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Multiple Relaxation Times Lattice Boltzmann scheme

Two steps for one time iteration
(i) Nonlinear relaxation
the particle distribution f is modified locally
into a new distribution *
(ii) Linear advection
method of characteristics when it is exact !

Compact description of the lattice Boltzmann scheme:
fi(x, t+ At) = £ (x — v; At, t), eV, xell.

, N ) w
d'Humieres matrix M for moments: my = My f,, m= (Y)
Conserved variables W : after relaxation, W* = W

Non-Conserved moments Y
equilibrium value: Y°1 = &(W)

after relaxation: Y* =Y + S (Y1 —-Y), m*= <://‘{k)
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Important hypotheses

the discrete function f(x, t) for
x vertex of the lattice
t discrete time

is supposed to be the restriction of a very regular function
denoted in the same way f(x, t, At, sg, <)

but defined for
x a point of the continuous space R?
t continuous time
At the time step
sk the relaxation parameters
The numerical velocity A = % is fixed
The relaxation parameters s, are fixed
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Example of D2Q9

‘e [ B

1 1
-2 0
0 —A

O > =

N >~

1
0

0

2

0 A N =N
0 0 0 0
0 -2 0o 223 o
0 0 —2X 0 23
)\4

4 —2)\% 20t o)t o)

—4)\2 _—

A
A

0
)\2
)\3
)\3
)\4

1
0
A
2 =2 2 2
—)2
0

1 1
) WY
A=A
202 2)2
0 0
02
-3 3
A3 8 —
o

A= %
L1 »
A Jy

Ay
2)\2 €
0 | XX
22| XY
A g«
NE aqy
4 h




MRT compact expression general result Chapman-Enskog Taylor 2009 survey Al A2

Advection operator in the basis of moments

Momentum-velocity operator matrix A = Mdiag( Z v (%) M1
(0%

1 < a < d = space dimension

. (A B
Block decomposition A= <C D

Example of A operator matrix for the thermal D2Q9 scheme

10 O« dy 0 0 0 0 0 o0
29, 0 o |ia la 9, 0 0 o0
2
2o, 0 0 o, -%0, o 0 0 0
0 A8 X9, | 0 0 0 & 9, 0
A2 A2 1
0 anx o3 dy| 0 0 0 —3 B 1% d, 0
0 3\ $30| 0 0 0o 19, 30 0
0 0 0 |[20x —X20x \?9, O 0 1o
2
0 0 0 |29, A0, N0 0 0 19,
| 0 0 0 0 0 0 M0 A9, 0 |
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Compact expression of the lattice Boltzmann scheme

Proposition m(x, t +¢) = exp(—e \) m*(x, t)
my(x,t+¢) = ZM"J — Ve, t)

= Z My (I\/I_l)jg my(x — vje, t)
jt

:ZM"J Jez% —EZV da)" mi(x, t)
jt n=0 a
_;ZO ZMI{J (_52 aaa)n(M 1)J€m€(X t)
n= Jj oY

o0

1 n *
:Z { Zn!(—s/\)ké} my(x, t)
¢ n=0
= Z exp(—eN)ke my(x, t)

4

= (exp(—e N) m*(x, t))k
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Chapman-Enskog framework

Introduce a small parameter €. For numerical schemes, ¢ = At
f=r94efl 46224 0(3)
Chapman-Enskog hypothesis : the perturbation terms f*
are only function of the equilibrium f = ¢4
apply the d'Humieres matrix:
MFf=MF94+eMfl4+e2MF? 4 O(ed)
take the first conserved component : W=W+420
take the second nonconserved component :
Y = Y94 e(MFl)y +e2(MF2)y +0(e?)
The perturbation terms £ (M f*)y depend only

on the conserved moments W.
Then Y = &(W) + S (e Wy (W) + 2 Wa(W)) + O(e3)

Suppose also a multi-scale approach for the time dynamics:
(9t = atl + €8t2 + 82 613 + 0(53)
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Chapman-Enskog expansion

10

The conserved quantities W follow a multi-time dynamics :
8tIW + Fl(W) =0
O, W +To(W)=0
O, W +T3(W)=0
The differential operators
Fl(W), \Ul(W), rg(W), WQ(W) and F3(W)
of this expansion are recursively determined
coefficients at first order
=AW+ Bo(W)
coefficients at second order
V; = do(W).I — (CW + Do(W))
[h=BXxX VY, Hénon matrix ¥ = S~ 1 — %I
coefficients at third order
Yy =% dV .1 + d¢(W)F2 - DXy,
M3=BYXV;+ 5BV — B dVL.l
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Taylor vs Chapman-Enskog expansion methods

11

Asymptotic hypothesis: emerging partial differential equations
O:W +T1 4+ AtTy + At?T3 = O(At?)

