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François Dubois∗†

avec Bruce Boghosian et Pierre Lallemand
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Outlook 3

• Multiple Relaxation Times Lattice Boltzmann scheme

• Compact expression

• A general expansion result at third order

• Proof for Chapman-Enskog

• Proof for Taylor expansion method

• Link with the previous expansion at third-order
(DCDS-A, 2009)

• Survey



MRT compact expression general result Chapman-Enskog Taylor 2009 survey A1 A2

Multiple Relaxation Times Lattice Boltzmann scheme 4

Two steps for one time iteration

(i) Nonlinear relaxation
the particle distribution f is modified locally

into a new distribution f ∗

(ii) Linear advection
method of characteristics when it is exact !

Compact description of the lattice Boltzmann scheme:

fj(x , t + ∆t) = f ∗j (x − vj ∆t, t) , vj ∈ V , x ∈ L0 .

d’Humières matrix M for moments: mk ≡ Mk` f` , m ≡
(
W
Y

)
Conserved variables W ; after relaxation, W ∗ = W

Non-Conserved moments Y
equilibrium value: Y eq = Φ(W )

after relaxation: Y ∗ = Y + S (Y eq − Y ), m∗ =

(
W
Y ∗

)
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Important hypotheses 5

the discrete function f (x , t) for
x vertex of the lattice
t discrete time

is supposed to be the restriction of a very regular function
denoted in the same way f (x , t,∆t, sk , · · · )

but defined for
x a point of the continuous space Rd

t continuous time
∆t the time step
sk the relaxation parameters

The numerical velocity λ ≡ ∆x
∆t is fixed

The relaxation parameters sk are fixed
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Example of D2Q9 6

λ = ∆x
∆t

∆x

∆x

3

7 4 8

1

526

0

M =



1 1 1 1 1 1 1 1 1
0 λ 0 −λ 0 λ −λ −λ λ
0 0 λ 0 −λ λ λ −λ −λ
−4λ2 −λ2 −λ2 −λ2 −λ2 2λ2 2λ2 2λ2 2λ2

0 λ2 −λ2 λ2 −λ2 0 0 0 0
0 0 0 0 0 λ2 −λ2 λ2 −λ2

0 −2λ3 0 2λ3 0 λ3 −λ3 −λ3 λ3

0 0 −2λ3 0 2λ3 λ3 λ3 −λ3 −λ3

4λ4 −2λ4 −2λ4 −2λ4 −2λ4 λ4 λ4 λ4 λ4



ρ
Jx
Jy
ε

XX
XY
qx
qy
h
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Advection operator in the basis of moments 7

Momentum-velocity operator matrix Λ ≡ M diag
(∑

α

vα ∂α
)
M−1

1 ≤ α ≤ d = space dimension

Block decomposition Λ ≡
(
A B
C D

)
Example of Λ operator matrix for the thermal D2Q9 scheme

0 ∂x ∂y 0 0 0 0 0 0
2λ2

3 ∂x 0 0 1
6 ∂x

1
2 ∂x ∂y 0 0 0

2λ2

3 ∂y 0 0 1
6 ∂y −1

2 ∂y ∂x 0 0 0

0 λ2 ∂x λ2 ∂y 0 0 0 ∂x ∂y 0

0 λ2

3 ∂x −λ2

3 ∂y 0 0 0 −1
3 ∂x

1
3 ∂y 0

0 2
3λ

2 ∂y
2
3λ

2 ∂x 0 0 0 1
3 ∂y

1
3 ∂x 0

0 0 0 λ2

3 ∂x −λ2 ∂x λ2 ∂y 0 0 1
3 ∂x

0 0 0 λ2

3 ∂y λ2 ∂y λ2 ∂x 0 0 1
3 ∂y

0 0 0 0 0 0 λ2 ∂x λ2 ∂y 0


.
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Compact expression of the lattice Boltzmann scheme 8

Proposition m(x , t + ε) = exp(−εΛ) m∗(x , t)

mk(x , t + ε) =
∑
j

Mkj f
∗
j (x − vj ε, t)

=
∑
j `

Mkj (M−1)
j`
m∗` (x − vj ε, t)

=
∑
j `

Mkj (M−1)
j`

∞∑
n=0

1

n!

(
− ε

∑
α

vαj ∂α
)n

m∗` (x , t)

=
∑
`

∞∑
n=0

1

n!

∑
j

Mkj

(
− ε

∑
α

vαj ∂α
)n

(M−1)
j`
m∗` (x , t)

=
∑
`

[ ∞∑
n=0

1

n!

(
− εΛ

)n
k`

]
m∗` (x , t)

=
∑
`

exp(−εΛ)k` m
∗
` (x , t)

=
(

exp(−εΛ) m∗(x , t)
)
k



MRT compact expression general result Chapman-Enskog Taylor 2009 survey A1 A2

Chapman-Enskog framework 9

Introduce a small parameter ε. For numerical schemes, ε = ∆t

f = f eq + ε f 1 + ε2 f 2 + O(ε3)

Chapman-Enskog hypothesis : the perturbation terms f `

are only function of the equilibrium f = f eq

apply the d’Humières matrix:
M f = M f eq + εM f 1 + ε2 M f 2 + O(ε3)

take the first conserved component : W = W + 0

take the second nonconserved component :
Y = Y eq + ε (M f 1)Y + ε2 (M f 2)Y + O(ε3)

The perturbation terms ε` (M f `)Y depend only
on the conserved moments W .

Then Y = Φ(W ) + S−1 (εΨ1(W ) + ε2 Ψ2(W )) + O(ε3)

Suppose also a multi-scale approach for the time dynamics:

∂t = ∂t1 + ε ∂t2 + ε2 ∂t3 + O(ε3)
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Chapman-Enskog expansion 10

The conserved quantities W follow a multi-time dynamics :
∂t1W + Γ1(W ) = 0
∂t2W + Γ2(W ) = 0
∂t3W + Γ3(W ) = 0

The differential operators
Γ1(W ), Ψ1(W ), Γ2(W ), Ψ2(W ) and Γ3(W )

of this expansion are recursively determined

coefficients at first order
Γ1 = AW + B Φ(W )

coefficients at second order

Ψ1 = dΦ(W ).Γ1 − (C W + D Φ(W ))

Γ2 = B Σ Ψ1 Hénon matrix Σ ≡ S−1 − 1
2 I

coefficients at third order

Ψ2 = Σ dΨ1.Γ1 + dΦ(W ).Γ2 − D Σ Ψ1

Γ3 = B Σ Ψ2 + 1
12 B2 Ψ1 − 1

6 B dΨ1.Γ1



MRT compact expression general result Chapman-Enskog Taylor 2009 survey A1 A2

Taylor vs Chapman-Enskog expansion methods 11

Asymptotic hypothesis: emerging partial differential equations
∂tW + Γ1 + ∆t Γ2 + ∆t2 Γ3 = O(∆t3)

Γj : vector obtained after j space derivations
of the conserved moments W

and the equilibrium vector Φ(W ).

