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QUANTITATIVE CONDITIONS OF RECTIFIABILITY
FOR VARIFOLDS

by Blanche BUET (*)

ABSTRACT. —  Our purpose is to state quantitative conditions ensuring the
rectifiability of a d—varifold V obtained as the limit of a sequence of d—varifolds
(V4): which need not to be rectifiable. More specifically, we introduce a sequence
{&:}, of functionals defined on d-varifolds, such that if sup; &(V;) < +oo and
V; satisfies a uniform density estimate at some scale §;, then V = lim; V; is d—
rectifiable.

The main motivation of this work is to set up a theoretical framework where
curves, surfaces, or even more general d-rectifiable sets minimizing geometrical
functionals (like the length for curves or the area for surfaces), can be approximated
by “discrete” objects (volumetric approximations, pixelizations, point clouds etc.)
minimizing some suitable “discrete” functionals.

RESUME. L’objet de ce travail est d’énoncer des conditions quantitatives
garantissant la rectifiabilité de la limite d’une suite de varifolds qui ne sont pas
nécessairement rectifiables. Dans ce but, on définit, dans I’espace des varifolds, des
fonctionnelles &; de telle sorte que : si sup; £;(V;) < 400 et si, aux échelles 8; — 0,
la densité d—dimensionnelle de V; vérifie un contréle uniforme, alors V' = lim; V;
est d-rectifiable.

Ce travail participe a la mise en place d’un cadre théorique pour ’approximation
des courbes, surfaces ou de fagon plus générale, des ensembles d—rectifiables mini-
misant des fonctionnelles géométriques, par des objets “discrets” (approximations
volumiques, nuages de points etc.) minimisant des fonctionnelles géométriques dis-
crétisées.

Introduction

The set of regular surfaces lacks compactness properties (for Hausdorff
convergence for instance), which is a problem when minimizing geometric

Keywords: quantitative rectifiability, varifolds.

Math. classification: 28 A75,49Q15.

(*) I would like to thank my PhD advisors Gian Paolo Leonardi and Simon Masnou for
their constant support and encouragement.



2450 Blanche BUET

energies defined on surfaces. In order to gain compactness, the set of sur-
faces can be extended to the set of varifolds and endowed with a notion
of convergence (weak—+ convergence of Radon measures). Nevertheless, the
problem turns to be the following: how to ensure that a weak—+ limit of var-
ifolds is regular (at least in the weak sense of rectifiability)? W. K. Allard
(see [1]) answered this question in the case where the weak—* converging
sequence is made of weakly regular surfaces (rectifiable varifolds to be pre-
cise). But what about the case when the weak— converging sequence is
made of more general varifolds? Assume that we have a sequence of vol-
umetric approximations of some set M, how can we know if M is regular
(d-rectifiable for some d), knowing only its successive approximations 7

7

As a set and its volumetric approximations can be endowed with a struc-
ture of varifold (as we will see), this problem can be formulated in terms of
varifolds: we are interested in quantitative conditions on a given sequence
of d—varifolds ensuring that the limit (when it exists) is rectifiable. Before
going into technical details, let us consider the problem of rectifiability in
simplified settings.

First, let f : R — R. We are looking for conditions ensuring that f is
differentiable (in some sense). The most simple answer is to impose that the
difference quotient has a finite limit everywhere. But assume that moreover,
we ask for something more quantitative, that is to say some condition that
could be expressed through bounds on some well chosen quantities (for
instance, from a numerical point of view, it is easier to deal with bounded
quantities than with the existence of a limit)). We will refer to this kind of
condition as “quantitative conditions” (see also [6]). There exists an answer
by Dorronsoro [7] (we give here a simplified version, see [5]).

THEOREM 0.1 (see [7] and [5]). — Let f : RY — R be locally integrable
and let ¢ > 1 such that q <
of f is in L2 if and only if

1
d
//Vq(x,r)Qlda:<—|—oo
Re JO r

1—2 ifd > 1. Then, the distributional gradient

. . 1
with o) = e [ 1)~ dy
function r\Z
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QUANTITATIVE RECTIFIABILITY FOR VARIFOLDS 2451

The function v, penalizes the distance from f to its best affine approxi-
mation locally everywhere. This theorem characterizes the weak differentia-
bility (in the sense of a L? gradient) quantitatively in terms of L2-estimate
on v, (with the singular weight %)

Now, we take a set M in R™ and we ask the same question: how to ensure
that this set is regular (meaning d-rectifiable for some d)? Of course, we
are still looking for quantitative conditions. This problem has been studied
by P.W. Jones (for 1-rectifiable sets) in connection with the travelling
salesman problem ([9]) then by K. Okikiolu ([12]), by S. Semmes and G.
David ([4]) and by H. Pajot ([13]). As one can see in the following result
stated by H. Pajot in [13], the exhibited conditions are not dissimilar to
Dorronsoro’s. We first introduce the L generalization of the so called Jones’
£ numbers, (see [9] for Jones’ § numbers and [13] for the L? generalization):

DEFINITION 0.2. — Let M C R™ andd € N, d < n.

d(y, P
inf sup M if B(z)NM #£0,
P affine d—plane yEMNB,(x) T

Boo(z,7, M) =0 if B.(x)NM =10,

. B
foler )= it ) www)
q d
P affine d—plane \ T yEB, (z)NM r

ifl<g<+.

Boo(xaraM) =

The f5,(x,r, M) measure the distance from the set M to its best affine
approximation at a given point x and a given scale r.

THEOREM 0.3 ([13]). — Let M C R™ compact with H4(M) < +o0c. Let
q be such that

I1<g< oo ifd=1

2d

1<g< —— ifd>2.
q< i—2 i

We assume that for H%—almost every x € M, the following properties hold:

d MANB

(i) 04(z, M) = lim inf M >0,
0 war

1
d
(i) Byla,r, M2 < 0
r=0 r

Then M is d-rectifiable.

TOME 65 (2015), FASCICULE 6



2452 Blanche BUET

Let us get closer to our initial question: now we consider the same ques-
tion in the context of varifolds. Recall that from a mathematical point of
view, a d-varifold V' in 2 C R" is a Radon measure on the product Qx Gy p,
where

Ga,n = {d-dimensional subspaces of R" } .

Varifolds can be loosely seen as a set of generalized surfaces: let M be a
d—submanifold (or a d-rectifiable set) in 2 and denote by T, M its tangent
plane at x, then the Radon measure V(z, P) = ’HIdM(x) ® o7, m(P) is a d-
varifold associated to M, involving both spatial and tangential information
on M. The measure obtained by projecting V on the spatial part Q is
called the mass ||V]|. In the previous specific case where V' comes from
a d-rectifiable set M then the mass is |V]| = ’HldM. See the next section
for more details about varifolds. We can now state the first result that we
obtain in this paper about quantitative conditions of rectifiability in the
context of varifolds:

THEOREM 0.4. — Let 2 C R™ be an open set and let V' be a d—varifold
in  with finite mass ||V||(2) < +o00. Assume that:

(i) there exist 0 < Cy < Cy such that for ||V ||-almost every x € Q and
for every r > 0,

(0.1) Cur? < |V[(By(x)) < Cor?

(if) / Eo(z, P,V)dV(z, P) < 400, where
QXGd,n

| dly — z, P)\ > d
B rvi= [ L] (=) awim &
r=0 ™" JyeB, (x)nQ r r

defines the averaged height excess.
Then V is a rectifiable d—varifold.

The first assumption is called Ahlfors-regularity. It implies in particular
that V' is d—dimensional but with some uniform control on the d—density.
Adding the second assumption both ensures that the support M of the
mas measure ||V is a d-rectifiable set and that the tangential part of V/
is coherent with M, that is to say V = ||V|| ® dr, ;. We will refer to
these two conditions as static quantitative conditions of rectifiability for a
given d—varifold, by opposition to the next conditions, involving the limit
of a sequence of d—varifolds, which we will refer to as the approximation
case. These static conditions are not very difficult to derive from Pajot’s
Theorem, the difficult part is the next one: the approximation case.

ANNALES DE L’INSTITUT FOURIER



QUANTITATIVE RECTIFIABILITY FOR VARIFOLDS 2453

Now we consider a sequence (V;); of d—varifolds (weakly—*) converging to
a d-varifold V. The problem is to find quantitative conditions on (V;); that
ensure the rectifiability of V7 The idea is to consider the static conditions
with uniform bounds and using a notion of scale encoded by the parameters
a; and (; in the following result:

THEOREM 0.5. — Let @ C R™ be an open set and let (V;); be a se-
quence of d—varifolds in 2 weakly— converging to some d—varifold V' of
finite mass ||V||(2) < +oo. Fix two decreasing and infinitesimal (tending
to 0) sequences of positive numbers («;); and (§;); and assume that:

(i) there exist 0 < Cy < Co such that for ||V;||-almost every x € ) and
for every ; < r < d(z,Q°),

Crr? < ||Vill(Br (@) < Car?

(ii) sup/ E,,(z, P,V;)dV;(x, P) < 400, where
QXGd’n

%

1 2
1 dly—x, P d
e p) =[5 f W= 2PN g ) &
r=oy rd yEB,(z)NQ r r

denotes the a—approximate averaged height excess.
Then V is a rectifiable d—varifold.

We stress that the sequence (V;); in Theorem 0.5 is not necessarily made
of rectifiable d—varifolds. The parameters «; and (; allow to study the
varifolds at a large scale (from far away). The main difficulty in the proof
of Theorem 0.5 is to understand the link between

— the choice of a; ensuring a good convergence of the successive approx-
imate averaged height excess energies E,,(x, P,V;) to the averaged
height excess energy Fo(xz, P, V)

— and a notion of convergence speed of the sequence (V;); obtained
thanks to a strong characterization of weak— convergence.

In the following example, we can guess that the parameters «; and 5; must
be large with respect to the size of the mesh. Loosely speaking, in figure (a),
even in the smallest ball, the grey approximation “looks” 1-dimensional.
On the contrary, if we continue zooming like in figure (b), the grey approx-
imation “looks” 2—dimensional. The issue is to give a correct sense to this
intuitive fact.

The plan of the paper is the following: in section 1 we collect some
basic facts about rectifiability and varifolds that we need thereafter. Then
in section 2, we state and prove quantitative conditions of rectifiability
for varifolds in the static case. In section 3, we first establish a result of

TOME 65 (2015), FASCICULE 6
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X

(a) (b)

uniform convergence for the pointwise averaged height excess energies E,,
thanks to a strong characterization of weak—« convergence. This allows us
to state and prove quantitative conditions of rectifiability for varifolds in
the approximation case. In the appendix, we consider some sequence of
d—varifolds weakly— converging to some rectifiable d—varifold V = GHfM ®
d7, v (for some d-rectifiable set M) and we make a connection between
the minimizers of Ey,(z,-,V;), with respect to P € Gy, and the tangent
plane T, M to M at .

1. Some facts about rectifiability and varifolds

This section contains basic definitions and facts about rectifiability and
varifolds. We start by fixing some notations.

From now on, we fix d, n € N with 1 < d < n and an open set ) C R".
Then we adopt the following notations.

— L™ is the n—dimensional Lebesgue measure.

— H? is the d-dimensional Hausdorff measure.

— CF(Q) is the space of continuous compactly supported functions of
class C* in Q.

— By(x) ={y| |y — x| < r} is the open ball of center x and radius r.

— Gan ={P CR"|P is a vector subspace of dimension d}.

— AAB = (AU B)\ (AN B) is the symmetric difference.

— Lip,(Q) is the space of Lipschitz functions in € with Lipschitz con-
stant less or equal to k.

— wq = L4(B1(0)) is the d-volume of the unit ball in R?.

— For P € G4, IIp is the orthogonal projection onto P.

ANNALES DE L’INSTITUT FOURIER



QUANTITATIVE RECTIFIABILITY FOR VARIFOLDS 2455

— Let w and €2 be two open sets then w CC ) means that w is relatively
compact in ).

— Let p be a measure in some measurable topological space, then supp p
denotes the topological support of u.

— Let A C Q then A = Q\ A denotes the complementary of A in €.

— Given a measure u, we denote by |u| its total variation.

1.1. Radon measure and weak—+ convergence

We recall here some useful properties concerning vector-valued Radon
measures and weak—+ convergence. See [8] and [2] for more details.

DEFINITION 1.1 (weak—+ convergence of Radon measures, [2, Def. 1.58]).
Let p and (u;); be R™—vector valued Radon measures in 0 C R™. We say
that p; weakly— converges to u, denoted p; —— pu if for every ¢ €

11— 00

C.(Q,R™),
/so'dui.—>/s0‘du~
Q 71— 00 Q

Thanks to Banach-Alaoglu weak compactness theorem, we have the fol-
lowing result in the space of Radon measures.