[j: vector obtained after j space derivations
of the conserved moments W
and the equilibrium vector ®(W).

Non-Conserved moments:
Y = o(W) + STt (At Wy + At? W) O(AL?)

®; analogous to [; but not with the same dimension!
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General nonlinear Taylor expansion method

12

Coefficients at first order
=AW+ Bo(W)

Coefficients at second order
Yy = do(W).I'y — (CW + Do(W))
[, =BXW; with £ the Hénon matrix: Z=5"1-11

Coefficients at third order
VU, = d(D(W).FQ + X dv .1 — DXV,
3 = BZW2+%B dv.l'q —%Bg\ul

We find the same formulas than with Chapman-Enskog:
the two expansions are equivalent!
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Chapman-Enskog expansion : order zero

13

m(t + ¢) = exp(—e \) m*
m+ O(e) = m* + O(e)

first component : W + O(e) = W* + O(¢)
no more information because W* = W

second component : Y + O(e) = Y* + O(e)
relaxation: Y=Y +S(e(W)-Y)

The matrix S is supposed fixed
then Y =®(W)+ O(e)
and  Y* =®(W)+ O(¢e)
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Chapman-Enskog expansion : order one

14

m(t + ¢) = exp(—e \) m*
m+¢ed;m+ 0(?) = m* — e Am* 4+ O(£?)
with 9y = O, + €0, + €2 0, + O(€3)
then m+e0ym+ 0(e2) = m* —e Am* + O(e?)
first component
W +e0qW+0(e?) = W*—c (AW + BY*) + 0(£?)
with W*=W and Y*=®(W)+O(e)
then O, W =—(AW + Bd(W))

Oy W +T1(W) =0 with T1 =AW + Bd(W)
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Chapman-Enskog expansion : order one bis

15

second component of m + £ 3y, m + O(e2) = m* — e A m* + O(£?)
Y 4e0,Y +0(2) = Y* —e(CW + D Y*) + O(c2)

known: Y*=Y+S(e(W)-Y)
Y =®(W)+0O(e) and Y* =d(W)+ O(¢e)

S(Y—o(W))=Y - y*

(P(W)+O(e)) —e(CW + D (®(W) —I—O( )) +0(£?)
— e[~ dO(W).9uW — (CW + DO(W))] +
— e [dO(W).F — (CW + DO(W))] + 0(52)

= —€ 8t1

Then Y = (W) +eS LWy (W) + O(2)
W) = dO(W).Fy — (CW + D d(W))
Y*=®(W)+e(S7t D)W (W)+O(e?)
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Chapman-Enskog expansion : Hénon's matrix

16

r=51-11
Y = ®(W) +eS 1w (W) + O(£?)
Then Y =0(W)+e(Z+1I) vy(W)+O(e?)
Y*=0(W)+e(Z—231) V(W) +O(?)
V) = dO(W).I; — (CW + D d(W))
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Chapman-Enskog expansion : order two

17

m+edim+ 3e20im+O(e3) = m* —e Am* + 52 N2 m* + O(e3)
then
m+e(0y +€0,)m+ 3% (0, + O(e))>m+ O(e3)
=m* —eAm* +L2A2m* + O(e3)
first component
W +e(0y +e0,)W + 32202 W + O(e3)
= W—s(AW+BY*)+%e2(A2 W + B, Y*) + O(e3)
with Y* = ®(W) + e (Z Wy — W) + O(e?)
second order term
OpW +302W =—-B(ZWV; — W) + L (AW + B, ®)
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Chapman-Enskog expansion : order two (ii)

