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PART I: THE DARBOUX STACK

BENJAMIN HENNION, JULIAN HOLSTEIN, AND MARCO ROBALO

ABSTRACT. Let X be a (—1)-shifted symplectic derived Deligne-Mumford stack.
In this paper we introduce the Darboux stack of X, parametrizing local presenta-
tions of X as a derived critical locus of a function f on a smooth formal scheme
U. Local invariants such as the Milnor number jir, the perverse sheaf of vanish-
ing cycles Py ; and the category of matrix factorizations MF(U, f) are naturally
defined on the Darboux stack, without ambiguity. The stack of non-degenerate
flat quadratic bundles acts on the Darboux stack and our main theorem is the
contractibility of the quotient stack when taking a further homotopy quotient
identifying isotopic automorphisms. As a corollary we recover the gluing results
for vanishing cycles by Brav—-Bussi-Dupont—Joyce—Szendréi.

In a second part (to appear), we will apply this general mechanism to glue
the motives of the locally defined categories of matrix factorizations MF(U, f)
under the prescription of additional orientation data, thus answering positively
conjectures by Kontsevich-Soibelman and Toda in motivic Donaldson-Thomas
theory.
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1. INTRODUCTION

1.1. Main result. Throughout this article, we will be working over the field of
complex numbers C. Motivated by applications to Donaldson-Thomas invariants
(see Section 1.3), this paper studies the gluing of local invariants attached to a
(—1)-shifted symplectic derived Deligne-Mumford stack X [PTVV13]. The simplest
example of such X is the derived critical locus dCrit(U, f) of a function f on a
smooth scheme U (see Example 2.2.4) and a Darboux lemma proved in [BBJ19]
shows that in fact, Zariski locally, any (—1)-shifted symplectic X is symplectically
equivalent to some dCrit(U, f). This paper starts with the observation that such
local presentations are not unique:

Example 1.1.1. Given the two pairs (AL, %) and (A2, 2% +1?), we have a canonical
symplectic identification dCrit(AL, 2?) = dCrit(A%, 22 +y?) = Spec(C), where Spec(C)
is equipped with the zero (—1)-shifted symplectic form. More generally, we can

always reproduce this phenomena by adding a quadratic variable. For instance,
dCrit(AL, x3) = dCrit(A%, 23 + y?).

Our goal is to investigate the moduli of such local Darboux parametrizations of a
(—1)-shifted symplectic derived Deligne-Mumford stack X in a way that resolves
all ambiguities.

To start with, part of the moduli data should concern an exact structure for the
symplectic form. Indeed, if X = dCrit(U, f) then the symplectic structure has a
canonical exact structure (see Example 2.2.4). More generally, a result of Deligne
implies that every (—1)-shifted symplectic derived stack admits an exact structure —
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see [Toél4: Cor. 5.3| and our refinement in Corollary 2.2.15. For this reason, we will
consider (—1)-shifted symplectic derived Deligne-Mumford stack X together with a
choice of exact structure.

The naive attempt to define a moduli functor would be to assign to every affine
Zariski open S = Spec(A) in X, the oco-groupoid classifying ezact symplectic iden-
tifications of S with a derived critical locus dCrit(U, f) for U a smooth scheme
and f a function on U. Unfortunately, this naive attempt is not even functorial:
if S C S is an open Zariski subset of S, there is a priori no canonical way to
produce a Zariski open U’ of U with a function f’ whose derived critical locus is
S’. In order to overcome this difficulty we observe that dCrit(U, f) with its exact
(—1)-symplectic structure only depends on the smooth formal scheme given by the
formal completion % of the derived critical locus dCrit(U, f) inside U together with
the Taylor expansion of f (see Proposition 3.1.11). Therefore, we can replace alge-
braic smooth schemes U, by formal smooth schemes % in our Darboux local models.
The fact that étale covers can be uniquely extended along infinitesimal thickenings
solves the functoriality problem.

Following this discussion, we can introduce the central object of this work, namely,
the Darboux moduli co-functor (where A denotes the (—1)-shifted exact symplectic
form of X)

Darby : XP — Gpd,,
defined on the small étale site of X and sending S — X to the oo-groupoid Darb% (.S)

of exact symplectic identifications S =~ dCrit(%, f) where % is a smooth formal
scheme which is a nilpotent thickening of S. See Definition 3.3.16.

To address Example 1.1.1 describing quadratic bundles as a source of ambiguities,
we consider the stack QuadY classifying étale locally trivial quadratic bundles with
compatible flat connection (@, g, V) (see Section 4.1). Generalizing Example 1.1.1,
the stack Quady acts on Darbj and we focus our attention on the (hypercomplete)
quotient stack

Darb’ /qadY.

Unfortunately, not all redundancies emerge from the action of quadratic bundles.
The following example identifies a second source given by automorphisms:

Example 1.1.2. Let % = Spf(C[z,y]) be the formal completion of 0 in A% and
f(x,y) = 2® +y*. Let X = dCrit(%, f) = Spec(C[z,y]/(z* v*)) and consider the
automorphism ¢: % — % obtained by sending x — x +y* and y — y.h(z,y), where
h = /1 — 322 — 3zy* — y® € C[z,y]. This automorphism is the identity on X and
in fact preserves the shifted symplectic structure. It provides a non-trivial section
[¢] of the automorphism sheaf

m (MB\(/QM;’ (%, f)>

at the point given by (%, f). This shows that the quotient stack is not contractible.

(*)equipped with the exact symplectic structure restricted from X.
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The next remark explains the strategy to solve the non-contractibility of the quotient

Darb%  /Quady:

Observation 1.1.3. In Example 1.1.2, it is easy to exhibit a 1-parameter family
(isotopy) ¢; interpolating between ¢ and the identity map, given by = + z + ty*
and y — y+/1 — 3ta? — 3t2xy* — 343

Observation 1.1.3 suggests that to solve the ambiguities posed by Example 1.1.2,
we need, at the very least, to identify Al-isotopic families. We achieve this by con-

structing further quotient stacks Darbg\(iA1 and Q@;’Al, keeping the same objects
but identifying Al-isotopic families of isomorphisms (see Definition 5.3.7(a)). Fi-
nally, we can state our main result:

Theorem A (Contractibility — see Theorem 5.4.1). Let X be a Deligne-Mumford
derived stack equipped with a (—1)-shifted exact symplectic form X. Then the canon-
ical morphism to the final object of the small (hypercomplete) étale co-topos

AL 1
) V,A
Darb’ /QuadX — ky

is an equivalence of (hypercomplete) co-stacks on Xe. In other words, the quotient
stack s contractible.

1.2. Application: Gluing local invariants of singularities. We now discuss
the applications of Theorem A. The Darboux lemma of [BBJ19] allows us to attach
local invariants to a (—1)-shifted symplectic derived Deligne-Mumford stack X:

Example 1.2.1. To a smooth scheme U with a function f and a closed point x in
the classical critical locus of f, we can assign the Milnor number fis, € Z given by

(=D)L = x(F))
where F, is the Milnor fiber at x. See [Mil68] and [Beh09: §1.2].

Example 1.2.2. The theory of perverse sheaves [BBD82; Dim04; BBDJS15| allows
us to categorify the construction of the Milnor number: for every smooth scheme U
with a function f we can assign a perverse sheaf Py ¢ on the classical critical locus
of f, computing the cohomology of vanishing cycles for the function f. Finally, we
recover the Milnor number iy of Example 1.2.1 as the Euler characteristic of the
stalk of the perverse sheaf Py at

Lre = X(Pujz)

Example 1.2.3. In [Eis80|, Eisenbud introduced the notion of matrix factorizations,
which was then extensively studied, in particular by Orlov [Orl04; Orl11]|. They form
a 2-periodic (dg)-category MF (U, f) which is a categorical invariant associated to the
singularities of function f on a smooth scheme U. Thanks to several contributions
[Dycl11; Prell; Efi12; BRTV18; DK18| this invariant provides a categorification of
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the cohomology of vanishing cycles of Example 1.2.2, i.e. HP(MF(U, f)) recovers
the 2-periodized vanishing cohomology.

Some invariants, such as the Milnor number of Example 1.2.1 are insensitive to the
ambiguity posed in Example 1.1.1 and therefore, can be globalized along X:

Theorem 1.2.4 (Behrend [Beh09]). Let X be a proper (—1)-shifted symplectic de-
rived Deligne-Mumford stack. Then the locally defined Milnor numbers g, are
well-defined independently of the local presentations of X as a deriwed critical locus
and the assignment x — v(x) = pis, defines a constructible function v: X — Z

such that
/ 1 =x(X,v)
[X]vir

where in the r.h.s we have the Euler characteristic of X weighted by v and the l.h.s
is the volume of the virtual fundamental class of [BF97].

This paper concerns precisely those invariants that are sensitive to the ambiguity
posed by Example 1.1.1:

Observation 1.2.5. The ambiguity exhibited in Example 1.1.1 extends to the
sheaves Py . For instance, the sheaves Pay o2 and Pz 24,2 are isomorphic but
not canonically so: the identification requires the choice of an orientation of the
Milnor fiber, which is a sphere.

A key result by Brav-Bussi-Dupont-Joyce-Szendrsi (BBDJS) establishes a condition
under which the ambiguity in Observation 1.2.5 can be solved and the globalization
of the locally defined sheaves Py s, is possible:

Theorem 1.2.6 (|[BBDJS15]). Let X be a (—1)-shifted symplectic derived Deligne—
Mumford stack. Assume that there exists a line bundle L together with an equivalence
¢: L® L ~det(Tx) (called orientation data). Then:

(i) The locally defined perverse sheaves of vanishing cycles Py ¢ glue to a globally
defined perverse sheaf P € Perv(X).

(i) The Euler characteristic of the perverse sheaf P recovers Behrend’s function
of Theorem 1.2.4: x(P) =v.

Observations 1.2.7.
(a) The obstruction to the existence of such orientation data is a class § €
H*(X, Z/2).

(b) The proof of Theorem 1.2.6 is obtained via gluing by hand along local pre-
sentations. It is however impossible to generalize such an approach to more
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complicated invariants, and in particular to invariants of higher categorical
nature such as matrix factorizations.

In [KS11; KS10] Kontsevich-Soibelman conjectured the possibility of gluing more
refined invariants of singularities such as the motives of vanishing cycles [Ayo07a;
Ayo07b| as objects in the Morel-Voevodsky motivic homotopy theory of schemes
[MV99]. More recently, Toda |Tod23| conjectured the possibility of gluing the 2-
periodic dg-categories of matrix factorizations of Example 1.2.3. Our main result
Theorem A together with the observation that all the local invariants listed in
Examples 1.2.1 to 1.2.3 only depend on the formal completions (see Section 6.2),
provides a mechanism to answer both Kontsevich-Soibelman and Toda’s conjectures
in full generality, upon the prescription of the appropriate orientation data. More
precisely Theorem A implies that any local invariant satisfying a Thom-Sebastiani
formula and isotopy-invariance, can be glued up to a twist determined by the action
of quadratic bundles. To wuntwist this gluing one needs further orientation data
which depend on the nature of the local invariant:

e In Example 6.2.8 we use Theorem A to recover Behrend’s function of Theo-
rem 1.2.4.

e In Theorem 6.3.9 we use Theorem A to recover BBDJS’s perverse sheaf of
Theorem 1.2.6 and the notion of orientation data therein.

In a follow-up article [HHR|, we will use Theorem A to study the more compli-
cated example of matrix factorizations, thus answering conjectures of Kontsevich-
Soibelman and Toda:

Theorem B (to appear in [HHR]). Let X be a (—1)-shifted symplectic derived
Deligne—Mumford stack. Then the motives of the locally defined 2-periodic dg-
categories of matriz factorizations MF(U, f) of Example 1.2.3 can be glued provided
the following orientation data

o A continuous function X — Z/2 controlling the parity of the dimension of
the local Darbouz models — corresponding to a trivialization of the zero class
B =0€eH(X,Z/);

o A square root of the canonical bundle Kx — corresponding to a trivialization

of the class By = B € H*(X,Z/2) of Observation 1.2.7(a);

o A sort of shifted spin structure on X — corresponding to the trivialization of a
class B3 € H(X,Z/2).

The space of such choices forms a gerbe over X, over which such a gluing always
canonically exists.

The appearance of motives in Theorem B is necessary as we do not yet know if MF
itself satisfies the necessary local Al-invariance property.
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1.3. Motivation: Donaldson—Thomas invariants. To conclude this introduc-
tion let us explain how Theorem A fits in the framework of Donaldson—Thomas
theory and (—1)-shifted symplectic geometry.

Following ideas of Kaluza-Klein (see [Bou89| for a mathematical discussion), string
theory [CHSWS85| suggests that spacetime is locally of the form R* x Y, with Y a
Calabi-Yau threefold. For the purposes of this paper, this means Y is a smooth al-
gebraic variety of dimension 3 over C, together with a trivialization of the canonical
bundle wy =~ Oy, such as the Fermat quintic. The trajectories of string-like particles
through space-time, define complex algebraic curves C'in Y (see [Zwi09: §25.4]) and
an important part of modern enumerative algebraic geometry concerns the count-
ing of such curves. There are several counting approaches. The Gromov-Witten
approach counts parametrized curves via intersection theory in the moduli space
M,..(Y, ) of stable maps f: C — Y passing through n fixed points yi,..,4, in Y
and with fixed degree f.[C] = § € Hy(X,Z). See [KM94; Kon95; BM96; Beh97|.
The fact that this counting is well-defined is a consequence of the deformation theory
of stable maps being concentrated in degrees [—1,0]. A second counting strategy is
to look at the Hilbert scheme, Hilby(Y') of embedded curves in Y. Contrary to the
GW approach, the deformation theory of an embedded curve is no longer concen-
trated in degrees [—1, 0] unless the embedding is a local complete intersection. This
paper deals with a third approach, the Donaldson-Thomas (DT) counting intro-
duced in [Tho00|, which replaces embedded curves by their associated ideal sheaves
Ic C Oy (and more generally, coherent sheaves). In this situation we are inter-
ested in the moduli space MCoh(Y')? of coherent sheaves on Y with a prescribed
stability condition. As observed by R. Thomas [Tho00], the deformation theory of
sheaves is better-behaved: not only it is concentrated in degrees [—1, 0] but further-
more, a combination of Serre duality and the CY-condition forces a duality on the
deformation theory of E' € MCoh(Y):

{1% order def. of E} ~ ({Obstructions to def. of E})". (1.3.1)
Therefore, by [BF97], MCoh(Y)? admits a virtual fundamental class and we define

DT-invariants by
DT(Y) ::/ 1. (1.3.2)
[MCoh(Y)ovir

DT invariants are explicitly related to GW-invariants. See [MNOPO6; Brill; Tod10;
PP14] and more recently [Par24].

Our paper deals with the geometrical interpretation of the symmetry latent in
(1.3.1), which Behrend [Beh09] incorporated in the notion of symmetric perfect ob-
struction theory enhancing the notion of perfect obstruction theory of [BF97|. In
[PTVV13|, Pantev-Toén-Vaquié-Vezzosi discovered that the extra symmetry (1.3.1),
and more generally, Behrend’s notion of symmetric perfect obstruction theory, are
really shadows of a (—1)-shifted symplectic structure on the derived enhancement
RMCoh(Y')? of MCoh(Y')?. It goes as follows: since Y is smooth, RMCoh(Y')? can
be found as an open substack of the derived mapping stack RMap(Y, Perf) where
Perf is the derived moduli stack of perfect complexes of [TV07]. By [PTVV13|, Perf
has a 2-shifted symplectic structure given by the universal trace map and therefore



8 BENJAMIN HENNION, JULIAN HOLSTEIN, AND MARCO ROBALO

the derived mapping stack RMap(Y’, Perf) inherits a (2 — 3) = (—1)-shifted symplec-
tic form, obtained by integrating the 2-shifted symplectic form on Perf. Therefore,
as an open substack, RMCoh(Y')? inherits the (—1)-shifted symplectic form. It is
explained in [TVO07: Section 3.2] how to recover the symmetric perfect obstruction
theory from a (—1)-shifted symplectic structure.

This discussion places DT-theory within the framework of (—1)-shifted symplec-
tic geometry: Theorem 1.2.4 combined with (1.3.2) tells us Behrend’s function v
computes DT-invariants and Theorem 1.2.6-(ii) exhibits Joyce’s sheaf P as a cate-
gorification of DT-invariants, in the sense that x(P) = v gives back the DT-counting.
Finally, our main result Theorem A provides a general mechanism to glue refined
invariants of Donaldson—Thomas type, such as the categories of matrix factorization

in [HHR].

1.4. Outline. After reviewing the theory of shifted symplectic structures (includ-
ing isotopic and Lagrangian fibrations, distributions, existence of exact forms) in
Section 2 we turn to constructing the Darboux stack in Section 3. In Section 3.1
we introduce the derived critical locus of a function f on a smooth formal scheme
%. We then view derived critical loci in terms of Liouville data in Section 3.2,
establishing that given a (—1)-shifted exact symplectic derived affine scheme S, the
data of an exact symplectic equivalence S ~ dCrit(%, f) is tantamount to a closed
immersion i: S — % together with a structure of Lagrangian fibration on i. In Sec-
tion 3.3 we then construct the moduli functor classifying Liouville data, and define
the Darboux stack Darb of a derived Deligne-Mumford stack with a (—1)-shifted
exact symplectic form A in Definition 3.3.16. We then compare our presentation
with the more familiar language of Landau-Ginzburg pairs in Section 3.4.

In Section 4 we turn to quadratic bundles and their action on the Darboux stack.
In Section 4.1 we construct the stack of flat quadratic bundles and then show in
Sections 4.2 and 4.3 that it acts the Darboux stack M} This section culminates
with Theorem 4.4.1, proving this action is transitive.

We then turn to the proof of Theorem A in Section 5. After reminders and prelim-
inary results on classical Al-localisation in Section 5.1, we explain how to impose
Al-invariance on mapping spaces only in Section 5.2. This lets us consider in Sec-

tion 5.3 the Al-isotopic quotients Q@;’Al and Darb?{’Al whose quotient is our main
focus. In Theorem 5.4.1 we give a more precise formulation of Theorem A and
reduce its proof to Proposition 5.4.5, which we prove in Section 5.5.

We consider applications of Theorem A in Section 6. We introduce the notion
of critical invariants in Section 6.1, which covers Milnor number, vanishing cycles
and categories of matrix factorizations — see Examples 6.1.4. For discrete and
1-categorical critical invariants we show such invariants only depend on formal com-
pletions in Section 6.2. In Example 6.2.8 we use Theorem A to recover Behrend’s
function of Theorem 1.2.4. In Theorem 6.3.9 we use Theorem A to recover BB-
DJS’s perverse sheaf and mixed Hodge module of Theorem 1.2.6 and the notion of
orientation data therein.
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We conclude with some thoughts on universal orientation data in Section 6.4, in-
cluding an intriguing relation to semi-topological Grothendieck—Witt spectra.
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1.6. Conventions and notations. Throughout the paper we work exclusively over
the base field C.

Notations 1.6.1. Unless mentioned otherwise, we use the notations of [Lu-HTT;
Lu-HAlg| for higher categories. In particular:

(a) We denote by Gpd,, the (oo, 1)-category of oo-groupoids;

b) We denote by Cat., the (0o,1)-category of (co,1)-categories(t), just called
( y gory g j
oo-categories from now on;

(c) We write €= for the maximal oco-groupoid of an co-category &’

(d) We use dgMod. for the underlying oo-category of chain complexes of C-modules,
obtained by inverting quasi-isomorphisms. However, and contrary to [Lu-HAlg]
we opt for the cohomological convention.

Notations 1.6.2 (Derived Geometry). We assume the reader is familiar with de-
rived algebraic geometry at the level of the introductory surveys [Toél4: §1-4] and
[PV21:§1-4|. For conventions:

(a) Derived affine rings are modeled by cdgaéo7 the co-category of cohomologically
negatively graded commutative differential graded algebras of finite presenta-
tion over C. For A € cdgaé0 we denote by Spec(A) the corresponding derived
affine scheme. We denote by dAffc the oo-category of derived affine schemes
over C, equivalent to (cdgaéo)OID via the functor Spec.

(b) Let dStc C PSh(dAffc, Gpd,,) denote the oo-category of derived stacks over C,
with étale hyperdescent.

(*)The first and third authors were supported by the grant ANR-17-CE40-0014.

The second author acknowledges support by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) through EXC 2121 “Quantum Universe” — project number 390833306
—and SFB 1624 “Higher structures, moduli spaces and integrability” — project number 506632645.

()Set theoretic issues will not play an important role and will thus stay implicit throughout.
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(c) For any X € dStc, we denote by dStx the slice oo-category of stacks over X.
Throughout this paper we will use other descriptions of this category, namely:

(i) dStx ~ Sh(dAffy,Gpd, ) where dAffxy C dSty denotes the full sub-
category spanned by derived affine schemes equipped with the induced
Grothendieck topology. This equivalence is a consequence of the equiva-
lence PSh(dAffyx) ~ PSh(dAff)x of [Lur23: 04BV]| together with the fact
the forgetful functor dAffy — dAffc preserves covers and therefore the
right Kan extension preserves sheaves [BGH18: Prop. 3.12.11].

(ii) dStx =~ Sh(dStx,Gpd,) =~ Fun”(dSt¥,Gpd,,) where on the dStx is
equipped with its canonical topology, and the RHS denote the category
of limit preserving functors. See e.g. [Lurll: Prop.1.1.12].

(d) For two derived stacks X and Y we denote by Map(X,Y") the derived mapping
stack in dStc.

(e) For X € dStc we denote by to(X) its classical truncation.

(f) For X € dStc we denote by Dgcon(X) its derived oco-category of quasi-coherent
sheaves [Toé14: §4.1] and Perf(X) C Dgcon(X) the full subcategory of perfect
complexes. If X = Spec(A), Dgcon(X) = dgMod .

(g) For a derived stack X we denote by Lx € Dgqcon(X) the cotangent com-
plex of X relative to C [Toél4:8§3.1 and §4.1] whenever it exists. This is
the case for derived Artin stacks [HAG-IL: Cor. 2.2.3.3.]. Furthermore, as our
stacks are all locally of finite presentation, the cotangent complex Ly is per-
fect with dual Tx the tangent complex of X — see [HAG-II: Prop.2.2.2.4] or
[Lu-HAlg: Thm. 7.4.3.18|. For a map of derived stacks X — Y we denote by
Lx/yv € Dqoon(X) its relative cotangent complex if it exists.

Reminders 1.6.3 (Formal stacks and formal completions). We consider formal
derived stacks and formal completions using the formalism of [CPTVV17:§2.1].

(a) For A € cdgag’, we denote by Nily C m(A) the ideal of nilpotent elements,
Areq = m(A)/Nily the quotient, and i: CAlgE? < cdgag’ the inclusion of
the full subcategory spanned by reduced discrete commutative algebras. The
assignment A — A, defines a left adjoint to the inclusion 1.

(b) We denote by dStg? the co-category of stacks on the site CAlgE? with the étale
topology. Composition with ¢ induces a restriction functor ¢*: dStc — dStE:ed

that admits both a left adjoint 4, and a right adjoint i,, both fully faithful.