PROPOSITION 1.2 (Weak—+ compactness, [2, Thm. 1.59 and 1.60]). —
Let (u;); be a sequence of Radon measures in some open set 2 C R™ such
that sup; |p;|(£2) < oo then there exist a finite Radon measure p and a
subsequence (fi,(;)); weakly—* converging to ju.

Let us now study the consequences of weak—+ convergence on Borel sets.

ProposITION 1.3 ([8, §1.9]). — Let (u;); be a sequence of positive

Radon measures weakly—« converging to p in some open set 0 C R™. Then,

(1) for every compact set K C 2, limsup; p;(K) < p(K) and for every
open set U C Q, p(U) < liminf; p;(U).

(2) lim; p;(B) = p(B) for every Borel set B C Q such that p1(0B) = 0.

Each one of the two properties in Proposition 1.3 is actually a character-
ization of weak—+ convergence. Let us state a similar result in the vector
case.

PROPOSITION 1.4 ([2, Prop. 1.62(b)]). — Let @ C R™ be an open set
and let (u;); be a sequence of R™—vector valued Radon measures weakly—x
converging to p. Assume in addition that the total variations |u;| weakly—

TOME 65 (2015), FASCICULE 6



2456 Blanche BUET

converge to some positive Radon measure A. Then |u| < A and for every
Borel set B C Q) such that A(OB) = 0, u;(B) — p(B). More generally,

/u~dui*>/u'du
Q Q

for every measurable bounded function u whose discontinuity set has zero
A—measure.

We end this part with a result saying that, for a given Radon measure
1, among all balls centred at a fixed point, at most a countable number of
them have a boundary with non zero p—measure.

PRrROPOSITION 1.5. — Let u be a Radon measure in some open set ) C
R™. Then,

(i) For a given = € €, the set of r € Ry such that u(0B,(z)) > 0 is at
most countable. In particular,

LYr e Ry | u(0B(z)NQ) >0} =0.
(ii) For almost every r € Ry,
u{zr € Q| @B, (x)NQ) >0} =0.

Proof. — The first point is a classical property of Radon measures and
comes from the fact that monotone functions have at most a countable set
of discontinuities, applied to r — pu(B,(z)). For the second point, we use
Fubini Theorem to get

/ p{r € Q| p(dBy(x) N Q) > 0} dr
TER+
= / / () | w(@B.()n0)>0} (T, 7) du(x) dr
z€Q JreR

- /mcl{r € Ry | 4(0B,(x) N Q) > 0} dyu(x) =0,

thanks to (7). O
These basic results will be widely used throughout this paper.

1.2. Rectifiability and approximate tangent space

DEFINITION 1.6 (d-rectifiable sets, [2, Def. 2.57]). — Let M C R™.
M is said to be countably d-rectifiable if there exist countably many Lip-
schitz functions f; : R — R™ such that

M c MyU | fi(RY) with H¥(Mp) = 0.
1€EN

ANNALES DE L’INSTITUT FOURIER



QUANTITATIVE RECTIFIABILITY FOR VARIFOLDS 2457

If in addition H%(M) < +oo then M is said d-rectifiable.

Actually, it is equivalent to require that M can be covered by countably
many Lipschitz d-graphs up to a H? negligible set and thanks to Whit-
ney extension theorem, one can ask for C' d-graphs. We can now define
rectifiability for measures.

DEFINITION 1.7 (d-rectifiable measures, [2, Def. 2.59]). — Let u be a
positive Radon measure in R"™. We say that u is d—rectifiable if there exist
a countably d-rectifiable set M and a Borel positive function 6 such that
0= HHfM.

Thus, a set M is countably d-rectifiable if and only if ’HldM is a d-
rectifiable measure. When blowing up at a point, rectifiable measures have
the property of concentrating on affine planes (at almost any point). This
property leads to a characterization of rectifiable measures. Let us define
Ve a8
y—x

el

%,r(y) =

DEFINITION 1.8 (Approximate tangent space to a measure, [2, Def.2.79]).
Let p be a positive Radon measure in R™. We say that p has an approximate
tangent space P with multiplicity 0 € Ry at x if P € Gg4,, is a d-plane
such that

1 .
de%yr#u —— OH{p asr 0.
That is,

i o () autn o [ etiantn) voecum).

In the sequel the approximate tangent plane to M (resp. p) at z is
denoted by T, M (resp. T ). As we said, this provides a way to characterize
rectifiability:

THEOREM 1.9 ([2, Thm. 2.83]). — Let p be a positive Radon measure
in R™.
(1) If p = G'HfM with M countably d-rectifiable, then p admits an
approximate tangent plane with multiplicity 6(x) for H-almost
any z € M.
(2) If there exists a Borel set S such that w(R™\ S) = 0 and if p
admits an approximate tangent plane with multiplicity 6(x) > 0

for H?-almost every x € S then S is countably d-rectifiable and
u= GHVS.

TOME 65 (2015), FASCICULE 6
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There are other characterizations of rectifiability in terms of density (see
for instance [10]). Let us point out an easy consequence of the existence of
a tangent plane at a given point:

PRrOPOSITION 1.10. — Let p be a positive Radon measure in R™. Let
z € R", P € Gy, and assume that ;1 has an approximate tangent space
T,p with multiplicity 6(x) > 0 at x. Then for all § > 0,

iy € Bu(e) | dly — 2, P) < Br}
—— 0(x)H {y € Toun B1(0)|d(y, P) < B} .

r—0

Proof. — Indeed, let ¢, , : y — Y==, then T%i/)xyr#u weakly star con-

verges to Q(x)Hme so that for any Borel set A such that ’Hme#(@A) =
HUOANT,u) = 0, we have

1 1 -1 d
(1) it gn(4) = S (HA) o 0 H (T )
The conclusion follows applying (1.1) with A = {y € B1(0) |d(y, P) < §}
so that for any 0 < 8 < 1,

Y1 (A) ={y € B,(z)|d(y — =, P) > Br} and HY(ANP)=0.

x,r

1.3. Some facts about varifolds

We recall here a few facts about varifolds, (for more details, see for in-
stance [14]). As we have already mentioned, the space of varifolds can be
seen as a space of generalized surfaces. However, in this part we give ex-
amples showing that, not only rectifiable sets, but also objects like point
clouds or volumetric approximations can be endowed with a varifold struc-
ture. Then we define the first variation of a varifold which is a generalized
notion of mean curvature, and we recall the link between the boundedness
of the first variation and the rectifiability of a varifold. We also introduce a
family of volumetric discretizations endowed with a varifold structure. They
will appear all along this paper in order to illustrate problems and strate-
gies to solve them. We focus on this particular family of varifolds because
they correspond to the volumetric approximations of sets that motivated
us initially.

ANNALES DE L’INSTITUT FOURIER
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1.3.1. Definition of varifolds

We recall that G4, = {P C R™| P is a vector subspace of dimension d}.
Let us begin with the notion of rectifiable d—varifold.

DEFINITION 1.11 (Rectifiable d—varifold). — Given an open set ! C R™,
let M be a countably d-rectifiable set and 6 be a non negative function with
0 > 0 H?-almost everywhere in M. A rectifiable d—varifold V = v(M, ) in
2 is a positive Radon measure on 2 X Gy, of the form V = 97—l|dM ® O, M
ie. for all p € C.(Q X Ggn,R),

/ (@, T) dV (z, T) = / o, T, M) () dH (2)
OxGy,n M

where T, M is the approximative tangent space at x which exists H%almost
everywhere in M. The function 6 is called the multiplicity of the rectifiable
varifold.

Remark 1.12. — We are dealing with measures on Q2 x G ,,, but we did
not mention the o—-algebra we consider. We can equip G4, with the metric

d(T, P) = |[TIr — p||

with IIr € M, (R) being the matrix of the orthogonal projection onto T
and ||+ || a norm on M, (R). We consider measures on 2 x G4, with respect
to the Borel algebra on 2 x Gy .

Let us turn to the general notion of varifold:

DEFINITION 1.13 (Varifold). — Let Q C R™ be an open set. A d—varifold
in Q is a positive Radon measure on 2 X G p,.

Remark 1.14. — As Q2 x Gq,y, is locally compact, Riesz Theorem allows
to identify Radon measures on 2 x G4, and continuous linear forms on
Ce(2 x Gg,n) (we used this fact in the definition of rectifiable d—varifolds)
and the convergence in the sense of varifolds is then the weak— conver-
gence.

DEFINITION 1.15 (Convergence of varifolds). — A sequence of d—vari-
folds (V;); weakly—« converges to a d—varifolds V' in Q if, for all ¢ € C.(£2 x
Gd7n)7

/ o(z, P) dVi(z, P) ——> o(z, P)dV (2, P) .
OxGg,n

11— 00 QXGd,n

We now give some examples of varifolds:

TOME 65 (2015), FASCICULE 6



2460 Blanche BUET

Example 1.16. — Consider a straight line D C R3, then the measure
v(D) = H‘lD ® 0p is the canonical 1-varifold associated to D.

Example 1.17. — Consider a polygonal curve M C R? consisting of 8
line segments S, ..., Sg of directions Py, ..., Ps € G2, then the measure

v(M) = Zle H\lsi ® 0p, is the canonical varifold associated to M.

~, fP]_

o

° m; 0z, ® Op;

(a) Polygonal curve (b) Point cloud

Example 1.18. — Consider a d—submanifold M C R". According to the
definition of rectifiable d-varifolds, the canonical d—varifold associated to
M isv(M) = Hi@dr, 0 or v(M,0) = OH @57, o adding some multiplicity
0:M—Ry.

Example 1.19 (Point cloud). — Consider a finite set of points {z; }5\7:1 C

R™ with additional information of masses {mj}é\’:l C R4 and tangent
planes {Pj}jzlmN C Gg,n then the measure

N
ijéwj (9 5pj

j=1

defines a d—varifolds associated with the point cloud.

DEFINITION 1.20 (Mass). — If V = v(M, ) is a d-rectifiable varifold,
the measure HHfM is called the mass of V and denoted by ||V|. For a
general varifold V', the mass of V' is the positive Radon measure defined by
IVI(B) =V (x=1(B)) for every B C Q Borel, with

m: QxGqn — Q
{ (,8) = =z

For a curve, the mass is the length measure, for a surface, it is the area
measure, for the previous point cloud, the mass is Zj m;dz,. The mass
loses the tangent information and keeps only the spatial part.

ANNALES DE L’INSTITUT FOURIER



QUANTITATIVE RECTIFIABILITY FOR VARIFOLDS 2461
1.3.2. First variation of a varifold

The set of d—varifolds is endowed with a notion of generalized curvature
called first variation. Let us recall the divergence theorem on a submanifold:

THEOREM 1.21 (Divergence theorem). — Let 2 C R™ be an open set
and let M C R™ be a d-dimensional C?~ submanifold. Then, for all X €
C(Q,R™),

/ divy, X (z) dH(z) = — H(z) - X (z)dH(z),
QNM QNM

where H is the mean curvature vector.

For P € G and X = (X3,...,X,) € CL(Q,R"), the operator divp is
defined as

divp(z) =Y (VPX;(x),e;) =Y (Ip(VX;(x)),€;)
j=1 Jj=1
with (eq,...,e,) canonical basis of R".

This variational approach is actually a way to define mean curvature that
can be extended to a larger class than C?-manifolds: the class of varifolds
with bounded first variation. We can now define the first variation of a
varifold.

DEFINITION 1.22 (First variation of a varifold). — The first variation
of a d-varifold in ) C R"™ is the linear functional
§V . CLO,RY) — R
X — fﬂde divpX(z)dV(z,P)

This linear functional is generally not continuous with respect to the C2

topology. When it is true, we say that the varifold has locally bounded first
variation:

DEFINITION 1.23. — We say that a d—varifold on () has locally bounded
first variation when the linear form §V is continuous that is to say, for

every compact set K C () there is a constant cx such that for every X €
CL(Q,R™) with supp X C K,

[0V (X)| < ek Sup\X\

Now, if a d—varifold V has locally bounded first variation, the linear form
dV can be extended into a continuous linear form on C.(£2,R™) and then
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by Riesz Theorem, there exists a Radon measure on € (still denoted 6V')
such that

V(X)) = / X -0V for every X € C.(2,R")
Q

Thanks to Radon-Nikodym Theorem, we can derive §V with respect to
|V|| and there exist a function H € (L} (Q,[V])))" and a measure §V;
singular to ||V|| such that

§V = —H||V|| + 8V, .

The function H is called the generalized mean curvature vector. Thanks
to the divergence theorem, it properly extends the classical notion of mean
curvature for a C? submanifold.