Non-Conserved moments:
Y = Φ(W ) + S−1

(
∆t Ψ1 + ∆t2 Ψ2

)
O(∆t2)

Φj analogous to Γj but not with the same dimension!
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General nonlinear Taylor expansion method 12

Coefficients at first order
Γ1 = AW + B Φ(W )

Coefficients at second order

Ψ1 = dΦ(W ).Γ1 − (C W + D Φ(W ))

Γ2 = B Σ Ψ1 with Σ the Hénon matrix: Σ ≡ S−1 − 1
2 I

Coefficients at third order

Ψ2 = dΦ(W ).Γ2 + Σ dΨ1.Γ1 − D Σ Ψ1

Γ3 = B Σ Ψ2 + 1
6 B dΨ1.Γ1 − 1

12 B2 Ψ1

We find the same formulas than with Chapman-Enskog:
the two expansions are equivalent!
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Chapman-Enskog expansion : order zero 13

m(t + ε) = exp(−εΛ)m∗

m + O(ε) = m∗ + O(ε)

first component : W + O(ε) = W ∗ + O(ε)
no more information because W ∗ = W

second component : Y + O(ε) = Y ∗ + O(ε)

relaxation: Y ∗ = Y + S (Φ(W )− Y )

The matrix S is supposed fixed

then Y = Φ(W ) + O(ε)

and Y ∗ = Φ(W ) + O(ε)
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Chapman-Enskog expansion : order one 14

m(t + ε) = exp(−εΛ)m∗

m + ε ∂tm + O(ε2) = m∗ − εΛm∗ + O(ε2)

with ∂t = ∂t1 + ε ∂t2 + ε2 ∂t3 + O(ε3)

then m + ε ∂t1m + O(ε2) = m∗ − εΛm∗ + O(ε2)

first component

W + ε ∂t1W + O(ε2) = W ∗ − ε (AW + B Y ∗) + O(ε2)

with W ∗ = W and Y ∗ = Φ(W ) + O(ε)

then ∂t1W = −(AW + B Φ(W ))

∂t1W + Γ1(W ) = 0 with Γ1 = AW + B Φ(W )
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Chapman-Enskog expansion : order one bis 15

second component of m + ε ∂t1m + O(ε2) = m∗ − εΛm∗ + O(ε2)

Y + ε ∂t1Y + O(ε2) = Y ∗ − ε (C W + D Y ∗) + O(ε2)

known: Y ∗ = Y + S (Φ(W )− Y )
Y = Φ(W ) + O(ε) and Y ∗ = Φ(W ) + O(ε)

S (Y − Φ(W )) = Y − Y ∗

= −ε ∂t1

(
Φ(W ) + O(ε)

)
− ε (C W + D

(
Φ(W ) + O(ε)

)
+ O(ε2)

= ε
[
− dΦ(W ).∂t1W − (C W + D Φ(W ))

]
+ O(ε2)

= ε
[

dΦ(W ).Γ1 − (C W + D Φ(W ))
]

+ O(ε2)

Then Y = Φ(W ) + εS−1 Ψ1(W ) + O(ε2)

Ψ1 = dΦ(W ).Γ1 − (C W + D Φ(W ))

Y ∗ = Φ(W ) + ε (S−1 − I) Ψ1(W ) + O(ε2)
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Chapman-Enskog expansion : Hénon’s matrix 16

Σ = S−1 − 1
2 I

Y = Φ(W ) + ε S−1 Ψ1(W ) + O(ε2)

Then Y = Φ(W ) + ε
(
Σ + 1

2 I
)

Ψ1(W ) + O(ε2)

Y ∗ = Φ(W ) + ε
(
Σ− 1

2 I
)

Ψ1(W ) + O(ε2)

Ψ1 = dΦ(W ).Γ1 − (C W + D Φ(W ))
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Chapman-Enskog expansion : order two 17

m + ε ∂tm + 1
2 ε

2 ∂2
tm + O(ε3) = m∗ − εΛm∗ + 1

2 ε
2 Λ2 m∗ + O(ε3)

then
m + ε (∂t1 + ε ∂t2)m + 1

2 ε
2 (∂t1 + O(ε))2m + O(ε3)

= m∗ − εΛm∗ + 1
2 ε

2 Λ2 m∗ + O(ε3)

first component

W + ε (∂t1 + ε ∂t2)W + 1
2 ε

2 ∂2
t1
W + O(ε3)

= W − ε (AW + B Y ∗) + 1
2 ε

2 (A2 W + B2 Y
∗) + O(ε3)

with Y ∗ = Φ(W ) + ε (Σ Ψ1 − 1
2 Ψ1) + O(ε2)

second order term

∂t2W + 1
2 ∂

2
t1
W = −B (Σ Ψ1 − 1

2 Ψ1) + 1
2 (A2W + B2 Φ)
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Chapman-Enskog expansion : order two (ii) 18

∂t2W + 1
2 ∂

2
t1
W = −B Σ Ψ1 + 1

2 B Ψ1 + 1
2 (A2W + B2 Φ)

with ∂2
t1
W = −∂t1 (Γ1(W )) = −∂t1 (AW + B Φ(W ))

= A Γ1 + B dΦ(W ).Γ1 = A (AW + B Φ) + B dΦ(W ).Γ1

∂t2W + 1
2 (A2 W + AB Φ) + 1

2 B dΦ(W ).Γ1

= −B Σ Ψ1 + 1
2 B Ψ1 + 1

2 (A2W + B2 Φ)

with A2 = A2 + B C , B2 = AB + B D

∂t2W + B Σ Ψ1 = −1
2 (A2 W + AB Φ)− 1

2 B dΦ(W ).Γ1

+ 1
2 B Ψ1 + 1

2 (A2 + B C )W + 1
2 (AB + B D) Φ

= −1
2 B dΦ(W ).Γ1 + 1

2 B ( dΦ(W ).Γ1 − C W − D Φ)

+ 1
2 B C W + 1

2 B D Φ

= 0
∂t2W + Γ2(W ) = 0 with Γ2(W ) = B Σ Ψ1(W )
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Chapman-Enskog expansion : order two bis 19

m + ε (∂t1 + ε ∂t2)m + 1
2 ε

2 ∂2
t1
m + O(ε3)

= m∗ − εΛm∗ + 1
2 ε

2 Λ2 m∗ + O(ε3)

second component
Y + ε ∂t1Y + ε2 ∂t2Y + 1

2 ε
2 ∂2

t1
Y + O(ε3)

= Y ∗ − ε (C W + D Y ∗) + 1
2 ε

2 (C2 W + D2 Y
∗) + O(ε3)

S (Y − Φ(W )) = Y − Y ∗

= −ε ∂t1Y − ε2
(
∂t2Y + 1

2 ∂
2
t1
Y
)
− ε (C W + D Y ∗)

+ 1
2 ε

2 (C2 W + D2 Y
∗) + O(ε3)

with Y = Φ(W ) + ε
(
Σ Ψ1 + 1

2 Ψ1

)
+ O(ε2)

= −ε ∂t1Φ(W )− ε2
(
∂t1(Σ Ψ1 + 1

2 Ψ1) + ∂t2Φ(W ) + 1
2 ∂

2
t1

Φ(W )
)

−ε (C W + D Y ∗) + 1
2 ε

2 (C2 W + D2 Y
∗) + O(ε3)
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Chapman-Enskog expansion : order two bis (ii) 20

S (Y − Φ(W )) = −ε ∂t1Φ(W )

−ε2
(
∂t1(Σ Ψ1 + 1

2 Ψ1) + ∂t2Φ(W ) + 1
2 ∂

2
t1

Φ(W )
)

−ε (C W + D Y ∗) + 1
2 ε

2 (C2 W + D2 Y
∗) + O(ε3)

with Y ∗ = Φ(W ) + ε
(
Σ Ψ1 − 1

2 Ψ1

)
+ O(ε2)

we have by definition S (Y − Φ(W )) = εΨ1 + ε2 Ψ2 + O(ε3)
second order term

Ψ2 = −Σ ∂t1Ψ1 − 1
2 ∂t1Ψ1 − ∂t2Φ(W )− 1

2 ∂
2
t1

Φ(W )

−D
(
Σ Ψ1 − 1

2 Ψ1

)
+ 1

2 C2 W + 1
2D2 Φ(W )

with ∂t1Ψ1 = dΨ1.∂t1W = −dΨ1.Γ1

and ∂t1Ψ1 = ∂t1

(
dΦ.Γ1 − C W − D Φ(W )

)
= ∂t1( dΦ.Γ1)− C ∂t1W − D dΦ.∂t1W

= ∂t1( dΦ.Γ1) + C Γ1 + D dΦ.Γ1

Ψ2 = Σ dΨ1.Γ1 − 1
2

(
∂t1( dΦ.Γ1) + C Γ1 + D dΦ.Γ1

)
− ∂t2Φ(W )

−1
2 ∂

2
t1

Φ(W )− D
(
Σ Ψ1 − 1

2 Ψ1

)
+ 1

2 C2 W + 1
2D2 Φ(W )



MRT compact expression general result Chapman-Enskog Taylor 2009 survey A1 A2

Chapman-Enskog expansion : order two bis (iii) 21

Ψ2 = Σ dΨ1.Γ1 − 1
2

(
∂t1( dΦ.Γ1) + C Γ1 + D dΦ.Γ1

)
− ∂t2Φ(W )

−1
2 ∂

2
t1

Φ(W )− D
(
Σ Ψ1 − 1

2 Ψ1

)
+ 1

2 C2 W + 1
2D2 Φ(W )

with ∂t2Φ(W ) = dΦ(W ).∂t2W = −Φ(W ).Γ2

∂2
t1

Φ(W ) = ∂t1

(
∂t1Φ(W )

)
= ∂t1( dΦ.∂t1W ) = −∂t1( dΦ.Γ1)

Ψ2 = Σ dΨ1.Γ1 − 1
2

(
∂t1( dΦ.Γ1) + C Γ1 + D dΦ.Γ1

)
+ Φ(W ).Γ2

+ 1
2 ∂t1( dΦ.Γ1)− D Σ Ψ1 + 1

2 D Ψ1 + 1
2 C2 W + 1

2D2 Φ(W )

with C2 = C A + B D, D2 = C B + D2

Ψ2 = Σ dΨ1.Γ1− 1
2 ( C Γ1+D dΦ.Γ1)+Φ(W ).Γ2−D Σ Ψ1+ 1

2 D Ψ1

+ 1
2 C (AW + B Φ) + 1

2 D (C W + B Φ)

with C W + B Φ = dΦ.Γ1 −Ψ1

Ψ2 = Σ dΨ1.Γ1 − 1
2 D dΦ.Γ1 + Φ(W ).Γ2 − D Σ Ψ1 + 1

2 D Ψ1

+ 1
2 D ( dΦ.Γ1 −Ψ1)

Ψ2 = Σ dΨ1.Γ1 + dΦ(W ).Γ2 − D Σ Ψ1
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Chapman-Enskog expansion : order three 22

m + ε ∂tm + 1
2 ε

2 ∂2
tm + 1

6 ε
3 ∂3

tm + O(ε4)

= m∗ − εΛm∗ + 1
2 ε

2 Λ2 m∗ − 1
6 ε

3 Λ3 m∗ + O(ε4)

then
m + ε (∂t1 + ε ∂t2 + ε2 ∂t3)m + 1

2 ε
2 (∂t1 + ε ∂t2 + O(ε2))2m

+ 1
6 ε

3 (∂t1 + O(ε))3m + O(ε4) = m∗ − εΛm∗

+ 1
2 ε

2 Λ2 m∗ − 1
6 ε

3 Λ3 m∗ + O(ε4)

first component

W + ε (∂t1 + ε ∂t2 + ε2 ∂t3)W + 1
2 ε

2 (∂2
t1

+ ε ∂t1 ∂t2 + ε ∂t2 ∂t1)W

+ 1
6 ε

3 ∂3
t1
W + O(ε4) = W − ε (AW + B Y ∗)

+ 1
2 ε

2 (A2 W + B2 Y
∗)− 1

6 ε
3 (A3 W + B3 Y

∗) + O(ε4)

with Y ∗ = Φ(W ) + ε (Σ Ψ1 − 1
2 Ψ1) + ε2 (Σ Ψ2 − 1

2 Ψ2) + O(ε3)
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Chapman-Enskog expansion : order three (ii) 23

W + ε (∂t1 + ε ∂t2 + ε2 ∂t3)W + 1
2 ε

2 (∂2
t1

+ ε ∂t1 ∂t2 + ε ∂t2 ∂t1)W

+ 1
6 ε

3 ∂3
t1
W + O(ε4) = W − εAW

−εB
(
Φ(W ) + ε (Σ Ψ1 − 1

2 Ψ1) + ε2 (Σ Ψ2 − 1
2 Ψ2)

)
+ 1

2 ε
2 A2 W

+ 1
2 ε

2 B2

(
Φ(W ) + ε (Σ Ψ1 − 1

2 Ψ1)
)
− 1

6 ε
3 (A3 W + B3 Φ) + O(ε4)

third order term

∂t3W + 1
2 (∂t1∂t2W + ∂t2∂t1W ) + 1

6 ∂
3
t1
W

= −B (Σ Ψ2 − 1
2 Ψ2) + 1

2 B2 (Σ Ψ1 − 1
2 Ψ1)− 1

6 (A3 W + B3 Φ)
with

∂t1∂t2W = ∂t1(−B Σ Ψ1) = −B Σ dΨ1.∂t1W = B Σ dΨ1.Γ1

∂t2∂t1W = ∂t2(−AW − B Φ) = A Γ2 − B dΦ.∂t2W
= AB Σ Γ1 + B dΦ.Γ2

∂t3W + 1
2 B Σ dΨ1.Γ1 + 1

2 (AB Σ Γ1 + B dΦ.Γ2) + 1
6 ∂

3
t1
W

= −B (Σ Ψ2 − 1
2 Ψ2) + 1

2 B2 (Σ Ψ1 − 1
2 Ψ1)− 1

6 (A3 W + B3 Φ)
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Chapman-Enskog expansion : order three (iii) 24

∂t3W + 1
2 (B Σ dΨ1.Γ1 + AB Σ Γ1 + B dΦ.Γ2) + 1

6 ∂
3
t1
W

= −B (Σ Ψ2 − 1
2 Ψ2) + 1

2 B2 (Σ Ψ1 − 1
2 Ψ1)− 1

6 (A3 W + B3 Φ)
with

∂3
t1
W = ∂t1(A Γ1 +B dΦ.Γ1) = ∂t1

(
A (AW +B Φ) +B dΦ.Γ1

)
= −A (A Γ1 − B dΦ.Γ1)− B d( dΦ.Γ1).Γ1

= −A2 Γ1 − AB dΦ.Γ1 − B d( dΦ.Γ1).Γ1

and A3 = A2 A + B2 C , B3 = A2 B + B2 D

A3 W + B3 Φ = A2 (AW + B Φ) + B2 (C W + D Φ)

= (A2 + B C ) Γ1 + (AB + B D) ( dΦ.Γ1 −Ψ1)

= A (A Γ1 + B dΦ.Γ1) + B (C Γ1 + D dΦ.Γ1)− B2 Ψ1

= A (A Γ1 + B dΦ.Γ1) + B ( d( dΦ.Γ1).Γ1 − dΨ1.Γ1)− B2 Ψ1

= −∂3
t1
W − B dΨ1.Γ1 − B2 Ψ1
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Chapman-Enskog expansion : order three (iv) 25

∂t3W + 1
2 (B Σ dΨ1.Γ1 + AB Σ Γ1 + B dΦ.Γ2) = −B Σ Ψ2

+ 1
2 B Ψ2 + 1

2 B2 (Σ Ψ1 − 1
2 Ψ1) + 1

6 (B dΨ1.Γ1 + B2 Ψ1)

with Ψ2 = Σ dΨ1.Γ1 + dΦ.Γ2 − D Σ Ψ1

∂t3W + 1
2 (B Σ dΨ1.Γ1 + AB Σ Γ1 + B dΦ.Γ2) = −B Σ Ψ2

+ 1
2 B (Σ dΨ1.Γ1 + dΦ.Γ2 − D Σ Ψ1) + 1

2 B2 Σ Ψ1

−
(

1
4 −

1
6

)
B2 Ψ1 + 1

6 B dΨ1.Γ1

then ∂t3W + B Σ Ψ2 + 1
12 B2 Ψ1 − 1

6 B dΨ1.Γ1 = 0

Γ3 = B Σ Ψ2 + 1
12 B2 Ψ1 − 1

6 B dΨ1.Γ1
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Taylor second-order expansion 26

m + ∆t ∂tm + 1
2 ∆t2 ∂2

tm + O(∆t3) =
= m∗ −∆t Λm∗ + 1

2 ∆t2 Λ2 m∗ + O(∆t3)

We replace the vector m by its two components W and Y

W + ∆t ∂tW + 1
2 ∆t2 ∂2

tW + O(∆t3) =
= W −∆t (AW + B Y ∗) + 1

2 ∆t2 (A2 W + B2 Y
∗) + O(∆t3)

Y + ∆t ∂tY + 1
2 ∆t2 ∂2

t Y + O(∆t3) =
= Y ∗ −∆t (C W + D Y ∗) + 1

2 ∆t2 (C2 W + D2 Y
∗) + O(∆t3)

At zero-order: Y − Y ∗ = O(∆t) and Y ∗ ≡ Y + S (Φ(W )− Y )

The matrix S is supposed fixed
then Y = Φ(W ) + O(∆t) and Y ∗ = Φ(W ) + O(∆t)
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Taylor second-order expansion (ii) 27

Y ∗ = Φ(W ) + O(∆t)

Second-order partial differential equations:

∂tW + 1
2 ∆t ∂2

tW + O(∆t2) =
= −(AW + B Y ∗) + 1

2 ∆t (A2 W + B2 Y
∗) + O(∆t2)

at first-order:
∂tW + O(∆t) = −AW − B Φ(W ) + O(∆t)

then ∂tW = −Γ1 with Γ1 = AW + B Φ(W )

then ∂tY = dΦ(W ).∂tW + O(∆t) = −dΦ(W ).Γ1 + O(∆t)

Y − Y ∗ = −∆t ∂tY −∆t (C W + D Y ∗) + O(∆t2)
then S (Y − Φ) = ∆t ( dΦ(W ).Γ1 − C W − D Φ) + O(∆t2)

Y = Φ + ∆t S−1 ( dΦ(W ).Γ1 − C W − D Φ) + O(∆t2)
and Ψ1 = dΦ(W ).Γ1 − (C W + D Φ)
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Taylor second-order expansion (iii) 28

∂tW = −Γ1 + O(∆t) = −(AW + B Φ(W )) + O(∆t)
Then ∂2

tW = ∂t
(
− Γ1 + O(∆t)

)
= −dΓ1.∂tW + O(∆t)

= A Γ1 + B dΦ.∂tW + O(∆t)
= A Γ1 + B dΦ.Γ1 + O(∆t)

Second-order partial differential equations:

∂tW + 1
2 ∆t ∂2

tW + O(∆t2) =
= −(AW + B Y ∗) + 1

2 ∆t (A2 W + B2 Y
∗) + O(∆t2)

∂tW = −AW −B
(
Φ + (Σ− 1

2 I) ∆t Ψ1

)
− 1

2 ∆t (A Γ1 + B dΦ.Γ1)
+ 1

2 ∆t
(
(A2 + B C )W + (AB + B D) Φ

)
+ O(∆t2)

= −AW −B Φ + ∆t
(
−B Σ Ψ1 + 1

2B ( dΦ.Γ1−C W −D Φ)

−1
2 (A (AW + B Φ))− 1

2 B dΦ.Γ1 + 1
2 (A2 + B C )W

+ 1
2 (AB + B D) Φ

)
+ O(∆t2)

∂tW = −Γ1 −∆t B Σ Ψ1 + O(∆t2) and Γ2 = B Σ Ψ1
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Link with the original Taylor expansion method (2007) 29

First-order ∂tW = −Γ1 + O(∆t) = −AW − B Φ(W ) + O(∆t)

id est ∂tWi + Λβij ∂βWj + Λβi`∂βΦ(W )` = O(∆t)

or ∂tWi + Λβi`∂βm
eq
` = O(∆t)

with the notation meq
k ≡ Φ(W )k

Defect of conservation θk ≡ ∂tmeq
k +

∑
`β

Λβk` ∂βm
eq
`

vector of conservation defect
θ = ∂tΦ(W ) + Λ.meq

= dΦ.(−Γ1 −∆t Γ2 + · · · ) + (C W + D Φ(W ))
= (−dΦ.Γ1 + O(∆t)) + (C W + D Φ(W ))
= −Ψ1 + O(∆t) θ = −Ψ1 + O(∆t)

Second-order term
(B Σ Ψ1)

i
=
∑
k

Bik σk (−θk + O(∆t)) =
∑
k

Λβik σk ∂βθk + O(∆t)

and ∂tWi + Λβi`∂βm
eq
` = ∆t

∑
k Λβik σk ∂βθk + O(∆t2)
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Taylor third-order expansion 30

m + ∆t ∂tm + 1
2 ∆t2 ∂2

tm + 1
6 ∆t3 ∂3

tm + O(∆t4) =

= m∗ −∆t Λm∗ + 1
2 ∆t2 Λ2 m∗ + 1

6 ∆t3 Λ3 m∗ + O(∆t4)

We replace the vector m by its two components W and Y

W + ∆t ∂tW + 1
2 ∆t2 ∂2

tW + 1
6 ∆t3 ∂3

tW + O(∆t4) =
= W −∆t (AW + B Y ∗) + 1

2 ∆t2 (A2 W + B2 Y
∗)

−1
6 ∆t3 (A3 W + B3 Y

∗) + O(∆t4)
then ∂tW = −AW − B Y ∗ + 1

2 ∆t (A2 W + B2 Y
∗ − ∂2

tW )
−1

6 ∆t2 (A3 W + B3 Y
∗ − ∂3

tW ) + O(∆t3)

Y + ∆t ∂tY + 1
2 ∆t2 ∂2

t Y + O(∆t3) =
= Y ∗ −∆t (C W + D Y ∗) + 1

2 ∆t2 (C2 W + D2 Y
∗) + O(∆t3)

and

Y − Y ∗ ≡ S (Y − Φ)
= −∆t (C W+D Y ∗+∂tY )+ 1

2 ∆t2 (C2 W +D2 Y
∗−∂2

t Y )+O(∆t3)
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Computation of the coefficient Ψ2 31

S (Y − Φ) =
−∆t (C W + D Y ∗ + ∂tY ) + 1

2 ∆t2 (C2 W + D2 Y
∗ − ∂2

t Y )
+O(∆t3)

with [see Annex -1- page (iii)]
C W + D Y ∗ = −Ψ1 + dΦ.Γ1 + ∆t D

(
Σ− 1

2 I
)

Ψ1 + O(∆t2)

C2 W + D2 Y
∗ = d( dΦ.Γ1 −Ψ1).Γ1 − D Ψ1 + O(∆t)

and [see Annex -2- pages (iii) and (iv)]

∂tY = −dΦ.Γ1 −∆t
(

dΦ.Γ2 +
(
Σ + 1

2 I
)

dΨ1. Γ1

)
+ O(∆t2)

∂2
t Y = d( dΦ.Γ1).Γ1 + O(∆t)

Then
S (Y − Φ) = ∆t Ψ1 + ∆t2

(
− D

(
Σ−1

2 I
)

Ψ1 + dΦ.Γ2

+
(
Σ + 1

2 I
)

dΨ1. Γ1 − 1
2

(
dΨ1. Γ1 + D Ψ1

))
+ O(∆t3)

= ∆t Ψ1 + ∆t2
(
Σ dΨ1. Γ1 + dΦ.Γ2 − D Σ Ψ1

)
+ O(∆t3)

Ψ2 = Σ dΨ1. Γ1 + dΦ.Γ2 − D Σ Ψ1
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Computation of the coefficient Γ3 32

∂tW = −AW − B Y ∗ + 1
2 ∆t (A2 W + B2 Y

∗ − ∂2
tW )

−1
6 ∆t2 (A3 W + B3 Y

∗ + ∂3
tW ) + O(∆t3)

with [see Annex -1- pages (i) and (ii)]

AW + B Y ∗ = AW + B Φ + ∆t B
(
Σ− 1

2 I
)

Ψ1

+∆t2 B
(
Σ− 1

2 I
)

Ψ2 + O(∆t3)

A2 W +B2 Y
∗ = A Γ1 +B ( dΦ.Γ1−Ψ1) + ∆t B2

(
Σ− 1

2 I
)

Ψ1

+O(∆t2)

A3 W + B3 Y
∗ = ∂2Γ1.Γ1 − B dΨ1.Γ1 − B2 Ψ1 + O(∆t)

and [see Annex -2- pages (i) and (ii)]

∂2
tW = dΓ1. Γ1 + ∆t ( dΓ1. Γ2 + dΓ2. Γ1) + O(∆t2)

∂3
tW = −∂2Γ1. Γ1 + O(∆t)

∂tW = −Γ1 −∆t B Σ Ψ1

+∆t2
(
−B

(
Σ− 1

2 I
)

Ψ2 + 1
2

(
B2

(
Σ− 1

2 I
)

Ψ1− dΓ1. Γ2− dΓ2. Γ1

)
+ 1

6 (B dΨ1.Γ1 + B2 Ψ1)
)

+ O(∆t3)
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Computation of the coefficient Γ3 (ii) 33

∂tW + Γ1 + ∆t Γ2 = ∆t2
(
− B

(
Σ− 1

2 I
)

Ψ2 + 1
2

(
B2

(
Σ− 1

2 I
)

Ψ1

−dΓ1. Γ2 − dΓ2. Γ1

)
+ 1

6 (B dΨ1.Γ1 + B2 Ψ1)
)

+ O(∆t3)

and the coefficient of ∆t2 is given by

Γ3 = B Σ Ψ2 − 1
2 B Ψ2 + 1

2 (AB + B D) Σ Ψ1 +
(

1
4 −

1
6

)
B2 Ψ1

−1
2 (A Γ2 + B dΦ.Γ2)− 1

2 B Σ dΨ1. Γ1 − 1
6 B dΨ1.Γ1

because Γ2 = B Σ Ψ1

= B Σ Ψ2 − 1
2 B (D Σ Ψ1 − dΦ.Γ2 − Σ dΨ1. Γ1) + 1

2 B D Σ Ψ1

1
12 B2 Ψ1 − 1

2 B dΦ.Γ2 − 1
2 B Σ dΨ1. Γ1 − 1

6 B dΨ1.Γ1

Finally,

Γ3 = B Σ Ψ2 + 1
12 B2 Ψ1 − 1

6 B dΨ1. Γ1
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Link with the previous formal expansion at third-order 34

Defect of conservation θk ≡ ∂tmeq
k +

∑
`β

Λβk` ∂βm
eq
`

vector of conservation defect θ = ∂tΦ(W ) + Λ.meq

then θ = −Ψ1 −∆t dΦ.Γ2 + O(∆t)

and ∂tθ = −∂tΨ1 + O(∆t) = dΨ1. Γ1 + O(∆t)

We have the following calculus:

Γ2 + ∆t Γ3 = B Σ Ψ1 + ∆t (B Σ Ψ2 + 1
12 B2 Ψ1 − 1

6 B dΨ1. Γ1)

= B Σ (−θ−∆t dΦ.Γ2 + O(∆t2)) + ∆t B Σ(Σ dΨ1.Γ1 + dΦ.Γ2

−D Σ Ψ1) + 1
12 ∆t B2 Ψ1 − 1

6 ∆t B dΨ1. Γ1

= −B Σ θ + ∆t
(
− (B ΣD Σ − 1

12 B2) Ψ1

+B (Σ2 − 1
6 ) dΨ1. Γ1

)
+ O(∆t2)

= −B Σ θ + ∆t
(
(B ΣD Σ − 1

12 B2) θ
+B (Σ2 − 1

6 ) ∂tθ
)

+ O(∆t2)
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Link with the previous formal expansion at third-order (ii)

Γ2 + ∆t Γ3 = −B Σ θ + ∆t
(

(B ΣD Σ − 1
12 B2) θ

+B (Σ2 − 1
6 ) ∂tθ

)
+ O(∆t2)

Third-order partial equivalent equations:

∂tW + Λmeq −∆t B Σ θ
+∆t2

(
(B ΣD Σ − 1

12 B2) θ + B (Σ2 − 1
6 ) ∂tθ

)
= O(∆t3)

Explicitation with the cartesian components:

(B ΣD Σ θ)
i

= Λβik σk (Λγk`)σ` ∂β∂γθ` = Λβik σk Λγk` σ` ∂β∂γθ`

(B2 θ)
i

= (Λβik ∂β) (Λγk` ∂γ) θ` = Λβik Λγk` ∂β∂γθ`

((B ΣD Σ − 1
12 B2) θ)

i
= Λβik Λγk`

(
σk σ` − 1

12

)
∂β∂γθ`

(B (Σ2 − 1
6 ) ∂tθ)

i
= Λβik

(
σ2
k −

1
6

)
∂β∂tθk

Other form of the third-order partial equivalent equations:

∂tWi + Λαik ∂αm
eq
k −∆t Λβik σk ∂β θk

+∆t2
(

Λβik Λγk`
(
σk σ`− 1

12

)
∂β∂γθ`+Λβik

(
σ2
k −

1
6

)
∂β∂tθk

)
= O(∆t3)
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Link with the previous formal expansion at third-order (iii)

∂tWi + Λβik ∂β m
eq
k −∆t Λβik σk ∂β θk

+∆t2
(

Λβik Λγk`
(
σk σ`− 1

12

)
∂β∂γθ`+Λβik

(
σ2
k −

1
6

)
∂β∂tθk

)
= O(∆t3)

Classical lattice Boltzmann scheme : M0j = 1 and Mαj = vαj
then Λα0` = M0j v

α
j (M−1)

j`
= Mαj (M−1)

j`
= δα`

and Λβ0k Λγk`
(
σk σ` − 1

12

)
∂β∂γθ` = δβk Λγk`

(
σk σ` − 1

12

)
∂β∂γθ`

= Λγβ`
(
σβ σ` − 1

12

)
∂β∂γθ`

Thermal case: σβ 6= 0 and

Λβ0k Λγk`
(
σk σ` − 1

12

)
∂β∂γθ` = Λγβ`

(
σβ σ` − 1

12

)
∂β∂γθ`

Fluid case; the momentum is conserved: σβ = 0. Then

Λβ0k Λγk`
(
σk σ` − 1

12

)
∂β∂γθ` = − 1

12 Λγβ` ∂β∂γθ`

Λβ0k
(
σ2
k −

1
6

)
∂β∂tθk = δβk

(
σ2
k −

1
6

)
∂β∂tθk =

(
σ2
β −

1
6

)
∂t(∂βθβ)
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Link with the previous formal expansion at third-order (iv)

∂tWi + Λβik ∂β m
eq
k −∆t Λβik σk ∂β θk

+∆t2
(

Λβik Λγk`
(
σk σ`− 1

12

)
∂β∂γθ`+Λβik

(
σ2
k −

1
6

)
∂β∂tθk

)
= O(∆t3)

Λβ0k
(
σ2
k −

1
6

)
∂β∂tθk =

{
Λγβ`

(
σβ σ` − 1

12

)
∂β∂γθ` thermics

− 1
12 Λγβ` ∂β∂γθ` fluid

Λβ0k
(
σ2
k −

1
6

)
∂β∂tθk =

(
σ2
β −

1
6

)
∂t(∂βθβ)

Thermal case: σβ 6= 0 and

Λβ0k
(
σ2
k −

1
6

)
∂β∂tθk =

(
σ2
β −

1
6

)
∂t(∂βθβ)

Fluid case; the momentum is conserved: θβ = O(∆t). Then

Λβ0k
(
σ2
k −

1
6

)
∂β∂tθk = O(∆t)
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Link with the previous formal expansion at third-order (v)

∂tWi + Λβik ∂β m
eq
k −∆t Λβik σk ∂β θk

+∆t2
(

Λβik Λγk`
(
σk σ`− 1

12

)
∂β∂γθ`+Λβik

(
σ2
k −

1
6

)
∂β∂tθk

)
= O(∆t3)

Classical notations: W0 = ρ ≡
∑

j fj , Wα = Jα =
∑

j v
α
j fj

Λβ0k
(
σ2
k −

1
6

)
∂β∂tθk =

{
Λγβ`

(
σβ σ` − 1

12

)
∂β∂γθ` thermics

− 1
12 Λγβ` ∂β∂γθ` fluid

Λβ0k
(
σ2
k −

1
6

)
∂β∂tθk =

{ (
σ2
β −

1
6

)
∂t(∂βθβ) thermics

0 fluid

Mass conservation in the thermal case :
∂tρ+ ∂αJ

eq
α −∆t σα ∂αθα + ∆t2

(
Λγβ`

(
σβ σ` − 1

12

)
∂β∂γθ`

+
(
σ2
β −

1
6

)
∂t(∂βθβ)

)
= O(∆t3)

[relation (35) of DCDS-A, 2009].

Mass conservation in the fluid case :
∂tρ+ ∂αJα − 1

12 ∆t2 Λγβ` ∂β∂γθ` = O(∆t3)
[relation (40) of DCDS-A, 2009].
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Link with the previous formal expansion at third-order (vi)

∂tWi + Λβik ∂β m
eq
k −∆t Λβik σk ∂β θk

+∆t2
(

Λβik Λγk`
(
σk σ`− 1

12

)
∂β∂γθ`+Λβik

(
σ2
k −

1
6

)
∂β∂tθk

)
= O(∆t3)

Momentum conservation for the fluid case: i = α

∂tJα + Λβαk ∂β m
eq
k −∆t Λβαk σk ∂β θk

+∆t2
(

Λβαk Λγk`
(
σk σ` − 1

12

)
∂β∂γθ`

+Λβαk
(
σ2
k −

1
6

)
∂β∂tθk

)
= O(∆t3)

[relation (41) of DCDS-A, 2009].
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• Compact iteration of lattice Boltzmann schemes

• Block decomposition of the moment-velocity operator matrix

• Asymptotic expansion of the equivalent partial differential
equations and of the non conserved moments

• Explicitation of the coefficients up to order 3
with recursive formulas containing less than 3 terms

• Intensive use of differential calculus

• Validation of the nonlinear expansion for fluid flow
and thermal problems up the the order 3

• Validation of the non linear expansion at second order
for Navier Stokes flows with two en three space dimensions

(Icmmes 2018, ICIAM 2019)

• New applications soon !
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Annex -1- 42

Y = Φ(W ) +
(
Σ + 1

2 I
) (

∆t Ψ1 + ∆t2 Ψ2 + ∆t3 Ψ3

)
+ O(∆t4)

Y ∗ = Φ(W ) +
(
Σ− 1

2 I
) (

∆t Ψ1 + ∆t2 Ψ2 + ∆t3 Ψ3

)
+ O(∆t4)

AW + B Y ∗ =
= AW+B

(
Φ(W )+

(
Σ− 1

2 I
)(

∆t Ψ1+∆t2 Ψ2+∆t3 Ψ3

))
+O(∆t4)

AW +B Y ∗ = AW +B Φ+∆t B
(
Σ− 1

2 I
)

Ψ1 +∆t2 B
(
Σ− 1

2 I
)

Ψ2

+∆t3 B
(
Σ− 1

2 I
)

Ψ3 + O(∆t4)

A2 W + B2 Y
∗ = A2 W + B2Φ(W )

+B2

(
Σ− 1

2 I
) (

∆t Ψ1 + ∆t2 Ψ2

))
+ O(∆t3)

= (A2 + B C )W + (AB + B D) Φ + ∆t B2

(
Σ− 1

2 I
)

Ψ1

+∆t2 B2

(
Σ− 1

2 I
)

Ψ2 + O(∆t3)

A2 W + B2 Y
∗ = A Γ1 + B ( dΦ.Γ1 −Ψ1) + ∆t B2

(
Σ− 1

2 I
)

Ψ1

+∆t2 B2

(
Σ− 1

2 I
)

Ψ2 + O(∆t3)
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Annex -1- (ii) 43

A3 W + B3 Y
∗ = A3 W + B3

(
Φ(W ) +

(
Σ− 1

2 I
)
∆t Ψ1

)
+ O(∆t2)

= (A2 A + B2 C )W + (A2 B + B2 D) Φ
+∆t B3

(
Σ− 1

2 I
)

Ψ1 + O(∆t2)

= A2 Γ1 + B2 ( dΦ.Γ1 −Ψ1) + ∆t B3

(
Σ− 1

2 I
)

Ψ1 + O(∆t2)

= (A2 + B C ) Γ1 + (AB + B D) dΦ.Γ1 − B2 Ψ1

+∆t B3

(
Σ− 1

2 I
)

Ψ1 + O(∆t2)

= A (A Γ1 + B dΦ.Γ1) + B (C Γ1 + D dΦ.Γ1)− B2 Ψ1

+∆t B3

(
Σ− 1

2 I
)

Ψ1 + O(∆t2)
because C W + D Φ = dΦ.Γ1 −Ψ1

and C Γ1 + D dΦ.Γ1 = d( dΦ.Γ1 −Ψ1).Γ1

= A dΓ1.Γ1 + B d( dΦ.Γ1 −Ψ1).Γ1 − B2 Ψ1

+∆t B3

(
Σ− 1

2 I
)

Ψ1 + O(∆t2)

A3 W + B3 Y
∗ = ∂2Γ1.Γ1 − B dΨ1.Γ1 − B2 Ψ1

+∆t B3

(
Σ− 1

2 I
)

Ψ1 + O(∆t2)
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Annex -1- (iii) 44

C W + D Y ∗ =
= C W + D

(
Φ(W ) +

(
Σ− 1

2 I
)(

∆t Ψ1 + ∆t2 Ψ2

))
+ O(∆t3)

C W + D Y ∗ = dΦ.Γ1 −Ψ1 + ∆t D
(
Σ− 1

2 I
)

Ψ1

+∆t2 D
(
Σ− 1

2 I
)

Ψ2 + O(∆t3)

C2 W + D2 Y
∗ = C2 W + D2

(
Φ(W ) +

(
Σ− 1

2 I
)

∆t Ψ1

)
+ O(∆t2)

= (C A + D C )W + (C B + D2) Φ(W )+
+D2

(
Σ− 1

2 I
)

∆t Ψ1 + O(∆t2)
= C Γ1 + D ( dΦ.Γ1 −Ψ1) + D2

(
Σ− 1

2 I
)

∆t Ψ1 + O(∆t2)

C2 W + D2 Y
∗ =

d( dΦ.Γ1 −Ψ1).Γ1 − D Ψ1 + D2

(
Σ− 1

2 I
)

∆t Ψ1 + O(∆t2)
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C3 W + D3 Y
∗ = C3 W + D3Φ(W ) + O(∆t)

= (C2 A + D2 C )W + (C2 B + D2 D) Φ(W ) + O(∆t)

= C2 Γ1 + D2 ( dΦ.Γ1 −Ψ1) + O(∆t)

= (C A + D C ) Γ1 + (C B + D2) dΦ.Γ1 − D2 Ψ1 + O(∆t)

= C dΓ1.Γ1 + D d( dΦ.Γ1 −Ψ1).Γ1 − D2 Ψ1 + O(∆t)

= ∂2(Ψ1 + γ1).Γ1 + D dΨ1.Γ1 + D2 Ψ1 + O(∆t)

C3 W +D3 Y
∗ = ∂2( dΦ.Γ1−Ψ1).Γ1−D dΨ1.Γ1−D2 Ψ1 + O(∆t)
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∂tW = −Γ1 −∆t Γ2 −∆t2 Γ3 + ∆t3 Γ4 + O(∆t4)

Successive derivatives of the conserved moments

∂2
tW = ∂t

(
− Γ1 −∆t Γ2 −∆t2 Γ3

)
+ O(∆t3)

= −d
(
Γ1 + ∆t Γ2 + ∆t2 Γ3 + O(∆t3)

)
. ∂tW

= d
(
Γ1 + ∆t Γ2 + ∆t2 Γ3

)
.
(
Γ1 + ∆t Γ2 + ∆t2 Γ3

)
+ O(∆t3)

∂2
tW = dΓ1. Γ1 + ∆t ( dΓ1. Γ2 + dΓ2. Γ1)

+∆t2 ( dΓ1. Γ3 + dΓ2. Γ2 + dΓ3. Γ1) + O(∆t3)

∂2
tW = A Γ1 + B dΦ.Γ1 + ∆t ( dΓ1. Γ2 + dΓ2. Γ1) + O(∆t2)
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then
∂3
tW = ∂t(∂

2
tW )

= ∂t
(
A Γ1 + B dΦ.Γ1 + ∆t ∂t( dΓ2. Γ1 + dΓ1. Γ2)

)
+ O(∆t2)

= ∂t
(

dΓ1. Γ1 + ∆t ( dΓ1. Γ2 + dΓ2. Γ1)
)

+ O(∆t2)

= d
(

dΓ1. Γ1 + ∆t ( dΓ1. Γ2 + dΓ2. Γ1)
)
. ∂tW + O(∆t2)

= d( dΓ1. Γ1).(−Γ1 −∆t Γ2)

+∆t ( dΓ1. Γ2 + dΓ2. Γ1).(−Γ1) + O(∆t2)

= −d
(

dΓ1. Γ1

)
.Γ1 −∆t

[
d(A Γ2 + B dΦ.Γ2

+B Σ dΨ1. Γ1). Γ1 + d(A Γ1 + B dΦ.Γ1). Γ2

]
+ O(∆t2)

= −∂2Γ1. Γ1 −∆t
[
A dΓ2. Γ1 + B d( dΦ.Γ2).Γ1

+B Σ ∂2Ψ1. Γ1 + A dΓ1. Γ2 + B d( dΦ.Γ1).Γ2

]
+ O(∆t2)

∂3
tW = −∂2Γ1. Γ1 + ∆t

[
A ( dΓ1. Γ2 + dΓ2. Γ1)

+B ( d( dΦ.Γ1). Γ2 + d( dΦ.Γ2). Γ1)
)

+ B Σ ∂2Ψ1. Γ1

]
+ O(∆t2)
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Y = Φ(W ) +
(
Σ + 1

2 I
) (

∆t Ψ1 + ∆t2 Ψ2 + O(∆t3)

Successive derivatives of the non-conserved moments

∂tY = dΦ.∂tW +
(
Σ + 1

2 I
) (

∆t dΨ1. ∂tW + ∆t2 dΨ2. ∂tW
)

+O(∆t3)
= dΦ. (−Γ1 −∆t Γ2 −∆t2 Γ3)

+∆t
(
Σ + 1

2 I
)

dΨ1. (−Γ1 −∆t Γ2)
−∆t2

(
Σ + 1

2 I
)

dΨ2. Γ1 + O(∆t3)

∂tY = −dΦ.Γ1 −∆t
(

dΦ.Γ2 +
(
Σ + 1

2 I
)

dΨ1. Γ1

)
−∆t2

(
dΦ.Γ3 +

(
Σ + 1

2 I
) (

dΨ1. Γ2 + dΨ2. Γ1

))
+ O(∆t3)
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∂tY = −dΦ.Γ1 −∆t
(

dΦ.Γ2 +
(
Σ + 1

2 I
)

dΨ1. Γ1

)
+ O(∆t2)

then

∂2
t Y = −d( dΦ.Γ1).(−Γ1 −∆t Γ2)

+∆t
(

d( dΦ.Γ2).Γ1 +
(
Σ + 1

2 I
)
∂2Ψ1. Γ1

)
+ O(∆t2)

∂2
t Y = d( dΦ.Γ1).Γ1

+∆t
(

d( dΦ.Γ1).Γ2 + d( dΦ.Γ2).Γ1 +
(
Σ + 1

2 I
)
∂2Ψ1. Γ1

)
+O(∆t2)
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