(c) For a derived stack X, we denote by Xy4r = i,¢*(X) its de Rham stack (in-
troduced by Simpson). Its functor of points is given by Xyr(A) = X (Areq)-
By adjunction, we get a functorial morphism X — Xyg. The de Rham stack
pays a crucial role, for its ties to flat connections and Z-modules and for its
relation to formal completions:

(c)-1 When X is a scheme, Dgcon(X4r) is equivalent to the co-category of com-
plexes of left D-modules [GR-II: Part I, Chapter 4].
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(c)-2 The quotient map X — Xygr plays the role of the universal formal comple-

tion: given a map f: Z = Spec(A) — X, the formal completion 7 of X
along Z coincides with the derived fiber product in dStc

7 — 3 X
-]
ZdRTXdR

(cf. |CPTVVI1T:Prop.2.1.8]). Since X4gr has no deformation theory, its
cotangent complex vanishes. In particular, the canonical map Ly, —

L x/x, 1s an equivalence and the map 7 — X is formally étale.

(d) As in [CPTVV17:§2.1], throughout this paper, formal stacks will be seen as
a full subcategory of the oo-category of derived stacks dStc. In particular,
smooth formal schemes FSch®™ form a full subcategory of derived stacks. See
[Hen17: Thm. 1.4.2, Lem. 1.4.5] and [FK18:8§I. 1.4] for the presentation as in-
ductive limits of schemes.

(e) For a derived stack X € dStc we set X,eq = 4 0 i*(X) its reduced substack.
By adjunction it comes with a canonical map X,eq — X. When X = Spec(A)
is an affine derived scheme, we have X g = Spec(Aeq). It enjoys the following
properties:

(e)-1 By construction, the assignment X — X, defines a left adjoint to the
functor (—)4r: dStc — dStc (see e.g. [CPTVV17:2.1.3 and 2.1.4]).

(e)-2 There are canonical equivalences (X eq)dr — (X)ar and (X)red — (XdR)red-

(e)-3 A morphism X — Y induces an equivalence Syeq — Fleq if and only if it
induces an equivalence Sgr — Fyr.

(e)-4 For any diagram « — X, the canonical morphism is an equivalence

(llcl;n Xa)red = (“2’1<Xa)red)red' (164)

(f) Consider a morphism of derived stacks f: X — Y (locally of finite presenta-
tion). If both X and Y admit a deformation theory, if fq is an equivalence
and if f is formally étale, then f is an equivalence (see |GR-II:1-1 8.3.2]).

(g) The above specializes to: if f: X — Y is formally étale, then X — X is an
equivalence: i.e. we have a Cartesian square

7]

Xdr 5 Y4r.
dR
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Notations 1.6.5 (Etale site).

(a) When X is a derived stack, we denote by X the small étale site of X, with
objects given by maps S — X which are étale (meaning, representable, locally
of finite presentation and the relative cotangent complex Lg,/x vanishes).

(b) For a presentable co-category €, we denote by
Sh(Xg, €) C PSh(Xet, €) = Fun(XP, €)
the full subcategory spanned by hypercomplete sheaves.

(c) We denote by X3 C X, the full subcategory spanned by étale maps S — X
with S an affine derived scheme. It follows [SGA4-2: VII Prop. 3.1] that if X
admits an affine étale atlas, the inclusion X@ C X induces an equivalence
on sheaves

Sh(X&T &) = Sh(Xe, 6).

For this reason we will mainly work with Xg throughout the paper.

Reminders 1.6.6.

(a) For any derived stack X, the closed immersions X,eq — to(X) — X induce
equivalences

Xet o (to(X))et > (Xred)et-

Indeed, it follows from [Stacks: Thm.04DZ| that the étale site is invariant
under nilpotent extensions of schemes. It follows from [HAG-II: Cor. 2.2.2.9]
or [Lu-HAlg: Thm. 7.5.0.6] that the étale site is impervious to derived structure
as well.

(b) For an étale schematic morphism u: X — Y between derived stacks, the
pullback functor u*: Y& — X4 admits a left adjoint uy sending an étale map
S — X to the composition S — X — Y. This defines a morphism of sites
and therefore at the level of sheaves, the induced pullback functor

u*: Sh(}/ét, %) — Sh(Xét, (g>
as in [KS06: Ex. 17.3|, identifies with u*(F") >~ F o uy.

(c) By [SGA4-1: VIII Thm.3.5 and Thm.7.9]*) and (a), when X is a derived
Deligne-Mumford stack, the classical topos Sh(Xg, Sets) has enough points,
coinciding with the collection of geometric points of X.

2. REMINDERS ON SHIFTED SYMPLECTIC GEOMETRY

In this section we review the tools related to shifted symplectic geometry used in
the paper. The reader can consult [PV21:§7-8] and [Toél4:8§5| for a survey and
[PTVV13; Call9; CPTVV17] for the technical details.

(*)See also [Stacks: 04JU]


https://stacks.math.columbia.edu/tag/04DZ
https://stacks.math.columbia.edu/tag/04JU
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2.1. Closed forms and shifted symplectic structures. The main technical ob-
stacle in defining derived symplectic forms lies in the definition of closed forms.
When X is a smooth classical affine scheme of dimension n the situation is easy:
p-forms are defined as global sections of the wedge power APQL of Q% the vector
bundle of Kéhler differentials. To define closed p-forms we consider the naively
truncated de Rham complex of vector bundles on X

> d 1 d d
QL =]0— - — 0 — Of =B OpFt 25 .0 28 on (2.1.1)
~— ~— ~—~—
coh. deg. p coh. deg. p+1 coh. deg. n

and recover the usual definition of closed p-forms on X as cohomology classes
HY(X, Q% [p)-

For an affine derived scheme S = Spec(A) we must replace Kéhler differentials by
the cotangent complex Lg (Notation 1.6.2(g)). To access the naively truncated de
Rham complex, we consider first the de Rham algebra DR(X) which assembles the
different derived wedge products (A’Lx)[p] as graded pieces of a graded complex,

DR(X) := Sym(La[1]) = ED(ALLA) P (2.1.2)

p=>0

with L4[1] in weight 1, and implements the de Rham differential as an action of an
extra operator e that shifts the cohomological degree by —1 and the grading by 1,

e = dar: (NGLA)P] = (AY'La)lp+ 1[-1]. (2.1.3)

Here, we see each ALa € Dqcon(S) = dgMod, as an object in dgMod. via the
forgetful functor.

Finally, the totalization — |DR(X)| — with respect to the internal differentials of
each graded piece, together with the extra differential defined by dg4r, gives the
correct construction of Q)Z(O in the non-smooth setting. Let us now quickly survey
the structures underlying this discussion, summarizing the results of [PTVV13:§1.1
and §1.2]:

Reminders 2.1.4 (Graded modules and mixed graded modules).

(a) Denote by dgMod§ the oo-category of Z-graded chain complexes. Objects
in dgMod§ are families E = (E,),ez with E, € dgMod. By construction,
dgModg comes with a canonical direct sum functor @: dgModg — dgModc
sending £ = (Ey)nez — D,, En and we will sometimes identify £ with the
associated direct sum. Also, dgMod¥ comes with operators E +— E(p) that
shifts the weights by p, namely, by sending £ = (E,,)nez — E(p) = (Epip)nez-
To conclude, we observe that dgModg carries a symmetric monoidal structure
given on objects by

L L
ERF = E,®F,
9 (69 9 )
leZ

n+m=~¢
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(b) Denote by Cleg the graded strictly associative dg-algebra freely generated by
an element € in cohomological degree —1 and weight 1, and strictly verifying
€2 = 0. A mized graded module is a left C[e]g-module in dgMod%. Informally,
this amounts to the data of an object E = (E,)ncz together with an extra
operator

e: E()[]] - FE (2.1.5)
with eoe = 0. We denote by dgModg ®" the co-category of mixed graded mod-
ules. The algebra Cle,, carries a strictly commutative graded Hopf structure
Clelgr — Clé]gr ®gr Cle]gr determined by € — e ® 1+ 1 ®e. This induces a sym-
metric monoidal on dgModg ® and we defined mized graded algebras cdgag ®

as commutative algebra objects in mixed graded modules.

Remark 2.1.6. In this paper we use the definition of mixed graded modules of
[PTVV13] where the action of € decreases the cohomological degree by one (2.1.5).
This is opposite to the conventions used in [CPTVV17|. See [CPTVV17: Rem. 1.1.3]
and [TV23].

Reminder 2.1.7. [de Rham algebra|] The de Rham algebra DR of (2.1.2) with the
mixed graded structure of (2.1.3) is implemented by an oco-functor

DR: cdgaz’ — cdgal &'

Reminder 2.1.8. |Totalizations| Let C(p) be the mixed graded module given by a
copy of C in weight p and zero otherwise, equipped with the zero action of €. Let
be a mixed graded complex. We define the weight p totalization |E|=P as the image

of E under the limit preserving lax monoidal™ co-functor given by
— |2P: dgModZ & — dgMod
| — 7"+ dgMod¢ gMod; (2.19)
E— |E’*p = RHomCng(C(p),E).

Explicitly,

|E|2P = (H En[—2(n—p)],d + e>

n2p
with differential given by d + €, where ¢ is the mixed graded differential and d is the
internal differential. The assembly of all totalizations | — |=P provides a functor with
values in graded modules

| — |8": dgModg & — dgMod§ E— (|E)ZP)pez.
The composition with the map of mixed graded modules
Cle]gr(p) = C(p) sending €~ 0 (2.1.10)

defines a natural transformation 7 between | — |8 and the forgetful functor that
discards the Cle]g-action dgModg ® — dgModg. On each weight 7 is given by

My |EE = |E]"" = E,. (2.1.11)

(*)See [TV20D: §1.1]
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Example 2.1.12. Let S = Spec(A) where A is a smooth C-algebra. Then we have
Q37 ~ [DR(A)|*?[~2p]

where Q7" denotes the complex in (2.1.1).

Reminder 2.1.13. [Derived complete truncated de Rham complexes| Let S =
Spec(A) be a derived affine scheme. The derived complete p-truncated de Rham

complez, denoted LQ?’ , is defined as
LO5” = [DR(A)|*7[—2p].

This recovers Illusie’s derived de Rham complex. See [Bhal2: Construction 4.1].
The complex of closed p-forms is LQ? [p]. More generally, the complex of n-shifted

closed p-forms is given by L(AZEP [p 4+ n]. In particular, we can present the data of a
n-shifted closed p-form as a map of mixed graded modules

Clp — nJ(p) — DR(A)

where Clp — n](p) is the mixed graded module given by C[p — n] in weight p with
trivial action of e. The natural transformation (2.1.11) defines a map in dgMod

LOZ"[p +n] = [DR(A)Z"[n — p] = (AGLa)lplln — ] = (NGLa)ln) - (2.1.14)

which forgets the data rendering the p-form closed.

Finally, we can recall the definition of (—1)-shifted symplectic form in the affine
case:

Definition 2.1.15. [Shifted Symplectic structures| Let S = Spec(A) be a derived
affine scheme. A (—1)-shifted closed 2-form on S is a map in dgModg *

w: C[2 —(=1)](2) = C[3](2) — DR(S).
Equivalently, it corresponds to a map in dgMod
w: C — |DR(9)[Z2[-3] = LOQZ*[1].
The underlying 2-form is given by the composition in
C — LOZ[1] — (Ls A Lg)[—1] (2.1.16)

and via the extension of scalars adjunction Dgcon(S) — dgModg, (2.1.16) corre-
sponds to a map in Dgcoen(S) = dgMod 4

@S — (LS N LS)[—l] (2117)

We say that w is symplectic if furthermore, the Og-linear pairing associated to the
composition with (2.1.17) is a non-degenerate pairing, i.e. induces an equivalence
w: Tg =~ Lg[—1].



16 BENJAMIN HENNION, JULIAN HOLSTEIN, AND MARCO ROBALO

Reminder 2.1.18. [TV20a: p.8| shows that RHom¢g,, (C(0),C(1)[2]) ~ C. Through
this equivalence, the element 1 € C defines a map of mixed graded complexes C(0) —
C(1)[2] which is the boundary map of the cofiber of (2.1.10) in mixed graded modules:
Clelgr — C(0)
| - (2.1.19)
0

P

=

The iteration of the map 1 in (2.1.19) defines a sequence of maps in dgModg &

- — C(=2)[-4] — C(-1)[-2] > C(0) >» C(D[2] — C(2)[4] — ---

so that, given E € dgModg #', and the formula in (2.1.9), this produces a sequence
- —— |E|Z?[-4] — |E]FY-2] —— |E|2°. (2.1.20)

In particular, for any derived affine scheme S and for any p > 0, the composition of
the maps in (2.1.20) defines a map

LOZ? — LOZO (2.1.21)

corresponding to the inclusion of the naively truncated de Rham complex. Moreover,
the cofiber sequence (2.1.19) induces for any derived affine scheme S = Spec(A),
cofiber sequences in Modc

LOZPH —— 5 LOZP

l N l (2.1.22)

0 ——— (Asks)l-pl

Definitions 2.1.23 (|[PTVV13)).

(a) The oo-functors #P/(—, n) and &P(—,n) sending an affine derived scheme S
to the Dold-Kan constructions

P (= n): S+ DK(LQZ?[p+n]) and @*(— n): S DK((A4Ls)[n])

satisfy étale hyperdescent and therefore define derived stacks classifying re-
spectively, closed p-forms and p-forms (see [PTVV13: Prop. 1.11]).

(b) For X a derived Artin stack, we define n-shifted symplectic forms as maps
of derived stacks X — #P(—, n) satisfying the non-degeneracy condition of
Definition 2.1.15.

2.2. Exact symplectic structures.



GLUING INVARIANTS OF DONALDSON-THOMAS TYPE — PART I 17

Notation 2.2.1. Let S be a derived affine scheme. We denote Lﬁ?p ~! the homotopy
cofiber of (2.1.21) in dgMod¢

LOZ» —— LOZ°

l B l (2.2.2)

0 —— LOS"

Definitions 2.2.3.
(a) We define the stack o/?*(—,n) of n-shifted exact p-forms:

AP (=, n) = ﬁber(.&zfp’d(—, n) — A% (= n +p)) :
S~ DK(LOS" p+n—1]).

(b) A p-shifted exact symplectic derived stack is a derived Artin stack X equipped
with an exact 2-form \: X — &*%(— p) such that the underlying (closed)
2-form is non-degenerate (thus symplectic).

(c) Let (X,wx) be a p-shifted symplectic derived Artin stack. An exact structure
on X is a lift of wy: X — o>(—, p) to L>*(—,p).

Example 2.2.4. The derived critical locus dCrit(U, f) of a function f on a smooth
affine scheme U comes equipped with a (—1)-shifted exact symplectic form. Recall
that dCrit(U, f) is defined as the derived intersection

dCrit(U, f) —— U

; l _ lo (2.2.5)

v—*  1TU
Notice that ¢ and j are homotopic, as the composition with the canonical projection
m: T*U — U implies i = modf oi ~ mo0o0j = j. In particular, the 2-cell rendering
the commutativity of (2.2.5) amounts to a null-homotopy ¢ of the composition

c Lo, @Y L, (2.2.6)

In explicit terms, the derived ring of functions Oycyir(v,r) can be computed using the
explicit Koszul resolution for the fiber product (2.2.5) and we obtain

@dCrit(U,f) ~ (Sym(TU[—l]), df) = [ e — AZT% — T%] (227)
with differential given by contraction with df. See [PV21:§7.3].

Now, both the zero section and the section given by the 1-form df are Lagrangian
for the standard symplectic form on T*U: the zero section, tautologically, and
df because d(df) = 0. By [PTVV13:Cor.2.10], being a derived intersection of
Lagrangians, dCrit(U, f) inherits a (—1)-shifted symplectic form. Moreover, this
(—1)-symplectic form has a canonical exact structure (Definition 2.2.3(c)) resulting
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from the combination of the Liouville form on T*U, with the fact both 0 and df are
exact 1-forms on U.

For the sake of completion we include here the construction of this exact structure:
let C — QF2,[2] be the map classifying the symplectic form in T*U, according to
Definition 2.1.15. The Liouville form A is given by a map

A: C[—2] — Q5! [-1]
which we can fit in a commutative diagram

df 951[_1]

—
\/&
~

*

=1 [—1].

A
Cl-2] —— Q7. [-1] dACH(U, )

7
\

Q' [-1]

But using Example 2.1.12, since U is smooth, 951[—1] is the 2-term complex
Q5 (-1 = (00, 24
deg. 1 deg. 2
and df factors through the inclusion of the component in degree 2,
C[-2] = Qp[-2] = Q5[]

But since df is ezxact, its primitive f provides a factorization through the homotopy

fiber

0 le[_l]
(df)*/ i
A <1 \ <1
Cl-2] —— QF.y[-1] QcTcrit(U,f)[_l]

0 0*\) /j*'

05[]
and the induced delooping map
X: Cl=2] = Q3w =2 (2.2.8)

defines the exact structure on dCrit(U, f).

To conclude this example we provide an explicit description for the underlying non-
degenerate 2-form: the derived fiber product (2.2.5) induces a pullback square of
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tangent complexes

Tacrivw,p) > " Ty > 0
[o — D, — | (2.2.9)
Ty —24 s #0*Trey ~ i*Ty ® "Ly —— 'Ly

and the bottom horizontal composition is given by the Hessian of f, Hess(f), at
each closed point. It follows that the induced map Tycrivw,pyv — *Ly[—1] is an
equivalence and Tycrir(v,r) 18 given by the two-term complex

Hess(f)

Ty i*Ly. (2.2.10)

Finally, thanks to the symmetry of the Hessian, the complexes Tycrit(s) and Lacrie(s)
differ only by a shift of —1, i.e.
Tacrit(s) = Lacriecr) [—1]-

This equivalence is precisely the underlying 2-form of the (—1)-shifted exact sym-
plectic structure obtained from the (exact) Lagrangian intersection.

Proposition 2.2.11. Consider the stack (sheaf, really) 9°(—,0): S — H3z(S).
The fiber-cofiber sequence LOS' — LOZ2[1] — LO2[1] induces, after rotation, a
fiber sequence
AN —,0) = A*(—, —1) = d*>(—, -1).
This sequence is also a cofiber sequence and admits a canonical retract
A (=, —1) = A% (=,0)
A C).

In particular, A*>™(—, —1) ~ d*(—, 1) & 4% (—,0).

Remark 2.2.12. Note that the short exact sequence from the proposition corre-
sponds under Dold-Kan and HKR to the fiber sequence of periodic cyclic, cyclic and
negative cyclic chains on A = Og:

PC(A)[~2] — CC(A)[—4] — NC(A)[-3].

Proof of Proposition 2.2.11. By [BBJ19: Prop. 5.6(a)]|, the morphism
AP (=, =1) = S>(—, -1)
is an epimorphism, so the fiber sequence at hand is indeed a cofiber sequence as
well. The functorial projection LQ§1 — LQ§0 = RI'(S, Og) induces a morphism
7o AP, —1) = I~ —1)gr — Alg.

For S affine (derived) scheme, any element of o/?°*(S, —1)gg = DK(LQ%;) amounts
to a function f: S.eq — A' and a nullhomotopy df ~ 0 € Lg_,. The function f is
in particular locally constant on the smooth locus of Sieq, and thus on all of S,eq by
continuity (and [Stacks: 056V]). The morphism 7 thus factors (uniquely) through
the subsheaf Ajg . of Ajz whose S-points are locally constant functions on Syeqd.


https://stacks.math.columbia.edu/tag/056V
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Since de Rham cohomology is invariant under nilpotent extensions, we moreover
have Alg . ~ &%(—,0)gr =~ &% (—,0): S — Hig(S). The induced morphism

'52{276}((_7 _1> — AcliR,lc = ‘Qfo’d(_v O)
is then a retract of #%(—, 0) — &>*(—, —1). O

Example 2.2.13. As explained in Example 2.2.4, for any LG-pair f: U — Al, the
derived critical locus comes with a canonical (—1)-shifted exact symplectic form A.
The associated locally constant function ¢, is nothing but the restriction of f to the
reduced critical locus Crit(f)eq. It therefore corresponds to the critical values of the
given function.

Definition 2.2.14. Let X be a derived Artin stack. For any (—1)-shifted exact
2-form A on X, we call the critical value function of X its image ¢y € Hix(X) via
the retract of Proposition 2.2.11.

Corollary 2.2.15. Any (—1)-shifted symplectic derived Artin stack admits a unique
exact structure with vanishing critical value function.

2.3. Relative de Rham algebras and completions. We now recall the construc-
tion of the relative de Rham algebra. This notion is required to define isotropic and
Lagrangian fibrations and to state Theorem 2.3.8.

Construction 2.3.1. Following [CPTVV17:1.3.12, 1.3.17|, Reminder 2.1.7 extends
to the relative setting: for any morphism of affine derived schemes S — S’ we have a
relative de Rham algebra given by the mixed graded algebra (see Reminder 2.1.4(b))

DR(S/S") :== Symg(Lg/s[1]) € cdgag ® (2.3.2)

where Lg/o[1] is in weight 1, equipped with the mixed graded structure given by
the relative de Rham differential. By [CPTVV17: Prop. 1.3.16] DR(S/5’) is in fact a
Os-mixed graded algebra, i.e. the relative de Rham differential is Og/-linear. Follow-
ing the discussion [CPTVV17: before Lem. 1.3.18], (2.3.2) is functorial on morphisms
of affine derived schemes. As it satisfies étale descent in both source and target, it
can be extended to morphisms of derived stacks (see [CPTVV17:2.4.2])

DR: Fun(A',dStc)% — cdgag ©'.

If moreover X — Y admits a relative cotangent complex, we have an equivalence of
graded complexes

DR(X/Y) = @) T (X, Symg, (Lx/v[1]))

Further, for any X — Y — Z, the commutative squares

X —Y X — X

1 1 1 1

Y — Y Y — 7
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induce morphisms
RI(Y,0y) ~DR(Y/Y) — DR(X/Y) and
DR(X/Z) — DR(X/Y).

Notation 2.3.5. Let X — Y be a morphism of derived stacks. Similarly to Re-
minder 2.1.13 and Notation 2.2.1, we define the complex of relative closed p-forms

LOZ7, = [DR(X/Y)[Z[2)

and the complex of relative exact forms

LOT, = cofiber (LOZY — LOZY, ).

By construction, they come with functorial morphisms summed up in the following
diagram, where X — Y — Z € dStc

LOZY «—— Loz

(2.3.4) X/z
{ {
RF(Y, @Y) (2.83) LQ;?Y (W LQX/Z (236)
{ {
<
LQX];Y (2.3.4) I‘QX/Z

Definitions 2.3.7.
(a) We define the stack of n-shifted relative closed p-forms, denote by &/>%(—, n),

rel

as the stack Fun(A!, dStc)°P — Gpd_, sending a morphism of stacks X — Z
to the Dold-Kan constructions

APNX /7, n) = DK(LQ;I;Z[p + n)).

rel

(b) We define the stack &/27*(—,n) of n-shifted relative exact p-forms:

rel

A (=, n) = ﬁber(ﬂpd(— n) — ,97001(—,n+p)).

rel rel rel

Finally, we can state Bhatt’s theorem, which will play a crucial role in our description
of derived critical loci:

Theorem 2.3.8. [Bhal2: Prop. 4.16, Ex. 4.18] Leti: S < U be a closed immersion
with S a derived affine scheme, % a smooth affine formal scheme and assume that
1 1s an 1somorphism on the reduced subschemes. Then the inclusion of relatively
constant functions (2.3.3): Oy — |DR(S/%)| is an equivalence in cdgag’

Ou ~ |DR(S/%)| = LQS/%

2.4. Lagrangian fibrations and distributions. In this section, we introduce the
key notion of Lagrangian fibrations. It relies on the notion of (Lagrangian) distri-
bution that we will discuss first.
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A. Distributions.