1.3.3. Another example: a family of volumetric approximations endowed
with a varifold structure

Let us explain what we mean by volumetric approximation. For us, a
mesh of an open set €2 is a countable and locally finite partition

K=|]K
KeK
of €2, no other assumptions on the shape of the cells or on the geometry of

the mesh are needed except that the size of the mesh

6 = sup diam K < +oo
KeK

is finite. Given a d-rectifiable set M C R™ (a curve, a surface...) and a
mesh /C, we can define for any cell K € K, a mass mg (the length of the
piece of curve in the cell, the area of the piece of surface in the cell) and a
mean tangent plane Pg as

mg = HY(M NK) and P € argmin/ T, M — S|* dH(z),
SeGd,n MNK

and similarly, given a rectifiable d—varifold V', defining

mg = |V]|(K) and Pk € argmin/ |P — S|2 dV(z, P),
SEGd,n KXG,i,n

gives what we call a volumetric approximation of V. We now introduce the
family of varifolds of this form:
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Example 1.24. — Consider a mesh K and
a family {mK7PK}Ke)C CRy x Ggpn. We
can associate the diffuse d—varifold:

V= 3 TRl © mcs K] = €206
This d—varifold is not rectifiable since
its support is m-rectifiable but not d— i
rectifiable. We will refer to the set of d- direction

varifolds of this special form as discrete
varifolds.
Let us now compute the first variation of such a varifold:

PROPOSITION 1.25. — Let K be a mesh of R™ and denote £ the set of
faces of K. For K, K_ € K, we denote by ¢ = K |K_ € £ the common
face to K and K_, and nk_ , is then the outer-pointing normal to the face
o (pointing outside K ). Decompose the set of faces into & = £, UE U
where

o Einy is the set of faces 0 = K |K_ such that mg,, mg_ > 0, called
internal faces,

o & is the set of faces 0 = K |K_ such that mg,, mg_ =0,

o &, is the set of remaining faces 0 = K |K_ such that mg, > 0 and
mp_ = 0 or conversely my, = 0 and my_ > 0, called boundary
faces. In this case, o is denoted by K |- with mg, > 0.

For {mk,Px}rex C Ry X Gqn, let us define the d-varifold

= 3 i Llie @ 0rs -

Kek
Then,
mg mK_ _
0€Eint, *
o=K_|K4

n— 1
+ Y 7 Tl K \Mpeng.o| HE
o€y,
o=K]|-

where Ilp is the orthogonal projection onto the d-plane P.

We stress that the terms internal faces and boundary faces do not refer
to the structure of the mesh K but to the structure of the support of Vi.
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Proof. — Let Vi = Z |K| e ®0p, be a discrete varidold associated

Kek
with the mesh K and let X € Ci(Q,R”). Then,

SVie (X) = / dive X (z) dVi(z, S) / divp, X (z) dL" (z).
QXGdﬂ

KEIC

Let us compute this term. Fix (71,...,74) a basis of the tangent plane Px
so that

d
/K divP,CX(x)dE"(a:):j; /K DX (x)7j - 75 dL™ ()

n

and DX (x)r; -7, = Z(VXk(z) 'Tj)TJk so that

k=1
d n
. n _ k n
/ divp X (2) dL"(z) = 3 7 / (VXe(2) - 1) L™ ()
K j=1k=1 K
d n
S> / X3Tj - Nour AH
ik oK

M&l

I
I

J

= X(2) - (Mpenou) dH(x)
oK

o)

k=1

<.
Il
—_

= — T,
= (T)  out ZXkT dH*
== (

Tj - Nout ) (X - T5) dH?

M=

Il
-

where IIp_ is the orthogonal projection onto Px and m,: is the outward-
pointing normal. Consequently

m
6Ve(X)| = > ﬁ X () - (Upenou) dH4(z)
KeK
< HX” Z |K| |HP}CnOUt‘H (aK)
Kex

For a fixed mesh, the sum is locally finite and then, Vi has locally bounded
first variation. But what happens if the size of the mesh tends to 07 In order
to compute the total variation of §Vi as a Radon measure, we just have to
rewrite the sum as a sum on the faces £ of the mesh. This is more natural
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since 0V is concentrated on faces. Thus

B mK mK, n—1

g int,

o=K_ \;(Jr

— Z HPKTLKUH
o€y, |K|
o=K]|-
mig mg_ _

vie, LK+ K|

o=K_ \KJr

— Z HPKTLKUH
g€y, |K|
o=K]|-
Therefore,
mg mg_ 1
|6V}C| = H:+HP — 71_[}3 :| . (TLK R ) Hn

U; (K| 5 K o
o=K_|K4

+ Y7 ot Meenicql Hiy

g€y, | |
o=K]|-
O
Example 1.26. — Let us estimate this first variation in a simple case.

Let us assume that the mesh is a regular cartesian grid of Q =0, 1[2C R?
of size hic so that for all K € K and o € &,

|K| = hi and H'(0) = hi .

Consider the vector line D of direction given by the unit vector %(1 1).

Let V = ’H p ®0p be the canonical 1-varifold associated to D and Vi the
volumetric approxunatlon of V in the mesh IC, then

mg mg_ 1
Vel = [ Tsitteg, — Tt |- )| #100)
Uegzint) ‘K+| o |K7| i "
U:K_|K+
+ Z |K| |HPKnKU| H )
o€&,
o=K]|-
1 1
== D lmke =i [ [onscof + 5= D mc Mpncol -
K o€Eint, K g€y,
o=K_|K4 o=K]|-
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And Upnk .| = @ (for any K, o) so that

TI@) = 22 S e, |+ 2 D

T 2h 2h
K 0€E;int, o€y,
U:K7|K+ g—:Kl.
=[IVII(©)

So that if we now consider successive volumetric approximations of Vi,
associated with successive meshes K; whose size hx, tends to 0 when ¢
tends to oo,

V2

0€Eint,
o=K_|K4

More generally, the problem is that the tangential direction Px and the
direction of the face ¢ have no reason to be correlated so that the term
IIp.nk | can be large (close to 1) and thus, if the mesh is not adapted
to the tangential directions |dVi,|(2) may explode when the size of the
mesh hx, tends to 0. Of course, we are not saying that [6Vic,|(2) always
explodes when refining the mesh, but that it may happen and it is not
something easy to control except by adapting the mesh to the tangential
directions Px in the boundary cells. This is clearly a problem showing that
the classical notion of first variation is not well adapted to this kind of
volumetric discretization.

1.3.4. Control of the first variation and rectifiability

We will end these generalities about varifolds by linking the control of
the first variation (generalized mean curvature) to the regularity of the
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varifolds. Let us begin with some property of the so called height excess
proved by K. Brakke in [3, §5.7]. There exist sharper estimates established
by U. Menne in [11].

THEOREM 1.27 (Height excess decay). — Let V = v(M,0) = HHflM ®
0T, m be a rectifiable d—varifold in some open set () C R™. Assume that V is
integral (that is 6(z) € N for ||V||-almost every x) and assume that V has

locally bounded first variation. Then for V-almost every (z, P) € QX Gq,p,

1 dy —z,P)\"
heightex(z, P, V,r) := r—d/B . (erx’)) d|lV|I(y) = ox(r) .

Remark 1.28. — Let us notice that

1
d
Ey(z,P,V) = / heightex(z, P, V,r) TT .

r=x

That is why we called these quantities averaged height excess.

We now state a compactness result linking the rectifiability to the control
of the first variation. It is exactly the kind of result we are interested in,
with the exception that, in our setting, the approximating varifolds are
generally not rectifiable and, moreover, the following control on the first
variation is not satisfied.

THEOREM 1.29 (Allard Compactness Theorem, [14, §42.7]). — Let
(Vi)i = (v(M;,0;)); be a sequence of d—rectifiable varifolds with locally
bounded first variation in an open set @ C R™ and such that 6; > 1 ||V;]|—
almost everywhere. If

sup {[VA(W) | + 3Vl (W)} < e(W) < +oc

for every open set W C €, then there exists a subsequence (V;, ),, weakly—x
converging to a rectifiable d—varifold V', with locally bounded first variation
in Q, such that # > 1, and moreover

0V |(W) < liminf [6V;, |(W) VW cC Q.
n—oo
If for all i, V; is an integral varifold then V is integral too.

The problem is that even if the limit d—varifold is rectifiable and has
bounded first variation, it is not necessarily the case of an approximating
sequence of varifolds. For instance, a point cloud varifold does not have
bounded first variation. As for discrete d—varifolds of Example 1.24, we
have computed the first variation and seen that it is bounded for a fixed
mesh, however, when the size of the mesh tends to zero, the total variation
of the first variation is no longer bounded (in general) because of some
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boundary terms. We need some other way to ensure rectifiability. That is
why we are looking for something more volumetric than the first variation,
as defined in the introduction, in order to enforce rectifiability:

-z, P dr
(z, P, V) / / ( )> d|V|(y) — .
r=a yEB, (2)NQ r r

We now have two questions we want to answer:

(1) Assume that (V;); is a sequence of d—varifolds weakly—+ converging
to some d—varifold V' with the following control

(1.2) sup/ E,,(xz, P,V;)dV;(xz, P) < +00,
i QAXGg n
can we conclude that V is rectifiable 7
(2) Is this condition better adapted to the case of (non-rectifiable) vol-
umetric approximating varifolds (i.e. sequences of discrete varifolds
as defined in Example(1.24) ? We will prove that as soon as V;
weakly— converges to V, there exists a subsequence satisfying the
control (1.2).

We begin with studying the static case.

2. Static quantitative conditions of rectifiability for
varifolds

In this section, we begin with studying Fo(z, P, V'), the averaged height
excess, with respect to P € G, (for a fixed d-varifold and a fixed = € Q).
We show that if V" has bounded first variation then the approximate tangent
plane at x is the only plane for which Ej can be finite. Then we state and
prove quantitative conditions of rectifiability for varifolds in the static case.
Let us recall how we defined Ey(x, P, V') in Theorem 0.4.

DEFINITION 2.1 (Averaged height excess). — Let V' be a d-varifold in
Q C R™ open subset. Then we define

| dly —z,P dr
mervi=[ L ((y)) v 2.
r=0 1" JyeB,(z)NQ r

We first study the averaged height excess Fo(z, P, V) with respect to
P € Gy, for a fixed rectifable d—varifold.
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2.1. The averaged height excess energy Ey(x, P, V)

Notice that if ||V = #f,, then for every d-vector plane P € Gy,

1
/ 52(‘1" T, M)2 —
r=0 r
1 1 2
:/ inf 7/ (M) dH(y) a
r—0 S€{affine d—plane} \ T y€B,(z)NM T r

<[ L (A== P)) () U = B, V).
o 7% yEB,(z)NM r r

Thus, assume that for H%-almost every x € M, 0¢(x, M) > 0 holds and
that there exists some P, € Gg 5 such that Eo(x,Pm,H‘dM) < +00. Then
thanks to Pajot’s Theorem 0.3, M is d-rectifiable. As we will see, the point
is that for any x € M where the tangent plane T, M exists, then P, =T, M
is the best candidate, among all d-planes P, to satisfy Ey(z, Px,"HfM) <
+00. Consequently, in order to test the rectifiability of a d—varifold V, it is
natural to study Ey(z, P,V) for (x, P) in supp V' (which is more restrictive
than for any (x, P) € supp ||V|| X Gg4.n). More concretely, we will study

/ Fo(z, P,V)dV(z, P)
QXGd n

rather than
/Q inf Eo(a, P,V)d|V]|(2).

In this whole part, we fix a rectifiable d—varifold in some open set {2 C R™
and we study the behaviour of Ey(z, P, V) with respect to P € Gg,,. We
are going to show that for a rectifiable d—varifold, this energy is critical:
under some assumptions, it is finite if and only if P is the approximate
tangent plane. More precisely:

PROPOSITION 2.2. — Let V = v(M,0) be a rectifiable d—varifold in an
open set 0 C R™. Then,

(1) Let x € M be such that the approximate tangent plane T, M to M
at x exists and 0(x) > 0 (thus for ||V ||-almost every x) then for all
P e Gg,, such that P # T, M,

Eo(iﬂ,P, V) = +00

(2) Ifin addition V is integral (6 € N ||V ||-almost everywhere) and has
bounded first variation then for ||V ||-almost every x,

Eo(z, T,M,V) < +00.
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Proof. — We begin with the first assertion. Let x € M be such that the
approximate tangent plane 7, M to M at x exists. Let P € Gg4,5, such that
P # T, M. Thanks to Prop. 1.10, for all § > 0 we have

LIV € B.(@)dly - 2,P) < r}
—— O(x)H (T, M N {y € B1(0) |d(y, P) < B}) .

r—04

Now for all g > 0,

Loar dy —z,P))>
Ey(z, P, = — bk Al d
= R e [

1
dr 1
> T 5 AV
r=0 T {y€B(z) | d(y—=,P)>pr}
, [t odr 1
=5 [ VI € Bl dly —2.P) > B
Let us estimate
1
~allVli{y € By(z) | d(y -z, P) > Br}

= LIVI(B@) ~ VI {y € B(x) ldly — 2, P) < Br}

——0(x)wq — O(x)HH(Ty MN{y€B1(0) | d(y,P)<B})

=0

As P # T, M, there exists some constant cp depending on P and T, M
such that

HUTM N {y € B1(0)|d(y,P) < B}) < cpfB.
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Consequently,

o1
lim, — [Vl {y € By(z)

dly —, P) > pr}

0(x) (wa — HUT:M 0 {y € B1(0) | d(y, P) < B}))
> 0(x)(wa — cpp)
>0(x )— for § small enough.

