in writing w — 7 for the snake trajectory w shifted by —r. We have then P, =
J Zo(w) M?®(dtdw). Let T° be the metric space constructed from tro(AM?®) in the same way as T* was constructed from
tro(/\/ ) at the beginning of Section 4.2. More precisely, ° is obtained from the disjoint union

[0, Po] U ( U T(trow;—r)))
JEJT_<t;<Ty

by identifying the root of ﬁtro(w; _y) with the point ¢; — T of [0, Fo], for every j € J such that T < ¢’ <T';. We also
assign labels 2 to the points of T° in the same manner as in Section 4.2, so that £ = 1/3b? if a € [0, Py], and points of
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FIG 3. Illustration of the Brownian disk I’ and the subsets By’*! and Eﬁ X1 The intersection By N E: X1 is represented in red and we interpret
Py as its length. The variables T—, Py and 1 — T’y can be thought of as the lengths of the corresponding subsets of the boundary of .

ﬁtro(w;_r)) keep their labels. We set 0T° := {a € T°: £ =0} and

%= /o(tro(w))/\/lo(dtdw) = Z o (tr(w))).

JEJT_<t;<Ty

As in Section 4.2, we can introduce the clockwise exploration (€;)o<;<x> of T°, which allows us to define intervals
in T°. Then, for every a,b € T°\0T°, we define the functions D (a,b) and D, (a,b) by the analogs of formulas (22) and
(23).

Let £ € (0,1). We observe that, conditionally on Py =&, (br_4+)o<t<¢ is distributed as a five-dimensional Bessel

process excursion of length ¢ above level r/v/3 and thus has the same distribution as the process (éy/))ogtgg introduced

at the beginning of Section 6.1. Hence, conditionally on Py =&, (b{)o<¢<¢ has the same distribution as (egrl))ogtgg. By
construction, conditionally on Py = ¢ and on b®, M? is Poisson on [0,£] x S with intensity

2 l{W*(w)>—7-} dt N\/gbf (dw)

Comparing with formula (51) for the intensity of the Poisson measure N, and using both identities Z= [ Z (w)./\~f (dtdw)
and P, = [ Zp(w) M°(dtdw), we get that the conditional distribution of the pair (b, tro(M?)) knowing (P, P) =
(€, 2) coincides with the conditional distribution of (e(""),tro(N)) given Z = z. By Proposition 20, this is also the
conditional distribution of (e, tro(N')) given Z = 2.

As a consequence of the latter identity in distribution, we can use Proposition 5 to get that the function (a,b) —
Dy (a,b) has almost surely a continuous extension to T° x ¥°. We then consider the quotient metric space D, :=
%°/{D, = 0}, and the canonical projection IL; : ¥° — D,,. As usual, the metric space (D,, D,) is equipped with
the pushforward of the volume measure on ¥° under II,, which is denoted by V. Moreover, Theorem 16 implies that,
conditionally on the pair (Py, P;), the space (D, D,, V,,) with the distinguished point II,(0) is a free Brownian disk
with perimeter Py + P; pointed at a uniform boundary point. N

In order to complete the proof of Theorem 22, we now need to explain that the space B'“! equipped with its (extended)
intrinsic metric and with the restriction of the volume measure V' is identified isometrically to (D, D, V), and this
identification maps IT'(T_) to I1,(0). To this end, we first introduce the subset of ¥’ defined by

GoX1 = (T_, T )U ( U {a €T :m;>r}>,

JEJT_<t[<Ty



Spatial Markov property in Brownian disks 39

where, if @ € Tu1), m, denotes the minimal label along the ancestral line [[p(w}),a]], and we (of course) make the same

identifications as in the definition of T'. Let us verify that B>*1 = IT'(G%*1). We know that a point 2 of I)' belongs to
E;”xl if and only if there is a continuous path from x to x; that does not intersect the ball B,.. From this observation and
the cactus bound already used in the proof of Proposition 6, it is not hard to verify that x belongs to g,‘?xl if and only
if # =1II'(a) where either a € (T_,T}.) or a belongs to one of the trees ), with T_ < t; < T\, and labels along the
ancestral line of a stay greater than 7. This leads to the desired identity §f3 X1 =11 (gY*1),

Next, set

oGy ={T_,T+} U < U {aé’ﬁw;) : 0l =rand ¢, >r forevery be [[p(wg_),a]]\{a}}>.

JEJT_<t;<Ty

One easily verifies that the topological boundary of B! is II'(9G2*1). Consequently, BS*! = II'(G®*') where
GrX1 = G2*1 U 0Gg2*t. Note that we have

Q:’x1=[T_,T+]U< U T<m<w;>>>7

JEJT_<t,<Ty

where as usual we identify Ttrr(w/ y) with a subset of Tw

We can then identify G- with T° in the followmg manner: a € [T_,T,] is identified with a — T, and a point
a € T, ( («))) y (where j is such that T_ < t; < T7) is identified to the corresponding point of 7y (] =) Moreover,
using (56) and Proposition 5, one checks that, for every a,b € G**1, the property D’(a,b) = 0 holds if and only if the
points @ and b of T° corresponding to a and b satisfy D, (Zi,g) = 0. This leads to the desired identification of the sets
E;*xl and D,,. Then one verifies that the intrinsic metric on E,ﬁ”xl coincides (modulo the preceding identification) with
the restriction of the metric D, to D\ODs. This relies on arguments very similar to the proof of Proposition 6, and we
omit the details. Finally, it is immediate that the restriction of V' to E; X1 corresponds to the volume measure on Ds.
This completes the proof. O

We will write lA);, for the metric on E;vxl constructed in Theorem 22 as the extension of the intrinsic metric on E;’ X1
In view of future applications, it will also be convenient to introduce the standard boundary curve of the Brownian disk
Bp>1 that is defined as follows. Recall the construction of the boundary curve (I'* (¢))o<¢<¢+ z, from the pair (e, tro(N))
as explained before Theorem 16. Since the conditional distribution of the pair (b®, tro(M?)) knowing (FPo, P1) = (&, 2)
coincides with the conditional distribution of (e, tro(N)) given Z = z, we can use the same construction to get a standard
boundary curve of the Brownian disk D, hence (via the identification of the preceding proof) a standard boundary
curve (I'.(t))o<t<py+p, Of the Brownian disk B>, More precisely, I'.(t) = II'(T_ + ) for 0 < ¢t < Py, and the
values of f’r( t) for Py <t < Py + P; are defined by the analog of formula (45) (cf. formula (61) below). We have
then {T.(t): 0 < t < Py} = B#*1 N JDY, and the set {I".(t) : Py <t < Py + Py} is the topological boundary of B!
or, equivalently, of the hull B>,

6.3. A spatial Markov property

Our goal in this section is to prove that the free Brownian disk (§;>"1 , ﬁ;, {\7;7 IT'(T-)) in Theorem 22 is independent of
the hull B2 conditionally on the pair (P, P;). To make this assertion precise, we need to explain how the hull B2**
is viewed as a random measure metric space. We argue on the event {D’(0,x1) > r} and we keep the notation of the
previous section. We introduce the subset K,. of ¥’ defined by

IC,,:[07T,]U[T+,1]U( U T(w;))u( U {aeﬁw;):mggr}),

JEJ: €0, T_U[TY 1] JETT_<t;<Ty

where we recall that m/, stands for the minimal label along the ancestral line of a € 7'(%4). Note that labels on T'\K,.

are greater than r. We have K, = T/\G2*', and therefore IT'(K,) = B®*! as a consequence of the equality B! =
IT'(G%*1). In view of forthcoming applications, we also mention the following simple fact. Let a,b € K,.. Then, in
formula (54) defining D'°(a,b), we may replace the intervals [|a,b|]’ and [|b,a|]’ by [|a,b|]’ N K, and [|b,al]’ N K,
respectively: the point is that, if the interval [|a, b|]’ contains a point ¢ ¢ /C,., then, necessarily, it contains another point ¢/
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(belonging to K,.) whose label is r and is thus smaller than the label of c. Informally, the definition of D’°(a,b), when
a,b € K, only depends on the labels on /C,., despite the fact that the interval [|a, b|]’ may not be contained in /C,..
For every a,b € IC,., we set

p
57 D! (a,b) = inf D (a;_1,a;
( ) r( ) ) a07a/17<~-7(]4pe)c7“z ( 1—1 z)7
i=1
ap=a, ap=b
where the infimum is over all choices of the integer p > 1 and of the finite sequence ag,as,...,a, in K, such that

ao = a and a, = b. This is similar to the definition (55) of D’(a,b), but we restrict the infimum to “intermediate” points
ai,...,ap—1 thatbelong to KC,.. Clearly, we have D'(a,b) < D!.(a,b) < D'°(a,b) for every a,b € K,.. Since the condition
D’(a,b) = 0 can only hold if D'°(a, b) = 0, we get that, for every a,b € K,., we have D).(a,b) = 0 if and only if D’(a,b) =
0. Hence D!, induces a metric on II'(K,.) = B2** and we keep the notation D!, for this metric. Using simple geodesics
(as defined at the end of Section 4.1) and the definition (55) of D’ as an infimum, one verifies that the restriction of
D!, to the interior of By*! coincides with the intrinsic distance induced by D’. This follows by an adaptation of the
proof of Proposition 6 and we omit the details since this is not really needed in what follows. Additionally, we have
D, (IT'(0),z) = D'(I'(0), z) for every x € Bp™** (note that a D’-geodesic from x to II'(0) cannot exit the hull B2*1).
In particular, D, (II'(0),T".(t)) = D’ (IT'(0),T.(t)) = r for every t € [Py, Py + Pi].
We equip the metric space (B2*1, D..) with the restriction of the volume measure V', which we denote by V. It is

also convenient to introduce a boundary curve of By*!, which we define as follows. We set, for every ¢ € [0, P; +1 — Py],

IT'(t) ifte[0,7_],

TL(t):= TW(Py+ P, — (t—T.)) ifte(T_,T_+P)),
H/(t—(T,—f—Pl)—‘rTJr) ifte[T,‘f'PhPl-i-l—Po].

Note that I", is a simple loop taking values in B!, and I'/.(0) =T7.(P, + 1 — Py) =II'(0). In fact, using Jordan’s
theorem, it is not hard to to verify that B>>*! has the topology of the closed unit disk, which makes it possible to consider
the “boundary” of B?**, and this boundary (which is not the topological boundary) is precisely the range of I"/.. We will
consider the hull (B>, D!, V') as equipped with the curve I",.: we view the 4-tuple

(BY™, Dy, Vi, T

as a random variable taking values in the space M@V Then it is not hard to verify that the quantities T_, T, , Py, P;
are measurable functions of the latter random space. In fact, recalling that D’.(IT'(0),1I’(¢)) = D'(TI’(0), II'(t)) = V/3 b
fort € [0,T_] U [T4,1], one sees that T_ is the first time ¢ > 0 such that there exists € > 0 verifying

D, (IU'(0),I.(t+s)) =7, Vse[0,¢],
and an analogous representation holds for T’y . Furthermore P, = inf{¢t > 0: D.(0,T/.(T_ +t)) # r}.

Theorem 23. Under the conditional probability P(- | D'(0,x1) > r), the space (B3*1, D!, V' T") is independent of
(B>, D, V! T conditionally on the pair (Py, P).

Proof. The general strategy of the proof is to show that the space (B>, D/, V/,I'") can be constructed from random
quantities that are independent of (B®**, D/, V.. T".) conditionally on (P, P,). To this end, we will describe the hull
B>t in terms of the labeled tree T'. Recall the notation (£;)¢o,x] for the clockwise exploration of T’ For every j € J
such that T < t/; < Ty, write [u;,u; + o(w})] for the interval corresponding to w’ in the time scale of the clockwise
exploration £’ (meaning that £ € T(w;) if and only if s [uj,u;j + o(w})]), and recall the notation (L (wj})):>o for the
exit local time of w/; from (r,00). We set, for every t > 0,

(58) L= ) Gy (@),

JEJT_<t)<Ty

Then, for every index j such that 7" <t/ <T',, we denote the excursions of w’; outside (r,00) by (wfk) ke1; Where I;
is an appropriate indexing set (if the index j is such that W (w}) > 7, I; is the empty set). In the time scale of &', the
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excursion wfk corresponds to an interval (o x,3;%) and we set tfﬁk = L;j: . = L’BM. Finally, we introduce the point

measure

Ny (dtdw) := > > O(e#, iy (dtdw).

JETT_ <t <Ty kel

We will show that the hull B?*! is a function of the triple

(59) Ty = (N#(dtdw); ((bt)ogth,7 Z 6(t’j,w;)); ((bt)T+§t§1a Z 6(t’j,w;))>~

JEJOK, ST JET Ty <t/ <1

To this end, we consider the interval [0,1 — Py + P;], viewed as the union of the three intervals [0,7_], [T_,T_ + P]
and [T_ + Py, T_ + P, + 1 —T,]. We define T# as the union

[0,1— Py + P,] U ( U T(w;)> U ( J U T<w:f:>>’
jETHLE0, T UIT 1] |

€0, T-]u JEJT_<t;<T} kel;

where, for j € J,

* if 0 <t <T_, the root of 7 (w}) is identified to th €0, T_];
o if T_ <t < T}, then, for every k € I}, the root of T(o#,y is identified to T + t#,f e, T7- + P,
o if T} <t <1, the root of 7, (w)) I8 1dent1ﬁed to1T_ + P1 + (t =Ty)e[T-+ Pi,1 - P+ 1.

As in the Bettinelli-Miermont construction of Section 4.1, we view T# as a measure metric space and we write >#
for the total mass of its volume measure. We can also assign labels to the points of T#: points of the trees 7'(%) and

T@ﬁk) obviously keep their labels, the label of s € [0,7_], resp. of s € [T_ + P, T_ + P, + 1 — T, ], is v/3 by, resp.

\/ng++s_(T7+P1), and finally the label of each s € [T, T_ + P;] is r. We define the exploration function (5#)ogtgz#
in a way similar to Section 4.1: informally, we concatenate the exploration functions of the trees 7, and ’T(w# ) in
J Gk

the order prescribed by their roots viewed as elements of [0,1 — Py + P;]. This exploration function allows us to define
intervals on T#, and then to introduce the functions D3 (a,b) and Dy(a,b) fora,b e T#, exactly as we did in Section 4.1
to define D°(a,b) and D(a,b). Similarly, we consider the quotient space D := T# /{ D4 = 0} and we write II; for the
canonical projection. As usual, we write V4 for the pushforward of the volume measure on T# under I1 ;. Finally, we
set Dy (¢) :=11u(¢), fort € [0,1 — Py + Py].

We then claim that we have the almost sure equality

(60) (B;’xl,D;,,V;7F/T):(D#,D#,V#,F#).

Let us explain why Theorem 23 follows from (60). On one hand, we know that the space (D, Dy, V4, F#) is obtained as
a function of the triple T in (59). On the other hand, the proof of Theorem 22 shows that the space (B * X1 D’ V’ I" ')
is a function of the pair (b®,tro(M?)) introduced in this proof. So the statement of Theorem 23 reduces to checkmg
that the pair (b®, tro(M?)) is independent of T4 conditionally on (Fp, P;). To this end, notice that the excursion b® is
independent of ((bt)ogtSQl ,(by)r, Stgl) conditionally on P;. It follows that, conditionally on P, the pair (b®, M?) is
independent of the pair

((bt)0§t§T7 > 5(t_’7.,w_;)> ; ((bt)ngtgb > 5(t_;.,w_;))-

s . ’ 3 . ’7
JETO<H, ST JEJ Ty <t/ <1

Furthermore, an application of the special Markov property (6) entails that, conditionally on ( Py, P ), the point measure
N (dtdw) is Poisson with intensity 1jo p,j(t) dt N,.(dw N {W.(w) > 0}), and is independent of the pair (b, tro(M?)).
It follows that conditionally on (FPp, P ), the variable (b®, tro(M?®)) is independent of T, which was the desired result.
It only remains to justify our claim (60). This relies on arguments similar to the proof of Theorem 31 in [22], which
is a statement analogous to Theorem 23 for the hull centered at the distinguished point of the Brownian plane. For this
reason, we will skip some details. Recall the definition (58) of the process (L});>0, and, for every s € [0, P ), set

k'(t):=inf{s > 0: L > t}.
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By convention we let ' (P;) = '(P;—) be the left limit of ¢ — «'(¢) at P;. We have then Eroy =T- and E;/(Pl) =1Ty.

From the construction of the boundary curve IAjL, we have
(61) I (T_ +s)=T.L(Py+ P, —s) =1II'( wi(s)) forevery s €0, P1].

We then define a mapping ® : K, — T# by the following prescriptions. Let a € K,.:
() Ifa€[0,T_], ®(a) is the “same” point of T#.
(ii) If a € [T, 1], ®(a) is the point a + P, — Py of T#.
(iii) If @ € 7o), for some j € J with th € [0,T_]U[T,1], ®(a) is the “same” point in T#.
(iv) If a € T # . for some j € J such that th € (T, Ty ) and some k € I}, ®(a) is the “same” point in T# — we use
the fact that T ) can be viewed as a subset of the tree 7'(%).

(v) If a is of the form 8’ Wlth s € [0, Py], or of the form 5;'(5—) with s € (0, P,], ®(a) is the point T_ + s € T#.

One verifies that these prescriptions are consistent with the identifications made when defining X, and T#. In particular,
for j € J such that t} € (T-,T4), and k € I;, the root Plt) of ’T(w# ) (viewed as an element of ;) is easily seen to
Gk 3k

coincide with &’ and thus (by property (v)) is mapped to T_ + tj’&k, which is identified to Plut,) in T#. Moreover,
; o

/( i
(i) — (v) define <I>( )) for every a € K,.. The point is that, if a € IC,. belongs to a tree ’7'(w )» for some j such that
T < t’ < T4, and if a does not belong to any of the subtrees T# with k € I, then necessarily ¢/, = m/, = r, and the
support property of the exit local time ensures that we have a = 5 /(s) OT @ = 55'(3 ) for some s € [O Py].

We note that ® preserves labels and is surjective. However, ® is not injective because ®(E7,(,)) = ®(&L,(,_,) for
s € (0, P1]. Nonetheless, it follows from our definitions and the support property of the exit local time that I’ (€ ,(S)) =
H’(E;,(S_)) for every s € (0, P1]. We also note that, if a,b € K, the image under ® of [|a,b|]' N K, is the “interval”
from ®(a) to ®(b) in T#. Using this observation and the simple fact stated before formula (57), it is straightforward to
verify that, for every a,b € K,., we have D'*(a,b) = D5, (®(a), ®(b)), and then D;.(a,b) = Dy (®(a), ®(b)). It follows
that ® induces an isometry from Bp*' =II'(K,) onto Dy, and this isometry, for which we keep the same notation ®,
is easily seen to preserve the volume measures. Finally, from (61) and properties (i),(ii),(v), we immediately get that
DI (s)) =I4(s) =T x(s) forevery s € [0,1 — Py + Py]. This completes the proof of (60) and of Theorem 23. O

Theorems 22 and 23 should be interpreted as giving a way to define a peeling exploration of the Brownian disk .
Starting from the point II'(0) uniformly distributed on the boundary, one may start by “peeling” the hull B2** of small
radius 7 > 0 centered at this point (relative to another fixed point x; of the boundary). Then the remaining part Ef’“
of the initial Brownian disk is a Brownian disk with a different perimeter (Theorem 22) and, if we choose a point on its
boundary as a function of the part that has been removed, this point will again be distributed uniformly on the boundary
of the new Brownian disk (as a consequence of the independence property in Theorem 23). In the notation of this section,
we may choose the next point to be “peeled” as I, (/) where U is a measurable function of (B**1, D/, V', T".).

Appendix

In this appendix, we briefly explain how formula (12) is derived from [14]. We consider the generating function

oo o0 X

)=D D #T(L,p. k) (12V3)7*

k=0 L=1p=1
A direct application of formula (27) in [14] gives

a( z)—/3 2sy 2sz ds
V2= o (1—4sy)3/2 (1 —4s2)3/2 25

Note that the parameter £k corresponding to the number of inner vertices is replaced in [14] by a parameter counting the
number of edges of the triangulation, but of course this makes no difference thanks to Euler’s formula.
Let us also consider the generating function

1 3L+P 2L\ (2p\
ZZ D y- 2P
Pt 2L+p L D
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If we set F, () = G(%, 1), we have

303
leme= 1 2L\ (20\ .11y I
0355 1()o() e
2L:1p 1Ler L P
and
1 o= (2L 2p
tFy (=35> > (L)P( )tL+” baP = - o(ty) o(tz),
P
L=1p=1
where

‘We conclude that

as desired.
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