Definition 2.4.1. Let X be a derived Artin stack locally of finite presentation. A
distribution on X is the data of a perfect complex E € Perf(X) together with a
map of perfect complexes ¢: E — Tx. The normal complex N, of ¢ is its cofiber in
Perf(X), so we have by definition a fiber-cofiber sequence

E— Ty > Ny (2.4.2)

A morphism of distributions is a commutative triangle in Perf(X)

Distributions on X form an co-category formally defined as Dist(X) := Perf(X) 7.

Example 2.4.3. Let f: X — Y be a morphism of derived Artin stacks of finite
presentation. Then the relative tangent {x/y: Tx/y — Tx defines a distribution
on X with normal complex f*Ty. We call it the fiberwise distribution. Given a
morphism of stacks under X

[ !
/ lp

f2\/\Y2

we obtain an obvious morphism of distributions Tx,,: (Tx/v,,¢1) = (Tx/v,, (2)

X

01
L .
TX/Y1 ------ > TX/Y2 E— TX
[
0 — Z.*Tyl/y2 — Ngl = i*Tyl (244>

[ e

0 —— Ny, =7"Ty,

where D, is the derivative of p.

Definitions 2.4.5. Let /: E — Tx be a distribution.

(a) We say that it is smooth if E is a perfect complex in Tor-amplitude —1,
i.e. there exists a finite rank vector bundle M over X together with a quasi-
isomorphism MY[—1] ~ E.

(b) We say that it is transversely smooth if the normal complex N, is a vector

bundle. We will then refer to N, as the normal bundle of the distribution.

Example 2.4.6. Let U be a smooth affine C-scheme with a function f: U — A! and
i: dCrit(U, f) < U the inclusion of the derived critical locus. Then the pullback
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square (2.2.9) provides an identification Tqciew,py,v =~ i*Ly[—1] and by definition
Ny, = *Ty. Since U is smooth the fiberwise distribution is simultaneously smooth
and transversely smooth.

B. Isotropic and Lagrangian distributions.

Definition 2.4.7. Let /: E — Tg be a distribution on a (—1)-symplectic derived
affine scheme S. Let £V: Lx — EY be its S-linear dual map. An isotropic structure
on ¢: E — Tg is the data of a null-homotopy 1 for the composition

(2.1.17)

6s —— (Lg ALg)[=1] 2255 (EY AEY)[—1] = Sym%(EV[-1))[1].  (2.4.8)

This is equivalent to the data of a self-dual 2-cell n rendering the commutativity of
the square

E L) TS W—NS> Ls[—l]

l lzv [~1] (2.4.9)

This in turn induces a morphism a,: Ny — EY[—1] together with a commutative
square

1=

TS w—NS> Ls[—l]

[ e

N, — EV[-1].

Definition 2.4.10. For any (—1)-symplectic derived affine scheme S, we denote by
Dist™**(.S) the oo-category of isotropic distributions on S. It is formally defined as
the fiber product

Dist*"(S) —— Dist(S)
L=
(Perf(S))® — (Os/Perf(S))

where Perf(S) — Os/Perf(S) is the pointing by the zero map, and the vertical map
sends a distribution E — Tg to the map (2.4.8) induced by the symplectic structure.

Definition 2.4.11. Let (¢: E — Tg,n) be an isotropic distribution on S as in Defini-
tion 2.4.7. We say that the isotropic distribution is Lagrangian if the square square
(2.4.9) is coCartesian. We denote by Dist{;ag C DistgSOt the full sub-oo-category of
Lagrangian distributions.

Observation 2.4.12. It follows from the coCartesian property of the square square
(2.4.9) that a Lagrangian distribution is smooth if and only if it is transversely
smooth.
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Construction 2.4.13. Let (E, ¢, ) be an isotropic distribution over S = Spec(A).
We will construct a natural symmetric 2-form on the normal complex N,. Con-
sider the fiber sequence Ny —— Lg —¢v» EY and denote by 9,: EY — N//[1] its
boundary operator. The composite morphism

(Ls A Ls)[—1] 2% (Y AEY)[—1] Z2% (NY[1] A NY[1])[—1] =~ Sym2(NY)][1]

is then nullhomotopic. Using the isotropic structure 7, we get a commutative dia-
gram
@S i) (LS/\ Ls)[—l] — 0

[ e

0y NOY

0 —— (EY AEY)[-1] — Sym&(N})[1].
We get a loop Og — Symg(NY)[1][~1] ~ Sym%(N}) providing the announced sym-
metric 2-form on the normal bundle
B,: Sym&(N,) — Og

with induced self-dual pairing H, given by the diagonal composition

N, —— EY[-1]

[N Lo
o
E[l] ——— N}
Finally, assuming further that the isotropic structure is Lagrangian, the above square
identifies H, with the boundary operator ;.

C. Lagrangian fibrations. We now discuss the notions of Lagrangian fibrations
used in this work.

Definition 2.4.14. Let S = Spec(A) an affine derived scheme equipped with a
(—1)-shifted symplectic structure. Let ¢: S — F with F a derived stack with
cotangent complex. A structure of isotropic fibration on 7 is the data of a null-
homotopy the map in dgMod

C — LOZ’[1] — L[], (2.4.15)

Example 2.4.16. Let S a (—1)-symplectic derived affine scheme and let i: S — F
be an isotropic fibration as in Definition 2.4.14. Then the fiberwise distribution of

Example 2.4.3 inherits a natural isotropic structure induced by the naturality of
the maps (2.1.14):

C —— LOFI] —2 LA )

l(2.1.14) l(2.1.14)

(AN2Ls)[—1] 2255 (A2Lg/p)[—1].
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Definition 2.4.17. Let i: S — F be an isotropic fibration as in Definition 2.4.14.
We say that it is a Lagrangian fibration if the associated fiberwise isotropic distribu-
tion (of Example 2.4.16), is a Lagrangian distribution. That is to say if the induced
map a,: ©*Tp — Lg/p[—1] is an equivalence.

The most important example of Lagrangian fibration in this paper is the following:

Proposition 2.4.18. [Gra20: Thm. 3.5, Rem. 3.12] Let U and f be as in Eram-
ple 2.4.6. Then the closed immersion i: dCrit(U, f) < U has a canonical structure
of Lagrangian fibration.

Observation 2.4.19. Construction 2.4.13 shows that the normal bundle of a La-
grangian distribution has an associated symmetric bilinear pairing H,,. In the case
of Proposition 2.4.18, H, is the Hessian matrix and the Lagrangian condition is the
fact the square (2.2.9) is coCartesian.

We will study this example in more detail in Section 3.2 below. To conclude this
section with summarize the functoriality properties for Lagrangians distributions:

Construction 2.4.20. Let X be a (—1)-shifted symplectic derived Deligne-Mumford
stack. Since for any étale map u: S — X we have u*Ty ~ Tg, the pullback of distri-
butions is well-defined. Moreover, the condition of being Lagrangian is stable under
such pullbacks. In this case, the assignments of distributions (Definition 2.4.1),
isotropic distributions (Definition 2.4.10) and Lagrangians distributions (Defini-
tion 2.4.11), are encoded by oo-functors

Dist v, Dist'y*®, Dists*": (Xgaf)oP  Cat,,. (2.4.21)

Moreover, these satisfy hyperdescent in X3 due to descent for perfect complexes.

3. THE STACK OF DARBOUX CHARTS IN (—1)-SYMPLECTIC GEOMETRY

In this section we construct the Darboux moduli functor discussed in Section 1.1.

3.1. Derived critical loci and formal completions. We start with the observa-
tion that the derived critical locus with the exact symplectic form of Example 2.2.4,
only depends on the formal completion — Proposition 3.1.11 below.

Construction 3.1.1. Let % be a smooth (formally smooth and topologically of
finite presentation) formal scheme over C with a function f: % — Al. Tts cotangent
stack T*% admits an exact 0-shifted symplectic structure, classified by a morphism
of derived stacks

T'U — o> (—,0).
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The de Rham differential df determines a section df: % — T*% and we can form
the derived intersection in derived stacks

dCrit(%, f) —— %

li | ldf (3.1.2)

U —9 T,

Asin Example 2.2.4, the derived stack dCrit(%, f) inherits a (—1)-shifted symplectic
structure because both 0 and df are Lagrangians in T*%. Moreover, the fact that
df is ezxact and the O-shifted form in T*% is exact due to the Liouville form, implies
once again that dCrit(%, f) has a canonical exact structure.

Construction 3.1.3. Let (%, f) and (7',g) be smooth formal schemes over C
equipped with functions f: % — Al and g: " — A'. Let u: % — 7 be a map such
that g ou = f. In this case we extract a correspondence between the associated
derived critical loci:

dCrit(g)|o = dCrit(g) xo %

/ \ (3.1.4)

dCrit(f) dCrit(g)
obtained from the commutative diagram
dCrit(f) <---mmmfee dCrit(g)|yy ———— dCrit(g)
U ‘ u /“ ‘ .V
l dgla l dg
daf U / U . (315)
T <« 5 TY %9 U > TV
U “ >V

The correspondence (3.1.4) is Lagrangian in the sense of [Call9:Def.1.7]: if wy

denotes the symplectic form on dCrit(f) and w, on dCrit(g) then there is a homotopy
between

P (wy) ~ " (wy). (3.1.6)

In fact, not only the symplectic structures are homotopic but the exact structures

also: this is a direct consequence of the fact that the correspondence of cotangent
bundles

TU «— TV ; U —— TV (3.1.7)

is exact Lagrangian with respect to the standard symplectic forms, since the pullback
of the two Liouville forms to T*7 x5 % agree. For more details see [CHS21: Ex. 2.4.9(a)].
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Construction 3.1.8. Let U be smooth C-scheme with a function f: U — Al
Denote by u: % — U the formal completion of U along dCrit(U, f) and f := f o u.

We apply Construction 3.1.3 to the morphism u: (%, f) — (U, f). Since u is
formally étale, the left morphism in the exact Lagrangian correspondence (3.1.7) is
an isomorphism. Therefore, so is the morphism p in the induced exact Lagrangian
correspondence (3.1.4)

dCrit(%, f) «2— dCrit(U, f) xy % — dCrit(U, f). (3.1.9)

Finally, as in top right face of diagram (3.1.5), we extract a pullback square of
derived stacks

dCrit(%, f) —X dCrit(U, f)
l ] l (3.1.10)
U y U

u

and since u is étale, so is q.

Proposition 3.1.11. Let U be a smooth C-scheme with a function f: U — Al and
let % be the formal neighborhood of dCrit(U, f) in U equipped with the restriction of
f to . Then the map q of (3.1.10)

dCrit(%, f) —X— dCrit(U, f)
is an equivalence of (—1)-shifted exact symplectic derived schemes

Proof. By definition, both % and dCrit(U, f) have the same underlying reduced

-~

scheme. The Cartesian square (3.1.10) implies that so does dCrit(%, f) — see (1.6.4).
Since ¢ is étale and an isomorphism on reduced schemes, the result follows from
Reminder 1.6.3(f), using (3.1.9) for the exact symplectic compatibility. O

Example 3.1.12. We have exact symplectic equivalences

Spec(C[z]/(32%)) = dCrit(A!, 2?) ~ dCrit(A}, z%).

3.2. Derived critical loci as Lagrangian fibrations. We have seen in Exam-
ple 2.2.4 that dCrit(U, f) admits an ezact structure. In this section we use it to
reformulate the structure of Lagrangian fibration of Proposition 2.4.18 and estab-
lish the fundamental result — Proposition 3.2.14 — showing that for a (—1)-shifted
exact symplectic derived affine scheme S, the data of a Lagrangian fibration is
equivalent to the data presenting S as a derived critical locus.

Observation 3.2.1. Let S be a (—1)-shifted symplectic affine derived scheme and
let 7: S — % be closed immersion, with % a smooth affine formal scheme of fi-
nite presentation and ¢ an isomorphism on the underlying reduced schemes, i.e.
Tred: Sred =~ weq- Then the data of an exact structure provides by definition a lifting
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of wg:
o LO§' —— LOg),
C D) l | (3.2.2)
L0 2 L0, )

Observation 3.2.3. Assume S — % as in Observation 3.2.1. Rotating the cofiber
sequence (2.2.2) for the relative de Rham complex of S over % and using Bhatt’s
equivalence (see Theorem 2.3.8), we find a cofiber sequence

20 L LOSL L1022 1

Ou ~ LQS/% S/u S/%[ ]

(3.2.4)

Combining the diagrams (3.2.2) and (3.2.4), we find that in the presence of an exact
structure «a, the data of an isotropic fibration 1 on the morphism ¢: S < % amounts
to a lift f: C — Oy and a 2-cell § rendering the commutativity of the diagram

Ou

® |
/o LOS" —— LOg),
| !

(2.3.6)

(3.2.5)

LQ>2

LOZ? (1] = LOZ,, (1.

Definition 3.2.6. Let S be a derived affine scheme, % a smooth affine formal scheme
and i: S < % a closed immersion such that i,eq: S — %eq is an isomorphism. We
define the Liouville complex of S — %, Liouv(S/%) as the homotopy pullback in
dgMod¢

Liouv(S/%) ——— Oy
l - l (3.2.7)

A<l A<l
LOS' ——— LOG),.

Observation 3.2.8. It follows from Observation 3.2.3 and Definition 3.2.6 that
having fixed an exact structure o on S, the data of an isotropic fibrationoni: S — %
amounts to a lift x:

Liouv( S/?Z)

%) (3.2.9)

C—r—

SO

Q>2[ ]
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The Liouville complex has a more explicit description, justifying to some extent its
name:

Lemma 3.2.10. Let S be a derived affine scheme, % a smooth affine formal scheme
and i: S — U a closed immersion such that iyeq: S — Ured 1S an isomorphism. The
complex Liouv(S/%) is naturally equivalent to the total space of the bicomplex

Liouv(S/%) ~ [@% IR Q| (3.2.11)

In particular, a map k: C — Liouv(S/%) amounts to the data of a pair (f, @), where
f €0y and ¢: dgrf ~ 0 is a nullhomotopy of dyrf in 1*Cy.

Proof. By construction and by Theorem 2.3.8, the square (3.2.7) is equivalent to
Liouv(S/%) ———— Oy
| - |
[@S — LS] E— [@5 — LS/%} .

The result follows since the fiber of Ly — Lg% is by definition 7*(y. O

Corollary 3.2.12. Assume further that S is equipped with an exact (—1)-symplectic

structure \ € L@%l. The structure of an isotropic fibration on i: S — % amounts
to a function f € Oy, a nullhomotopy ¢: derf ~ 0 in 1*Qgy, and a homotopy

5: (f,¢) ~ e LOsh.

Observation 3.2.13. A particular case of Lemma 3.2.10 is when S = dCrit(%, f)
equals the derived critical locus of a function f on a smooth formal scheme %.
In this case, the equivalence (3.2.11) provides a more explicit construction for the
exact structure of (2.2.8), namely the morphism x in (3.2.9) corresponds precisely
to the data of the original function f and the homotopy ¢: d4r(f) ~ 0 in i*Ly as in
(2.2.6). Also in this case, the 2-cell a0 é of (3.2.9) rendering d4r(¢) ~ wg is the one
of [BBJ19:5.7-(a)] obtained using explicit resolutions.

Proposition 3.2.14. Let S be an exact (—1)-symplectic derived affine scheme. Let
i: S < U be an isotropic fibration. Denote by f: % — AL the function induced by
Corollary 3.2.12. Then

(i) The morphism i factors canonically through dCrit(%, f) and the induced mor-
phism 1: S — dCrit(%, f) is compatible with the symplectic and exact struc-
tures.

(i1) If the isotropic fibration is moreover Lagrangian, then 7 is an equivalence.
Proof. By Corollary 3.2.12, we have a nullhomotopy ¢ of dgr f in 7*€2y. It provides

exactly the announced factorization 7: S — dCrit(%, f) by definition of the critical
locus.
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We need to show that 7 is compatible with the symplectic and exact structures.
Since those structures can be recovered from the section of the Liouville complex,
both for S and for dCrit(%, f), it is enough to compare those sections. Consider the
diagram:

Liouv(dCrit(%, f)/2%) ©2 (64, — Q4]

C / (o) l (7) l

where j: dCrit(%, f) — % denotes the structural embedding. The square (1) tau-
tologically commutes, and so does the outer triangle. Thus (o) commutes, proving
our claim.

If we further assume the isotropic structure to be Lagrangian, we have Lg/y ~
i*Ty[1]. Therefore, the fact that 7 commutes with the maps to %, together with the
formulas for the cotangent complex of dCrit(%, f) in (2.2.10), imply that 7 is étale.
Since by construction 7 is also an isomorphism of truncations, it is an equivalence of
derived schemes (see Reminder 1.6.3(f)). O

Summary 3.2.15. In conclusion, we have established that for any (—1)-shifted
exact symplectic derived affine scheme S, there is a bijection between the following
type of data:

(i) The data of a smooth affine formal scheme % with a function f and an ezact
symplectic equivalence S ~ dCrit(%, f);

(ii) The data of a closed immersion i: S < % with % a smooth affine formal
scheme and inducing an isomorphism of reduced sub-schemes, together with a
structure of Lagrangian fibration on .

Indeed, the map from (i) to (ii) is given by Proposition 2.4.18, observing that
the arguments in [Gra20: Thm. 3.5, Rem. 3.12] work mutatis mutandis for a formal
scheme %. The fact it is a bijection follows from Proposition 3.2.14.

3.3. Moduli functor of Darboux data. We now construct the moduli functor
classifying Liouville data as in Definition 3.2.6. As a first step we introduce a stack
classifying factorizations of morphisms between derived stacks:

Construction 3.3.1. Consider the evaluation map
evoz: Fun(A? dStc) — Fun(A', dStc).
The existence of fiber products guarantees that evgy is a Cartesian fibration. We
denote its straightening by
Fact: Fun(A',dStc)°? — Cat,,
informally sending X — Z to the oo-category of factorizations dStx, ,, and a

morphism u: (X' — Z') = (X — Z) in Fun(A',dStc) to the pullback functor
u*: Fact(X — Z) — Fact(X’ — Z’) defined on objects by sending the factorization
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X—>Y —=>ZtoX =Y xz2Z — Z'. Following ([Lu-HTT:6.1.3.9-(3), 6.1.3.10]),
Fact is a stack.

Construction 3.3.2. The functorialities of (2.3.6) induce oo-functors

Liouv: Fun(A2?, dStc) —— Fun(A2, dgMod¢)®® ——™ 5 dgMod2®
(X =Y = 2) — (RO(Y,6y) = LO3)y < LO3),) +— Liow(X/Y/Z).
and
Isot: Fun(A2, dStc) —— Fun(AZ2, dgMod)® —™— dgMod®
(X =Y = 2) — (0= L, [1] + LOF,[1]) — lsot(X/Y/Z).

We note in particular that the Liouville complex Liouv(S/%) that we introduced in
Definition 3.2.6 is nothing but Liouv(S/%/S¢r)-

Since both functors Liouv and Isot have values in modules, their associated Dold-
Kan oo-groupoids carry abelian group structures. We denote the associated abelian
group stacks™):

Fun(Az, dStc)°® — Gpd,,
o't - (X =Y — Z) — DK(lsot(X/Y/Z)).

Using the projections Liouv(X/Y/Z) — LQ_%Z and Isot(X/Y/Z) — Lﬁ;ﬁz[l] to-
gether with the commutativity of (2.3.6) and Definitions 2.1.23(a) and 2.2.3(a),
we obtain a commutative square of symmetric monoidal natural transformations of

abelian group stacks

dLiouv dlsot

l l (3.3.3)

A2 (evoy(—), —1) = A2 (evoa(—), —1)

rel rel

where

A2 (=, —1), A5 (—, —1): Fun(A!,dSte)® — Gpd,,

rel rel

are, respectively, the stacks of relative exact and symplectic (—1)-shifted forms.

Observation 3.3.4. In general, the square (3.3.3) is not Cartesian. Indeed, the
fiber of the map &M% — o> (evgy(—), —1) is given by the assignment (X — Y —

rel

Z) + DK(fiber (RT(Y, Oy) — LOS), ) ) while the fiber of &/t — o/ (evo(—), —1)

rel

is given by (X =Y — Z) — DK(LQ)Z(?Y). However, thanks to Bhatt’s equivalence
(see Theorem 2.3.8), the canonical comparison map

fiber (RT(Y, Oy) — LOS), ) — LOY),

(*)These are indeed stacks, being obtained as fiber product of stacks for the étale topology.



32 BENJAMIN HENNION, JULIAN HOLSTEIN, AND MARCO ROBALO

becomes an equivalence when restricted to the full subcategory of Fun(A? dStc)
spanned by morphisms i: S < % (over some Z) with S an affine derived scheme,
% a smooth affine formal scheme and ¢ an isomorphism of reduced subschemes.

We now construct the moduli functor of Liouville data:

Construction 3.3.5. Let &: Fun(A? dStc)°® — Gpd,, be a stack, classified by a
Cartesian fibration py: dSt2"7 = [ o — Fun(A?,dStc). Denote by gy the functor

g dSt27 22 Fun(A2,dSte) —2 Fun(A!, dStc).

Since both py and evpy (Construction 3.3.1) are Cartesian fibrations, so is gy
[Lu-HT'T: 2.4.2.3]. We denote by

Fact” : Fun(A',dStc)®® — Cat,,

the resulting oo-functor. It is a stack as both &/ and Fact are, and it comes naturally
equipped with a natural transformation Fact” — Fact that forgets the information of
. We apply this construction to the functors &#°" and &'*°t of Construction 3.3.2
and obtain a commutative square of stacks over Fun(Al dStc)

H Liouv Isot
Facttow := Fact?’ ™ ———— Fact?" =: Fact!**

l l (3.3.6)

,szex(—,—]_) d?,cl(_,_l).

rel rel
Remark 3.3.7. Unpacking Construction 3.3.5, for any X — Z € Fun(A!, dStc),

the objects of the co-category Fact“°" (X — Z) are factorizations X — Y — Z
equipped with a section of Liouv(X/Y/Z).

Construction 3.3.8. Let 9: Fun(A!,dStc)°®® — Cat,, be a stack for the étale
topology. For any stack Y and any functor F': dSty — Fun(A',dStc), we consider
D the restriction of & along F. Whenever F' preserves étale covers and fiber
products, the restriction D5 : dStj® — Cat,, remains a stack for the étale topology.

Example 3.3.9. Let e: dStc — Fun(A!,dStc) be the functor sending X — (& —
X). The restriction Fact, of Construction 3.3.8 is the stack of derived stacks of
[Lu-HTT:6.1.3.9-(3), 6.1.3.10] dSt: dSt® — Cats, sending X to the oco-category
dSty of derived stacks over X.

Notation 3.3.10. Let X € dStc. We denote by px: dStx,, — Fun(A'! dStc) given
by S — (S xx, X = 9).

