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From Boltzmann equation to lattice Boltzmann schemes

Boltzmann equation ∂t f + v•∇f = Q(f )
Linearization Q(f ) ≃ Q(f eq) + dQ(f eq)•(f − f eq)
Boltzmann BGK ∂t f + v•∇f = dQ(f eq)•(f − f eq)
Discrete velocities

∂t(Mf ) +M•v•∇f =
(
M dQ(f eq)M−1

)
•
(
M (f − f eq)

)
Moments m = M f , meq = M f eq

Multiple Relaxation Times hypothesis :
the matrix M dQ(f eq)M−1 is diagonal and real

Time discretization: alternate directions, or “collide-stream”
Zero eigenvalues dmk

dt = 0, 0 ≤ k < N: conserved moments W
Relaxation of the nonconserved moments mk , k ≥ N
dmk
dt = − 1

τk

(
mk −meq

k

)
, m∗

k = mk − ∆t
τk

(mk −meq
k (W )), sk = ∆t

τk

Particle densities f ∗j (x , t) =
(
M−1m∗)

j
(x , t)

x ∈ Lattice and x + vj ∆t ∈ Lattice, t = n∆t
Solve the advection equation ∂t fj + vj•∇fj = 0 with CFL=1!

fj(x + vj ∆t, t +∆t) = f ∗j (x , t)
Lattice Boltzmann scheme DdQq



Outline

• Fluid flow with a Multi Relaxation Times
D1Q3 lattice Boltzmann scheme

Advection-diffusion with a Multi Relaxation Times
D1Q3 lattice Boltzmann scheme

• Double distribution for Navier Stokes
Navier Stokes with mass, momentum and total energy
Double distribution with the Bhatnagar Gross Krook

lattice Boltzmann framework

• Navier Stokes with mass, momentum and volumic entropy
Double distribution for a Multi Relaxation Times

D1Q3Q3 lattice Boltzmann scheme
Linearized study with a focus on stability

• Definition of a nonlinear scheme
First numerical experiments



Thanks for your attention !