Eventually there exist 8 > 0 and rg > 0 such that for all r < rg

1 w,
SlIVI{y € Bo(@) |dy — 2, P) > pr} > 0(x)
and thus

To d
Eo(z,P,V) > 9(@%%/ = = +oo.
r=0

The second assertion is a direct consequence of Brakke’s estimate (see
Proposition 1.27) for the height excess of an integral d—varifold with boun-
ded first variation:

1
1
Ey(x, T,M,V) = / - heightex(z, P, V,r) dr < 4o00.
r=0

=0,(1)

2.2. The static theorem

We begin with some lemmas before proving the static theorem (Theo-
rem 0.4). This first proposition recalls that the first assumption of the static
theorem (Ahlfors regularity) implies that ||V is equivalent to ’Hfsu op VI

ProOPOSITION 2.3. — Let 0 C R™ be an open set and u be a positive
Radon measure in §2.

(i) Let B1, B2 : Q — R, continuous and such that for all x € Q,
Bi(x) < Pa2(x), and let C > 0. Then the sets

A={zeQ|Vre (B(),Ba(x), n(Br(x)) > Cr}
and B = {z € Q|Vr € (Bi(x), Ba(x)) . n(B,(x)) < Cr}

are closed.
(ii) If there exist C1, Cy > 0 such that Chwgr? < w(B,(z)) < Cowgrt
for p—almost all x € Q and for all 0 < r < d(x,Q°), then

CleE <p< 2ng7-lijE with E = supp pt .
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Proof.
(i) Let us prove that

(iii)

The

A={zeQ|Vre (Bi(x),Ba(z)), n(Br(x)) = Cr'}
is closed. Let (xp)r C A such that xg ;——> r € Q and let r >
0 such that B1(z) < r < Ba(z). For k large enough, B;(zx) <
r < Bao(xr) so that Cr? < p(B,(z)). If w(0B.(x)) = 0 then
w(Br(zk)) o w(B,(z)) and then Cr? < u(B,(x)) for almost
—+00
every r € (81(x), B2(x)). But this is enough to obtain the property

for all r € (B1(z), B2(z)). Indeed, if (0B, (x)) > 0 then take r, < r
such that for all &,
u(aBr’: ()) =0 and r; paTaal
and thus
u(Br(x)) > (B, (z)) > Crp ——— Cr?.
k k—4o00
Eventually x € A and A is closed. We can prove that B is closed
similarly.
As the set

By ={z€Q|V0<r<d(z,N), u(B(z)) > Crwar®}

is closed (thanks to ()) and of full y—measure, then E = supp pu C
FE;. Therefore, for every x € F,

d e M(Br(7))
0% (1, ) = l}ggjf ot

So that (see [2, Thm. 2.56]) u > 017-L|dE.
For the same reason,

> C.

E = supp p
C Ey={2e€Q|VY0<r<dQ), u(B,(z)) < ngdrd} .

Therefore, for every x € E,

B,
7"—>0+ wWqr
So that (again by [2, Thm. 2.56]) u < QngHldE. O

following lemma states that under some density assumption, the

quantity minpeg, , Eo(z,P,V) controls the quantity linked to Jones’
numbers.
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LEMMA 2.4. — Let 2 C R™ be an open set and let V' be a d—varifold in
Q. Assume that there is some constant C > 0 and a Borel set E C §2 such
that HldE < C||\V|| then for all x € €,

(2.1) / Ba(z, 7, E)?— < C’PrenglilnEO(x PV).

Proof. — First notice that G4, C {affine d—plane}, therefore

1
dr
/;ZO BQ(xaTa E>27"d+1

1 2
. d(y, P dr
= / inf / ( ( )) dH%(y) 1
r—0 P€{affine d—plane} ENB,(z) T T

1 2

S | <M> )

Pe{affine d-plane} J,.—q ENB;(x) " "
1 . 2

< [ ([ (P )

PeGd,n r=0 EﬂBr,-(w) " '

Then, the assumption HFE < C||V|| implies that for any positive function
u, / wdH?® < C/ ud||V|| so that
E Q

1 2
. dly — z, P) d dr
T g i
Prergg,n /T:O (/Br(m) ( r ) Hip(y) RS

< C min FEy(z,P, V),

PeGan
which proves 2.1. g
We now state a lemma that will enable us to localise the property of

rectifiability.

LEMMA 2.5. — Let 0 C R™ be an open set and u be a positive Radon
measure in §. Then there exists a countable family of open sets (wy,),, such
that for all n, w, CC wp+1 CC Q, p(Owy,) =0 and Q = Uyw,.

Proof. — For all t > 0, let us consider the family of open sets
we = B(0)N{z € Q|d(y,Q°) >1/t} .

The family (w;); is increasing so that p(w;) is increasing and has at most
a countable number of jumps. Then for almost every ¢, u(w;) = 0 and it is
easy to conclude. (|
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The last step before proving Theorem 0.4 is to link the rectifiability of the
mass |V and the rectifiability of the whole varifold. The key point is the
coherence between the tangential part of the varifold and the approximate
tangent plane to the spatial part ||[V]|.

LEMMA 2.6. — IfV is a d-varifold in 2 C R" such that

— ||V is d-rectifiable,

- V{(z,P) € Qx Gqpn| Eo(x,P,V) =+0c0}) =0,
then V is a rectifiable d—varifold.

Proof. — The mass ||V is d-rectifiable so that ||V = G’HIdM for some
d-rectifiable set M. We have to show that V = ||V|| ® o7, a. Applying a
disintegration theorem ([2, Thm. 2.28]), there exist finite Radon measures
vy in Gg4, such that for ||V||-almost every z € Q, v,(Ggrn) =1 and V =
V|| ® v,. We want to prove that for ||V ||-almost every z, vy = dp, or
equivalently,

Veg({P € Gan|P#T:M})=0.
For a d-rectifiable measure | V| = GH“iM, we have shown in Proposition 2.2
that for ||[V|-almost every x € €,

P#T,M = Eo(z,P,V) = +00,
thus

{(x,P) € QX Gy, | P# T, M}
C Ay X Gy U{(z,P) € QX Gyn|Eo(x,P,V)=+o0}

with ||V||(Ag) = 0. Therefore V({(z,P) € @ x Gy |P # T, M}) = 0.
Thus

V{(z,P) €Qx Ggn | P#ToM})

=/ Lpsrany (@, P) dV (2, P)
QXGd,n

:/ (/ ]l{p;ngM}(IE,P) de(P)> d|V|(x)
Q Gan

:A%qpa%ﬂp¢nanww>

which means that for ||V |-almost every = € Q,
vy({P € Gy |P#T:M})=0,

thus for |V||-almost every z € Q, vy, = dp,p and V = ||V| @ dr,um is a
d-rectifiable varifold. O
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Let us now prove the static theorem:
THEOREM 0.4. — Let  C R™ be an open set and let V' be a d—varifold
in § of finite mass ||V]|(©2) < +oo. Assume that:
(i) there exist 0 < Cy < Cq such that for ||V ||-almost every x € €2 and
for all 0 < r < d(z,Q°) such that B.(x) C ,
Crwar® < |V|[(B(z)) < Cowgr®,

(i) V({(z,P) € @ X Ggn | Eo(x, P, V) = +00}) = 0.
Then V is a rectifiable d—varifold.
Remark 2.7. — If in particular / Eo(z, P,V)dV(z,P) < 400

QXGd,n
then the assumption (i¢) is satisfied.

Proof. — Now we just have to gather the previous arguments and apply
Pajot’s Theorem (Theorem 0.3).

Step 1: First hypothesis implies (thanks to Proposition 2.3) that, setting
C3 =24Cy > 0 and E = supp ||V||, we have

CiHfy < VI < CsH{y -

Hence C1HA(E) < ||[V||(Q2) < +oo. Moreover, as ||V| and ’HijE are Radon

measures and ||V is absolutely continuous with respect to H%, then by
Radon-Nikodym Theorem there exists some function § € Ll(”HflE) such

that [|V[| = 6H{}, with

_ dV]]
dHy,

B,
(z) = lim M}Cl>0for”ﬂda.e.er.

9(55) r—04 Hd(E N B’l’(‘r))

Step 2: Thus we can now apply Lemma 2.4 so that for any z € ,

1
d
/ Ba(z, T, E)Z—r < C5 min Fy(z,P, V),

EGd,n

but thanks to the second assumption,
V{(z,P) € Qx Ggpn|Eo(z,P,V)=400})=0.
Let
B={zeQ| PIEHCIJEI," Ey(z, P, V) = +oo}

= {.13 S Q‘\V’P S Gd,na Eo(.T,P,V) = +OO}
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then

B x Gd,n :{(1'7P) €O x Gd,n |VQ € Gd,wu Eo(.’L’, vi) = +OO}
C{(z,P) € XX Gan | Eo(z,P, V) =+00} .

Therefore

[VI(B) =V (B x Gan)
<V ({(2,P) € Qx Gy | Eolz, P,V) = +00}) = 0.

So that minpeg, , Eo(z, P, V) is finite for ||V||-almost any = € Q. And by
step 1, [|[V] = GHijE with @ > C; for H%almost every x € E, thus for

H%almost every x € E,

1 dr
(2.2) / Ba(x, 7, E)27 < 400,
0

and

d HYENB,(x) _ 1 |V[(Br(2)) _ Ca
(2.3)  0i(x, E)—llrni(l)IifT > ro R > o >0.

Step 3: We need to consider some compact subset of E to apply Pajot’s
Theorem. The set E being closed in 2, thus for every compact set K C
Q, EN K is compact. Thanks to Lemma 2.5, let (w,), be an increasing
sequence of relatively compact open sets such that = U,w, and for all
n, HY(E N dw,) = 0. Let K,, = w,, then

— forallz € (ENK,)\0K, = ENw, we have ¢(z, ENK,) = 0%(z, F)
and thus by (2.3) and since H4(E N 0K,,) = 0,

(2.4) 04z, EN K,) >0 for H%almost every z € EN K, ,

— thanks to (2.2), for H%-almost every x € EN K,

(2.5) /ngTEﬂK /ngrE

According to (2.4) and (2.5), we can apply Pajot’s Theorem to get the
d-rectifiability of £ N K, for all n and hence the d-rectifiability of £ and

V] = o3
Eventually Lemma 2.6 leads the d-rectifiability of the whole varifold V.
O
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3. The approximation case

We will now study the approximation case. As we explained before, we
introduce some scale parameters (denoted a; and f3;) allowing us to consider
the approximating objects “from far enough”. The point is to check that we
recover the static conditions (the assumptions (¢) and (#¢) of Theorem 0.4)
in the limit. We begin with some technical lemmas concerning Radon mea-
sures. Then we prove a strong property of weak—+ convergence allowing us
to gain some uniformity in the convergence. We end with the proof of the
quantitative conditions of rectifiability for varifolds in the approximation
case.

3.1. Some technical tools about Radon measures

Let us state two technical tools before starting to study the approxima-
tion case.

LEMMA 3.1. — Let Q C R™ be an open set and (p;); be a sequence of
Radon measures weakly— converging to some Radon measure p in ). Let
x € Q and x; —— x.Then, for every r > 0,

11— 00

limsup (B, (2) A By (1)) < (0B (2))

In particular, if f(0B,(x)) = 0 then p;(B,(z)AB,(x;)) —— 0.

1—00
Proof. — Let us define the ring of center x and radii 7y, and rpax:

R(2, "min, "max) := {¥ € Q| min < |[¥ — 2| < Tmax} -
It is easy to check that for all ¢, B, (x;) AB,(z)
is included into the closed ring of center x and
radiir? , =r—|r—ax;]and rl . = r+|v—x;],
that is ;
B.(x;))AB,(z) C R(x,r— |z —x;|, v+ |x — x4]).

Without loss of generality we can assume that
(|lx — x;]); is decreasing, then the sequence of
rings (R(x,r—|z—x;|, 7+ |x —x;])); is decreas-
ing so that for all p < 1,

‘LLZ-(Br(fEi)ABT (x))

wi(R(x,r — |z — x|, r + |z — x4))
i

<
S pi(R(zr = |z —ap|,r 4 [ = 2p])) -
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Consequently, letting ¢ tend to co and using the fact that R(x,r — |z —
Zp|,r + |z — xp|) is compact, we have for all p,

limsup (B, (2:) 5B, (2)) < p(Ra,r — & — 2], + 2 — 2,]))
1—+00
and thus by letting p — +oo we finally have,
lim sup i (Br () AB, (2)) < p(0B,(x))
1——+o00

O

PROPOSITION 3.2. — Let Q C R™ be an open set and let (u;); be a
sequence of Radon measures weakly— converging to a Radon measure .
Then, for every x € supp i, there exist x; € supp u; such that

|x —z;)] —— 0.