Construction 3.3.11. Let X € dStc. The functor px preserves étale maps and
fiber products. Construction 3.3.8 with F' = px applied to the functors (3.3.6),
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yields a commutative square of stacks dSt;}’dR — Cat

Liouv N Isot
Facth b Facth

l |

A3 (px (=), =1) —— 3 (px (), —1).
Definition 3.3.12. Let X be a derived stack equipped with an exact 2-form .
The form A induces a global section of o> (px(—),—1), using the observation

rel

(X, 1) = A2 (X/Xgr, —1) (see Reminder 1.6.3(c)-2). We define Facttiou?

rel
as the fiber product (in categorical stacks over dStx,,)

Liouv,\ Liouv
b
Fa Ctp — > Fa Ctp

l _J l (3.3.13)
M} ——— Z**(px(-), D).

Finally, as discussed in Observation 3.3.4 we restrict our attention to factorizations
for which the square (3.3.3) is a pullback:

Definitions 3.3.14. Let X be a derived Deligne-Mumford stack.
(a) Denote by (—)3 the functor Xgaf — dSty . mapping S to Syr.

(b) Let A be an exact 2-form on X. For any S — X € X we denote by
Liouv (S) the full subcategory of Fact;'*"*(Sqr) spanned by those objects
S — Y — Syr where Y is an affine smooth formal scheme % topologically of
finite presentation over C, and S — % is a closed immersion which induces an
isomorphism on the reduced subschemes Syeq >~ % eq-

Proposition 3.3.15. In the situation of Definition 3.3.14(b), S ~ Liouvy (S) de-
fines a full substack of Factyo™* o (—)gg on the small affine étale site Xdaff,

Proof. We first proves it defines a subfunctor. Fix an étale schematic morphism
u: S — S over X. Let " — %' — Sig with §" — %' a closed immersion which
induces an isomorphism of reduced schemes and %’ a smooth affine formal scheme
topologically of finite presentation over C. The functoriality u* combined with the
fact w is étale gives us two pullback squares (using Reminder 1.6.3(g))

S ‘;> u*(%’) E— SdR

e

/. N / N
S 7 % 7 SdR-

It follows that p is étale, i is a closed immersion and u*(%’) is a formal thickening of
S. Moreover, since u is schematic, u*(%’) is a also smooth formal scheme. Finally,
by (1.6.4) i is an isomorphism on reduced schemes and Liouv indeed defines a
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subfunctor. The stack property follows as the condition of being a smooth formal

scheme or a closed immersion are étale-local properties. 0J

Finally, we introduce the moduli of Darboux data of a (—1)-shifted exact symplectic
derived Deligne-Mumford stack.

Definition 3.3.16. Let X be a derived Deligne-Mumford stack equipped with a
(—1)-shifted exact symplectic form \. The Darbouz stack of X, denoted by Darby,
is the full substack™ on X daft

Darb C Liouvy™: (X&)* — Gpd,,

of the maximal subgroupoid stack of Mﬁ( whose S-points are factorizations S —
% — Sgr together with section s € Liouv(S/%) such that the induced isotropic
fibration via the projection in Construction 3.3.11 is Lagrangian in the sense of
Definition 2.4.17.

Observation 3.3.17. If Y — X is an étale mophism, then Darb;‘Y is naturally
equivalent to the restriction of Darb} along Ydaft — Xdaff,

Remark 3.3.18. In view of Theorem 2.3.8, Darboux charts could be equivalently
described as Lagrangian foliations: i.e. foliations, in the sense of [TV20b], equipped
with a non-degenerate isotropic structure (similarly to Definition 2.4.14). More pre-
cisely, the data of symplectic identification S ~ dCrit(%, f) produces a Lagrangian
foliation by the fibers of the Lagrangian fibration S ~ dCrit(%, f) — % of Propo-
sition 2.4.18. Equivalently, every Lagrangian foliation & on S gives us a Darboux
chart given by the formal quotient % := S/%. Although we will not need this in this
paper, the approach via Lagrangian foliations was our first definition of the Darboux
stack inspired by T. Pantev’s talk [Pan14]. We still believe it will become relevant
when defining Darboux stacks for n-shifted symplectic structures in general.

3.4. Formal LG-pairs. To conclude this section we relate Darboux data to the
more familiar language of (formal) Landau—Ginzburg pairs (LG-pairs). We recall
the terminology:

Definitions 3.4.1 (LG-pairs).

(a) An algebraic LG-pair over C is a pair (U, f) consisting of a smooth C-scheme
U with a function f: U — A{. A morphism of LG-pairs (U, f) — (V,g) is a
morphism of schemes u: U — V such that gou = f.

(b) A formal LG-pair consists of a pair (%, f) where % is a smooth formal scheme
and f: % — AL. Morphisms are defined as in the algebraic case.

()This is indeed a substack, as the non-degeneracy condition is stable under étale maps, and
étale-local.



GLUING INVARIANTS OF DONALDSON-THOMAS TYPE — PART I 35

Construction 3.4.2. Consider the (limit-preserving) oco-functor of functions
LG := Map(—,A%): dSt? — Gpd,.

It comes with a canonical equivalence dStAé ~ [ LG where the right hand side is the
Cartesian Grothendieck construction of the oo-functor LG. Finally, the canonical
projection Liouv(X/Y/Z) — RI(Y, Oy ) in Construction 3.3.2 induces a symmetric
monoidal natural transformation of abelian group stacks on Fun(A?, dStc)

gt — | Goevy(—) (3.4.3)

where ev; : Fun(A?, dStc) — dStc is the evaluation at 1 in A?. Applying Construc-
tion 3.3.5, we get an oo-functor

Fact'® := Fact'®°®": (X - 2) = {X =Y — Z x At}

We now fix a derived stack X. Restricting the above functor along px (cf. Nota-
tion 3.3.10), the map (3.4.3) induces a morphism of stacks dSt¥ — CAlg(Cat)

Fact;o" —— Fact}®. (3.4.4)

We denote by LG/ the full substack
LGS C Facth® o (—)jk: (Xg™)% — Cato

(cf. Definition 3.3.14(a)) spanned by factorizations S — Y — Syr with a function
f:Y — A{ such that:

(i) The stack Y is a smooth affine formal scheme over C;
(ii) The map S — Y is a closed immersion and a reduced equivalence.

(iii) The form dfjy,(sy vanishes and the induced map to(S) < Crit(Y, f) is an iso-
morphism.

The same argument as in Proposition 3.3.15 shows that this indeed defines a sub-
stack. Assume further that X is Deligne-Mumford. For any (—1)-shifted exact
symplectic structure A, the natural transformation (3.4.4) restricts to a morphism
of stacks over Xgaff

Darby — ﬁﬂf/r (3.4.5)

Observation 3.4.6. Unpacking Construction 3.4.2, the functor (3.4.5) sends a fac-
torization S — % — Sgr with Liouville section s € Liouv(S/%/Sq4r) to the formal
scheme % equipped with the function given by the projection Liouv(S/% /Sqr) —
RI(%, 0y). A morphism of Darboux charts is sent to the underlying morphism of
formal LG-pairs under S

R

f

I
5

AL.

‘—
)

Si/
T~

X
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Observation 3.4.7. The role of the exact structure can be better explained at this
point. Recall from Definition 2.2.14 that any (—1)-shifted exact form A induces a
locally constant critical value function c¢y. Fix S étale over X and fix an S-point of
Darb%.. Using (3.4.5), we get an LG-pair

SRENTVENYNS

A rapid diagram chase then shows that f|s_, = cx. It follows that the choice of an
exact structure determines the critical values of the LG-pairs allowed as Darboux
charts. Corollary 2.2.15 then simply means that we can enforce Darboux charts to
have only 0 as critical value.

4. QUADRATIC BUNDLES AND THEIR ACTION ON THE DARBOUX STACK

As shown in Example 1.1.1, the space of local presentations of a (—1)-shifted sym-
plectic derived Deligne-Mumford stack as a derived critical locus has an internal
symmetry by the action of quadratic bundles. In this section we introduce the
convenient moduli of quadratic bundles acting on Darboux charts (Section 4.1),
construct the action (Section 4.3) and show that it is transitive — Theorem 4.4.1.

4.1. The stack of quadratic bundles with flat connection.

Notation 4.1.1. Let X be a derived stack. We denote by (A%, s, V = triv)
the trivial rank n vector bundle on X equipped with the standard quadratic form
Gstd = T2 + -+ - + 22 and the trivial flat connection.

Definition 4.1.2. Let S an affine derived scheme. We consider Quad¥ (S) the 1-
groupoid classifying non-degenerate quadratic bundles on S with an étale locally
trivial flat connection. More precisely, Quad" (S) classifies triples (Q,q, V) where
(@, q) is a non-degenerate quadratic vector bundle on S with V a compatible flat
connection along S, and such that, there exists an étale cover S’ — S such that the
restriction of (@, ¢, V) is isomorphic to (A%, gsd, V = triv).

Observation 4.1.3. In practice it will be more convenient to reformulate Defini-
tion 4.1.2 using the de Rham stack, identifying the groupoid Quad" (.S) with the full
subgroupoid of Quad(Syr) classifying étale locally trivial connections. In particular,
every object (@, ¢, V) € Quad" (S) is obtained via pullback from a quadratic bundle
@ on Syr, i.e., we have a Cartesian diagram

Q — @

!

S —— SdR-

Definition 4.1.4. We denote by BO the classical 1-stack in groupoids

BO = [[B(0.).
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equipped with its direct sum monoidal structure induced by the direct sum of ma-
trices
@: Op X Oq — Op-‘rQ'

Definition 4.1.5. Let X a derived Deligne-Mumford stack. We consider the stack
on Xdaf classifying quadratic bundles on X with an étale locally trivial flat connec-
tion, i.e.
Quady : (X&) — Gpd,,

[S 2 X] — Quad¥(S) := Quad¥(S)
as in Definition 4.1.2. By definition, this is the substack of

(X&) — Gpdy,

S — Map(SdR, BO)

spanned by locally trivial sections. The monoid structure & on BO induces a
monoidal structure on the stack Quady.

Observation 4.1.6. Consider Quadc = BO(C) = [, B(0,(C)) the 1-groupoid of
non-degenerate quadratic forms over C. Let p: X — Spec(C) be the canonical pro-
jection. Then the stack QuadY; coincides with p~!Quadc, where p~!: She;(Spec(C)) —
She(X) is the sheafification of the naive inverse image of presheaves p'. Indeed, no-
tice first that p’'Quadc is the constant functor with value Quade. Therefore, we can
consider the map of prestacks

(p'Quad¢)(S) = Quade — Quady(S)

sending (C%", ggq) to Q@ = (AL, gstd, V = triv). It induces an isomorphism on
as part of the Riemann—Hilbert correspondence applied to the classical truncation
of S. The defining condition of QuadY implies that after sheafification, the above
morphism becomes an isomorphism on the my-sheaves showing that the induced map

p 'Quadc — Quady

is an isomorphism of stacks.

Observation 4.1.7. Notice that by Definition 4.1.5, 7 (Q@;) ~ 73 as sheaves
(here g denotes the étale hypersheafification of the my-presheaf) corresponding to
the rank.

4.2. Quadratic bundles and Liouville complexes. The goal of this section is
to construct the action of the stack of non-degenerate flat quadratic bundles on
Darboux charts. We start with a symmetric monoidal enhancement of the discussion
in Section 3.3:

Construction 4.2.1. The Cartesian fibration evgy: Fun(A?% dStc) — Fun(A!, dStc)
of Construction 3.3.1 parametrizes a family of symmetric monoidal co-categories™

()|Lu-HAlg: §2.4.1]
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over Fun(A!, dStc), with the relative Cartesian monoidal structure. On objects over
X — Z, the tensor product of X — Y — Z with X — Y’ — Z is the fiber
product X — Y Xz Y’ — Z. Since this fiberwise monoidal structure is given
by pullbacks, [Lu-HAlg: 2.4.1.9] upgrades the stack Fact of Construction 3.3.1 to
an oo-functor Fact*: Fun(A! dStc)®® — CAlg(Cat,,), which, via the equivalence
|[Lu-HAlg: 2.4.2.5|, we can also read as an oo-functor

Fun(A', dStc)° x Fin, — Caty,
satisfying the Segal-monoid condition of [Lu-HAlg: 2.4.2.1|. Finally, we denote by

DFactx : / Fact® — Fun(A',dStc)°P x Fin,
T coCart
the associated coCartesian fibration.

Construction 4.2.2. The abelian group structure on the Liouville complexes ex-
tends the oo-functor &/™°": Fun(A2? dStc)°P — Gpd,, of Construction 3.3.2 to an
oo-functor

Fun(A?, dStc)°" — CAlg(Gpd.,)
which we can write as a map

%Liouv+

Fun(A?% dStc)°P » CAlg(Gpd,,) x Fun(A!, dStc)°P

o 7
2 Fun(A',dStc)°?

We now claim that the functor &M%+ is Fun(A!, dStc)°P-fiberwise lax symmetric
monoidal with respect to the Fun(A', dStc)°P-relative symmetric monoidal structure
of Construction 4.2.1 on the left hand side and the trivial Fun(A!, dStc)°P-relative
symmetric monoidal structure on the right hand side given by the Cartesian sym-
metric monoidal structure on CAlg(Gpd,,). The relative lax monoidal structure over
(X — Z) € Fun(A',dStc) given by the canonical sum morphism

Liouv(X/Y/Z) @ Liouv(X/Y"/Z) -2 Liouv(X/Y xz Y'/Z).

promotes &/“°"+ to a map between coCartesian fibrations

'Q[Liouv+

/ Fact® = > Fun(A', dStc)°P x CAlg(Gpd,,)*
coCart — —

Fun(A', dStc)°P x Fin,

where CAlg(Gpd, )* — Fin, is the Cartesian symmetric monoidal structure associ-
ated to CAlg(Gpd,,) and finite products therein |[Lu-HAlg:2.4.1.5]. It comes with a
functor 7: CAlg(Gpd,,)* — CAlg(Gpd,,). We consider the composition

Liouv+
/ Fact* 2=, Fun(A!,dStc)° x CAlg(Gpd, )* — CAlg(Gpd, ) — Gpd,,
coCart

(4.2.3)
where the last functor extracts the underlying oo-groupoid. Informally, it sends an
object (X — Y; = Z)icf1,.n} lying over (X — Z,(n)) € Fun(A',dStc)° x Fin,
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to the product J[;c(; .. ) Liouv(X/Y;/Z) € Gpd,,. Next, consider the associated
coCartesian fibration.
%‘ﬂLiouv E— FaCtX

coCart
together with the composition

Practx

ql:ﬁouv: %&ﬂ‘io“" — o @X . FU”(AI,dStc)Op x Fin,
coCart

which, being a composition of coCartesian fibrations, is also a coCartesian fibration.
Finally, we consider the straightening of ¢ ,.:

Fun(A', dStc)° x Fin, — Caty,

and observe that by construction it also satisfies the Segal-monoid conditions of
[Lu-HAlg: 2.4.2.1] relatively to Fun(A'!, dStc)°P. Indeed, by construction, the fiber
of practx over (X — Z, (n)) is the oo-category [["";(dStc)x, /7 and the restriction of
the functor (4.2.3) to this fiber, factors, by construction, through the n-fold product

n n Liouv n
i1 oA

[1(dSte)x/ /7 2= T Gpdoe —— Gpda
i=1 i=1

so that its Grothendieck construction is the n-fold product of the Grothendieck
constructions of each component. We obtain an oco-functor

Fact"*"#: Fun(A', dStc)° — CAlg(Cat,,)

together with a symmetric monoidal natural transformation Fact-°"® — Fact*,
providing a symmetric monoidal enhancement of Construction 3.3.5.

Observations 4.2.4.

(a) The monoidal structure in Factt°"#(X — 7) maps X - Y — Z and X —
Y' = Zto X =Y xzY' — Z, with Liouville section obtained using the
canonical sum morphism

Liouv(X/Y/Z) @ Liouv(X/Y"/Z) -2 Liouv(X/Y x5 Y'/Z).

(b) Consider the functor LG o ev; of Construction 3.4.2 with its canonical abelian
group structure and the lax monoidal structure induced by

RI(Y, 6y) ® RL(Y’, 6y/) — R (Y XY’ @mw)
A A

We can run Construction 4.2.2 replacing &“°" by LGoev; and obtain a
symmetric monoidal stack Fact*®®: Fun(A!, dStc)°P — Cat? | together with
a symmetric monoidal upgrade of the natural transformation (3.4.4)

Fact-o"# — Fact"®®. (4.2.5)

We are now finally ready to address the relation between quadratic bundles and
Liouville structures:
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Proposition 4.2.6. Let X € dStc. Tuaking the formal completion of the zero section,
defines a symmetric monoidal morphism of stacks dSt_c;?dR — CAlg(Cat.,)

5] Liouv,H
BOY, — Fact,?

such that the composite

BO‘E)D?dR SN mll;i;uv,ﬁﬂ N ﬂQ,eX(pX(_)’ _1)

rel

is nullhomotopic (where px is as in Notation 3.3.10).

Proof. Write ESch“"® for the full substack of FactL®" whose S-points are factoriza-

tions S = Y 5 S such that the morphism 7 is smooth and represented by a formal
affine scheme.

Lemma. The classical truncation ty FScht°" of FScht°" is a 1-stack.

Proof. Let S € Affc and pick an S-point of FScht®". It corresponds to a factoriza-
tion S Y 5 S (plus a Liouville section). Denote by NV ~ S*Q%//S the conormal
bundle of s. We can compute

E = ﬁber(Liouv(S/Y/S) — LQ?}S ~ T'(S, @S)) ~ ﬁber(F(Y, Oy) — L@?}Y>

as a (split) extension 0 — NV — E — ker(['(Y,0y) — T'(S,0s)) — 0. It is in
particular concentrated in degree 0 and the result follows. 0

We can now return to the proof of Proposition 4.2.6. The inclusion ty FScht°" —
to Fact'};';(’”" is stable under @, and it therefore suffices to use the evident symmetric
monoidal functor

BOY,, — to FSch-e"™

mapping a quadratic bundle (Q,q) — S over S = Spec A € Affy,, to the formal
neighborhood @) of its zero section, equipped with the Liouville section:

q > 0 < 10
m m m

Sym,(Q¥) —— Sym3'(QY) +—— A (4.2.7)
12 12 |

[(Qo 0g,) — LOT), ——— LOS

which is easily checked to be monoidal, as formal completion preserves fiber prod-
ucts. U

4.3. Action of quadratic bundles on the Darboux stack. The goal of this
section is to construct a natural action of quadratic bundle on the Darboux stack:

Theorem 4.3.1. Let X be a derived Deligne—Mumford stack with a (—1)-shifted
exact symplectic form \. The monoid stack QuadY of Definition 4.1.5 acts on
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Darb), in a way such that the action by (@,q) € Quad¥(S) sends S —» % ENUN
(forgetting the rest of the Liouville section) to

S o« @ I AL

Sdr

Proof. Consider the morphism BOY  — Fact,®"# of Proposition 4.2.6. Restricting
to the small étale site of X via (—)3, we get a nullhomotopic composite morphism

Quady® C BO%R o (—)ar = FaCtLIOUVEE o (—)ar = Dy (px((—)ar), —1)*
~ o (—, —1)T

| X gt
Recall from Definition 3.3.12 the notation
Facts®* o (—)3% = ﬁber(FactzL)i;;“" o (—)ae — > (—, —1) xaat 3 /\).

We get this way an action of Q@;’ on FactL'OT)"(i)ff = Fact'-'°”" Ao (=) using the

symmetric monoidal structure of Construction 4.2.2

Liouv,\

Liouv,\
g X @p IXdaff

‘Xdaff

Liouv,0

Quad}'® x FactL'°”V’\ — Fact o xds SN Fact
ét

IXdaff

Recall now from Definition 3.3.14(b) the definition of the Liouville substack Liouvy

L'°T)"(j‘ig Let us show that it is preserved by the action. Un-

packing the construction, the action of (@, q) € QuadY (S) is (forgetting the rest of
the Liouville section)

(S—i>%i>A1>»—><S@%S>< éofﬂAl).
dR

as a substack of Fact

In particular, since % xg,, @y is a smooth formal scheme and (,0) is a reduced
equivalence, we see that Liouvg\( is preserved by the action.

To conclude, it remains to show that the Darboux substack of Definition 3.3.16 is
also preserved by the action, or in other words, that the isotropic fibration structure
of S - U xg Sir @0 is non-degenerate if that of S — % is. Let us assume the latter.
Since S — @, factors through Sgr by construction, the morphism S — % Xxg,, Qo
factors through % . The isotropic distribution associated to our action thus yields a
null-homotopy of the composite morphism

TS/%XS 6, =~ Ts/% P Q[ ] — TS/% — TS ~ LS[—l] — LS/%[—l] — LS/%[—” o, Qv.

Since the action adds up Liouville structures, it adds up the isotropic structure and
thus the associated boundary operators as well. In particular, by (4.2.7), the induced
boundary operator cofiber(Tg/ @ Q[—1] — Ts) ~ ©*Ty, ® Q ~ Lgz[-1]® Q —
Ls/z[—1] @ Q" is identified with idy -1 @ Hess(q). It is an equivalence as g is
assumed to be non-degenerate, and the action indeed preserves Darby . O

Observation 4.3.2. Observation 4.2.4(b) implies that the action of quadratic bun-
dles is compatible with the convolution B of LG-pairs. In particular, Theorem 4.3.1
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establishes the pattern observed in Example 1.1.1, namely, the exact symplectic

identification of dCrit(%, f) with dCrit(# B @, f B q).

4.4. Transitivity of the action. The goal of this section is to prove the transitivity
of the action of Theorem 4.3.1. Since Q@X— is a monoid, the notion of transitivity
only makes sense in the group-completed sense:

Theorem 4.4.1 (Transitivity). Let X be derived Deligne—Mumford stack equipped
with a (—1)-shifted ezact symplectic form . Then, the action of QuadY on Darby
18 transitive.

More precisely: for any S € X with Darbouz charts %, 7 € Darby(S), then,
étale locally on S there exists quadratic bundles @,,Q> € QuadY and equivalences
%Eﬂ@l 2%5@2 m Darb3\(.

In particular, the étale sheaf mo(Darby /QuadY,) is trivial.

Observation 4.4.2. Recall from Definition 3.3.16 that we defined Mﬁ( as a stack
in oo-groupoids. There is however a natural notion of morphisms by taking the corre-
sponding full substack (in co-categories) of Mf;{. Similarly, the stack in groupoids
QuadY has a natural categorical enhancement, and the action of Theorem 4.3.1 is
obviously compatible. In particular, for any S € X3 and any quadratic bundle
(@,q) € QuadY(S), the canonical morphism 0 — (@, q) of quadratic bundles induces
a morphism

U=UB0O>UBQ=U X @, € Liouv’ (S)
dR

for any % € Liouvy (S) (and a fortiori in Darb) (S)).

One of the main ingredients in proving Theorem 4.4.1 is the following converse:

Proposition 4.4.3. Let S € X8 and p: U — ¥ in Liouv(S). If both % and ¥
belong to Darb (S), then p is étale locally of the form U — % 8@ as in Observa-
tion 4.4.2 where @Q is the normal bundle of p.