OW+L02W=-BZV;+1BY; +1(AW+B0)
with 0 W = =8, (T1(W)) = =0 (AW + BO(W))
= AT+ B dO(W).I = A(AW + Bd) + B dd(W).I'
OpW + 3 (AW +ABO)+ 1B do(W).Iy
= —BYV; + 3BV + 1 (AW + B 9)
with Ay =A2+BC, B,=AB+BD
OW +BEZV; = -3 (AW +AB®)— 3B do(W).I
+1BY; + (A2 +BC)W +L1(AB+BD)®
=—1Bdo(W).l1 +1B(do(W).ri — CW - Do)
+3BCW+3BD®
=0
OpW +To(W)=0 with T(W)=BIZ V(W)
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Chapman-Enskog expansion : order two bis 19

m+e(0y +€0,)m+ 3203 m+ O(e3)
=m*—eAm* + 12N> m* + O(3)
second component
Y+edyY+e20,Y +5202Y +O(e)
=Y —e(CW+DY*)+32(GW+ Dy Y*)+ O(e?)
S(Y-o(W))=Y - Y*
=—c0,Y -2 (0,Y +302Y) —c(CW+DY*)
+32 (G W+ Do Y*) + O(e?)
with Y = &(W) +e (S W1 + 3 V¥q) + O(e?)

=~y O(W) — &2 (9 (T V1 + 5 V1) + 0 ®(W) + 5 97 &(W))
—e(CW+DY*)+32(GW+ D, Y*)+0(e3)
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Chapman-Enskog expansion : order two bis (ii)

S(Y — O(W)) = — 0y, d(W)
—&2 (0n (V1 + 2 W1) + 0, (W) + § 02 0(W))
—e(CW+DY*)+ 32 (W + Dy Y*) + O(e3)
with Y* = ®(W) +¢e (V¥ — 2 Wy) + O(e?)
we have by definition S (Y — ®(W)) = e V1 + &2V, + O(e?)
second order term
Wy = =L 0y V1 — 30, V1 — 0, ®(W) — £ 92 0(W)
—D(ZV1—3V1) + 5 GW+ 5D d(W)
with 0,V = dW1.0, W = —dWy.Ty
and 0, V1 = 9y, (d®.F1 — CW — D O(W))
= 0, (d®.T1) — COyW — D dd.0, W
=0y (d®.T1) + CT1 + D do.T;
Yy =3 dV .1 — % (8tl(d¢.r1) +Clri+D dCD.Fl) = 8t2¢(W)
—L02O(W)—D (ZV1—3V1) + 3G W+ 3D, (W)
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Chapman-Enskog expansion : order two bis (iii)

Wy =¥ AWl — 3 (04 (d®.M1) + CTy + D dd.T1) — 0, d(W)
—L020(W) =D (ZW; - 3Wy) + 3G W+ 1D, o(W)
with 9, ®(W) = dd(W).0, W = —d(W).T;
DZDO(W) = 0 (0, P(W)) = 0, (dP.0, W) = —0¢, (dD.T1)
Wy =% dWy.ly — 3 (04 (dP.T1) + CTy + D dd.T1) + &(W).T2
+30,(d®.T) = DEV; + 1DV + 3 G W+ 3D, o(W)
with G, =CA+BD, D,=CB+ D?
Wy =% AWyl —3( CTy4D dd.I)+O(W).M,—DE VW +3 DV,
+3 C(AW+B®)+1iD(CW + Bd)
with CW + Bd = do.I'; — Wy
Wy =% dV¥y.M — 3D do.I + S(W).I, — DZ Wy + 3 DV,
+1D(do.ry — Vy)
Wy =Y dV .l 4 do(W).[h — DX W,
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Chapman-Enskog expansion : order three

22

m+edim+ 3e20im+ 3 93m+ O(e*)
=m*—eAm* + 32N m* — ;SN m* + O(e)
then
m+ e (0y + €0, +€20y)m + 3 €2 (0y, + 0, + O(e2))?m
+33(9y +0(2))°’m+ O(e*) = m* —e Am*
+32Nm* — L3N m 4+ O(e)
first component
W+ e (0 + €0, +20u)W + 5% (02 + €0y Or, + €0, 0 )W
+L1SRWH+O(EH) =W —c(AW +BY*)
+32(A W+ B Y*) — 23 (A3 W + B3 Y*) + O(e*)
with  Y* = (W) +e(ZWy — 3Wy) + 2 (T Vo — 2W,) + O(3)
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Chapman-Enskog expansion : order three (ii)