Proof. — Let = € supppu, and choose z; € supppu; such that
d(x,supp ;) = |x — x;| (recall that supp p; is closed). Let us check that
|z — ;)] —— 0. By contradiction, there exist n > 0 and a subsequence

71— 00

(7 ,(s))i such that for all i, [z,
ly — x| > |z — x| = 1 so that

— x| = 1. Therefore, for all y € supp py(;),

Vi, By(x) Nsupp py) = 0 and thus pug) (B, (z)) =0.

Hence (B, (x)) < liminf; pgy (By(z)) = 0 and = ¢ supp p. O

3.2. Density estimates

We now look for density estimates for the limit varifold. Indeed, for sets
of dimension larger than d, for instance d + 1, the energy Eq(x, P, V) does
not convey information of rectifiability since

| dly — 2, P))? IVIBA®) _ e
Wﬂlémﬂ(7ﬂ) AVIy) < S < (V)

is finite for almost any x, not depending on the regularity of |V]|. So
that the first assumption in the static theorem (Ahlfors regularity (0.1) in
Theorem 0.4) is quite natural. In this part, we link density estimates on V;
and density estimates on V and then recover the first assumption of the
static theorem.
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PROPOSITION 3.3. — Let Q@ C R™ be an open set. Let (u;); be a se-
quence of Radon measures in (), weakly— converging to some Radon mea-
sure p. Assume that there exist 0 < Cy; < Cq and a positive decreasing
sequence (;); tending to O such that for p;—almost every x €  and for
every r > 0 such that §; < r < d(x,Q°),

Cird < wi(Br(x)) < Cor?.
Then for p—almost every x € Q and for every 0 < r < d(z,Q°),
Cird < w(Br(z)) < Cor.
Proof. — Let
A, = {x € Q|Vr €], d(z,Q°), Cir? < pi(B,(z)) < Cgrd} .
(i) First notice that A; is closed (thanks to Proposition 2.3(i)) and
wi(2\ A4;) = 0 so that supp p; C A4;.

(ii) Let « € suppp and let 0 < r < d(z,°). By Proposition 3.2, let
x; € supp u; such that x; — = then

i (Br<xi)ABr($)>

i (B () — pi(Br(2))] <
< pi(R(z,r — |z — 23], 7 + |2 — 34))

1
W
so that by Proposition 3.1,

lim sup | (B, () — pi(Br (@) < u(Bu(x)

Therefore, for almost every 0 < r < d(z,Q°), pi(Br(z;)) ——
71— 00
p(Br(z)). Eventually, as x; € supp u; C A; then for almost every

r < d(z,Q°),
Cir® < p(By(2)) = lim (B, (2;)) < Cor?.
We can obtain this inequality for all r as in Proposition 2.3, taking

r, <r <riand ry, 7 — r and such that ,u(aBT:(a:)) =0,
w(9B, () = 0. 0
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3.3. Uniformity of weak—x convergence in some class of
functions

If we try to estimate E,(x, P,V,) — Ey(x, P, V), we can have the follow-
ing:

|EOL(I7P3 VO/) - Ea(:LP, V)| <

1 /1
d+3
a®t r=0

We now prove that the integral term tends to 0 when V,, = V. For this
purpose, we need a stronger way to write weak—+ convergence (with some
uniformity) using the compactness of some subset of C2(€2):

/ dy -z, P)%d|[Val(y) - / Ay — x, PY2d|V|(y)| dr
B, (x)

B, ()

PROPOSITION 3.4. — Let Q2 C R™ be an open set and (u;); be a sequence
of Radon measures in ) weakly— converging to a Radon measure p. Let
w CC Q such that pu(O0w) = 0, then for fixed k,C > 0,

sup {

Proof. — As we already said, the idea is to make use of the compactness

/sodui—/sodu‘ + ¢ € Lipg(w), [l#llo <C} ——0

of the family {y € Lip,(w), ||¢]lcc < C}. By contradiction, there exists a
sequence (p;); with ¢; € Lip,(w) and ||¢;]lcc < C for all ¢ and such that

/ W dp; — / Vi d,u‘ does not converge to 0 .
w w

So that, up to some extraction, there exists € > 0 such that for all 7,

/%dui—/%du‘>€-
w w

Every ¢, can be extended to ¢; € C(w) N Lip, (@) and then

{(901)@ C C(w) N Lip,, (w) is equilipschitz,
sup; [|pillo < O

By Ascoli’s Theorem, up to a subsequence, there exists a function ¢ €
C(@) N Lip, (@) with [J¢]lo < C such that

w; — @ uniformly inw .
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We now estimate:

/@idﬂi—/@idﬂ‘
/%dui—/@dui /wdui—/tpdu‘+ /wdu—/widu’
w w w w w w

/<pdm—/sodu‘+llso—soilloou(w)

As p(0w) = 0 then p;(w) —— p(w) < 4oo (since p(w) < p(@) and
71— 00

e<

< +

< lpi = @lloo pi(w) +

w is compact) so that the first and last terms tend to 0. Moreover, since
1(Ow) = 0 then for every f € C°(w) (not necessarily compactly supported),

/ fdp; —— / fdw,

1—> 00
which allows to conclude that the second term also tends to 0 which leads
to a contradiction. O

The following result is the key point of the proof of Theorem 0.5. Let us
first define for two Radon measures p and v in €,

ARG () =
amp) o € Lipy (@),
sup / god,u—/ pdvidr @ ¢l < C,
r=0 B, (z)Nw B, (z)Nw rTEw

PROPOSITION 3.5. — Let 2 C R™ be an open set. Let (p;); be a se-
quence of Radon measures weakly— converging to a Radon measure p
in Q and such that sup, u;(2) < 4o00. Let w CC Q be open such that
#(Ow) = 0 then, for fixed k,C > 0,

AL (pisp) ——— 0.
1——+o0

Proof. — The upper bound on the radius r ensures that the closure of
every considered ball, B,.(z) for z € Q, is included in Q. We argue as in
the proof of Proposition 3.4, assuming by contradiction that, after some
extraction, there exist a sequence (¢;); with ¢; € Lip,(w) and ||@;]lcc < C
for all 4, and a sequence (x;); with x; € @ for all ¢, and € > 0 such that for
all 7,

d@ém)

dr > ¢.

r=0

/ i dpt; — / i dp
By (zs)Nw By (x;)Nw

By Ascoli’s Theorem and up to an extraction, there exist a function ¢ €
C%w) N Lip, (@) with ||¢]lec < C such that ¢; — ¢ uniformly in @.
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Moreover @ is compact so that, up to another extraction, there exists x € @
such that x; — x. We now estimate for every r,

/ Pi dp; —/ widp
B, (z;)Nw B, (z;)Nw
/ i dp; — / pdp;
By (x;)Nw B, (z;)Nw
+ / pdp; — / e dp
B, (z)Nw B, (z)Nw

+ / pdp— / i dp
B, (z;)Nw By (z;)Nw

< lpi = @lloo i (Br(wi)) + llplloo i (Br(2i) AB(x))

+ / pdp; — / wdp
B (z)Nw B, (z)Nw

+ ll¢ = @illoo 1(Br (i)
/ P dp; —/ pdp
B, (z)Nw B, (z)Nw

T

B-1) +lellco (ni (Br(z:) AB(2)) + p (Br(2:) ABr())) -

The first term in the right hand side of (3.1) tends to 0 since sup; u;(2) <
+oo also implies p(€2) < +oo. Concerning the second term, as pu(dw) = 0
then for all r € (0, @), w(O(B,(z)Nw)) < u(9dB,(z)) and therefore the
second term tends to 0 for every r such that u(9B,(z)) = 0, i.e. for almost

< +

/ pdp; — / @ dp;
BT(xi) Br(x)
/ @ dp — / pdp
By (z)Nw B, (z;)Nw

+

+ l[élloo 1 (Br(2:) ABy ()

< lpi = @lloo (1:(2) + p(2)) +

every r € (0, @) As for the last term, thanks to Proposition 3.1 we
know that lim sup; p1;(Br(2) ABy (7)) + p(Br(2) ABr(;)) < 2u(0B,(2)) =

0 for almost every r € (0, %) Moreover the whole quantity (3.1) is
uniformly bounded by

5C (u(ﬂ) +sup m(ﬂ)> :

Consequently the right hand side of (3.1) tends to 0 for almost every r €

(0, d@Tﬂc)) (such that p(0B,(x)) = 0) and is uniformly bounded by the
constant 5C (1(€2) + sup; 11;(€2)), then by Lebesgue dominated theorem,
we have

d(@,02°)

e<
r=0

/ ©; dpi; — / @i dp|dr —— 0
B, (z;)Nw B (z;)Nw =00
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which concludes the proof. O

We can now study the convergence of E,,(z, P,V;) — E,,(x, P,V) uni-
formly with respect to P and locally uniformly with respect to x. In-
deed, the previous result (Proposition(3.5) is given in some compact subset
w CC Q. Consequently, we define a local version of our energy:

DEFINITION 3.6. — Let 2 C R"™ be an open set and w CC () be a
relatively compact open subset. For every d—varifold V in Q) and for every
r €w and P € Gy, we define

min(l 70[(&,96)) 2

' 1 -z, P

pwrvy= [T L[ (D g
r T T

d
= r B, (z)Nw

Remark 3.7. — Notice that

min 1 d(y —z,P)\> d
E%(z, P,V) / d/ <(yx,)) dv)
r B, (z)Nw r r

/i/ ( T”)) vy &

— E.(2,P,V).

PROPOSITION 3.8. — Let (V;); be a sequence of d-varifolds weakly—x
converging to a d-varifold V' in some open set @ C R"™ and such that
sup, ||Vi[[(Q) < 4o00. For all open subsets w CC Q such that |V]|(0w) = 0,
let us define

min (u) o)
7y = sup / S )
T

=0

dr:

/ o d|Vi] —/ pd|V]|
B (z)Nw B, (z)Nw

pe Lip?(diam w)? (w)a
plloe < (diamw)?,

Trew
Then,
w n;
(1) for every 0 < a < 1, igg |EE(z, P,V;) — E2(z, P,V)| < g
PeGyn

1—00
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Proof. — (1) is a direct application of Proposition 3.5, since ||V
weakly— converges to ||V]|. Now let us estimate

|E‘(;’(x,P,V;) —E:(Z‘,P,V”
min(L 7d(;énc) )

<
< ——
ad+3 =0

[ ay-srramio
B, (z)Nw

- / dy — =, P?d|V||(y)| dr .
B, (z)Nw

For all z € W, P € Gy, let v, p(y) := d(y — x, P)?. One can check that
(i) @u.p is bounded in w by (diamw)? indeed ¢, p(y) < |y — z|? <
(diam w)?,
(i) ¢z,p € Lin(diamw)(w) indeed
|02,P(y) = ¢u,p(2)| = |d(y — 2, P)* — d(z — @, P)?|
< 2(diamw) |d(y — z, P) — d(z — z, P)|
< 2(diamw) d(y — z, P) < 2(diamw) |y — z| .

Consequently,

min(l7 d(;éﬁc) )

sup /
TEW r=0

/ d(y — =, PYd|Vi|(y)
B, (z)Nw

PEde
[ PPV dr <
B, (z)Nw
and thus,
w N pw U
sup |Ba (@, P, Vi) = Eg (2, V)| < —355 -
PEGdyn
O
It is now easy to deduce the following fact:
PROPOSITION 3.9. — Let (V;); be a sequence of d—varifolds weakly—x

converging to a d—varifold V' in some open set ) C R", and let w CC 2
be such that ||V||(0w) = 0. Assume that sup; |V;||(€2) < +oo, then, there
exists a decreasing sequence («;); of positive numbers tending to 0 and
such that

(3.2) sup ‘Egj (z, P,V;) — Eg (x, P, V)| a— " 0,
TEW 1—>+00
Pegd,n
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and for every x € w, P € Gq,p, the following pointwise limit holds
(3.3) E§(xz, P,V) = lim Ef (z,P,V;).
1—> 00
Conversely, given a decreasing sequence («;); of positive numbers tending

to 0, there exists an extraction ¢ (depending on «;, V; but independent of
z € w and P € Gg,,) such that

(34) sup }E:Z(I,P, th(z)) - E?;’L (vaa V)’ —+> 07
g i—+00
P€g¢n

and again for every x € w, P € Gg,,, the following pointwise limit holds

(3.5) E§(xz, P,V) = lim Ef (z,P,Vy@)) -
71— 00
Proof. — Thanks to Proposition 3.8, for every o > 0,
sup |E¥(z,P,V;) — EX(x,P,V)| < 213 and Y —— 0,
TEW (0% i—00
PeGan

ny :
dis —— 0. Conversely, given the
ai 1—00

hence we can choose («;); such that

sequence («;); tending to 0, we can extract a subsequence (ng(i))i such that

Mo
2 0. For fixed z € wand P € G4 n, the pointwise convergences to
ad+3 i—>00 ’

3
the averaged height excess energy E, (3.3) and (3.5), are a consequence of
the previous convergence properties (3.2) and (3.4), and of the monotone
convergence E¥(x, P,V) — E§(z,P, V). O
a—

Now, we can use this uniform convergence result in w x Gg4,,, to deduce
the convergence of the integrated energies.

PROPOSITION 3.10. — Let Q C R™ be an open set and let (V;); be a
sequence of d—varifolds in Q0 weakly— converging to some d—varifold V and
such that sup; |Vi]|() < +oo. Fix a decreasing sequence («;); of positive
numbers tending to 0. Let w CC Q with ||V||(Ow) = 0. Then there exists
an extraction 1) such that
/ E§ (z, P,V)dV(z,P) = lim Ey. (z, P, Vi) dVd,(i)(x, pP).

wXGa,n

i—»00 wxGa.n
Proof. — Step 1: Let (ay); | 0 and V; —— V. Thanks to Proposi-
71— 00
tion(3.9), there exists an extraction ¢ such that
sup |Eg (x, P,V i) — Eg. (x, P, V)| —0.

TEW 1—+00
PeGan

TOME 65 (2015), FASCICULE 6



2486 Blanche BUET

But sup; Vo) (w X Gan) < sup; [|Vi][(£2) < 400, hence

/ B (2, P, Vo) dV,y (o, )—/' E¥ (2, P,V) dV,, (s (2, P)
XGa.n wXGan

(3.6) ——0.

i—00

Step 2: Now, we estimate

/ E¥ (2, P,V) dV,)(z, P) — / E¥ (x, P,V)dV(z, P)
wXGd n XGd n

min d(y — 2, P)\>
<" N[ (=nDY ayygarer)
r= wXGqn v Br(z)Nw r
d(y —z. P)\?
- / / (W) dV]|(y) dV (x, P)
wXGq,n v Br(x)Nw r

1 mm( M)
< adt3 /T_ai

— / gr(z, P)dV (z, P)
wXGd n

d(w Q° )

dr
d+1

/ gr(z, P)dV,;)(z, P)
wXGd n

dr,

with g,(e.P) = [ dly=a, PP a|VI),
B, (z)Nw
d(w, Q°)
2
discontinuities of g,., denoted by disc(g,), satisfies
disc(gr) C {(z,P) e w x Ggpn & ||[V||(0(Br(z) Nw)) > 0}
C{(z,P) € wxGqp : |V|[(0B,(z)) > 0}.
Hence V(disc(g,)) < [VI|{z €w : ||V]|(0Br(x)) > 0}) = 0 for almost
every r by Proposition 1.5. Consequently, for a.e. 7,

For every r < min (1, , gr is bounded by 1. Moreover the set of

— 0,

i—00

/ %@fmmm@m—/ gv(z, P) dV (z, P)
wXGa,n wXGa,n

and then by dominated convergence,
min(L d(jéﬂc))
/ gr(x, P)dV,;)(z, P)
wXGdyn

/r=0
—/ gr(z, P)dV (z, P)
wXGya,n

dr—)O

11— 00
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It is then possible to extract, again, a subsequence (Vy;)); such that

/ B (2, P.V) dViy(o (2, P) — / E¥ (2, P.V)dV(z, P)
wXGd,n

wXde

(3.7) — 0.
71— 00
Step 3: Eventually by (3.6), (3.7) and monotone convergence, there exists
an extraction 1 such that

/ E§ (z,P,V)dV(z,P) = lim E¢ (x,P,V)dV(z, P)
wXGdyn t—00 wXGd)n ‘
1—00 wXGan
O
3.4. Rectifiability theorem
We can now state the main result.
THEOREM 0.5. — Let 2 C R™ be an open set and let (V;); be a sequence

of d—varifolds in Q) weakly— converging to some d—varifold V' and such that
sup; | Vill[(©) < 4o0. Fix («;); and (B;); decreasing sequences of positive
numbers tending to 0 and assume that:
(i) there exist 0 < Cy < Co such that for ||V;||-almost every x €  and
for every ; < r < d(z,Q°),

(3.8) Crwar? < ||Vill(B,(z)) < Cawgr? ,

(3.9) swp [ Eul (o, PV Vi, P) < +0.
OxGg,n

i
Then V is a rectifiable d—varifold.

Proof. — The point is to see that these two assumptions (3.8) and (3.9)
actually imply the assumptions of the static theorem (Theorem 0.4 for the
limit varifold V).

Step 1: The first assumption (3.8) and Proposition 3.3 lead to the first
assumption of the static theorem: there exist 0 < C'; < (3 such that for
IV ||-almost every z € © and for every 0 < r < d(x,Q°),

Crwgr® < IVII(B-(z)) < Cowar® .
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Step 2: Let w CC () be a relatively compact open subset such that
[V]](Ow) = 0 then, thanks to Proposition 3.10, we know that there exists
some extraction ¢ such that

(3.10) E¢(xz, P,V)dV(z,P) = lim / E2 (2, P, V(1) dVio(i) (, P).

wXGd,n =00 ><C:d771

But EY is decreasing in a and a,;) < o, therefore for every (z, P) €
w X de,

Egl (LU,P, th(l)) < Ew

Qo (i)

(.Z', P) Vw(z)) )

hence

%

(3.11) sup/ . Eg:i (Z‘, P, ch(i)) de(i) (.Z‘, P)
w X d,n

< sqp/ . ES. o (@, P Vo)) dV (2, P) .
wWwXGdn

K2

Moreover, recall that EY (x, P,V;) < Eq,(z, P, V;) and thus

i

(3.12) sup/ E? (z,P,V;)dV;(z, P)
i UJXGd,n

i
K2

i

< sup/ E,,(x,P,V;)dV;(z,P) < C.
QXGdYn,
Eventually, by (3.10), (3.11) and (3.12),
(3.13) / E¢(x,P,V)dV(z,P) < C.
wXGa,n

Step 3: By (3.13), for every w CC 2 such that ||V]|(0w) = 0 we get that

V{(z,P) € wx Gan | E§(x,P,V)=400})=0.
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At the same time, for v € w and P € Gy,

|E0(xaP?V) - ESJ(‘/E7PaV)|

1 2
1 dy — z, P)
:/ I T+1/ (> dllV||(y) dr
r:min(l,%) r B, (z)NQ r

d(@,0°)

min(1,4522) d(y — z, P)\°
Y (=22 awio)a
r=0 T By (2)N(0\®) "
min 1,@ _ 2
g/ (L5) d1+1/ <d(yx,P)> d|V||(y) dr
r=d(z,w°) r B, (z)NQ r
9 d+1
+(d(W7W)> V()

((m) () Jmiw <

Hence Ef(z,P,V) = +oo if and only if Eo(z, P,V) = +oo, and conse-
quently,

V({(z,P) e wx Gyp | Eolx,P,V) =+00})
=V {(z,P) € wx Ggn | Ef(x,P,V) =40c0}) .

Now, thanks to Lemma 2.5, we decompose 2 into 2 = Uwy with VEk,
Wr4+1 CC wy, CC Q and ||V]|(Owy) = 0. Then

V ({(z,P) € 2% Gan | Eo(z, P, V) = +00})
=limV ({(2, P) € wi x Gan | Eo(x, P,V) = +00})
= lillgnV {(z,P) € wp x G | E§* (2, P,V) = +00})
=0.

Applying the static theorem (Theorem 0.4) allows us to conclude the
proof. O

In Theorem 0.5, we have found conditions (3.8) and (3.9) ensuring the
rectifiability of the weak— limit V' of a sequence of d—varifolds (V;);. Recall
that the condition

(3.14) sup [6V;](€2) < +o0

together with the condition (3.8) also ensure the rectifiability of the weak—x
limit V' of (V;);. But, in Proposition 1.25, we have computed the first vari-
ation of a discrete varifold (discrete varifolds are defined in Example 1.24)
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and we have seen in Example 1.26 that even in the case where the limit
varifold V' is very simple (we considered a straight line), the natural ap-
proximations of V' by discrete varifolds V; generally do not satisfy (3.14)
even though [6V|(2) = 0.

We now check that the condition (3.9) in Theorem 0.5 is better adapted
to general sequences of varifolds than the control of the first variation (3.14).
Indeed, in the next Proposition, we prove that given a d-varifold V with

some regularity property, and given any sequence of d-varifolds V; —— V,
1— 00

there exists a subsequence of (V;); satisfying a local version of condi-
tion (3.9) in Theorem 0.5.

ProOPOSITION 3.11. — Let Q2 C R™ be an open set and let V be a d—
varifold in Q) such that

/ Ey(z, P,V)dV(z,P) < +00.
QXGEL’n

Let (V;); be a sequence of d—varifolds weakly— converging to V with
sup, ||[Vil[(Q) < +oo. Then, given «; | 0, for every w CC § such that
[V][(Ow) = 0, there exists a subsequence (W;); = (V,(;)): such that

(3.15) sup/ Eg (z, P,W;) dW;(z, P) < 400.
7 wXGan
Proof. — It is a direct consequence of Proposition 3.10. O

The condition (3.15) is expressed in terms of the local version E¥ of E,.
In the case where the varifolds are contained in the same compact set, then
global condition (3.9) of Theorem 0.5 is satisfied by some subsequence.

PROPOSITION 3.12. — Let «; | 0. Let V be a rectifiable d—varifold in
R™ with compact support and such that

/ Eo(z,P,V)dV(z,P) < +o0.
UJXGdyn

Assume moreover that there exists some sequence of d—varifolds (V;); weak-
ly— converging to V' with sup; ||V;||(R™) < +oo. Then for any w CC R”
such that supp | V|| + B1(0) C w and for all i, supp || V|| + B1(0) C w, there
exists a subsequence (Vi (;)); such that

sup/ Eo, (z, P, V) AV (z, P) < 400
i wXGd,,L

K2

Proof. — Tt is again a direct consequence of Proposition 3.10 (since @
is compact and ||[V|(dw) = 0) combined with the fact that supp ||V +
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B1(0) C w implies

1, 4EENY)

" min( 2z )1 dly —x, P 2 dr
B pv) = [ ol () am
r(Z)Nw

r=x

= Eo(z,P,V).
O

*

Given V;
give a subsequence (V,,(;)); satisfying (3.9)

V and «; | 0, the previous Propositions 3.11 and 3.12

1—+00

Sup/Eai (z, P, V() dVpiy (2, P) < 400

In the following proposition, we focus on sequences of discrete varifolds
defined in Example 1.24. Under some uniform regularity assumption on V,
we give a sequence (V;); of discrete varifolds such that

*

Vi v,

1—+00

and a condition linking the scale parameter a; and the size d; of the mesh
associated to the discrete varifold V;, ensuring that (3.9) holds for V; and
not for a subsequence.

THEOREM 3.13. — Let V = v(M,0) be a rectifiable d—varifold in R™
with finite mass ||[V||(2) < 400 and compact support. Let §; | 0 be a
sequence of infinitesimals and (K;); a sequence of meshes satistying

sup diam(K) <6 —— 0.
Kek; 1—+o0

Assume that there exists 0 < < 1 and C > 0 such that for ||V ||-almost
every x, y € (Q,
|TeM =T, M| < Cla = y|”.

Define the sequence of discrete varifolds:

e Mmoo

and P, € arg min/ 1P — S| dV(z,S).
PeGd,n KXGd,n

Then,
(i) Vi

v,

1——+o00
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(i) For any sequence of infinitesimals «; | 0 and such that for all i,

58
3.16 L 0,
( ) a?+3 i—~+o00
we have,
/ Ey(z, P,V)dV(z,P) = lim E,, (z, P,V;)dV;(x, P)
R X Gy n 1=+00 JRr Gy
< +4o00.
Remark 3.14. — We insist on the fact that the condition on the scale

parameters «; and the size of the mesh §; is not dependent on V; but only
on the regularity of V i.e. on 8 (and on the dimension d).

Notation. — For the sake of simplicity, we now identify an element @ €
Ga,n and the associated orthogonal projector IIg € M, (R). For instance
17, ar — g is now denoted T, M — Q.

Proof. — Step 1: Let ¢ € Lip(R™ X Gg,5,) with Lipschitz constant lip(y),
then

(Vi) — (Vi) < iip() IV (R") +li) [

R"XG'd n

P'(y) = T|| dV (y,T),

where P': R" — G4, is cell-wise constant, and P* = P}, in K.
Indeed,

[(Vi, o) — (Vs )]

- / o(a, ) dVi(z, 5) — / oy, T) dV(y, T)
R"XGd‘n R"XGd,n

= Z/ x, Pi) |V|I|{(| dc™(z) - Y /K T)dv(y,T)

KeK; KeK; de n

dE" x
€K JKXGgn

Ke)c
dL™ (x
>/ / oly. 1) v (3, 7) L
rer, Joek JExGan |K|
(3.17)
dL™(x
/ / (x Pg) — e(y,T)| aV(y,T) K( )
Kek,; V2K J(y,T)eKXGan |K|

<lip() (|2~ y\+|\P1 -7))
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(3.18)
< 8:lip(@)[VII(R™) + lip(e) / 1Pi(y) — T dV(4.T) .

Rn Xde,
Step 2: We now study the convergence of the term
(3.19) / } |Pi(y) — T dV (y, T) < 2C8|V|(R") — 0.
R xXGa.n 4

—+0o0

First define, for all i, A®: R™ — M,,(R) cell-wise constant:
. . 1
A=Al = 7/ T, M d||V]|(u) constant in the cell K € K; .
K= TN e

Then

[ A -1 avie)
R XGg.n

B s el

/ HV|| /wdl\wl( u) d|[Vi(y)

KG’C <Clu—y|B<Cs?
< O IVI(R").
Consequently,
140w = 1M Vi) = i with 3 e < O87VIRY).
K Kek;
In particular, for all K € IC;, there exists yx € K such that

. gt
Al(yg) = Ty M|| < —E— .
| M| IVII(K)
Define T% : R™ — Gy, constant in each cell, by T*(y) = Tj, = T, M for
K € K; and y € K, and then,

Lre-l e = 3 [ 1m.a -1 dvii)
R XGg,n Kek;
<> [Ima— g javie+ [ e -] ave)
KG’C — Al ('yK) R”Xden
EK B n
< > [ i dvie) + caIviE
KeK;

< 2087 |V|(R™) .
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Now remind that for all K € K;, Pj; € arg min/ |P—T| dV(y,T)
PGGd,n KXGd n

so that,

/RnxGM 1P @) =T aviy, T) = > / 1P — 7| dV(y. T)

Kek,; V KxGan

<Y [ ImeTl v

Kek; V KXGan
<2087 |V|[(R™)

Step 3: V; %) V. Thanks to Steps 1 and 2, we have proved that for
1—+00
any ¢ € Lip(Q2 x Gg,),

(3.20) Vi, o) —— (V, ) ,

i—+00

it remains to check the case p € CO(R" x G4,). Let o € CUR™ x Gyn)
and & > 0. We can extend ¢ into € CY(R™ x M,,(R)) by Tietze-Urysohn
Theorem since Gg,,, is closed. Then, by density of Lip(R™ x M, (R)) in
COR™ x M,,(R)) with respect to the uniform topology, there exists ¢/ €
Lip(R™ x M,,(R)) such that ||¢ — ¢||__ < e. Let now ¢ € Lip(R™ X Gg,n)
be the restriction of 1) to R™ x G4, then,

Voo = (Vo) + (Vo) = (Vi D) + [(Vi, ) = (Vi 9]

(Vo) = (Vi, )l <
SIVIIR e = Plloo+ IVs 1) = Vi, )+ Vil[(R™) [0 = Yl -

As ||Vi||(R™) = ||V]|(R™) for all 4, by definition of V;, and
(Vi) = (Vi )] > O by (3:20),
there exists ¢ large enough such that
[(Vip) = (Vi o) < 2[[VII(R") +1) €

which concludes the proof of the weak—« convergence.
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We now estimate,

(3.21)

/ E,(z,P,V)dV(z, P) — / Eo(x, P,V;) dVi(x, P)
R R

nXGd,n "XGdﬁn

(3.22)

< /]R E.(z,P,V)dV (z,P) — /R Eo(z, P, V) dVi(x, P)

" XGdn n"XGam

(3.23)

+/ Ea(x,RV)dVi(x,P)—/ Eu(z, P,V:) dVi(z, P)
R R

nXGd,n nXGd,n

Step 4: We begin with (3.22) and we prove that

g2y |[  E@pvv@) - [ B PV)avp)
R”™ x Gd,n R XGd,n
1 n
< —5lIVI®™? (46 + 2097
Indeed,

/ Eu(z, P,V)dV(z, P) — / Eo(z, P,V)dV(z, P)
]R"XGd n R"XGd n

-1/ / / ( = P)) AV () -2 aVi(a, P)
"XGq,n Jr=a JyeB,(x) T r
d Y :L"P)>2 d?"
B — | dV|(y) 7z dV(z, P
\/]R"XGd,n /’r‘:a x/yEBT(;L’)( r || ||( )Td+1 ( )
< /1 R /
X o rd+3 yERn

325) = [ Lyaien(@) (dly =2 P) V(2. P)

/ 1{\y—w|<r}($) (d(y — =, P))2 dVi(z, P)
R xGg,n

dl[V|[(y) dr
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And as in Step 1 in (3.17), for fixed y and a < r < 1, we have by definition
of V;:

(3.26)

/ Lgjy—a<r} (@) (d(y — 2, P))* dVi(z, P)
R"XGg. n

_/ L(jy—arj<ry (&) (d(y — ', P))* dV (', P')
RnXGd n

i 2
/ / ’]IB (y _xaPK))
2K JKxGq.n

L, (@) (dly - x',P’»Z] av (', P')

KGIC
dL™(x)
K]

And in (3.26), either z, 2’ € B,.(y) and in this case

15,0 (@) (dly = 2. Pic))" = 15, ) () (dly — &', P'))’|
<2r |d(y — x, P) —d(y — 2/, P')|
<2r (o - a'| +ly - o/||| Pk — P'|)
<2 (je - /| + |1Pe — P'l) |

and in this case

) x € B,.(y) and 2’ ¢ B,(y) or,
either
2’ € By(y) and = ¢ B, (y),

|15, (@) (dly = 2, P))” = 15, ) (@) (dly — @', P’ <2 <1

Notice that, as |z — 2’| < §; this second case can only happen for z, 2’ €
Brts,(y) \ Br—s,(y). Consequently,

/ Lipy—aj<ry (@) (d(y — =, P))2 dVi(z, P)
R XGa,n

_/ L{jyarj<ry (&) (d(y — 2', P'))* dV (a', P')
R"XGd n

S [ [ a(e-als i Pl avi ) S
Ker, Jrek JKxGa, K|
KN Bris (y)\ By_s,
+Zr2||V||<KnBT+5i<y>\Br_si<y>>' Bris W)\ Bros )
KeK; |K‘
<1
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< 26 [[V[I(R™) +/ [P(a") = P'||dV (a', P")
RnXGdyn

+ VI (Brts, (1) \ Brs, (9)
<2 (0 +C37) VIR + V]| (Brs, (1) \ Br—s, ) -

thanks to (3.19) in Step 2. Notice that

1
/ VB, (0)\ By ) dr

- / V]| (B, (4)) dr — / IV (Brs, () dr

=0 r=34;

148; 1-6;
— [ B dr - [ WV B ) dr

=4; r=0

146;
<[ iBm)ar < viE).

Eventually, by (3.25),

/ Eu(e, P,V) dVi(e, P) / Eu(e,P.V)dV(z, P)
R"XGd’n

R"xGq,n
I 5 "
<z [ [ 25 os) i
+ VI (Brss, () \ Br—s, (y)) dl|VII(y) dr
2 (8 + €87 ) VI(R™)?

S qais
1
L VI Bras )\ Bros ) ar V)]
1 n\2 B
< = IVII®R) |46+ 2047 .

Step 5: It remains to estimate (3.23), we prove that

(3.27)

/ E,(z,P,V)dV;(z, P) —/ E,(z,P,V;)dV;(z, P)
R"Xde‘ RnXGd,n

1

<
= dt3

A VII(R™)?S;.

Indeed, exactly as previously (but fixing 2 and integrating against ||V|,
|V || instead of V;, V, so that the term depending on P* does not take part
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into this estimate), we have

|Eo(x, P,V;) — Eq(z, P, V)]

<— /
< ——
od+3 =0

/ d(y — =, P)? d|Vill()
B, (x)

[ dw PRV dr
Br(x)

< [ CAIVIE) 4 IV (Brs )\ Brs, (1) dr

1 n
(3.28) < = IVIR")46;

We conclude this step by integrating against V;, reminding that V;(R™ x
Gan) = [Vill(R™) = [[V[|(R™).

Step 6: By (3.24) and (3.27),

/ o (2, P,V)dV (2, P) — / Eu. (2, P,V;) dVi(z, P)
R"XGdyn R"XGd,n

1 n
< VIR (55, + 2067
(3.29) 0
1—+o00
thanks to (3.16). Then, by monotone convergence and (3.29),
/ Eo(w, P,V)dV(z, P) = lim Eu(z, P,V)dV(z, P)
R"Xde,

1—4o00 R”Xde,
= lim E,,(x, P,V;)dV;(x, P) .
1—+o0 R"XGd,n

O

Appendix A. The approximate averaged height excess
energy as a tangent plane estimator

Throughout this section, (V;); is a sequence of d—varifolds weakly— con-
verging to some d—varifold V' and («;); is a decreasing sequence of positive
numbers tending to 0 and such that

(A1) sup |EY (x,P,V;) — E% (z,P,V)| —— 0.
x w 71— 00
Pegd,n
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The existence of such a sequence of («;); is given by Proposition 3.8 in
general, and in the case of discrete varifolds associated to a varifold V,

(A.1) holds as soon as
0
——= — 0 thanks to (3.28) .
s — anks to (3.28)

We want to show that under this condition on the choice of («;),, for fixed
x € €, the minimizers of P — E} (P) = EY (x, P,V;) converge, up to some

subsequence, to minimizers of P — Ef (P) = EY(xz,P,V). In the proofs,
we shorten E} (P) = E (x,P,V;) and E§(P) = Ef(z,P,V). We begin
with studying the pointwise approximate averaged height excess energy
with respect to P € G, for fixed z € Q) and for a fixed d—varifold V.

A.1. The pointwise approximate averaged height excess energy

We now fix a d—varifold (not supposed rectifiable nor with bounded
first variation) in some open set  C R™ and we study the continuity
of Ey(z, P,V) with respect to P € G4, and then = € Q.

PROPOSITION A.1. — Let 0 < a < 1. Let V be a d—varifold in an open
set Q C R™ such that ||[V|(2) < +o0. Then, for every P, Q € Ggpn,

1
1
Eala V) = Es@ Q) <2P-Ql [ V(B (o) dr
T=Q
. o 2[[VII()
In particular, P — E,(x, P,V) is Lipschitz with constant K, < -
e
If in addition Vo < r < 1, [|[V|[(B,(z)) < Cr? then Ko < C||[V|(Q2)In L.
Proof. — Let P, Q € G4, then,

|Ea($aP7 V) - Ea(l‘,Q,V”

<fn () - ()

If 7p (respectively mg) denotes the orthogonal projection onto P (respec-
tively @), recall that |d(y — =, P) —d(y — z,Q)| < ||P — Q||ly — x| Indeed

d|[V[(y)dr .

dly—z,P)=|y—z—7np(y — )]
<ly—x—moly — )| +|rqy —2) —7p(y — )|
<dly—z,Q)+  |mg—7plop |y—2xl.
~—_———

=||P—Q)|| by definition
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Moreover y € B,(x) so that dy—2,P) < 1 and thus
r
dy—z,P)\*  (dy-z,Q)\ <o |Wy—zP) dy-2Q)
r r h r r
y—x
<o1p -l = <ap ).

Consequently,

1
1
Ealw V) = E@Q V) 2P -Ql [ V(B (o) dr

We now study the continuity of x — E,(x, P, V).

PROPOSITION A.2. — Let 0 < a < 1. Let V be a d—varifold in an open
set Q C R™ such that ||[V|(2) < +oc0. Then,

sup |Eq(x, P, V) — E4(2,P,V)] —— 0.
PeGd,n Zow

Proof. — First notice that for all z, y, z € Q and P € G4 5,

ld(y — 2, P) —d(y — 2, P)| = |ly—x —7p(y — )| — |y — 2 — 7p(y — 2)||
Llz—xz—7p(z—2)|=d(z—2z,P).

We now split B,.(z) U B,(z) into (B.(z) N B,(z)) and (B, (z)AB,(z)) so
that

[ (==Y avio- [ (==Y avie

(A3 +Amm&@(“yzﬁpﬁ2wvmm
(Ad) ﬂéwﬂ&@(“QT@PWQMWHw.

We use the estimate linking d(y — x, P) and d(y — z, P) to control the first
integral and then we show that the two other terms tend to 0.
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Concerning the first integral (A.2):

/ (d(y—x,P))2_<d(y—z7P)>2
B, (z)NB,(z) r r

dly —x, P dly—z,P
< o | =) =2 B gy
B, (z)NB,(z) r

dl[V(y)

r

<2|Z z|

VI (Br(2) N Br(2)) -
3) and (A.4):

dy == P\ s dy—=P)\
L@mM&@< : ) VI + Bm»Bm( ; )||mw
<NV (Br(2)ABy(2)) < R(z,r — |z — x|, r+ |z — z|),

where R(Z, "min, "max) := {¥ € Q| min < |y — 2| < Tmax - Therefore,

|Eo(2,P,V) — Eo(z,P,V)]

Concerning the two other 1ntegrals (A.