Proof. Fix the notations

S%\”‘
Ay

QT&
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e Step 1. Consider the underlying map of isotropic distributions. As in (2.4.4), it
fits in a sequence of pushout squares in Perf(5)

Loy

[ 1

T
TS/CZJ i} TS/"W 4 y Tg Ly [—1]ows

| - Hi

0 —— Mo j—m’*T%%LS/%[ 1]
D

| "l @ s

0 —— j*TW W I—S/%[ ]

where the 2-cell () stems from the homotopy 77, ~ Sym*((Ts/,)V[—1]) o o (i.e.
the isotropic structure on the morphism p) and A% Jv = coﬁber(D Ty — p*Ty).
Since 7y is Lagrangian, «,, is an equivalence. Therefore, we find a, Yo (Tgy,)V[—1]0
Qy, 0 D, ~ id so that r, == a, ' o (Tg/,)"[~1] 0 ay,, is a retract of D,. Using this
retract we find a compatible direct sum decomposition Ty =~ i*Ty EB i* Ny 7 and
i* Ny ) is thus projective. It follows that /4 /o is projective over %. In particular
it is concentrated in degree 0 and p is a closed immersion.

e Step 2. (Special tangential splitting): Denote by /) 7 the conormal bundle of
p and consider the exact sequence 0 — /) R Ly — Ly — 0. As % is smooth,
it always admits a %-linear splitting. Choose such a splitting r: p*Ly — A,/ /- We

in particular get a commutative diagram (to avoid cluttering the picture, we omit
the pushforward functors)

T

My 5 p'ly —— Ly

l i (r) l l

The section p*d(g) of p*Ly has a nullhomotopic image in j*Ly (recall that S ~
dCrit(g)), so that r(p*dg) canonically lifts to a section a, of

o LQE}% ® Ny} g == fiber(Oy — Os) 2 Nty == fiber (M) g = 0" ) )

Using the explicit model for Og of (2.2.7), the complex LQ 5/ can be represented as
[+ — A*Ty — Tg], and we thus get a surJectlve morphlsm
Denote by b, a lift of a, and by rq the twist of » by —b,: Lyy — /V%V - By construc-

tion, we get a new splitting ro such that a,, vanishes®™.

(*)The arguments of Step 1 provide a structural splitting of ¢* %V/% — j*Ly — i*Ly. We
suspect that this splitting coincides with i*(rg).
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e Step 3. It follows from Step 1 that 7 identifies with the formal neighborhood of
% in 7. As both % and 7" are smooth, a standard deformation theory argument
allows us to extend the tangential splitting ry to a geometric splitting: there exists
an isomorphism a: 7 ~ V(N /7) such that p corresponds to the 0-section and such
that the splitting D/: p*Ly ~ Ly & A5/ o coincides with rg.

We denote by 7: 7 ~ V(A /7)) — % the projection to complete the diagram (where
fm # g in general)

e/chz/O//

N

a1 5 AL

Consider the commutative diagram

/V%Vf7 — 1 ,/V%/%

| |

Oy — LQ), —— L5, «—— LO5' 3 As

[ |~

O —~— LQ), — L5,
By construction, the function h = g — fr is mapped to 0 in 0Oy and it therefore
induces a section of dh: C — /) - Moreover, the Liouville structures on % and

7', as well as their compatibility with p induce a nullhomotopy of dh in i*/4;) 7
Unraveling the construction, the corresponding lift to

LQE}% ® Nyl = fiber (A5 = "))

is nothing but a,, ~ 0 (we use here that ro(dh) = ro(dg)).

It follows that the Liouville structure on 7" is homotopic to the sum of the restriction
of the Liouville structure of % along m with the section of its Liouville complex given
by
ho >0 >0 < 1 0
m m m m
Sy (N jg) — Sym! () ) — LSS, +—— LOF'
12 12 [ [

N7, 0y) ——— LO5, ——— LO5),

—— LOS.
In virtue of (4.2.7), it is now enough to ensure that h: V(4 /7) — Al is isomorphic
to a quadratic form. This will be a consequence of the formal Morse lemma.

e Step 4. (The function h is relatively Morse) Consider the relative derived critical
locus dCrity (7, h) (see Definition A.1(a)). Its relative tangent over % is the 2-term
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complex

Hessy,

Odcrity (7 h) @ N — Oacrity(7,n) @ /ch>//f«y
where Hess), is the Hessian of h. Because dCrit(%, ) ~ S ~ dCrit(V, g), we have a
commutative diagram where rows and columns are fiber sequences:

. Hess ¢ .
Tg — i*Tgyy ——— *Ly

H | |

Ts —— " Ty —— 'Ly

Hessg
| ! |
0 —— " Nayr 5z Hess! i*/VCZ[v/W.

In particular, ¢* Hess,, is an equivalence thus so is Hess;, by Nakayama. It follows
that dCrity (7", h) ~ % and h is thus relatively Morse (see Definition A.1(b)).

e Step 5. (Conclusion) We now apply the formal Morse lemma (see Lemma A.2)
and get a (non-linear) automorphism of V(4 /7) identifying h with a non-degenerate
quadratic form ¢. Up to further étale localization, we can assume the corresponding
orthogonal bundle is trivial: we get an isomorphism of quadratic bundles /5,9 ~
U x (A", S" 22). Denoting by @ := Sqr x (A", Y 22), we have 7" ~ % @@ in Darb} (9).

O

Proof of Theorem 4.4.1. Since 7" is formally smooth and % is a formal thickening
of S, [Stacks: Tag 02GZ] guarantees the existence of a morphism of formal schemes
0: % — V which commutes with the inclusion of S:

i U
S — 1o
j\/‘ v .

Etale-localizing on S, we can and do assume that Ly is trivial, Ly, ~ O™

Ddim % 3 : 3 v 3 -— Ddim % V_
p* 0™ . In this case, we consider the object of Quad™ (S) given by @ := (Og™" )" ®
@gﬁm ” equipped with the standard non-degenerate quadratic form

(i )

It comes with an equivalence () :== Qs ~ i*Ly ®i*Ty. The action of Theorem 4.3.1
equips 7" B @ with a structure of Darboux chart and Observation 4.4.2 renders the
inclusion s: 7© — 7" 8 @ a morphism of Darboux charts.

Now, the section df of Ly combined with the zero section of Ty, gives a section

7BQ —— @

p=(df.0) | _ |
A /g> v

> Var = Sar-
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and the null-homotopy df; ~ 0 coming from the Darboux structure on % provides
a 2-cell rendering the commutativity of the diagram

S—>%

| 7

U —— 7 BaQ.

The map p thus obtained is not a priori a map of Darboux charts. The rest of the
proof consists in changing the Liouville structure in 7" 8 @ in order to make p a
map of Darboux charts, while preserving the Liouville compatibility of s. Since the
exact structure on S is fixed, the failure of p to be compatible with the Liouville
structures is the failure to be compatible with the isotropic structures. Denote by
N, Nz and Nyge the respective isotropic structures:

LOZ, 1]
e
C =2 LOF’[1] — ng;/?m@[l]
W
LS, (1]

with 79 = s* 0 Ngrgze being the horizontal composition of 1y-5e with s* (since s is a
morphism of Darboux charts). We get two null-homotopies 7y and p* o nyge of the

composite C — LQE/QW[ |. Their difference is a morphism § = (g — p* ongrzg): C —

LQE/Q%, i.e., an element ¢ € HO(LQE/Q%) Our main computation is the following:

Lemma 4.4.4. There ezists A € H(LOZ2

5/7se) such that

(a) The isotropic structure nyge + A on 7" B @ is Lagrangian,
(b) s*o A =0 inH (LQ;Q%)
(c) pfoA=34.

Let us first see how this lemma implies Theorem 4.4.1. Setting 1 == e + A as a
new Lagrangian structure on 7" @ @, we get:

pron=p onyee +90 ="y and s on=s"onNyae +0=ny.

In particular, we find a common upper bound (%, 1) — (7'8@Q,n) < (7", 1y ) in the
oo-category of Darboux charts of S. We can now conclude using Proposition 4.4.3.
O

Before proving Lemma 4.4.4 we will need a preliminary step related to the statement
of the lemma:
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Construction 4.4.5. Let (E,?,n) be an isotropic distribution on S = Spec(A).
The 2-cell 7 is a null-homotopy of the composition (2.4.8) and the choice of any
other symmetric bivector 7: Og — Sym?%(EY[—1]) can be understood as a self-null-
homotopy of the zero morphism 0: G5 — Sym%(EY[—1])[1]. Therefore, the sum 7-+7
(corresponding to the composition of null-homotopies) is a new isotropic structure
on the same distribution ¢: E — Tg. In this case the induced maps o, oy~ Ny —
EY[—1] differ by the composition

Qyir = Qy + 700, N, —%5 E[1] —=— EV[-1] (4.4.6)
where 7 is the self-dual map induced by 7, and 9, the boundary operator of (2.4.2).

Assume that 7 is Lagrangian and let 7,, be the symmetric bivector given by the image
of 7 via the map Symz(agl): Sym?(EV[—1]) — Sym?*(N,). Then 5+ 7 is Lagrangian
(i.e. ayyr is an equivalence) if and only if

a;l O Qyyr = a;1 o (an +ToO ag) (4?6) idN@ + 7,0 I‘L7 (447)

is an equivalence, with H, as in Construction 2.4.13. Notice that, since both H,
and 7, are self-dual, so is their composition.

And a second result on connectivity estimates:

Lemma 4.4.8. Let % € DarbX(S). Then the dg-module LQ?}’% is connective, i.e.,
it belongs to dgModéO(*).

Proof. By definition (Notation 2.3.5), LQE}’% = |DR(S/%)|>?[—2p] and because of

the Lagrangian condition, as a graded module, we have
DR(S/%) ~ @D Sym(i* T« [2]) = @D (Syme(i*T«))[2n]
n>0 n>0

We remark that (Sym$(i*Ty))[2n][—2n] = Sym§(i* Ty ) is connective. We fall in the
following general situation: let E = P, -, En € dgModc ®" as in Reminder 2.1.4(b).

Suppose that for all weights n > 0, E,[—2n] € dgModéO. Then for any p > 0,
the totalization of Reminder 2.1.8, given by |E|ZP[—2p]|, is connective. Indeed, by
construction, |E|=P[—2p] is the (product) totalization

Tot( EP[—2p] <5 EPH—20p+ D[] =5 -+ < EP[—2(p +n)][n] =5 - )

Proof of Lemma 4.4.4: We divide the proof in two parts:
e Step 1. We first show that the morphism of mixed graded cdga’s

X = (p*,s"): DR(S/7 B@Q) — DR(S/%) ® DR(S/7")

*in cohomological convention



48 BENJAMIN HENNION, JULIAN HOLSTEIN, AND MARCO ROBALO

admits a section o as a map of graded dg-modules (not compatible with the mixed
structure). Indeed, by Construction 2.3.1, as map of graded modules, x is induced
by the map in weight 1

X = (T T, [1): Ljymell] —— Loz [1] @ Lsja[l]

where Tg/s and Tg/, are as in (2.4.4). Using the Lagrangian condition independently
for 7 © @, %, and 7", x'")[—2] can be written as a block matrix

(& 7)) rreq— iTreirT,

Now, since by construction s: 77 — 7" 8 @ is the 0-section, we have A = id and
B = 0. It remains to describe the map C and D. Recall that by construction
we have Q ~ i*Ly & i*Ty. We split D in a block matrix D = (DL Dr): Q ~
"Ly ®1* Ty, — i*Tg. Now, by compatibility with the boundary operators, and using
Construction 2.4.13, we find a commutative diagram

Hess
[ N oy 1
. « x - x
] T% ” Ts/%[l] = > 1 L%

lD” lTS/»[” K %; ) (4.4.9)

780 o

L 7se T

Hess;, 0 O
Hessgmq= 0 0 id
0 id 0

By definition of p, the tangent map D, is the block matrix D, = (Dg Hess; O),
where Dy the tangent morphism of #: % — 7”. Finally, the map of fiberwise distri-
butions induced by 6, Tgjg: Ts/z — Ts/7, allows us to complete diagram (4.4.9)

i Hess i
Z*T% > Z*L%

v
H]eDses gv
0 f (Hessg 0 O) D_\II__/
1 0 0id 1
. . . 0 id 0 . . . _
Do| 7Ty ®i*Ly @ 1*Tyy ——— j*Ly @ 1* Ty ®i*Ly | 7=y, oTslllo(ay,) ™!

(id00) (id0o0)

~ ~

—_— j*Tty > j*LW <

Hessg

where the outer square is a pullback since the fibers of the horizontal arrows are
constant equal to Tg as in (2.2.9). Since the lower square is obviously a pullback so
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must the upper square be. We also have an obviously Cartesian square

i Hess ¢ .
Z*T% > Z*L%

o ( 6 )
H <
eOSbf Hessg 0 0 id
0 O0id
0 idO

Ty @& it'Ly @ "' Ty ——— j*Ly & " Ty B i"Ly.

This implies C = 7V, Dy = id and D, = 0. In conclusion, we have

X(l)[Q] = (,7'_\/ 0 id)zj Ty @i'Ly 1" Ty — 77Ty ®i"Ty.

It admits a section o given by the matrix

id 0
-7V id

This implies that, forgetting the mixed structure, the morphism of graded complexes
x = Sym(x!)) admits a section.

e Step 2. Since the realizations of Reminder 2.1.8 preserves fibers and direct sums
(being a right adjoint), x induces morphisms

> > >
Xp: LQE}JWM — Lng% ® LngW.
By Lemma 4.4.8 both source and target of x, are connective. We now observe that

fiber(x,) ~ | fiber(x)|*|—2p] remains connective. Indeed, the fiber of x is a mixed
graded module £ given in weight n > 0 by

E" = ﬁber(Symg(j*TW ® Q) RS Sym§(i* Ty ) @ Symg(j*T%)> [2n].

Using the section of x of Step 1, we see that E"[—2n] is connective and we can
conclude as in the proof of Lemma 4.4.8. We obtain a morphism between the fiber
sequences (2.1.22) and thus a morphism of (vertical) exact sequences

HO(LOG), ) X » HO(LOZ),) @ HO(LOZ),)
HO(LQE/ZWBHQ> i » HO(LQE/ZW) ® HO('—Q%/%W)

L 0'(2)::Sym2(o') i

HO(Sym2 (5T ® Q) 5 HO(Sym2(i"Ta)) @ HO(Sym?(j*T5"))

X =sym? (x)
(4.4.10)
where the double-headed arrows are surjections and ¢ := Sym*(c) is the section
of x? obtained in Step 1.

e Step 3. Consider now the element

(6,0) € H°(LOG, ) @ HO(LOG,,)
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and denote by (7,,,0) its image in H’(Sym%(i*Ty)) @ H’(Sym%(5*Ts)). The ele-
ment 7, is the bivector induced by ¢ on the underlying distribution of % (Exam-
ple 2.4.16), as in Construction 4.4.5. A straightforward computation shows that
the element 0 (7,,,0) coincides with the image of 7,,, via the canonical inclusion:

H(Sym§(i"Ta)) C H(Syms (5" Ty @ "Ly " Te)) = H(Syms(j* T & Q)),

ie.,
-0 0 0 0
0(2)(%,0):0( 0 O)avz 0 7 O] (4.4.11)
0 0 0

Now, denote by A; a lift of ¥ (7, 0) to HO(L§§/2%E@) in (4.4.10). By construction

(0,0) — x2(Aq) lifts to some class a € HO(Lﬁg}g%) & HO(L(A%/S%), which in turn lifts

to d € HO(LQ§;’%E@). We denote by A, the image of d in HO(Lﬁgf%E@), and set
A = A; + Ay. By design, we have x2(A) = (6,0). This implies assertions (b) and

(c) from the lemma.

It remains to show (a) claiming that the isotropic structure nyge + A is Lagrangian.
Since this a property of the underlying isotropic distribution, we find ourselves in
the context of Construction 4.4.5 and it suffices to show that the map (4.4.7) is
an equivalence. By design, the image of A in H°(Sym%(5*Ty @ Q)) coincides with
the image of A; and thus recovers o(?(7,,0) described by the matrix of (4.4.11).
Therefore, we are reduce to showing that the map

id + c®(r,,,0) o H

N7 Ba

is an equivalence. It follows from the computation (relying on Observation 2.4.19):

0 0 O Hess, 0 0 00 0
g(z) (7—77%7 0) o HT]7/EE@ - 0 TS O O O |d = O O TS
0 0 O 0 id 0 00 0
This concludes the proof of Lemma 4.4.4 and thus of Theorem 4.4.1. U

5. Al-ISOTOPIES OF DARBOUX CHARTS

In Theorem 4.4.1 above we saw that the quotient M& / Q@; is connected. Un-
fortunately, as Example 1.1.2 shows, this quotient stack is not contractible. Obser-
vation 1.1.3 suggests the next step: we need to identify isotopic maps of Darboux
charts. In Section 5.1 we review the classical formulas of Al-localization as intro-
duced in [MV99] and in Section 5.2 we explain our new general procedure of isotopic
localization. In Section 5.3 we construct the new stack of Darboux charts and qua-
dratic bundles up to isotopies and finally in Section 5.5 we prove Theorem A.

5.1. Reminders on the classical Al-localization. Before introducing the new
moduli of Darboux charts where isotopic maps are identified (Section 5.3 below),
we need some preliminaries, starting with a well-known notion of Al-invariance.
Throughout this section we fix Y a derived stack.
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Definition 5.1.1. Let G € PSh(dAffy, Gpd_ ) ~ PSh(dAffc, Gpd_ )y ™). Recall from
[MV99] that G is said to be A}-local if the canonical morphism induced by compo-
sition with A}, — Y

G ~ Map, (Y, G) — Map, (A}, G)
is an equivalence of presheaves. This is by definition equivalent to asking that

for any S € dAffy, the morphism G(S) — G(S x Al) is an equivalence. Let
I/’:Slh: PShay (dAffy, Gpd,,) C PSh(dAffy, Gpd,,) denote the inclusion of the full sub-
Y

category of Al-local presheaves. By the results of [MV99] (see also [Rob15]) this
inclusion admits a left adjoint Lzslh. We denote its unit by 71 : id — Lzﬁh
Y Y

Reminder 5.1.2. As explained in [MV99], the functor Lzslh of Definition 5.1.1
Y
admits an explicit model using the algebraic simplices
&= Spec(C[x07 . .;pn]/(xo Feedm, = 1))

They fit in a cosimplicial diagram &: A — dAffc. For G € PSh(dAffy, Gpd,), we
have an equivalence in PSh(dAffy, Gpd_,)

|Zsih o Lzslh(G) ~ colim Map,.( & x Y, Q).

Y Y [n] cAo°P

See [AE17: §4.3] for details.

Notation 5.1.3. Let € and & be oo-categories and G: €°° — D an oo-functor.
Given S € €, we consider the restriction G|y defined by the composition (€/s)°® —
EP — D.

Observation 5.1.4. Given G € PSh(dAffy, Gpd,, ) and S € dAffy we have
Map, (A}, G)|s =~ Map(As, G,) (5.1.5)

In particular, the restriction (—),: PSh(dAffy, Gpd, ) — PSh(dAffg, Gpd,,) sends
A} -local objects to Al-local objects. Finally, we observe that (—);, commutes with
the Al-localization formulas:

s

ls

(IPS" 0 Lf\i:(c;)) ~ colimMap,.( 2 x Y, G)

1
Ay s [nlea

. n ~ |psh sh
~ <[:;3]|€|gwmps( ¢ x5, Glg) = 1 o Ly (Gls)-

Observation 5.1.6. Let € be a presentable oco-category and let

Lo Ll

%0%% %1%%

(*)ef. Notation 1.6.2(c)-(i).
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be accessible reflexive localizations™® and consider the intersection

%Om(gl ‘i_0> %1

%0"7)%

By |[Lu-HTT:5.5.4.17, 5.5.4.18| each inclusion admits a left adjoint L : €y — € N
€1, L: €1 — 6o N € and therefore the square of left adjoints commutes. In
particular, this exhibits the inclusion i = iy oiy = igoi}: Gy N €1 — € as an
accessible reflexive localization with left adjoint L] o Ly = L o L.

Construction 5.1.7. Consider the pullback

Ish

Shay (dAffy, Gpd.,) < Sh(dAffy, Cat..)

j - P LShY

PShyy (dAffy, Gpd.,) <% PSh(dAffy, Gpd.,)

where Sh(dAffy, Gpd,,) denotes the co-topos of étale hypersheaves. We denote by
Lzh%w the left adjoint to the inclusion IsAhlyz Shau (dAffy, Gpd,) € Sh(dAffy, Gpd,),
given by Observation 5.1.6.

We will need the following construction to describe the functor LZhl explicitly:
Y

Construction 5.1.8. Let €, €y and %; be as in Observation 5.1.6 and assume
without loss of generality that €, and €, are both k-accessible reflexive localizations
for k a regular cardinal. Denote by 79: id — ig o Ly and n;: id — 4 o L; the unit
natural transformations and consider the endofunctor ® :=i; 0L 0igoLg: € - €
together with the natural transformation

i10L1 (no)om
—

v idg P

Let Seq|r| be the poset of ordinal numbers v < k. Since & is regular, Seq[x] is £-small
and r-filtered. As in [MV99: page 76] and since € admits all xk-small colimits, we
consider the Seq[x]-diagram of endofunctors of € defined by transfinite induction as
follows:

d If’}/zo’ (DO = |dcg,
o I[fy=+"+1, we set &7 ::@oq)v’;
o If v is a limit ordinal, we set ®7 := colim, ., & with transition maps given

by the iterations of v.

(*)See [Lu-HTT:5.4.2.5, 5.5.4.2]
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Finally, we define an endofunctor ®" of € as the colimit of this Seq[x]-diagram

®" = colim ®” (5.1.9)

Y<K

together with the natural transformation p: idg — ®".

Lemma 5.1.10. Let €, €y and €1 be as in Construction 5.1.8. Then the composi-
tion ioLi: € — € coincides with the endofunctor ®*: € — € of Construction 5.1.8.
In particular, the composition iy o Ljy: €1 — €1 coincides with the composition

LloCI)”oz'l = (LloiOOLQOil)HZ %1—)%1. (5111)

Proof. A sketch of proof can be found in [Rob15: Lem.4.42.] in the particular case
of Nisnevich and Al-local sheaves. We give here a context-independent complete
argument since we need it for hypersheaves on the big étale site of derived affine
schemes. Let X € €. By cofinality, the canonical map

O (vx): (X)) = (D (X))

is an equivalence. Since i; is fully faithful and preserves r-filtered colimits, we
conclude that ®"(X) belongs to the essential image of ;. The commutativity of the
diagram of natural transformations

id Lol
lno v [aetatom (5.1.12)
oid; .o
iOOLO 0ot iloLlOiooLOI:(I)

implies that by cofinality we can also write
(I)H(X> ~ ‘I/H(?:O @) L()(X))

where W = i35 0 Ly o7 o Lj and ¥* is defined as in Construction 5.1.8. Since 7,
is fully faithful and preserves r-filtered colimits, it follows that ®"(X) belongs to
the essential image of i5. We conclude that ®"(€) C €, N €;. In particular, if
n: id — 7oL denotes the unit of the adjunction, the induced natural transformation

noidgrs: ®* =ido ®" — 10L o P”
is an equivalence.

