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• The numeri
al s
heme introdu
ed by D. d'Humières [2℄ is a �exible framework todis
retize mathemati
al models in physi
s and engineering. It introdu
es the 
hoi
e of
N (= 4 for three-dimensional a
ousti
 appli
ations) 
onserved momenta: mi ≡ Wi (for
0 ≤ i ≤ N − 1) and relaxation 
oe�
ients sk that de�ne the evolution of non-
onservedmomenta: m∗

k = mk + sk (meq

k −mk). Moreover the time step ∆t is a natural parameterfor the evolution of parti
le populations: fj(x, t + ∆t) = f ∗

j (x − vj ∆t, t). When theequilibrium momenta m
eq

k are a linear fun
tion of the 
onserved variables W, we haveshown in [4℄ that is is possible with the so-
alled Taylor expansion method [3℄ to derive Nequivalent partial di�erential equations for the unknown ve
tor W at �rst order in timeand at any order of a

ura
y in spa
e.
• The system of linearized 
onservation equations issued from the latti
e Boltzmanns
heme 
an be written under the form A(∆t, ∂) • W = 0 with a 
ompa
t notation:
A(∆t, ∂) is a 4 × 4 (for three-dimensional appli
ations) matrix of di�erential opera-tors of high order relative to the 
onservative variables W . We sear
h the eigenmodes ofoperator A(∆t, ∂), id est the eigenvalues λj(∆t, ∂) and the eigenve
tors rj(∆t, ∂) su
h
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2 François Dubois and Pierre Lallemandthat A(∆t, ∂) • rj(∆t, ∂) = λj rj(∆t, ∂). We introdu
e the diagonal matrix Λ(∆t, ∂)
omposed by the eigenvalues λj(∆t, ∂) and the square matrix R(∆t, ∂) 
omposed bythe eigenve
tors. Then the previous relation 
an be written under the syntheti
 form:
A(∆t, ∂) • R(∆t, ∂) = R(∆t, ∂) • Λ(∆t, ∂).

• Moreover, the operator A(∆t, ∂) is a polynomial relatively to the variable ∆t:
A(∆t, ∂) ≡ A0(∂)+∆t A1(∂)+∆t2 A2(∂)+∆t3 A3(∂)+O

(

∆t4
)

. We 
an apply in this 
asethe perturbation theory for linear operators (see e.g. [1℄ for an elementary introdu
tion).First for ∆t = 0, the operator A0(∂) is exa
tly the perfe
t linear a
ousti
 model and asystem R0(∂) of 
lassi
al referen
e eigenve
tors 
an be given. The two a
ousti
 wavesand the two shear waves are put in eviden
e with this diagonalization. The parameter
∆t is supposed to be in�nitesimal and we introdu
e an expansion of the eigenvalues withdiagonal matri
es Λj(∂): Λ(∆t, ∂) ≡ Λ0(∂)+∆t Λ1(∂)+∆t2 Λ2(∂)+∆t3 Λ3(∂)+O

(

∆t4
)and relative perturbations Qj(∂) of the eigenve
tors: R(∆t, ∂) ≡ R0(∂) •

(

Id+∆t Q1(∂)+

∆t2 Q2(∂)+∆t3 Q3(∂)+O(∆t4)
)

. We insert the previous expansions inside the eigenmode
ondition and �nd step by step the expression of eigenvalues and eigenve
tors at any orderof a

ura
y.
• Doing this, we expand formally the eigenvalues in terms of the in�nitesimal parameter.We 
an adjust the 
oe�
ients sk of the d'Humières latti
e Boltzmann s
heme in orderto enfor
e fourth order a

ura
y (quarti
 parameters presented in [4℄ in the 
ase of shearwaves). In this 
ontribution, we show that the previous methodology is also appli
ableto a
ousti
 situations with D2Q13 and D3Q27 s
hemes. For simpler s
hemes as D2Q9and D3Q19, we show that the simulation of a
ousti
 waves is improved when isotropy
onditions are enfor
ed. We will present various simulations to verify these ideas and willlist a few pending questions.Referen
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