! dr ! dr
<2l-al [ WIGB@0BE) G5+ [ IVIE@ABE)
1 [2]z -z !
< e | W + [ VIR =1 = ol 1z~ al)ar

The second term tends to 0 when |z — | — 0, by dominated convergence,
since

lim V| (R(z, 7 — |z = 2,7 + [z = 2])) = [[V[|(9B-(z)) -

A.2. T-convergence of P EY (z,P,V;) to P — E§(x, P, V).

PROPOSITION A.3. — Let  C R™ be an open set and let w CC Q be
a relatively compact open subset such that ||V||(0w) = 0. Let (V;); be a
sequence of d—varifolds weakly—x converging to V. Assume that («;); are
chosen as explained in (A.1), uniformly in w. For (S;); C G, such that
S ? S then, for all x € w,
lim Ey (x,5,V;) = Eg(x,5,V) < liminf Ef (z, 5, V;) .

1—00 1—00

Proof. — By monotone convergence, we already know that

(A.5) Eg(z,S,V) = lim Ej (z,5,V).
71— 00
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So we now want to estimate |E% (z,S,V)— E¥ (z,5;,V)|. Let us start
with extracting some (S,(;)): such that

”Sw(i) SH d+1 ?0

so that we can now apply the regularity property (Proposition A.1) of
E.(z, P,V) with respect to P:

B, (2,5,V) = 2, (2, S0 V)] <~ IVI@)]1S — S| —— 0.

et

thus

(A.6) Ey(xz,8,V) = hm Eg (x,S,0), V).

Notice that ¢ only depends on (a;);.
As the sequence (q;); is decreasing, a,;) < oy and then EY (z,Q,V) <
EY i )(w, Q,V) for all Q € G4, which implies in particular that

(A.7) hm Eg (z,8,3),V) < hm me

a()(‘xsz)v )

(673

We now apply the uniform convergence of ‘Ej;j (V) —=E¥ (-, V;)| (A.1),

(A.8) Egj(p( )(33 Ss(,(Z ) - E:w(i) (JJ, Sg,(i), V@(i))

— 0 ’
71— 00
so that by (A.6), (A.7) and (A.8)
(A.9)
Eg (z,5,V) < liminf EZ

imoo & (>(

z, Su(), )—hirgg‘}fE 5 (@, Sogiys Vo) -

As liminf; EY (z,S;,V;) = lim; E %(i) (w, Sg(iy, Vo)) for some extraction 6,
we now apply (A.9) to these extracted sequences (Sp(;y)s and (Vp(;y)s so
that there exists an extraction ¢ such that

E§(x,5,V) < hlrglnf Eae( ( ))(x, So(0i))s Voe(i))) = hm Eae( )(x, Soiys Va(iy)

= hmllnf Eg (x,8:, Vi),
. ,

since the whole sequence Eg, | )(a:, So(i), Va(i)) converges. O
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We now turn to the consequences of this I'-convergence property on the
minimizers.

PROPOSITION A.4. — Let V; be a sequence of d—varifolds weakly—+ con-
verging to V in some open set 2 C R™ and assume that («;); are cho-
sen as explained in (A.l), uniformly in w CC ) open subset such that
[VII(0w) = 0. Forz € w and i € N, let Tj(z) € argminpcq, , B, (z, P, V;).
Then,

(1) Any converging subsequence of (T;(x)); tends to a minimizer of

E‘OJJ (.13, B V)

(2) min EY (z,P,V;) —— min E{(x, P,V).
PGGdyn v 1—00 PGGd‘n

(3) IfV is an integral rectifiable d—varifold with bounded first variation
then

argmin E§ (z, P, V) = {T, M} ,
PcGgan

hence for ||V ||-almost every z, T;(x) —— T, M.
1— 00
Proof. — First, for fixed x and i, P — EY (z,P,V;) is continuous and
Ga,n is compact so that argminpeg,  EY, (2, P,Vi) # 0. Let
Ti(x) € argmin £y, (x, P, V;)
S d,n
be a sequence of minimizers, as G4, is compact, one can extract a sub-
sequence converging to some T, (z). Now applying the previous result
(Proposition A.3), we get for every P € Gq,p,
Ef (2, Too(z), V) < liminf Ey. (z,T;(x),V;)
71— 00
< limsup B2 (2, T,(x), Vi)
1—00
< limsup Ey (z, P, Vi)
i—>00
= hmEgl('Tv P7 ‘/;) = ES’(:E, Pa V)
< Ef (2, Too(z), V) for P =Ty (x) .
Therefore T (x) minimizes EY (z,-, V) which allows to conclude that the

limit of any subsequence of minimizers of Eg. (z,-,V;) is a minimizer of
E§(x,-,V). It also proves that

lim min B (z, P,V;) =lim B (z,Ti(x), Vi) = E§ (2, T (), V)

i PeEGan

— min E¥(z,P, V).
pEn o(x, P,V)
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Assume now that EY(x,-,V) admits a unique minimizer T'(z). We have
just shown that every subsequence of (T;(z)); converges to T'(z). As Gq,
is compact, it is enough to show that the whole sequence is converging to
T(x). Now if V is an integral d-rectifiable varifold with bounded first vari-
ation, for ||V ||-almost every x, T, M is the unique minimizer of Ef (z,-,V)
(see Prop. 2.2) so that for ||V||-almost every x € w,

Ti(z) — TuM .

1—00
O

Remark A.5. — Since E§ (z,-, V) has no continuity property, the exis-
tence of a minimizer of E§ (z,-, V') is not clear a priori. However, as Gy, is
compact, every sequence of minimizers (7;(z)); admits a converging sub-
sequence so that argminpeq, . Eg (z, P, V) is not empty.

We end with studying the continuity of the minimum min FE,,(z, P,V;)

PeGgn

with respect to z (for fixed 7 and V).

PROPOSITION A.6. — Assume that V; weakly—* converges to V' in some
open set 2 C R™ and let (a;); > 0. Then for every fixed i and w CC 2, the
function x Prnci:n E? (x, P,V;) is continuous in w.

€Gd,n ‘

Moreover, every converging sequence of minimizers

(T € argin 22 (2. .10 )
P k

tends to a minimizer of B, (x,-,V;) when 2z, — x and for a fixed i.

Remark A.7. — As i is fixed, meaning actually that a scale « = o; > 0
and a d-varifold V' = V; are fixed, we keep the notations V; and «a;, with the
explicit index %, only to be coherent with the whole context of this section
and with the notations of the previous results. But that is why we do not
assume anything on the choice of a; > 0 and w CC Q.

Proof. — Let i be fixed. First we show that if (zj), C w is such that

|zp — x| —— 0
k—o00

T;(z) - T2 where T;(z) € argminp E¥ (2, P, V;) ,
— 00

i
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then,

(A.10) T* e argmlnE (z, P,V;) and

m};nE (zk,P Vi) = By (zk, Ti(2x), Vi) P Eg (x,T7°,V5)
=min £y (z, P, V;) .
P
Indeed,
|ES (2, T7°,Vi) — ES (2, Ti(21), Vi)

< |2 (2, T, V) — B2, (2, T(2), Vo)
(33 T(zk) V) EY. (Zk’T‘( )7 )|
K(a)|T° = Ti(z)|| +Sup|E°” z, P,V;) — E% (2, P, V3)|

applying Proposition A.1 to the first term, K («;) is a constant depending
only on «;. Moreover, by Proposition A.2, the second term tends to zero
when k goes to oco. Consequently,

E,, (x, T, V;) = hm Eo, (2, Ti(2), Vi)
And for every P € Gy n,

Eg (2, 17°, Vi) hm Eg (zr, Ti(2r), Vi)

//\

hm Eg (zr, P, V;)

E“’, (x, P,V;) by Proposition A.2,

&7

which yields (A.10).
It remains to prove the continuity of = — chl;n Eg (x, P,V;). Let x and
Pe

(zk)r € w be such that z o and consider a subsequence (z,(r))x

such that
(A.11) hmsupE (2, Ti(2), Vi) = hmE 2oy Ti(2p(k)), Vi) -

As Gy, is compact, there exists an extraction 6 such that (T;(z,(0(k))))k
is converging and then applying the previous argument (A.10) to (2,(g(k)) )k
and (T5(24(0(k))) ks

(A12)  lim B (zp00), Tilzpoan), Vi) = Join Bg, (2, P, Vi)

Eventually, by (A.11) and (A.12),

limsup By (2, Ti(2r), Vi) = min Ey (z, P, V).
k—+o00 ’ PeGa,n

TOME 65 (2015), FASCICULE 6
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Similarly limkinf Eg (zr, Ti(21), Vi) = m}in Eg (x, P,V;) which concludes the
proof of the continuity. ]

[1]
2]

3)
4]
5)
6]
7
8]
9]

[10]

[11]

[12)

[13)

14]

BIBLIOGRAPHY

W. K. ALLARD, “On the first variation of a varifold: boundary behavior”, Ann. of
Math. (2) 101 (1975), p. 418-446.

L. AMBROSIO, N. Fusco & D. PALLARA, Functions of bounded variation and free
discontinuity problems, Oxford mathematical monographs, Clarendon Press, Ox-
ford, New York, 2000, Autres tirages : 2006.

K. A. BRAKKE, The motion of a surface by its mean curvature, Mathematical Notes,
vol. 20, Princeton University Press, Princeton, N.J., 1978, i4-252 pages.

G. DaviD & S. SEMMES, Singular integrals and rectifiable sets in Rn: Au-dela des
graphes lipschitziens, vol. 193, Société mathématique de France, 1991.

, Analysis of and on uniformly rectifiable sets, vol. 38, Mathematical Surveys
and Monographs, 1993.

, “Quantitative Rectifiability and Lipschitz Mappings”, Transactions of the
American Mathematical Society 337 (1993), no. 2, p. 855-889.

J. R. DORRONSORO, “A characterization of potential spaces”, Proceedings of A.M.S.
95 (1985), no. 1, p. 21-31.

L. C. Evans & R. F. GARIEPY, Measure theory and fine properties of functions,
Studies in advanced mathematics, CRC Press, Boca Raton (Fla.), 1992.

P. W. JonEs, “Rectifiable sets and the traveling salesman problem”, Inventiones
Mathematicae 102 (1990), no. 1, p. 1-15.

P. MarTiLa, “Cauchy Singular Integrals and Rectifiability of Measures in the
Plane”, Advances in Mathematics 115 (1995), no. 1, p. 1 - 34.

U. MENNE, “Decay estimates for the quadratic tilt-excess of integral varifolds”,
Arch. Ration. Mech. Anal. 204 (2012), no. 1, p. 1-83.

K. OkIkIOLU, “Characterization of subsets of rectifiable curves in Rn”, Journal of
the London Mathematical Society 2 (1992), no. 2, p. 336-348.

H. Pajot, “Conditions quantitatives de rectifiabilité”, Bull. Soc. Math. France 125
(1997), no. 1, p. 15-53.

L. SIMON, Lectures on geometric measure theory, Proceedings of the Centre for
Mathematical Analysis, Australian National University, vol. 3, Australian National
University Centre for Mathematical Analysis, Canberra, 1983, vii+272 pages.

Manuscrit regu le 14 aott 2014,
révisé le 29 janvier 2015,
accepté le 11 février 2015.

Blanche BUET

Université Lyon 1

Institut Camille Jordan

69622 Villeurbanne cedex (France)

buet@math.univ-lyonl.fr

ANNALES DE L’INSTITUT FOURIER


mailto:buet@math.univ-lyon1.fr

	Introduction
	1. Some facts about rectifiability and varifolds
	1.1. Radon measure and weak– convergence
	1.2. Rectifiability and approximate tangent space
	1.3. Some facts about varifolds
	1.3.1. Definition of varifolds
	1.3.2. First variation of a varifold
	1.3.3. Another example: a family of volumetric approximations endowed with a varifold structure
	1.3.4. Control of the first variation and rectifiability


	2. Static quantitative conditions of rectifiability for varifolds
	2.1. The averaged height excess energy E0 (x,P,V)
	2.2. The static theorem

	3. The approximation case
	3.1. Some technical tools about Radon measures
	3.2. Density estimates
	3.3. Uniformity of weak– convergence in some class of functions
	3.4. Rectifiability theorem

	Appendix A. The approximate averaged height excess energy as a tangent plane estimator
	A.1. The pointwise approximate averaged height excess energy
	A.2. –convergence of P Ei(x,P,Vi) to P E0(x,P,V).

	Bibliography