W+ e (0 + €0, + %0, )W + 52 (02 + €0y, Or, + €0y, 00 )W
+ESBRWHO(EH) =W —cAW
—eB(®(W) +e(ZVy — W) +2(ZV, — 1Wy)) + 32 AW
+32 By (P(W) +e (T Wy — 3Wy)) — £3 (A3 W + B3 @) + O(c*)
third order term
W + 3 (04,05 W + 0,0, W) + O3 W
=-—B(ZV,— W)+ 3B (TWy — W) — L (A3 W + B3 ®)
with
0,0, W = 0y (-BX V1) = —BY d¥;.0, W = BY dV,.I

D0y W = 0, (—AW — BO) = AT, — B dd.0, W
= ABYT;+ B do.l,

OuW+L1BT UM + L (ABET + B dd.Io) + L3 W
=—B(ZV, — W)+ 1B (ZW; — V) — L (A3 W + B3 9)
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Chapman-Enskog expansion : order three (iii)

OuW +L(BE dW1.I + ABET1 + B do.lL) + L o3 W

=-—B(ZW¥, - W)+ 1B (X — Luy) - L (A W+ B3 9)
with
BW =0y, (AT1+ B dd.T1) = 9, (A(AW + B ) + B dd.I,)
= —A(AT; — B d®.I'}) — B d(de.).I,

=—-A2T; —AB d®.I; — B d(do.M).
and A3 =AyA+B,C, B3=AB+B;D

AW 4 B3d = Ay (AW 4+ B®) + B (CW + D ®)
=(A2+BC)l1+(AB+BD)(do.I'1 — V)
= A(AT1+ B d®.Iy) + B(CTy+ D dd.Iy) — By Wy
= A(AT1 + B d®.Iy) + B(d(dd.Mp).Iy — dvy.l) — By
=W —Bdv,.l1 — BV,
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Chapman-Enskog expansion : order three (iv) 25

OuW +1(BE AV .M+ ABET1+ B dd.lp) = -BX W,
+1BY, + 3B (S — JWy) + (B AWyl + By y)
with Wy =% dVi.My + do.l, — DXV,
OW+L(BE dV1.I1 + ABET1+ B dd.l)=—-BLV,
+3B(Z AV M+ dO.f, — DX V) + 3BTV
—(3 -1 BV + 3B VLT,
then  O,W+BI Vs + 5BV — B dV.l1 =0

M3=BYV;+ 5BV - BdVi.l,
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Taylor second-order expansion

26

m+ At Oym+ 3 At202m + O(At3) =
=m* — AtAm* + 3 At2 A2 m* + O(At3)

We replace the vector m by its two components W and Y

W+ At0:W + 2 A2 92W + O(AL3) =
=W —At(AW +BY*)+ 3 A2 (A, W + By Y*) + O(At®)

Y + At0Y + 3 At202Y + O(AL3) =
=Y —At(CW+DY*)+IA2(GW + Do Y*) + O(At®)

At zero-order: Y —Y*=0O(At)and Y*=Y 4+ S(®(W)-Y)

The matrix S is supposed fixed
then Y =®(W)+ O(At) and Y* = (W) + O(At)
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Taylor second-order expansion (i)

27

Y* =o(W)+ O(At)
Second-order partial differential equations:
QW + I AtO2W + O(At?) =
= —(AW+BY*)+ L At(A W+ B, Y*)+ O(At?)

at first-order:
O:W + O(At) = —AW — BO(W) + O(At)
then oW =-I1 with 1 =AW+Bo(W)
then 9;Y = dO(W).0;W + O(At) = —dd(W).I'1 + O(At)
Y - Y*=—-At0;Y — At (CW + D Y*) + O(At?)
then S(Y —®) = At(d®(W).l1 — CW — D®) + O(At?)
Y=0+AtS1(dO(W).[1 — CW — Dd) + O(At?)
and  W; = do(W).I' — (CW + D)
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Taylor second-order expansion (iii)

28

W = —T1 + O(At) = —(AW + BO(W)) + O(At)

Then  O2W = 8;(—T1 + O(At)) = —dl.0:W + O(At)
= AT + B d$.9;W + O(At)
= AT + B do.[, + O(At)

Second-order partial differential equations:
oW + L At2W + O(At?) =
= —(AW+BY*)+ 1 At(A W+ B, Y*)+ O(At?)
QW =—-AW —B(®+(Z—3I)AtV;) — At (AT1+ B dd.Iq)
+3 At ((A2+BC)W + (AB+ BD)®) + O(At?)
=—AW-Bo+At(—BIV;+1B(dd.I—CW-Do)
—JAAW+B®))—1BdoI +1(A2+BC)W
+1(AB+BD)®) +0(At?)
OW = —T1 — At BT V; + O(At?) and L =BXv¥,
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Link with the original Taylor expansion method (2007) 29

First-order 0;W = —I'; + O(At) —AW — Bo(W) + O(At)
idest  0:W; + N 9sW; + N;yds®(W), = O(At)
or O W; + /\,gaﬁmeq = O(At)

with the notation m;* = ®(W),

Defect of conservation 6 = 9,m\* + Z /\fZ dgmy?

vector of conservation defect
0 = 0:P(W) + A.med
=do. (-l —Atly+--- )+ (CW + DO(W))
= (—d®.I' + O(At)) + (C W + DO(W))
= —V; + O(At) 0 =—V; + O(At)

Second-order term
(BXWy), = Biok(—0k+O(At)) =Y Ay ok 956k + O(At)

k k
and  9W; + Noagmit = At 3, N2 oy 930k + O(AL2)
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Taylor third-order expansion

30

m+ AtOm+ 3 At202m+ $ A3 03m+ O(At*) =
=m" — AtAm* + 3 AN m* + : A A m* + O(At?)
We replace the vector m by its two components W and Y
W+ AtO.W + 5 A2 2W + L A RW + O(At?) =
=W —At(AW +BY*)+ 3 A2 (AW + B, Y¥)
—s At} (As W + B3 Y*) + O(At?)
then W =—-AW —-BY*+IAt(AW+BY*—d2W)
— T A2 (A3W + B3 Y* — 93W) + O(At3)
Y + At0 Y + 3 At202Y + O(AL) =
=Y*—At(CW+DY*)+ 3 A2 (G W + D, Y*) + O(AL3)
and
Y -Y*=S(Y - 9)
= —At(CWHD Y*+0,Y)+3At3 (G W+D, Y*—02Y)+0(AL3)
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Computation of the coefficient W5

S(Y —¢) =
—At(CW+DY*+0:,Y)+ A2 (G W+ D, Y* - 02Y)
+0(At?)
with [see Annex -1- page (jii)]
CW+DY*=—-V;+dod.l +AtD (T — 1) ¥; + O(At?)
GW+ D, Y* = d( dé. — \IJ1).F1 — DV, + O(At)
and [see Annex -2- pages (iii) and (iv)]
OrY = — 0Ty~ At (APTo+ (T+31) dViTy) +0(AF)
02Y = d(d®.M).M + O(At)
Then
S(Y=®)=AtV; + A2 (= D (Z-31) Wy + do.T,
+(Z 4 31) d¥y. Ty — 3 (dWi.T1 + D Vy)) + O(AL3)

= AtV + A2 (T dV1. T + dO.F, — DI W) + O(AL3)
\-Ug =3 dklfl.rl + d(D.rz = DZ\Ul
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Computation of the coefficient I3 32