Now, assume X € €, N ;. In particular, when seen as an object of €, both maps
no: X — ipoLo(X) and n;: X — iy o Ly(X) are equivalences. In this case all the
maps in (5.1.12) are equivalences and so is vx: X — ®(X) and therefore, so is
Mx: X = @H(X> This shows Cgo N (‘gl - @K(%) We get (I)H(Cg) = (go N (51- In
particular, both natural transformations

poidir: oL = ®"oioll and poidgs: &% — O o P~

are equivalences. In summary, for every X € € the natural transformations p and
n (with its universal property exhibiting L as a left adjoint) provides commutative
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diagrams
X —X 4 ioL(X)
HioL(X)
1 ‘ \)
or(X) — ) s &% (i o L(X))

~ ioL(px) =T
Nk (X) 7

ioL(®%(X))
In particular, we find that the following conditions are equivalent:

(a) the map px: X — ®%(X) is an L-equivalence, i.e. 10 L(ux) is an equivalence;
(b) the dashed map is an equivalence;

(c) nx is a ®"-equivalence, i.e. *(nx) is an equivalence.
We conclude the proof by showing that indeed px is an L-equivalence. By construc-
tion, it suffices to show that vx: X — ®(X) is an L-equivalence. This is in turn
tantamount to proving that for every object Y € €, N &1, the composition
Mapg (®(X), i1 0ig(Y)) = Mapg (X, i1 0ig(Y))
is an equivalence. We compute
Mapg (©(X), i1 © ih(Y)) = Mapg (i1 0 Ly o g 0 Lo(X), iy 0 i§(Y))

=~ Mapg, (L1 0 ip 0 Lo(X),4(Y)) =2 Mapg (ip © Lo(X), i1 0 i(Y))

~ Mapy (io 0 Lo(X), ig 0 74 (Y)) = Mapg, (Lo(X), 7} (V)

~ Mapg (X, ig 0 17 (Y)).

The assertion concerning the formula (5.1.11) is now a direct computation using the
fact both 7; and L preserve s-filtered colimits by assumption. O

Corollary 5.1.13. In the context of Lemma 5.1.10, if both Ly and L; preserve
finite products, so do Lj and L.

Proof. The formula for L, established in Lemma 5.1.10 in terms of the r-filtered col-
imit (5.1.9), implies (as r-filtered colimits preserve s-small limits [Lu-HTT:5.3.3.3]
and in particular, finite products) that L, preserves finite products. Therefore, so
does the composition L = Lj o L;. U

Observation 5.1.14. The localization
LshY

—
Sh(dAffy, Gpd.,) ———» PSh(dAffy, Gpd..)

is k-accessible for some regular cardinal k. At the same time, the reflexive localiza-
tion

psh

Ly

—
PSha (dAffy, Gpd.,,) e PSh(dAffy, Gpd,)
A

Y
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of Definition 5.1.1 is w-accessible since Aj-local presheaves are stable under fil-
tered colimits. In particular it is also k-accessible for any regular cardinal k£ > w.
Therefore, Lemma 5.1.10 with Ly = LZS;, i = IZS;, L; = L, i = I implies
that

I3 oL ~ @ : Sh(dAffy, Gpd,.) — Sh(dAffy, Gpd,,)

where Ppy = Lshy o |"Z§:1 o Liih o Ishy
Lemma 5.1.15. Both localizations Lf\ﬁh and L'Zhl (of Construction 5.1.7) preserve
Y Y

finite products.

Proof. The results of [Lu-HTT:5.5.8.4, 5.5.8.11| combined with the explicit descrip-
tion of Lzslh of Reminder 5.1.2 implies that Lzsih preserves finite products. Since
Y

Sh(dAffy, épdoo) is an hypercomplete oo-topos, the sheafification functor also pre-
serves products [Lu-HTT: 6.2.1.1|. Finally, we apply Corollary 5.1.13. O

5.2. Al-isotopic localization. For our main results we will only need to impose
Al-invariance on the mapping spaces of categorical sheaves (such as the Darboux
stack). For this purpose we will need some categorical preliminaries:

A. Categorical suspension.

Construction 5.2.1 (Categorical suspension — cf. [Lur23:01LJ]). Let E € Gpd,,
viewed as an object in Cat,, via the inclusion Gpd_ C Cat,,. We define the categor-
ical suspension X E of E as the pushout in Cat,,

E x 0A'" —— OA!

j N l (5.2.2)
ExA' — 5 Y E

where £ x OA! — OA! is the canonical projection. The oo-category ¥ E con-
tains two objects 0 and 1 and Mapy, ;(0,1) ~ E. This construction defines an
oo-functor ¥(—): Gpd,, — Cat,, and since ¥ = Al it factors by ¥(—): Gpd,, —
(Catoo)@Al/_/Al.

Remark 5.2.3. The functor ¥(—): Gpd,, — (Cat)ga1/— a1 preserves finite prod-
ucts:

S(Ey x By) ~ S Ey x 3 B,
Al
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Observation 5.2.4. As explained in |[Lur23:01LL]|, for any oo-category & with
objects x and y, the pushout (5.2.2) induces a fiber product in Cat:

Fun(E,Mapgy(z,y)) —— Fun(X E,2) —— Fun(E x A, D)
| - | - |

A B PP Fun(E, D x D)

where the central vertical map is given by composition with OA! — X E. In par-
ticular, the constant diagram functor @ — Fun(E, D) is fully faithful if and only if
the functor Fun(A!, 2) — Fun(X E, D) induced by X E — A' is an equivalence.

B. Locally A'-local presheaves of co-categories.

Notation 5.2.5. Let € € Cat,,. We (abusively) denote by ¥ the co-functor
S: PSh(%, Gpd,,) —2=+ PSh(%, Cat..).

In particular, for any C' € €, we have ¥ C' € PSh(%, Cat.,), where C is identified
with its image by the Yoneda functor.

Observation 5.2.6. Let ¥ € Cat,, with finite products and F' € PSh(%, Cat,,).
Then by the enriched Yoneda lemma [Hin20:§6.2.7] and the fact that the constant
diagram functor is left adjoint to the global sections functor, we find for any I € Cat,
and C € €, formulas for the internal-hom in PSh(%, Cat.,): for any S € €

Map(1, F)(S) = Fun(I, F(S)) and Map(C, F)(S) = F(C x S)

(where the constant diagram and Yoneda functors are implicit).

Definition 5.2.7. Let Y be a derived stack. Let F' € PSh(dAffy, Cat,,). We say
that F is locally Al--local if the natural transformation ' — Map(AL, F') (induced

by composition with A}, — ) is fully faithful when evaluated on each object of
dAffy. We denote by

lpsh,cat: PShEA%, (dAﬂ:Y, Catoo) - PSh(dAﬂ:Y, Catoo)

SAL

the inclusion of the full subcategory spanned by locally Al -local presheaves.

Proposition 5.2.8. A categorical presheaf F € PSh(dAffy, Cat.,) is locally A -local
if and only if F is local with respect to the canonical map LA}, — Y« = Al in the
sense of [Lu-HTT:5.5.4.1], i.e. the induced map
F*" = Map(X , F) — Map(S A}, F)
is an equivalence. The inclusion IESZ’f * thus admits a left adjoint L;SZ’f * presenting
Y Y

locally AY--local presheaves as a presentable localization obtained by inverting the
class of maps {S x L AL — S x A'}gegar, 7.

(*)remark that the class of maps in indexed by S in dAffY but is not itself in dAffY
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Proof. According to Observations 5.2.4 and 5.2.6, it follows from Definition 5.2.7
that F is locally Aj-local if and only if the diagram

Map(A', F) ————— Map(A! x A}, F)

| |

F x F'——— Map(Ay, F') x Map(Ay,, F)

is Cartesian. Since L A{ ~ Al x Al HpatxaL OA!, the second half of the statement
follows by applying [Lu-HTT: 5.5.4.15, 5.5.4.20] to the class {S x L AL — S x L x* =
S x A} geantry - 0J

Construction 5.2.9. Let € be a category with finite limits and F' € PSh(%, Cat,,).
Let S € € and let x5,ys € F(S) be two sections. We consider the presheaf of
oo-groupoids Zomp, (xs,ys) € PSh(€/S, Gpd,,) given by the fiber product

%Omﬂs ($S7y5) I mIQ(A1>}71)|5‘ = mp(Al, F1|s)

]

@) » Fly x F,.

By construction, for any S’ € € /S we have Zomp, (2s,ys)(S") = Mapps) (757, ys7)-

Observation 5.2.10. Let F' € PSh(dAffy, Cat,,). It follows from Definition 5.2.7
and the restriction formula (5.1.5) that F is locally Al -local, if and only if for every
S € dAffy and for every zg,ys € F(S), the induced map of presheaves on dAffg of
Construction 5.2.9

Homp, (xs,ys) — Mapg(Ag, %OWF]S(QTS, ys))

is an equivalence, i.e. the presheaf Fomp, (zs,ys) is Ag-local in the sense of Defi-
nition 5.1.1.

C. Locally A'-local presheaves of co-groupoids.

Construction 5.2.11. The inclusion Gpd,, C Cat,, admits a left adjoint sending

€ to the localization €[W;] inverting all 1-morphisms in € [Lu-HAlg:4.1.7.1].

As Igsg’fat : PShEA%V(dAny,CatOO) C PSh(dAffy, Cats,) is a presentable reflective
Y

localization (cf.Proposition 5.2.8), it follows from [Lu-HTT:5.5.4.17| that the full

subcategory of PSh(dAffy, Gpd,, ) given by intersection
PShgat (dAffy, Gpd,,) == PShg a1 (dAffy, Cats) N PSh(dAffy, Gpd,,)

is again a presentable reflexive localization. We denote by L;‘c‘gl the left adjoint to
Y
: PShEAa(dAny, Gpd,,) C PSh(dAffy, Gpd,,).

. . psh
the inclusion Iz AL
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Observation 5.2.12. Let F' € PSh(dAffy,Gpd, ). Then, if F is Al-local in the
sense of Definition 5.1.1 then it is locally Aj-local Definition 5.2.7.

In the spirit of Reminder 5.1.2, we will establish an explicit formula for the functor
LP" . We start by collecting an elementary fact:

SAL"
Lemma 5.2.13. For any F' € PSh(dAffy, Gpd,,), the canonical morphism myo F' —

psh (F) is an isomorphism (of presheaves of sets).

psh
T o | oL
0% AL © Hoal

Proof. Consider the inclusion Sets C Gpd_, and the intersection

PShy i, (dAffy, Sets) < PShy a1 (dAffy, Gpd,,)

Ipsh
v 1
b AY

PSh(dAffy, Sets) —=— PSh(dAffy, Gpd_)

It follows from Definition 5.2.7 that any presheaf of sets is automatically locally
A}, -local, so that v is an equality. The above diagram consists of right adjoints and
therefore their left adjoints commute as well:

PShy a1, (dAffy, Sets) <™ PShy; 1 (dAffy, Gpd.,.)

Lpsh
1
> AY

PSh(dAffy, Sets) «—>— PSh(dAffy, Gpd_).

We then compute using that |p2521 is fully faithful:
Y

psh Lpsh

- psh psh psh ~ psh
vaL ©Lsa = | oL 7o o L 0. 0

ool Too Lga ol5a oLy = SAL

Construction 5.2.14. Let E: A°®® — Gpd_, be a simplicial object. We denote by
E*=t: A°® — Gpd,, the new simplicial object obtained from E by replacing E,, by
the essential image of Fy — E,, (induced by the unique map [n] — [0] in A).

Observation 5.2.15. Let E be as in Construction 5.2.14. Any morphism [0] — [n]
induces a retract of Ey — E,,. In particular, mo(Ep) injects into mo(E,,), thus giving
a bijection m(Ep) ~ mo(ESY). As a consequence, the functor

Acp E5 Gpd, ™% Sets

is the constant functor.

Construction 5.2.16. Consider once more the cosimplicial object &: A — dAffc
of algebraic simplices (see Reminder 5.1.2). Given F' € PSh(dAffy,Gpd,), we
consider the simplicial object

Map$s'( & x Y, F) == (=)' o Map,.( & x Y, F): A® — PSh(dAffy, Gpd.,).
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Finally, we consider the endofunctor Ty AL of PSh(dAffy,Gpd,,), defined by the
colimit formula
F Ty (F) = colimMap$®*( & x Y, F)
together with the natural transformation (: id — Ty, Ay induced by the identification
2 = Spec(C).

Observation 5.2.17. Notice that F is locally A'-local (Definition 5.2.7) precisely
when the first degeneracy map given by the pullback F — Map$*(AL, F) is an
equivalence.

Our goal is to show that the functor Ty a1 of Construction 5.2.16 coincides with the

endofunctor IESZ%V o L;SZ%V of Construction 5.2.11. We start by showing that Ty, AL
also defines an accessible reflexive localization of PSh(dAffy, Gpd_ ). For that, we

will need two key results:

Lemma 5.2.18. Let E,: A°® — Gpd_, and suppose that the functor mo(E,) is con-
stant. In particular, since my commutes with colimits, we have

mo(colim Ey) ~ moEy ~ + -+ ~ o E,,.
Let eg € moEy and denote by e, its image in moE, and e € m(colim E,). Then

Qc(colim E,) ~ colim Q. FE,.

[n]eAor

Proof. Indeed, since myF, is constant, the decomposition in connected components
Ey = [1,en, 5, o induces a decomposition of the simplicial object Fo =[], ¢, g, £o
as a coproduct of simplicial objects. Now, the choice of the point v in Ej determines,
via the unique map Ey, — F, a lift of E} to pointed connected spaces. Finally,
we evoke the fact 2 commutes with sifted colimits on pointed connected spaces

[Lu-HAlg: 5.2.6.18|. O

Observation 5.2.19. Let ' € PSh(dAffy, Cat,,) and S € dAffy. The restriction
F +— F, (see Notation 5.1.3) sends locally Aj-local presheaves to locally A§-local
presheaves. Moreover, as in Observation 5.1.4, we have from the definitions:

(TEA{,(F»'S = TEAIS(F )-

Lemma 5.2.20. Let F' € PSh(dAffy, Gpd,,).
(a) The map mo(Cr): mo(£) = mo(Txay (£)) is an isomorphism of presheaves.

(b) Let S € dAffy and zg € F(S). Then, we have a canonical equivalence of
presheaves on dAffg

sh sh
Qs ToaL(Fls) ~ Ile © ng (4 (Fis))

with Izslh o Lzslh as in Definition 5.1.1 and Observation 5.1.4.
S S
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Proof. Since my(F') is determined objectwise, (a) is a direct consequence of Observa-
tion 5.2.15 and the fact my commutes with colimits. Let us now address (b): since
this is a statement about presheaves, it amounts to proving the statement when
evaluated on each object S" € dAffg. Let g = (25))s. By Construction 5.2.16,
we have

(s Tsay(F,))(S) = Quy, (colim F( & x §)).

By Observation 5.2.15, the simplicial set moF'( & x S")*™" is constant with value
mo(F(S")). Lemma 5.2.18 thus implies

Q,, (colim F( g x 8)*") ~ colim Q,, F( & x S')*".

Finally, by definition of (—)®*, we get

(s Tsay(F,))(S) = colimQ, , F( & x §')" ~ colim Q, , F( & x )

Tgr Tgr
~ LR (9, (F))) ()

where the last equivalence follows from Reminder 5.1.2. Since this chain of equiva-

lences is natural in S” we have obtained the claimed natural equivalence of presheaves
on dAffg. O

Proposition 5.2.21. The endofunctor Ty, AL together with the natural transforma-
tion ¢, defines an accessible reflexive localization of PSh(dAffy, Gpd,).

Proof. We use the criteria of [Lu-HTT:5.2.7.4-(3)]: it suffices to check that for any
F, the two maps TEA}/(CF), (r ., (p) fitting in the commutative diagram
Y

F " Ty (F)
F (T, ,q (F)
l Ty a1 (CF) l o

Tsay(F) —— Tsan(Tsay (F))

are equivalences in PSh(dAffy, Gpd,, ). Since equivalences of presheaves are deter-
mined pointwise, it suffices to check that when evaluated on S € dAffy, both maps:

(i) induce equivalences on mp;

(ii) for every connected component, the induced map of loop spaces is an equiva-
lence.

Assertion (i) follows from Lemma 5.2.20(a). To show (ii), let x5 € F(S) and
consider the induced maps of loop prestacks on dAffg

stTZAg(CF) and stCTEAé(F@) : stTzAls(Fs) - stTzAls (TEAls(FLq))'

Via Lemma 5.2.20(b), these maps can be identified with the two natural maps
associated to the localization Lzslh of Definition 5.1.1:
S

h h . h h h h h h
RILRT () and (g  RLEY (s (FL)) = BILE (R (2 (F)) ).
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Since we know that Lpslh is a localization, we have by [Lu-HTT:5.2.7.4-(3)] that these
two maps are equlvalences This concludes the proof. 0]

Finally, we compare the two localizations:

Proposition 5.2.22. The two localizations Ty and LPESZI

of PSh(dAffy, Gpd_)
coincide.

Proof. By [Lu-HTT:5.2.7.8, 5.2.2.2], it suffices to check that the two classes of local
objects coincide. First we show that for any F', Ty, AL (F) is locally Al-local: indeed,
following Observation 5.2.10, it suffices to check that for every object S € dAffy,
and xg € F(S) the induced map on loops

stTEAls (F’\s) — st mgs(A}% TEA%(FB)) = mgs(A}% QISTEAE(ES))

is an equivalence of presheaves of oo-groupoids on dAffg. This then follows from
Lemma 5.2.20(b).

Conversely, if F is locally Al-local then the map (p: F — Ty, aL (F) is an equivalence
by Observation 5.2.17. ([l

Observation 5.2.23. As in the proof of Lemma 5.1.15, the explicit formula sy

L;SZI ~ Tgar, combined with [Lu-HTT:5.5.8.4, 5.5.8.11|, implies that LY
Y
serves finite products.

EAl ©

EAI pre-

D. Locally Al-local sheaves. We now adapt the discussion of the previous para-
graph to sheaves. First we discuss sheaves of categories.

Construction 5.2.24. Consider the pullback
Shy a1, (dAffy, Caty,) — PShEA%/(dAny, Caty)
\[ISh Jcat J \[Ipsh Jcat (5225)

»Al s Al

Sh(dAffy, Cats) <X PSh(dAffy, Cat..).

As in Observation 5.1.6, each inclusion functor in (5.2.25) admits a left adjoint and

the square of left adjoints commutes. We denote by L;h Acf * the left adjoint to the

inclusion |5;;ft Shy; a1 (dAffy, Cato,) C Sh(dAffy, Caty).

We now discuss sheaves of oo-groupoids:

Construction 5.2.26. As in Observation 5.1.6, the localization L;S:'\l of Construc-
Y

tion 5.2.11 induces a localization at the level of sheaves of co-groupoids

L ¢ Sh(dAffy, Gpd..) — Shyay (dAffy, Gpd,,)
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with ISEhA; o LS;A# given by the iteration (5.1.11) of the endofunctor

By, =L o |P;;1Y o L”ESZIY o " : Sh(dAffy, Gpd, ) — Sh(dAffy, Gpd, ). (5.2.27)
Moreover, since the diagram of inclusions

PSh(dAffy, Gpd,,) —— PSh(dAffy, Cat.)

]\ T~

Sh(dAffy, Gpd_ ) — Sh(dAffy, Cat..)

PSh2A§,<dAffY7Gpdoo> | PShEA;(dAfFY;CBtoo)

~ ~

Shsar, (dAffy, Gpd,,) > Shy a1 (dAffy, Cat..)

commutes, so does the diagram of left adjoints.

Observation 5.2.28. The computation of Lemma 5.2.13 remains valid for sheaves
if we replace the functor 7y by its sheaf-theoretic counterpart my: Sh(dAffy, Gpd_ ) —

Sh(dAffy, Sets) and L;szl by the functor L, of Construction 5.2.26, i.e. if
Y Y

|sh

Shy; 1 (dAffy, Gpd,.) <+ Sh(dAffy, Gpd,,)

denotes the inclusion, then we have canonical equivalences

mp o Pya = Mg and by induction moo a0 L¥n ~m.  (5.2.29)

Lemma 5.2.30. The functors PyaL and Lsh

SAL of Construction 5.2.26 preserve

finite products.

Proof. We argue as in the proof of Lemma 5.1.15: by Observation 5.2.23, Igsgl o
Y
L;SZI = Tyay preserves finite products. By [Lu-HTT:6.2.1.1], the same holds for

Y
the hyper-sheafification functor. We conclude using the filtered colimit formula of
Construction 5.1.8 and Lemma 5.1.10. 0

Finally, we establish the sheaf-version of Lemma 5.2.20(b):

Lemma 5.2.31. Let F' € Sh(dAffy,Gpd,.), S € dAffy and g € F(S). Then, we
have canonical equivalences of hypersheaves on dAffg
QquDEA}g(Fs) = CI)AE (Q:Es(Fls))

and

Qwslsz?AéLS;A}q <F\S) = li\thZhg (Qws (F ))

Proof. We have, for any pointed sheaf z: x — I over dAffg:

QuPra (Fo) = QLMSIG L, 199 (Fl) o QIR LEL ' (Fy)  (5.2.32)
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where second equivalence follows the sheafification functor is a left exact localiza-
tion. Using Proposition 5.2.22, the RHS becomes equivalent to Ls"sQ, Ty, AlsIShS(F|S)

which by Lemma 5.2.20(b) is equivalent to LShSIZhlsLZhISIShS(Qmﬂs) = Op1 (QFy).
This establishes the first formula.

We now prove the second formula: fix an ordinal v such that both localizations
are vy-accessible, and a pointed sheaf x: * — Fj, over dAffg. If v = 7' + 1 and

if Qm(CI)ENS)V/(FS) ~ (@Als)V/Qx(F‘S), then applying (5.2.32) to the pointed sheaf
(PsaL)” (Fls) yields Qu(Psar)?(Fg) = (Pay)’Qu(Flg). If v is a limit ordinal, we
have, as the poset {7 < ~} is filtered:

Qa:<(I)EA15)7(F

/

)=, cglim(@EAls)”’/(FS) = colim Q, (Pxar)” (F).
v <y <y

S

In particular, assuming Qx(i)zAg)'Y/(ﬂs) ~ (CIDAE)'V,QJC(P]S) for any v' < v, we find
Qx(@ZAg)v(Fs) = (‘I)Als)VQx(Fls)-

We conclude by transfinite induction, using Lemma 5.1.10. 0

5.3. Darboux charts and quadratic bundles up to Al-Isotopies. In this sec-
tion we use Section 5.2 to construct a new version of the Darboux stack where we
contract all Al-isotopies in the mapping sheaves. Let us start with a construction
implementing restriction to the étale site:

Construction 5.3.1. Let X be a derived Deligne-Mumford stack. Consider the
functors

(—)ar: X 5 dSty . D dAffx,,
S — SdR'

(cf. Definition 3.3.14(a)) together with the associated restriction functors, yielding
a zig-zag

PSh(X2 Gpd__) + PSh(dSty,,, Gpd..) — PSh(dAffx,., Gpd..)

preserving hypersheaves (with the canonical topology on dStx,,) and m-presheaves.
By [CM21: Prop. 7.1], those restriction functors commute with colimits, hypersheafi-
fication and truncations. Since Sh(dStx,., Gpd. ) =~ Sh(dAffx,.,Gpd, ) *), they in-
duce a restriction at the level of sheaves

(—)‘X&aﬂ: Sh(dAffx,., Gpd,,) ~ Sh(dStx,,, Gpd.,) — Sh(XgT Gpd.,)
F > (S — I\/IadeR(SdR,F))

commuting with colimits and with taking my-sheaves.

