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• An hyperboli
 partial di�erential equation like the Burgers equation(1) ∂u

∂t
+

∂

∂x

(

f(u)
)

= 0 , f(u) ≡
u2

2exhibits sho
k waves [5℄, id est dis
ontinuities propagating with �nite velo
ity. In order tosele
t the physi
ally relevant weak solution, it is ne
essary to enfor
e the so-
alled entropy
ondition(2) ∂

∂t

(

η(u)
)

+
∂

∂x

(

ζ(u)
)

≤ 0as suggested by Friedri
hs and Lax [4℄. In the relation (2), η(•) is a stri
tly 
onvexfun
tion and ζ(•) the asso
iated entropy �ux (see [3℄ or [5℄). For the Burgers equation,we 
onsider usually the quadrati
 entropy : η(u) ≡ u2

2
, ζ(u) ≡ u3

3
.

• When we use a latti
e Boltzmann s
heme like the so-
alled D1Q3 s
heme with velo
-ities vj ∈ {−λ , 0 , λ}, we repla
e the �ma
ros
opi
� hyperboli
 equation (1) by a systemof �mi
ros
opi
� Boltzmann equations : ∂fj

∂t
+ vj

∂fj

∂x
= Qj(f), with Qj(f) related to an�equilibrium� value f

eq

j of BGK type : Qj(f) = 1

τ

(

f
eq

j − fj

)

. The best situation o

urswhen dissipation 
an be established with a �mi
ros
opi
 entropy� H(f) ≡
∑

j hj(fj) andthe so-
alled �H-Theorem� : ∂
∂t

(
∑

j hj(fj)
)

+ ∂
∂x

(
∑

j vj hj(fj)
)

≤ 0.

• With the approa
h proposed by Karlin [6℄, the 
hoi
e H(f) ≡
∑

j hj(fj) allowsthe determination of the equilibrium fun
tions f
eq

j a

ording to a minimization pro
ess.A natural question 
on
erns the link between the mi
ros
opi
 entropy H(•) and thema
ros
opi
 entropy η(•). This question has been studied by F. Bou
hut [1℄ in the 
ontextof �nite volumes methods. The result for the Burgers equation 
an be stated as followswith the 
hoi
e of the quadrati
 entropy done in this 
ontribution. Introdu
e �rst theso-
alled �entropy variables� ϕ ≡ dη(u) (see e.g. [3℄), the Legendre-Fen
hel-Moreau dualfun
tion η∗(ϕ) ≡ ϕ u−η(u) and the �dual entropy �ux� ζ∗(ϕ) ≡ ϕ f(u)−ζ(u). Following[1℄, if there exists 
onvex fun
tions h∗

j (ϕ) of the entropy variable ϕ su
h that(3) ∑

j

h∗

j (ϕ) ≡ η∗(ϕ) =
ϕ2

2
,

∑

j

vj h∗

j (ϕ) ≡ ζ∗(ϕ) =
ϕ3
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2 Stable latti
e Boltzmann s
heme for a moving Burgers sho
k wavethen the equilibrium f
eq

j (u) ≡
dh∗

j

dϕ
de�nes a stable approximation.

• In this 
ontribution, we 
onsider two examples of stable equilibria in the 
ontext of lat-ti
e Boltzmann s
heme. More pre
isely, following the approa
h proposed by d'Humières[2℄, we introdu
e a matrix M that links parti
le densities fj (j = −1, 0, 1) and mo-menta mk:(4) m ≡ M • f , M =





1 1 1

−λ 0 λ

λ2 0 λ2



 , u ≡ f−1 + f0 + f1 = m1 , λ =
∆x

∆t
.We propose a �rst equilibrium distribution under the form : meq,1 ≡

(

u , u2

2
, λ sgn(u) u2

2

)t
.Then it is possible to re-
onstru
t the dual-entropy η∗ and a dual entropy �ux ζ∗in order to satisfy (3). The 
orresponding h∗

j fun
tions are 
onvex if the Courant-Friedri
hs-Lewy 
ondition | u | ≤ λ is satis�ed. When using the other algebrai
 form
meq,2 ≡

(

u , u2

2
, λ2

2
u
)t, the stability 
onstraint takes the form |u | ≤ λ

2
. Then the relax-ation step is nonlinear and lo
al in spa
e : m∗

1 = m
eq
1 = u, m∗

k = mk + sk (meq

k −mk) for
k ≥ 2, with s2 = s3 = 1.8 in our simulations. The parti
le distribution f ∗

j after relax-ation is obtained by inversion of relation (4) : f ∗ = M−1
• m∗. The time iteration of thes
heme follows the 
hara
teristi
 dire
tions of velo
ity vj : fj(x, t+∆t) = f ∗

j (x−vj ∆t, t).

• We have tested these two numeri
al s
hemes for the Burgers equation with the initial
ondition u0(x) = 1 for x ≤ 0, u0(x) = 1 − x for 0 ≤ x ≤ 1, u0(x) = 0 for x ≥ 1,whi
h exhibits a fo
alizing sho
k wave for time t ≥ 1. The results will be presented atthe I
mmes meeting.
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