HW =AW —BY*+IAt(AW+B Y —92W)
— T A2 (A3W + B3 Y* + 93W) + O(At3)
with [see Annex -1- pages (i) and (ii)]
AW+BY*=AW+Bo+AtB(X - 11)¥,
+At2 B (X — 31) U, + O(At3)
AW+ B Y =AT1+B(do.M — Vi) + At B, (T —31) ¥y
+0(At?)
AsW + B3 Y* = 9%T1.11 — B dV1.I, — By W + O(At)
and [see Annex -2- pages (i) and (ii)]
O?W = dly.Ty + At (dly.To 4 dlMo. ) + O(At?)
O3W = —0°T'1.T1 + O(At)
oW =T — AtBY V;
+AP? (=B (Z—3D) W+ 3 (B2 (Z—31) Wy — dly.To— dl2.Ty)
+3(B dV1.T + By Vy)) + O(At)
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Computation of the coefficient '3 (ii)

33

HWHT1+AtT, =A2 (-B(Z -3V + 1 (B (T~
—dly.To — dlo.Tq) + 2 (B dW1.l + By Wy)) +

and the coefficient of At? is given by
F3=BXV,— 3BV, +1(AB+BD)ZV;+ (1 —3%) BV,
—%(Arg—l—Bd¢.F2)—§BZdW1.F1—gBd\lll.l'l
because [ =BX WV
=BY WV, —1B(DZV;— dd.l, - T d¥i.T1)+1BDY Y,
LBV — 3B dd.M - IBE dVy.T — : B AVl

;v
+0(At3

Finally,
M3=BYXV;+ 5BV —§BdV1.T;

1
)

1
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Link with the previous formal expansion at third-order 34

Defect of conservation 0 = 9,m\* + Z Af@ dgmy?
L8

vector of conservation defect 6 = 0; (W) + A.md
then 0 =—-V; — At dd.I'; + O(At)

and 0.0 = —0,V; + O(At) = dV;.T; + O(At)

We have the following calculus:
Mo+ AtlT3=BIV; + At(BEV, + 5 B Wy — £ B dV;.Ty)
=BY(—0-At dd.M + O(At?)) + At BE(X dV;.l1 + do.I
—DYV )+ L AtB W — L AtB dVy.T,
=-BY0+At(—(BIDL — 5 B)V;
+B (X% - ¢) dVi.T1) + O(At?)
=-BY0+At((BEDL — 5 B,)0
+B (22— $)9:0) + O(At?)
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Link with the previous formal expansion at third-order (i)

Mo+ Atl3=—-BX0+ At ((BEDET — 5 B,)0
+B (22— $)0:0) + O(At?)

Third-order partial equivalent equations:
W +Am—AtBY 0

+A2 ((BEDE — £ B)0+ B(X2—%)a0) = O(AL3)
Explicitation with the cartesian components:
(BEDIO), =Ny ok (N,) o0 930,00 = Ny oic N}, 50 D3040
(B20), = (N3 95) (N y) b = Ny Ny 950,
(BEDX — & B)0), = Ny N, (k00 — 1) 950,

(B(X2 - 1)8:0), = N (0} — 1) 930:04
Other form of the third-order partial equivalent equations:
B Wi + N 9o mid — At N5y oy 95 04

FAL (NG N, (0 00—5) 80, 00+Nsy (02 —1) 930:04) = O(AL3)
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Link with the previous formal expansion at third-order (iii)

0 W, +/\ L Ogm At/\lkakﬁgm
FAL (N N, (ok o1— 1) 950,00+N; (02 —1) 850:0k) = O(AL3)
Classical lattice Boltzmann scheme : Mg; =1 and M,; = V;
then A§, = Mo, v}* (M*l)ﬂ = M,; (M*l)ﬂ = 0o
and gy Ny (0k o0 = 15) 00460 = 851 Ny (100 — 35) D500
= Ny (9800 — 13) 93046

Thermal case: o3 # 0 and

Agk Neo (Uk B = ﬁ) 0p0yb¢ = ,BZ (Uﬁ O¢ — ) 95040,
Fluid case; the momentum is conserved: 05 = 0 Then

Agk Neo (Uk o8 = %) 0p0yb¢ = 12 Bf 98040,
N5k (03 = §) 03020k = 51 (07 — ) 95040k = (03 — §) 0:(D305)
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Link with the previous formal expansion at third-order (iv)

o0:Wi; +/\1k65 At/\lkakagek
+At2(/\§( /\kZ (Uk O'E—ﬁ) 858765_'_/\% (Uﬁ —%) 8581»9/() = O(At?’)

N3y (og o — 0300, thermics
Now (7% = §) Ds0ebic = { ﬂfz( N}y 950, 192;) ! fluid

Ao (97 = §) 050:6c = (05 — §) 0e(D365)

Thermal case: o3 # 0 and

N (77 = §) 050e01c = (75 — §) 9e(D505)

Fluid case; the momentum is conserved: fg = O(At). Then
Ao (97 — §) D0:0k = O(Lrt)
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Link with the previous formal expansion at third-order (v)

o W; +/\ 85 At/\ O'kagek
+AL (NG N, (ok 01— 1) 950, e,g+/\,k (ak 1) 950:0k) = O(AL?)

Classical notations: Wo=p=3_f;, Wo=Jo=3_;v'f;

N (05 op — ) 03040, thermics
/\gk (Ui - %) 0800k = { '812 Bé 950, bzé ! fluid

o 0¢(0393) thermics
Now (0 — &) 9306« :{ é 5=) fluid

Mass conservation in the thermal case :
Oep + 0ot — At 0 0nba + At? (Aﬁe (05 op — ) 030,0,
+(03 — §) 9:(0405)) = O(AF)
[relation (35) of DCDS-A, 2009].

Mass conservation in the fluid case :
Otp + Ooda — 15 At N}, 030,0, = O(A)
[relation (40) of DCDS-A, 2009].
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Link with the previous formal expansion at third-order (vi)

0 W, —|—/\ 85 At/\ O‘kagek
e e

Momentum conservation for the fluid case: i = «
Oedo + N2, By MY — At N, o4 D O
—|—At2(/\5 /\7 (O’k op — %) 030~0,
+A°, (02 — 1) 930:0k) = O(A3)
[relation (41) of DCDS-A, 2009].
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Survey

o Compact iteration of lattice Boltzmann schemes
e Block decomposition of the moment-velocity operator matrix

o Asymptotic expansion of the equivalent partial differential
equations and of the non conserved moments

o Explicitation of the coefficients up to order 3
with recursive formulas containing less than 3 terms

e Intensive use of differential calculus

o Validation of the nonlinear expansion for fluid flow
and thermal problems up the the order 3

o Validation of the non linear expansion at second order
for Navier Stokes flows with two en three space dimensions
(lcmmes 2018, ICIAM 2019)

e New applications soon !
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Merci de votre attention !

A2

41




MRT compact expression general result Chapman-Enskog Taylor 2009 survey Al A2

Annex -1- 42

Y =0(W)+ (4 31) (At Wy + A2 Wy + A3 W3) + O(At?)
Y*=0(W)+ (X —11) (At Wy + A2V, + A3 U3) + O(At?)

AW+ BY* =

— A W+B(¢(W)+(Z—% 1) (At W +AL2 Uyt AL wg)) +O(AHY)

AWHBY* =AW+BO+AtB(E—-31) V1 +At> B(Z—31) ¥,
+A3B(Z - 31) w3+ O(AtY)

AW+B Y* =AW+ qu)(W)
+Bo(X - 11) (At Wy + AP W) ) +O(AF)

=(A2+BC)W +(AB+BD)® +AtB, (£ — 1) ¥,
+At2 B, (- 31) W, + O(ALS)

Ao W + By Y* = ATy + B(d®.I — Wp) + At By (- A1) vy

+AL By (- 11) v, + O(AL)
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Annex -1- (i)

43

AsW + B3 Y* = A3 W + B3(®(W) + (Z — 31) At ¥q) + O(At?)
= (AA+B C)W+ (A B+ B, D)o
+At Bz (X — 31) W1 + O(At?)
= AT+ By (d®.Iy — Wq) + At B3 (£ — 1) Wy + O(AL?)
= (A2 +BC)F1 +(AB+BD)do.I'1 — BV
+At B3 (£ — 31) Wy + O(At?)
= A(A Mh+B dd>F1) + B(C +D dd>F1) — BV,
+At B3 (£ — 31) vy + O(At?)
because CW +D o = do.[1 — ¥,
and CTy+ D dd.M = d(dd.ly — Vy).M,
= Adl.I +Bd(do.M — V). — Bw,
+At B3 (£ — 31) Wy + O(At?)