Constructions 5.3.2. Let X be a derived Deligne-Mumford stack and let F' €
Sh(dAffx,.,Gpd,,). Let m C mo(F)| X be a subsheaf of the restriction where

(*)ef. Notation 1.6.2(c)
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7 denotes the mp-sheaves (unambiguous by Construction 5.3.1) and consider Fy
defined as the fiber product in Sh(Xg*® Gpd.,):

FE —> F"thaﬂ
-
T — EO(F)|X¢3“-

We construct:

(a) the Al-isotopic quotient of Fy, denoted Fﬁl, as the sheaf of co-groupoids on
Xgaff given by the fiber product

Al
Fr ’ (q)EA}XdR (F>> ot
(5.2.29)
= EO(FE) — EO(F)‘X&&H — To ((DEA}%R <F)>|Xdaﬁ'.

. . . . . Al . .
By construction, it comes with a canonical morphism F; — Fr which induces
an isomorphism on .

(b) the X Al-localization of F, , denoted Fyxa1, as the sheaf of co-groupoids on
Xdafl oiven by the fiber product

XdrR XdrR &
| - Lo

7 = m0(Fy) > mo(F) s o3 mo (I T8 (F))
ét |X

T AL
XdrR XdrR

Frsa ¢ A e (F)>|

It comes with canonical morphisms

Fr ’ FzAl > LAl (5.3.3)
in Sh(Xgdf Gpd_.), which induce isomorphisms on .

Observation 5.3.4. In the context of Constructions 5.3.2, let o be a section of F.
Then Lemma 5.2.31 provides equivalences

Aut i (0) = Q R = QU(%N (F))

X daff
X

~ ((I)AdeQU F) aon = (@AdeMF(JD PCER)

. NI o e e NN Sh Sh
and MFE,EAl (0) = Qo Frna ~ (lAAldeLA}XdRMF(O-)>|thaH.
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We can finally introduce the isotopic quotient of the Darboux stack:

Definitions 5.3.7. Let X be a Deligne-Mumford equipped with a (—1)-shifted exact
symplectic form A. Consider the stack F = @;;’“"V\’:: dAff¢  C dSt¥  —
Gpd,, obtained by extracting the maximal oo-groupoid of the stack defined by the
fiber product (3.3.13) and define w := mo(Darbx), together with its inclusion = C
EO(F>‘thaH. We define:

(a) Darbé(’A1 = Ff as in Construction 5.3.2(a);

(b) Darbﬁ(’EAl = F, s at as in Construction 5.3.2(b).

Now we address versions of the Al-isotopic quotient and Al-localization of the stack
of quadratic bundles with flat connection of Definition 4.1.5:

Definitions 5.3.8. Let X be a derived Deligne-Mumford stack. Consider the stack
F = BOx,,: dSt¥ . — Gpd,, mapping S — Xqr to Map(S,BO). By construction,
the stack QuadY (see Definition 4.1.5) is a substack of the restriction of BOx,,
along (—)gr: X — dSty,.. Setting m = mo(Quady) together with the inclusion
T C EO(BOXdR)‘thth we define:

(a) Q@;’Al = Ff as in Construction 5.3.2(a);

(b) Q@;ZN = F, » a1 as in Construction 5.3.2(b).

Remark 5.3.9. Contrary to Q@;EAI and Darbg\QEAl, the stacks Q@;’Al and

M;Al are not themselves locally A'-local in the sense of Definition 5.2.7. Nev-
ertheless, they are sufficient to identify isotopic families of automorphisms as in
Observation 1.1.3. We will use them to glue local invariants of singularities in the
next section and in future work.

Finally, we observe that

Proposition 5.3.10. The action of Theorem 4.3.1 descends to the Al-isotopic quo-
tients and localizations

VAl AAL AAL
Quad™ x Darby™ — Darby

A A
Quad)v(’ZAl X DarbX72A1 —> Dal’bX7EA1.

Proof. Using Lemma 5.2.30, the monoid structure of BO of Definition 4.1.4 induces
1

a commutative monoid structure on both Quad)v(’A and Quadz s« a1 and the canonical

maps (5.3.3)

V,Al
Quad} — Quad,” — Quad)v(’EAl
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are maps of commutative monoids. Moreover, the action of BOx,, on Factj®*~ of
Theorem 4.3.1 induces an action between their A'-quotients and Y A!-localizations.
Finally, the isomorphism (5.2.29) guarantees that this action preserves the Darboux

substacks Darbé(’Al and Darbg\QE A and is compatible with canonical maps (5.3.3). O

5.4. The contractibility theorem. Let us now give a more precise formulation
of Theorem A:

Theorem 5.4.1. Let X be a (—1)-shifted exact symplectic derived Deligne—Mumford
stack (with form X\). Then the quotient stack is contractible

AAL 1
Darby"/Quad}* = *x-

The proof of Theorem 5.4.1 will last until the end of Section 5. We start by
reducing the it to the technically more accessible Proposition 5.4.5. This will require
the technical notion of minimal models (also called minimal critical charts) at the

neighborhood of a point. The notion was introduced by Brav, Bussi and Joyce in
[BBJ19: Def. 2.13].

Definition 5.4.2 (Brav-Bussi-Joyce). Let X be an exact (—1)-symplectic derived
scheme (with form A) and x € X be geometric point. A minimal model of X at x is
an affine Zariski open neighborhood S = Spec(A) C X of = equipped with a critical
chart (%, f) € Darb} (S) such that the Hessian of f at z vanishes.

Example 5.4.3. The critical chart of Example 1.1.2 is minimal at z = 0.

Theorem 5.4.4 ([BBJ19: Thm.4.1]). Every geometric point x € X admits a mini-
mal model.

Proposition 5.4.5. Let © € X be a geometric point and (S = Spec(A), %) a
minimal model at x. Let (Q,q) be a (non-degenerate) quadratic vector space over
C and let @ be the induced trivial quadratic bundle over Syr. Set U = Uy B Q
and denote by Aut(@Q) the stack (over S) of automorphisms of @ in Quady, and by
Aut(%) the stack of automorphisms of % in Darby. Then, the induced morphism

M(Q) — MDarb(%>
is a Pai-cquivalence at v € S, i.c. Par(Aut(Q)); = Par (Autpas(%))s-

We will delay the proof of Proposition 5.4.5 until the next section. We focus for now
on proving it implies Theorem 5.4.1. This will in turn require a bit of preliminaries
on group completions.

A. Isotopies and group completion. We will need some understanding of the
1
group completion of the monoid objects Quad}” of Definition 5.3.8(a).
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Notation 5.4.6. Let M be a monoid object in stacks. We denote by M ~ QBM
its group-completion. If E is acted upon by M, we denote by E* the base change

Et =E@M".
M

Lemma 5.4.7. Denote by Q, the trivial quadratic bundle with fiber C and form x2.
There are natural equivalences (of étale hypercomplete stacks over Xdaft

(QM;’N)JF ~ colim [Quad;’ —0 %L Quad dVA N ] and

(Darbg\(’Al)Jr ~ colim [Darbﬁ(’A ~99% Darb b’\A LN ]

Proof. The second equivalence follows from the first. Denote by C the colimit in
stacks

C = coIim{Quad)V(’A —9 Quad dVA _Q>}

By cofinality, we can replace () in the colimit diagram by ()5 := Q)1 & Q. Choosing
a square root of —1 € C yields an isomorphism Q, ~ E & EY, where E is trivial of
rank 1, and E & EV is equipped with its canonical form. Consider the 1-parameter
family of endomorphisms of E? given by

1—¢ t 0
fi = 0 11—t
t3—=3t3+5 0 1-1¢.
It satisfies det(f;) = 1 and fy = id, while f; is the matrix of a 3-cycle permuting

the coordinates. The associated A'-family of automorphisms of Q3 interpolates be-
tween the identity and the 3-cycle permutation. By (5.3.6), the 3-cycle is homotopic

to the identity in Q@;’Al. By applying [Rob15: Thm 2.14| pointwise™™), we get that
the colimit in prestacks

Cpsh = colim QM)V(’A ~*9% Quad dVA e e PSh(X ™ Gpd_ )

carries a symmetric monoidal structure such that
(i) the canonical morphism Q@;’Al — Cpsp is monoidal and
(ii) the image of ) is tensor-invertible as a section of Cpgy,.
The monoidal prestack Cpsy is moreover universal for those properties. Since stack-

ification preserves finite products, the same holds for the stackification C' of Cpgy,.

+
Finally, the image of the quadratic bundle @); in (Q@;’N) is invertible, we get
a canonical monoidal morphism
+

©:C — (Quady™')

(*)See also the survey [Nik17: Prop 6].
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Moreover, as any section of Q@Y(’Al is locally trivial by definition (see also (5.2.29)),
it is locally a power of );. It follows that every section of C' is locally tensor-
invertible, and thus globally tensor-invertible. In particular, C' satisfies the universal
property of the group-completion, so © is an equivalence. See also [HINY22: Lem. 3.8(1)]
for a similar result. [

Observation 5.4.8. This lemma implies in particular that for any point x € X, we
have 7 ((Q@;’A ), O) ~ Z. This could be obtained directly, as ((Q@Z’A ), O)

identifies with the Grothendieck—Witt group of C and is thus isomorphic to Z via
the rank morphism.

B. Deducing contractibility.

Proof of Theorem 5.4.1 assuming Proposition 5.4.5. Since we are working
with hypersheaves, to prove the quotient stack mﬁ;’?@@;# is contractible, it
suffices to prove that its stalks at geometric points are contractible. We there-
fore fix x € X a geometric point. First, Theorem 4.4.1 implies that the stalk

(Darbg\(’A7Qm§’Al)x is connected. We can thus compute its higher homotopy groups

at any given point. Let %, be a minimal chart at = (up to shrinking X, we may
assume % is defined over X). We will prove

(D2 Jquad )« (%) = 5 (ParbiQuag ' 74) 0.

Y
€T

where we write m,, for the homotopy sheaves. The Cartesian square

(Quad 7)) " —==, (Dar}™)’

| -
# —————— Darby’/Quad}*"

[%o]

induces a long exact sequence of abelian sheaves (or of pointed sheaves for n—1 = 0)

= (Quadi)".0) #2555, ((Dae) ) — (Db Jouadt )

L 71 ((Quad$™) ", 0) — oy ((Darby™) ™, % ) — 1o (DarbyQuad P (%))

Since taking the stalks at x is given by a filtered colimit, it commutes with taking
loops and therefore, we see that it is enough to prove the map

oy = U D —: Wn((Q@Z’A1>+’O> — 7Tn<<M§<’A1):,%)

xT

is an isomorphism (of groups for n > 1, of pointed sets for n = 0).

We already know (by Theorem 4.4.1) that ag is surjective. Moreover, by Observa-
+
tion 5.4.8, we have 7 ( (QM;’AI) , 0) ~ Z via the rank morphism. The dimension
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provides an invariant of Darboux charts, which induces a map
dim: 7r0<(DarbX’ ) ,%) 52z
x

The composite map
v,AL T ag AL T dim
Zzw()((QuadX’ ) ,0) _, 7r0<<DarbX’ ) ,%) dim 7

identifies with the shift by dim %, and is thus injective. It follows that ag is a
bijection.

We now focus on ay, for n > 1. For p > 0, denote by @, the trivial quadratic bundle
with fiber C? and form > 27, and by %, = %, ® Q,. By Lemma 5.4.7, we can
identify o, as the colimit morphism «,, ~ colim, a?:

o (QuadS) o) s (D) )

{ {

! !
ro((Quad$™) ,@,) E25 7, (D) %)

1801 1801
ro((QuadF™) Q) 5% o (Oart)  20)

{ {

! !

o ((Quad ™), 0) — wn((mﬁf‘l):,%).

Now, using the assumption that % is minimal, by Proposition 5.4.5, the morphism
Aut(Q,) — Aut(%,) induces an equivalence at the stalk at = after applying ®a:

i (Aut(Q,)), = Da (Aut(%,)), .

But thanks to (5.3.5), this means that we have an equivalence at the level of loop
stacks

(Q,Quad{*") = (0, Darb}™ )

In particular, the morphism a? is an isomorphism for any n and any p:

wn( (sz_,m% Qp) ~ T (Par (Aut(Q,)), . id)

4| |

W"<<m§f#)x’ Up) ~= Tnr (Ppr (AUL(Z,)) .. id).

It follows that «, is itself an isomorphism as well. The result follows. O
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We conclude this section with a version of Theorem 5.4.1 for ¥ Al-localizations.
This will not be needed in this paper but we keep it for future reference:

Proposition 5.4.9. Let X be a derived Deligne-Mumford stack equipped with a
(—1)-shifted exact symplectic form . Then the quotient stack

(M?zm)/(g@;w) ~ sy (5.4.10)

1s contractible.

Proof. The proof runs essentially the same steps as in the proof of Theorem 5.4.1,
assuming Proposition 5.4.5. First, since the maps (5.3.3) are isomorphism on the
sheaves g, the transitivity of Theorem 4.4.1 implies that the quotient (hyper)stack
of (5.4.10) is connected. We now fix %, a minimal model at z. All it remains is to
show that the map of loop stacks induced by the action

O (,Q@;ZN)JF — Qo <M3\<,2A1>+

is an equivalence after taking stalks as x. But now the proof of Lemma 5.4.7
combined with (5.3.6), implies that the group completions are also given by the
filtered colimit formulas

(Q@;EN)JF ~ colim {QuadxEAl —9@, Quad dXEAI o } and

+
(Darb} s a1 ) _collm{DarbXEAl % Darb) a0 - ]

and therefore we are reduce to showing that the action map
Qo,Quady ;a1 — Qz,Darb’ s a1

is an equivalence at the stalk at x. We conclude combining Proposition 5.4.5,
Definition 5.3.8(b), (5.3.6) and Observation 5.1.14. O

5.5. Linearization and proof of the contractibility theorem. The goal of this
section is to prove Proposition 5.4.5. The key idea is to prove that the stack of
endomorphisms of a Darboux chart is (locally) an affine space. Recall that such an
endomorphism ¢: % — 7% amounts to a commutative diagram

L«
Xi<l¢/fA1

U

and some compatibilities of the symplectic data. It is relatively straightforward to
interpolate morphisms under X (see Lemma 5.5.4 below). The main difficulty comes
from the necessity to preserve the function f. This is dealt with by a linearization
argument explained below.
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A. Connectlons exponential isomorphisms. We fix # a smooth formal affine
scheme. Let A denote the formal neighborhood of its diagonal and let T% denote
the formal neighborhood of the zero vector field.

Definition 5.5.1. Let V be a (torsion-free) connection on %. We denote by

the exponential isomorphism associated to V (see e.g. [Kap99]) fitting in a commu-
tative diagram

Recall that it is determined by the formula®)

expy,

Oy 2 05 25 Sym Qy
f'—>de

where d¢: Oy — Sym™ Qg is the n-th derivative operator associated to V. Note

that dyf = f and dvf = df by construction. We denote by logg: A — T% the
inverse of expy.

Observation 5.5.2. Considered over %, the formal neighborhood A classifies jets
of endomorphisms of %, seen as their graph. We will sometimes write End(%) for A
in order to emphasize this point. In the presence of a connection V, we thus have

eXpy - FI\‘% ~A = @(%)

The next lemma extends this equivalence to the stack of endomorphism fixing a
reduced equivalent closed derived subscheme.

Notations 5.5.3.

(a) Let S — % be a morphism. We denote by Endg/(%) the stack over the affine
site of % classifying endomorphisms of % fixing S.

(b) Let E be a perfect complex over %. We denote by Vg (E) the associated linear
stack over Z. In particular, we have Ty = Vg (Ty).

Lemma 5.5.4. Let % be a smooth formal scheme and let i: S — U be an lci
derived closed subscheme. Denote by Is the homotopy fiber of Oy — 1,05 and fix a
connection V on %. If i is a reduced equivalence, then there is an equivalence

expy: Vo (Ty @ Is) ~ Ends) (%) : logg .

1
(*)The usual - factor only appears after the symmetrization map Sym” Qg — fo".
n!
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Moreover, the natural morphisms Vo (T® Is) — To and Endg/(%) — End(%) factor

through T% and @(%) respectively, and the following diagram commutes:

s

GZ[ Zlexp% ZleXPV

Sublemma 5.5.5. Consider U <~ S — V be morphisms of derived stacks. Denote

by V the formal neighborhood of S in V. Ifi: S — U is a reduced equivalence, then
the morphism

0: Mapy, (U, V) — Mapy, (U, V)

1s an equivalence.

Proof. By definition, V=V X vy Sdr, S0 the map 6 fits into a Cartesian square:

Mapg, (U, V) —%— Mapg, (U, V)
| - l
mlls/(Ua SdR) — mpg/(U, VdR)

However, since i: S — U is a reduced equivalence, both the stacks m[ls/(U, Sar)
and Map, /(U , Var) are contractible, and @ is therefore an equivalence. O

Proof of Lemma 5.5.4. By definition, the stack Endg/(%) is the relative mapping
stack
Endg/(%) = mQS/—/%(%’% X U)

where % x % is seen as a stack over % via the first projection (so an endomorphism
is represented by its graph) and the map S — % x % is i followed by the diagonal
immersion.

Since 7: S — % is a reduced equivalence, Sublemma 5.5.5 implies
Ends/ (%) = Mapg,_,, (%% x %) = Mapg,_, (%,8).
In particular, the morphism
Endg/(%) = mQS/—/%(%»% X U) — Map,, (%,% x %) = End(%)
naturally factors through @(%) =A.

Fix now a connection V on %. Its exponential isomorphism and Sublemma 5.5.5
yield

MS/(%) = sz/_/% (%; Z) = mpg/_/% (%7 T%) =~ mps/_/% (%; T%)-

In turn, the stack Mapg, (%, Ty) classifies vector fields nullhomotopic on S, so
morphisms 2y — Ig. We deduce the equivalence Endg/(%) ~ Vo (Ty ® Is), using



GLUING INVARIANTS OF DONALDSON-THOMAS TYPE — PART I 73

that g is perfect (recall that we assumed the map i to be lci so that Og is perfect
over Ogy). O

B. Taylor expansion and function-preserving endomorphisms. We will now

be interested in endomorphisms preserving a given function. We thus fix a function
f:% — AL

Define on @(%) = A the function F = (—f,f)=psf —Dpif.

Lemma 5.5.6. The zero locus of F': @(%) — Al is equivalent to the stack of jets
of function-preserving endomorphisms

Enda (%) ~ Z(F).
Proof. Tt boils down to the equivalence

End)n (%) = Map,, (%,A)  x {0} = A x {F} = Z(F), 0

Map,, (%,A},)

In the presence of a connection V, the restriction of pjf along expy is called the
(global) V-Taylor expansion of f. It is given by the series

TEv(f) = expy pbf = Y dof € SymQy.

n>0

Since d% f = f, the function F' thus corresponds to the series TES' (f) := exp& (F) =
2@1 dy f and is in particular not linear. Its zero locus, classifying endomorphisms
preserving the function, is therefore not linear a priori.

Assuming further we have an lci closed derived subscheme i: S — % such that i is
a reduced equivalence, we can use Lemma 5.5.4 to study function-preserving and
S-fixing endomorphisms. In the specific situation where S is the derived critical
locus of f, we can go further and consider isotropic morphisms.

C. Isotropic morphisms. Fix % a smooth formal scheme and f: % — Al a
function. We will now be interested in linearizing the stack of endomorphisms of %
seen as a critical chart of dCrit(f) — i.e. of endomorphisms fixing S = dCrit(f) and
preserving the isotropic structure.

Assume that the inclusion i: S = dCrit(f) — % is a reduced equivalence. Denote

by -+ — [én) — ]én_l) — = Iéo) = Oy the relative Hodge filtration defined by
1 én) = LQL%/”% Recall that we have I él) = Ig as well as a fiber sequence for each

integer n:

I8 = 10 i Sym™ (Ty).
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By construction, the image of the symplectic form wg: C — Lﬁgz[l] of S == dCrit(f)
in I5(2)[1] = Lng%[l] is nullhomotopic:

C — LOZ1] — LOZ,
n?

0

1] =111,

Definition 5.5.7. Fix an endomorphism ¢: % — % fixing S := dCrit(f). The
isotropy defect of ¢ is the difference ¢*n —n € Iéz)[l][—l] = IéQ).We denote by 6,
the morphism

0y: Endg/(%) — Vo (I$)

mapping an endomorphism ¢ to its isotropy defect. By construction, the zero-locus
of 9, is the stack of endomorphisms of % fixing S and preserving the isotropic
structure 7: i.e. isotropic morphisms.

Observations 5.5.8.

a) By Proposition 4.4.3, an isotropic endomorphism is in fact formally étale, and
y y
is thus invertible.

(b) An isotropic morphism in particular preserves the function f, as the following
diagram commutes

Endg)(%) —— End(%)

Js Js

@y 18200
Va(ls") Ay =Vau(Ox).
Lemma 5.5.9. Fiz V a torsion-free connection on %. The composite morphism

ex S
Var(Toy ® Is) —2%s Endi) (%) —2s Vo (1)

maps p: Qy — Is to Y, - Kn(p) where

dy mn" n
K,(p): Oy l>f Sym" Qg Syme Sym" Ig 5 Ié) 5 Ig) forn > 2 and

Proof. By definition of exp¥,, its image of ¢: Qg — I is the endomorphism e, : Oy —
Oy given by g — > - U™ (d%g) (where ™ : Sym™ Qg — ]én) and u,,: Ién) —
Oy). Computing the isotropy defect from this formula yields the announced re-
sult. U

D. Linearization of the isotropy defect.
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Proposition 5.5.10. Let %, be a smooth formal scheme over C and fo: Uy — Al
a function. Let (Q,q) a C-vector space equipped with a non-degenerate quadratic
form q. Denote by U the formal neighborhood of the zero-section in %y X ) and
f:U — A the function fo+ q. Fix a connection Vo on %, and extended it (using
the trivial connection of Q) to a connection V on %. Let x: SpecC — S C %y C %
be a C-point. Assume that

(a) The canonical inclusion ig: S = dCrit(fo) — %o is a reduced equivalence;

(b) The Hessian of f vanishes at x € S C %, (so that Uy is minimal at ©, as a
critical chart of S).

Then the form df : Toyy — Oy factors via Is = fiber(Oy — i.0g) and there exists a
(non-linear) endomorphism L: V(T @ Toy) — Vo (T @ To) such that

(i) The following diagrams commute

id®d
| / | s Js
2)
Vo (Ta © Ty) Va(Tu @ Ta) —za Va(I$)

(ii) The subspace Ve (Tyy e ® Q) of Ve(Taa @ Tae) is fized by Ly, and

(i) Let E be the fiber product Ty @ Ty X o (TyeTy) Tx(Tzee ® Q) and let Y =
Vo (E). By (ii), it is stable under L. Moreover, the induced morphism L:Y —
Y is formally étale in the neighborhood of its fiber over x.

(iv) There exists an étale neighborhood T of v € U such that Lir: Y x9T — Y xgT
is wnvertible.

Proof. Consider the formula

Lw®@A) =w®A
3 S @Sy @ dN) @ - @ (A frame) © df) @ (& finr) @ W) @ (A fiay © A,

n>2

where dg f(;) denote Sweedler components for dg f. Since df has values in the pro-
nilpotent radical of Oy, the above series defines a morphism g ® g — Sym,, (2 ®
Qg), leading to the announced (non-linear) endomorphism of Vo, (T, ®Ty ). Assertion
(1) follows directly from the definition and Lemma 5.5.9.

To prove (ii), we first observe that df vanishes at x, so that every term corresponding
ton > 3 in the above formula vanishes. The term for n = 2 restricted to Vi (T, .®Q)
also vanishes since the Hessian dQVO( fo) vanishes at x by assumption.
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We now focus on (7i7). Let § denote the relative de Rham differential on Vg, (To, ®Ty)
over %. Since df vanishes at =, we find on V¢ (T, ® Q):

Dp(0(w®T)) =0(w®T) (A)
+) 0(dy foy ®w) ® (d% f2) 1m0, © T (B)
D)y @ Wi © (0% fia) @ 7) (©)
+ 3 0(d% fy @ df) @ (d fio)my, . @ wio @ (4 fis)imy, . © T?]-))

With df vanishing at x and § being Oy-linear, we deduce that the term (D) vanishes.

We split d%f € Symy,(Qy) into the sum d%f = dy, fo + d*q, where d3, fo €
Sym, (Qg,) and d?q € Symi(QY). As d%, fo vanishes at z, we can choose a de-
composition », a; ® b; of dQVO fo € Sym%lo(Q%) C Q%g where each b; vanishes at x.
Again, 0 being Oy-linear allows us to conclude that both (B) and (C) vanish as well.
It follows that the cotangent morphism of L relatively to % is the identity at every
point of Ve(Ty, » ® @), so that L is indeed formally étale.

At last, assertion (iv) follows from Artin’s algebraization theorem (cf. [Art69b).
Let S denote the second infinitesimal neighborhood of Crit(f) in % and Y? =
Y x4 S®. Denote by Y, the fiber of Y at z € S® < %. By definition, we
have Y, = Ve(To,. ® Q). Since L: Y — Y is the identity on Y, and is étale in its
neighborhood, it restricts to an automorphism of the formal neighborhood Sf; of Y, in
Y@, Consider the moduli problem & (over %) of inverses of L: Y? — Y2 Since
Sf; identifies with the restriction of Y® on the formal neighborhood Z of z in S®), we
get a formally universal section o: T — %F. As & is locally of finite presentation over
S and S®@ is affine and excellent, Artin algebraization (over S)) implies there
exists an affine scheme T and a factorization 7 — T® — F of o, where T — T
is étale. It follows that T — F — S® is étale in the neighborhood of x € T®.
Shrinking 7® if necessary, we have an étale neighborhood T® — S® of x such
that L|pe : Y xg T® — Y xq T® is invertible. Denote by 7' — % the unique étale
neighborhood of  such that 7' x4 S® ~ T®? (recall that Sr(:(} = Sred = Ureq). The
fact that L|;« is invertible then implies that L|r: Y xo T — Y X4 T is invertible
as well. 0

E. More on minimal models.

Lemma 5.5.11. Let S be a (—1)-symplectic derived scheme, x € S a geometric
point and Uy be a minimal model of S at x. Let (Q, q) be a non-degenerate quadratic
C-vector space and denote by @ the tm’vial quadmti/g bundle with connection on U,
with fiber Q. Let U = Uy ® Q@ = Uy B Qo (where Qg is the formal neighborhood of
0in Q).

For any automorphism ¢ of % (as a section of Darb’ (S) ), the tangent automorphism

Dpo: Tue =Tuya @CQ = Topo ®Q =Ty s
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idr, . B
Do = ( 0" pg )

where DQ Q — Q is an orthogonal automorphism. The assignment ¢ +— DQ
functomal and defines a map of group stacks 0: Autp.p(%) — 5;’§ut ) where (5Aut )
denotes the skyscraper sheaf with stalk Aut(Q) ~ O(dim @,C) at x.

decomposes as a matriz

Proof. Fix an automorphism ¢. It induces an isomorphism of exact sequences

Hessy, z

0 N
H TS,J} 4 TLZ/,.I > L%J)

I

0 \ \
H TS,LI} 4 TLZZ,.I HESSf,z, LLZZ,.Z’

Using the decomposition Ty , = Ty, » ® @ and the fact that %, is minimal at x, we
see that the morphism H° Ts» — T, identifies with the inclusion of Ty, ,. Write
the above morphisms as block matrices:

(A B _ (Hessg . O )_<O 0 >
Do = <C D) and Hessm—( 0 Hess,/  \0 Hess,/’

we find A =idy, , and C'=0. We can then compute:

0 0 B v _(id 0)(0 0 )(id B)
(0 Hessq> = Hessyo = Dy, Hesso Do = (BV DY)\0 Hess,/\0 D

B (O 0 )
~ \0 DVHess,D/)"
It follows that D is an orthogonal automorphism of ). This defines the announced
morphism of group stacks 6: Autp,,(%) — 5j§ut(Q). O
Lemma 5.5.12. In the situation of Lemma 5.5.11, for any integer n, the compo-
sition
Map(A", Aut(@)) = Map(A”, Autpas(%)) —— Map(A™, 6%, o))

in Sty induces an isomorphism between the stalks at x. In particular since colimits
commute with stalks, the composition

(I)Al (M(@)) %i> (I)Al (AUtDarb(%))x L q)Al <6Xut(Q)>x

T

1S an equivalence.

Proof. The first half of the statement follows from the Riemann—Hilbert correspon-

dence (see Observation 4.1.6), while the second is deduced from Reminder 5.1.2.
0J
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F. End of the proof of Proposition 5.4.5. From Lemma 5.5.12, it suffices to
prove that the morphism

®p1 (Autpan (%)), — Par (5§um))x. (5.5.13)

induced by 6: Autp,,(%) — Oxut(Q) 18 an equivalence. Denote by F the fiber of 6,
by Mﬁs /(%) the fiber product

Vo (Ty®1s)

and by Mﬁ(%) and F* its intersection with Autp, (%) and F respectively.

Consider the following diagram over %, where each square is Cartesian®) and where
each down-right arrow of the shape Z — M represents the inclusion of the zero-locus
of the morphism down to Vg (Ig @ )) restricted to M:

R » Zy —E s Z2(df @ df)

/ N\ N\

F y — L vy

Auth (%) —— 7y

/ SN \,

Autp,, (%) ——— Z; Vo (Ty @ Ty) - Vo (Ty @ Ty)

N\ NS

MS/(%) —) V%(T% X IS

§ ]
L > Vo, (1),

Lemma 5.5.14. Assume we have an étale morphism z = (z1,...,2,): Uy — A"
(this always exists up to replacing Uy with an étale neighborhood of x) and set Vg
to be the pullback of the trivial connection on A™.

The composite morphism Autﬁ(%) — Vo (Ty @ Ty) = 2.V (Tyx @ Ty.) associates
to an automorphism ¢: U — 2 the bivector corresponding to the morphism

vald
Q%x—>9%z—9%0x@@ > Q > QY > T

q

Proof. Denote by (2,41, ... Zn4p) coordinates of @ = k? such that ¢ =, 2. For
¢ € Aut’(%), the image in Vo (Ty ® Ig) classifies the morphism Qy — Ig given by
dz; — ¢(z;) — z;. Tts restriction to the critical locus induces a morphism

Qg — ivi*Is ~ i.i* Sym(To[1])[~1] — i.i* Ty

(*)Note that the bottom pentagon is not a Cartesian square.
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which naturally identifies with the projection €9y — Ig — ]S/Ig) = i*/VSV/% ~
1,3*Ty. It follows that:

(i) The image of ¢ € Aut*(%) to a section of i*(Ty @ Ty) only depends on the
image of ¢ in Autp,(%) and
(ii) it moreover identifies with the morphism Dg —id: Qg — i*/VS\;% ~ 7,1*Ty.

Unwinding the equivalence ./VS\;% ~ ¢*Ty and the shape of D, at =, we get the
announced result. U

Lemma 5.5.14 together with the definitions of # and Y imply that the composition
F*' — Vg (Ty®Ty) factors through Y (and thus through Zy ), and that the obtained
square

Ft— 7y
Auth (%) —— Z7

is Cartesian. In particular, using Proposition 5.5.10(iv), we get an equivalence (up
to replacing % by an étale neighborhood of z)

Fb o~ Zy ~ Z(df @ df) = Vg (fiber(df © df: Ty @ Ty — I2)).
The right hand side being strongly Al-contractible (over %), in particular we have
D1 (F) = D1 (Vyy(fiber(df @ df : Ty @ Ty — I$)))) = s (%) ~

in the category of stacks over %.

Sublemma 5.5.15. Let E — E' be a map of perfect complexes over U whose fiber is
connective and let ¢: Vo (E) — Vo (E') be the induced map of derived vector bundles.
Then any pullback of ¢ is an @A%!—equwalence

Proof. We use the notations in Definition 5.1.1 and Observation 5.1.14. Fix a
stack Y over % and a morphism Y — Vg (E’). Denote by N, the nerve of ¢. By
assumption, the map I*"%(¢) is an epimorphism of presheaves over %, and therefore
so is the pullback. We obtain

"% (V') ~ colim <|shw X |Sh<sz.) € PSh(dAffy, Gpd,,).
()

|sh% V%

Applying the left adjoint Lzslh we get
U

h.
13"% Vg,

LE\?'SW(Y) ~ colim LZZ] (lSh%Y X(E/) lSh%N.) © PShA%;(dAfF%’ Gpd)-

Now, each boundary operator N,,,; — N,, is linear and admits a section, and is thus
a strong A}-homotopy equivalence. In particular the induced morphism Y Xy, )
Npy1 = Y Xy, @) N, is also a strong A%l—homotopy equivalence in presheaves and
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therefore becomes an equivalence after applying Lzslh. This colimit diagram is thus
U
constant and we find

LESPhe (V') =~ colim L&Y (lshw < IS"WN.> ~ LR (Y WX V%(E)>-
U

U ‘2/ |sh% Vo (E’

Applying LShWIZSlh, we get Par (V) >~ Ppy (Y Xv, @) Va(E)). O

Sublemma 5.5.15 implies the morphism %% — % is an CIDAl -equivalence. We get
that @Al (#), is contractible. Since the group morphism (5.5. 13) admits a product-
preserving section (cf. Lemma 5.5.12), we find

Pay (Autpar (%)), ~ Pay (F), X Ppy, (6ﬁut(Q)>x ~ Oy (5ﬁut(Q))z~

Proposition 5.4.5 is thus proven, and so is Theorem A (a.k.a. Theorem 5.4.1). O

6. APPLICATION: BEHREND’S FUNCTION AND VANISHING CYCLES

We now discuss the applications of Theorem A. We will construct examples of
invariants that can be glued on (—1)-symplectic schemes.

6.1. Critical invariants. Many singularity invariants are defined for algebraic LG
pairs. We formalize here their properties, and show that in some cases, those invari-
ants only depend on the formal neighborhood of the critical locus. As a corollary,
we will obtain that those invariants (e.g. Milnor number, perverse sheaves or mixed
Hodge modules of vanishing cycles) are also defined for locally algebraizable formal
LG pairs — see Proposition 6.2.19 below.

Notation 6.1.1. Denote by LG?:t the site whose objects are smooth affine algebraic
LG-pairs (U, f) over C such that Crit(f)es C f~1(0) and whose morphisms are
(potential-preserving) étale morphisms between them. Taking the critical locus
yields a functor Crit: LGE — AffE to the site of affine schemes with étale morphisms
between them.

Definition 6.1.2. Let & be a stack™ (Affet)OP — Gpd,,. An F-valued algebraic
critical invariant I is a morphism in Sh(LGZ, Gpd.,):

I: iLG%t — 9; o) Cl’lt

where % ga is the final constant stack. We denote by Clnvg the co-groupoid of
F-valued algebraic critical invariants.

(*)Recall that in this paper, all stacks satisfy hyperdescent.



GLUING INVARIANTS OF DONALDSON-THOMAS TYPE — PART I 81

Observation 6.1.3. An F-valued algebraic critical invariant I can equivalently be
seen as a section
|F

1,7 l
/// T

A C t -
LGE <y AfFES

where 7 is the right fibration classifying & and such that I sends all morphisms
in LGY to mg-Cartesian edges. Informally, the invariant I maps a smooth affine
algebraic LG-pair (U, f) to a section Iy of F(Crit(f)), in a way compatible with
¢tale maps. Note in particular that if V' — U is an étale neighborhood of Crit(f) in
U, then Iy s and Iy, are equivalent.

Examples 6.1.4. Examples of algebraic critical invariants in the sense of Defini-
tion 6.1.2 include:

(a) The Milnor number: Here & is the sheaf of constructible Z-valued functions.

(b) Vanishing cycles: To any smooth scheme U equipped with a function f: U —
A! with sole critical value 0, we can associate a perverse sheaf on the étale site of
U (with coefficients in A = Z or Q) of vanishing cycles Py s = ¢(Ay[dim U]).
It is in fact supported on the critical locus Crit(f) and we can see it as an object
in Perv(Crit(f)). Moreover, the perverse sheaf of vanishing cycles has a struc-
ture of mixed Hodge module, and may be seen as an object in MHM(Crit(f)).

Let & = Perv (respectively & = MHM) denote the stack (Aff&)°P — Gpd clas-
sifying perverse sheaves (respectively graded polarized mixed Hodge modules
[Sai90])™). Following Observation 6.1.3, the assignment sending an algebraic
LG-pair (U, f) to the perverse sheaf Py ; € F(Crit(U, f)) defines an algebraic
critical invariant Ip € Clnvg in the sense of Definition 6.1.2. We refer to
[BBDJS15: Thm. 2.11(iii)] for the required functorialities.

(c¢) Motivic vanishing cycles: Here & is the oo-stack of Voevodsky motives (see
e.g. |Ayo0T7c|).

(d) Matrix factorizations: Here & is the oco-stack of 2-periodic dg-categories.

The first two examples above will be studied in Example 6.2.8 and Theorem 6.3.9.
The example of matrix factorizations will be addressed in [HHR].

Definitions 6.1.5.

(a) A locally algebraizable smooth formal LG-pair is a pair (%, f) with % a smooth
formal scheme and f: % — A! such that

(i) Crit(f) is a scheme,
(i) Crit(f)rea € f71(0), i.e. 0 is the only possible critical value and

(*)Since both these stacks are 1-truncated, by [Lu-HTT: 6.5.2.9] they satisfy hyperdescent.
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(iii) such that étale-locally on %, there exists a smooth scheme U with a
function g: U — A!, and an isomorphism between % and the formal
neighborhood of a closed subscheme of U identifying f with the restric-
tion of g.

(b) A locally algebraizable smooth formal LG-pair (%, f) is entirely critical if the
closed immersion Crit(f) < % is a reduced equivalence.

c¢) Let LGE® be the category of entirely critical locally algebraizable smooth
c gory y y alg
formal LG-pairs, with étale adic and function-preserving morphisms between
them. By construction, it comes with a critical locus functor that we denote
by
Crite: LGE® — AfFE.

The following proposition justifies that for the purposes of this work we restrict
attention to locally algebraizable LG-pairs:

Proposition 6.1.6. Let X be (—1)-shifted exact symplectic Deligne-Mumford stack.
Then for every S € X3 every object (%, f) € Darby is étale locally algebraizable.

Proof. By definition of the Darboux stack, we have S ~ dCrit(%, f) and Syed ~ %red
so that S and # have the same geometric points. Let x € % be a geometric
point. By the Darboux lemma of [BBJ19|, there exists an étale neighborhood S’
of z in S, a smooth affine scheme V', together with a function g and a derived
symplectomorphism dCrit(V,g) ~ S’. Moreover, by Proposition 3.1.11, we can
replace V' by the formal completion 7" = V. Now, by the transitivity of the action
of quadratic forms of Theorem 4.4.1, we can relate the induced étale cover %' — %
to 7', namely, there exists quadratic bundles @; and @, on S’ and equivalences
of Darboux charts %' B8 @, ~ 7" 8 @y. Since 7  is algebraizable, so is 7" B @,
and therefore, %’ 8 @;. Finally, by Observation 4.4.2, the inclusion along the zero
section %' — %' B @, defines a morphism of Darboux charts and exhibits %’ as
algebraizable. 0

Lemma 6.1.7.

(a) The formal completion at the critical locus defines a functor C: LGZ — LGEét.

(b) Let ¢: 4 — 7 — Al be an étale adic morphism of formal LG-pairs. If
7" — Alis (locally) algebraizable, then % — A! admits a (local) algebraization
such that the morphism % lifts to an algebraic morphism.

(c) Etale, adic and function-preserving covers generate a Grothendieck topology
on LGgét.

(d) The functor C is continuous as a map of sites.

Proof. The functoriality of (a) is obvious. We focus on (b). Up to replacing 7" by an
étale covering and % by the induced étale covering, we can and do assume that 7 is
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globally algebraizable. Let thus (V, f) be an LG-pair with 7" ~ C(V, f). By Artin’s
algebraization (see [AHLHR22: Thm. 1.1]), there exists a commutative diagram

which identifies % with C(U, g|v).

To prove (c), we first observe that (b) implies that fiber products of locally algebraiz-
able formal LG pairs along étale and adic morphisms are still locally algebraizable.
Etale, adic and function-preserving covers are clearly stable under base change and
composition, and we get indeed a topology.

The functor C maps étale morphisms to étale and adic morphisms, and preserves
surjections and fiber products. It thus indeed defines a continuous morphism of sites

and (d) holds. O

We can now extend Definition 6.1.2 to the formal setting:

Definition 6.1.8. Let # be a stack (Aff(é;t)o') — Gpd.. An & -valued formal critical
invariant I is a morphism of stacks I: el F o Crit;. We denote by Clnv’; the
oo-groupoid of F-valued formal critical invariants.

The formal completion functor C: LGE — LGEét induces an obvious forgetful functor
Clnvf, — Clnvg.

Lemma 6.1.9. The functor Crits: LGEét — AffE is a Cartesian fibration in groupoids.
It classifies a stack %/: (AfFE)P — Gpd such that for S € AffE, the 1-groupoid
ﬁg/ = &E/(S) classifies triples (%, f,o) where (%, f) € LGE® and « is an iso-
morphism «: Crite(f) >~ S satisfying:

(1) Crite(f) — U is a reduced equivalence and

(ii) Crite(f)rea C f71(0).

Proof. As objects of LGZ®" are assumed to be entirely critical (cf. Definition 6.1.5(b)),
the fact that Crits is a Cartesian fibration follows directly from Reminder 1.6.6(a).
Moreover, any morphism in a fiber Crit;'(.S) is both formally étale and a reduced
equivalence. It is thus invertible by Reminder 1.6.3(g). The descent condition is
straightforward to check. 0]
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Observation 6.1.10. As in Observation 6.1.3, the data of an F-valued formal
critical invariant amounts to a section

|F

J l
- T

LGHet ST, Affer,
In particular, it amounts to a morphism of stacks LGDf ;= F .

Construction 6.1.11. Let X be (—1)-shifted symplectic Deligne-Mumford stack
and denote by A its canonical exact structure of Corollary 2.2.15. Recall the
map of stacks on X" of (3.4.5) Darb} — LGS). By Proposition 6.1.6 and Ob-
servation 3.4.7, we now know that this map factors through the full substack
&gﬁ;’l'alg - ﬁ‘;f/r spanned by locally algebraizable LG-pairs with only 0 as critical
value. This latter stack comes with an obvious morphism &;jf/r’l'alg — (LG ) xgat
forgetting the derived structures involved in the LHS, where (ﬁa /)‘ xgar denotes the
restriction of ﬁlf] / along the truncation functor to: X3 — Aff*. All in all, we get
a natural morphism

Darby — (LG, ) xer-

Let now I be an F-valued formal critical invariant. Composing the above with (the
restriction of ) the stack morphism of Observation 6.1.10 yields a natural morphism

Darby — (LG ) x., > Fxg- (6.1.12)

In particular, any formal critical invariant induces an invariant out of the Darboux
stack.

From the above discussion, formal critical invariants will play a crucial role in using
Theorem A. However, most examples of critical invariants are a priori only defined
algebraically. We will thus be interested in lifting some invariants from Clnvg to
Clnvf,, which is the content of the following section.

6.2. From algebraic critical invariants to formal critical invariants.

A. The case of discrete critical invariants. We focus in this subsection on the
case of critical invariants with values in a set-valued sheaf.

Lemma 6.2.1. Let (U, f) and (V,g) be algebraic LG pairs and let ¢: C(U, f) =~

C(V,g) be an isomorphism of formal LG pairs. Then, there exist a smooth scheme
W and étale morphisms U < W — V over Al such that

(1) the induced morphisms Crit(f) < Crit(f|lw) — Crit(g) are isomorphisms;
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(i1) the following triangle commutes

Crit(f|w)
T
crit(f) . \ Crit(g).

Warning 6.2.2. In this statement, the étale morphisms U < W — V induce
isomorphisms C(U, f) ~ C(W, f|lw) ~ C(V,g). However, the composition does not
need to be ¢, and it only coincides with ¢ at the level of critical loci. One could
improve on the above statement and require that this composition agrees with ¢ up
to a fixed order N € N, but the scheme W then depends on N.

Proof. This is a consequence of Artin’s approximation, using arguments due to Artin
[Art69a: Cor (2.6)]. We apply [AHLHR22: Prop.2.12] with N = 2, § = Al, & =
UxnV,Z=C(U,f), Zo=Crit(f) and n: Z =C(U, f) > U xa1 V = X induced
by ¢ and the canonical inclusions. We get £&: W — U xa1 V' and a closed immersion
Crit(f) — W such that Crit(f) — W — U xa1 V coincides with the restriction of 7.
Furthermore, the 2" infinitesimal neighborhood W5 of Crit(f) in W is also identified
with that of Crit(f) in U and with that of Crit(g) in V. It follows that the composite
map W — U xa1 V — U (resp. V) are indeed étale along Crit(f). Up to shrinking
W, we may assume the maps U <— W — V are étale everywhere. 0

Lemma 6.2.3. Consider the commutative diagram

LG e » AfFE
f.6t Crits
LGZ™ .
For each one of those sites &, we denote by xs the final constant sheaf (of sets).
The canonical morphism Crit’l(*LG%t) — Crit;l(*Lch,ét) € Sh(AffZ, Sets) is an iso-
morphism.

Proof. Denote by 9 the full subcategory of LGEét consisting of globally algebraizable
LG pairs, endowed with the induced Grothendieck topology. As 9 topologically gen-
erates chét, those sites are equivalent and their categories of sheaves are equivalent
(cf. [SGA4-1: Exp. III Thm 4.1]). Since C factors through @, we can replace LG
by 9.

It now suffices to prove that the analogous statement for presheaf pullbacks and
study the morphism 7: CritT(*LGéCt) — Critl (xg). We fix S € