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Test problem: −∆u = f , u = 0 on ∂Ω .

For mixed Raviart
Thomas space RT :

div : RT −→ P 0,

P 0= piecewise constant.

Idea: We build a local
test function space

RT ? ⊥ RT.

Petrov Galerkin approach

Duality =⇒
local discrete gradient,
∇T : P 0 −→ RT.

2 point flux formula.

Stability conditions
⇓

4-point finite volumes [1]

and error estimates.

Problematic

Mesh and spaces

• T = triangle mesh of a domain Ω,
•with triangle set T 0 and with edge set T 1.

θe,K

ne

L

e

K θe,L

• 1l
K
= the indicator function of K,

P 0 = Span
(
1l
K
, K ∈ T 0

)
.

•ϕe = the Raviart Thomas basis function for e
(of degree 0), RT = Span

(
ϕe, e ∈ T 1

)
.

Cell centered finite volumes

Definition of:
• a discrete space of fluxes FT ,
• a discrete divergence divT : FT −→ P 0,
• a discrete gradient ∇T : P 0 −→ FT ,
Discrete duality property: ∇T = −(divT )?.
But FT is not a functional space.
Questions: what relationships between
•FT and H(div,Ω) ?
• the discrete operators and the differential ones ?

Mixed Finite Elements

•The flux space is RT ⊂ H(div,Ω),
• divT = div : RT −→ P 0

Try to define ∇T : P 0 −→ RT as ∇T = − div?
Problem:
• the ϕe ∈ RT are not orthogonal,
• orthogonalisation =⇒ a non local discrete gradient.

Petrov Galerkin approach

•Definition of a dual space RT ? 6= RT ,
RT ? = Span

(
ϕ?e, e ∈ T 1

)
i. e. satisfying the orthogonality property,∫

Ω
ϕ?e · ϕf dx = 0, e, f distinct edges.

•Discrete gradient definition,
∇T = −Π−1 div? : P 0→ RT,

following the diagram,
RT

div−→ P0

Π
y yid

RT ? ←−−
div?

P0

, ϕ?e = Πϕe.

RT Dual basis

Definition

RT ? := Π(RT ) with Πϕe = ϕ?e.

General contraints:
1 Orthogonality: (ϕ?e, ϕf)0 = 0 if e 6= f

2 Conformity: ϕ?e ∈ H(div,Ω)
3 Localisation: Suppϕ?e = K ∪ L = Suppϕe
4 Flux normalisation:

∫
e
ϕ?e · ne dl = 1 =

∫
e
ϕe · ne dl

Discrete gradient

Set u ∈ P 0: u =
∑
K∈T 0

u
K
1l
K
.

Then ∇T u =
∑
e∈T 1

peϕe

with pe = u
L
− u

K

(ϕ?e, ϕe)0
.

This is a two point flux formula.
As for cell centered finite volume methods.

Discretisation of −∆u = f

Discrete Petrov Galerkin: find u ∈ P 0, p ∈ RT ,
(p, q)0 + (u, div q)0 = 0 and − (div p, v)0 = (f, v)0,

for v ∈ P 0 and q ∈ RT ?.
It is equivalent with:
find u =

∑
K

u
K
1l
K
∈ P 0 so that,

1
|K|

∑
e=K|L

u
L
− u

K

(ϕ?e, ϕe)0
= 1
|K|

∫
K
f dx. (PT )

• Similar to cell centered finite volumes.
•The coefficients (ϕ?e, ϕe)0 define the scheme

Retrieving FV4

Proposition

Construction:
1 divϕ?e = δk on K,

divϕ?e = −δL on L and ϕ?e = 0 otherwise,
2 ϕ?e · ne = g on e and
ϕ?e · nf = 0 on f for f 6= e,

where δk and g satisfy (1)-(2).
Consequences:
• {ϕ?e, e ∈ T 1} is a RT dual basis as above,
•The coefficients only depend on the cell angles,

(ϕ?e, ϕe)0 = cotan(θK,e) + cotan(θL,e).
•Equivalent to the 4-point finite volume scheme [1].

Constraints on δK and on g

The function δK : K −→ R must satisfy,∫
K
δK(x) dx = 1, (1)∫

K
δK(x) |x− Vi|2 dx = 0,

for Vi= vertexes of K, i =1, 2, 3.
The function g : (0, 1) −→ R must satisfy,∫ 1

0
g(s)ds = 1, g(s) = g(1− s) and (2)∫ 1

0
g(s) s2 ds = 0

Numerical analysis

Stability - error estimates

Proposition: with the uniform angle condition,
0 < θ? ≤ θK,e ≤ θ? < π/2.

there are RT dual basis verifying (S1)-(S4).
Stability: uT = solution of the discrete problem (PT ):

‖uT ‖0 + ‖∇T uT ‖H(div,Ω) ≤ C‖f‖0.

Convergence: u = exact solution,
‖u− uT ‖0 + ‖∇u−∇T uT ‖H(div,Ω) ≤ ChT ‖f‖0

with hT the mesh size.

Stability conditions

Consider Π : ϕe ∈ RT −→ ϕ?e ∈ RT ?.
The stability condition are: for all p ∈ RT ,

(p,Πp)0 ≥ C‖p‖2
0, (S1)

‖Πp‖0 ≤ C ‖p‖0, (S2)
(div p, div Πp)0 ≥ C ‖ div p‖2

0, (S3)
‖ div Πp‖0 ≤ C ‖ div p‖0 (S4)

for C independent on T .

References

[1] Raphaèle Herbin.
An error estimate for a finite volume scheme for a
diffusion-convection problem on a triangular mesh.
Numer. Methods Partial Differ. Equations,
11(2):165–173, 1995.

[2] Jacques Baranger, Jean-François Maitre and Fabienne
Oudin.
Connection between finite volume and mixed finite
element methods.
RAIRO Modél. Math. Anal. Numér., 30(4):445–465,
1996.

[3] François Dubois.
Finite volumes and mixed Petrov-Galerkin finite
elements: the unidimensional problem.
Numer. Methods Partial Differential Equations,
16(3):335–360, 2000.