AsW + B3 Y* = 82F1.F1 —Bdv,.I1 — BV,
+AtB; (X — 1) Wy + O(At?)
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Annex -1- (iii)

CW+DY* =
= CW+D(®(W) + (T - 31) (At W1 + A2 W) ) + O(AL)

CWH+DY*=dol; —V; +AtD (- 11) v,
+At2D (£ — 3T) Wy + O(A3)
GW+DY* = GWHDy(®(W)+ (- 11) Atwy) + O(AL?)
=(CA+DC)W + (C B+ D?)d(W)+
+D; (£ — 31) At Wy + O(At?)
= Cl1+D(d®.Fy — V) + D, (£ — 31) At vy + O(AL?)

GW+DY* =
d( do.r — Wl).rl — DV, + D, (Z = %I) AtV + O(Atz)
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Annex -1- (iv)

45

GW+ D3 Y* =G W+ D3d(W) + O(At)
=(GA+ D, C)W + (G B+ Dy D) ®(W) + O(At)
= Gy + Do (dd.I; — Wp) 4 O(At)
=(CA+DC)T1 +(CB+ D?) do.I'y — DV + O(At)
= Cdr.M + D d(de.Iy — Wp).Ty — Dy Wy 4+ O(At)
= 0?(Vy +791).T1+ D d¥;.T1 + D Wy + O(At)

G W+ D3 Y* = 82(dd.Iy — V). — D dWy.Ty — D, Wy + O(At)
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Annex -2-

46

OW = —T1 — AtTy — At2T3 + At3 T4 + O(At?)

Successive derivatives of the conserved moments
W =0, (—T1— AtTr — At?T3) + O(At3)
= —d(M1+ At + A2 T3+ O(AL3)). 0. W
= d(M + AtTo 4+ At2T3). (T + AtTo + At2T3) + O(AL3)

O?W = dly.T1 + At (dly.To + dlfa.Tq)
+At?(dl.T3+ dlM.To + dl3.T1) + O(At3)

P2W = ATy + B dd.Iy + At (dl1.To + dlp.Ty) + O(AL?)
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Annex -2- (ii)

47

then
DZW = 0,(02W)
= 0¢(AT1+ B d®.I'y + At 0y(dlp. Ty + dl11.T2)) + O(At?)
= 0¢(dly. Ty + At (dly. T + dl2.T1)) + O(At?)
= d(dr.Ty + At (dly. T2 + dl2.T1)). 0:W + O(At?)
= d(dry.T1).(=T1 — AtT)
+At(dr1. [+ dl,. I'1).(—I'1) + O(At2)
=—d(dlr.T1).l' — At [d(AT2 + B do.T»
+BY dV;.T1).T1 + d(ATy + B dd.T1).To] + O(At?)
= —0°T1.T1 — At [Adl2.T1 + B d(d®.IL).I
+BE 0?1 T+ Adl.T2+ B d(do.l1).Mo] + O(At?)
RW =—02T1.T1 + At [A(dl1.To + dlMp.T)
+B(d(d®.I'1).To + d(d®.[5).T1)) + BE9?W1.T1] + O(At?)
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Annex -2- (iii)

48

Y = o(W)+ (4 31) (AtWi + A2V, + O(AL3)
Successive derivatives of the non-conserved moments

OrY = dP.OW + (Z + 1) (At dV1. O W + At? dV5. 9, W)
+0(At3)
= do. (—F1 — Aty — At? F3)
+At (Z+ 31) d¥y. (-1 — AtT)
—A? (T +11) dv,. T+ 0(AL3)

OrY = —do.T; — At (9.5 + (T + 1) dvy.Ty)
—AE2 (0T34 (T +31) (V1.1 + AW 1) ) +O(AF)
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Annex -2- (iv)

49

OrY = —d®.Ty = At (AT + (T + 31) AV Ty) +0(A¢?)
then
92Y = — d(dd.My).(—T1 — AtT)
At (d( dd.T).T + (Z + 1) 92wy, rl) +O(Ar)
22Y = d(de.rp).r
At (d(d¢.r1).r2 + d(d.Ta).Ty + (T + 1) 02w, rl)
+0(At?)
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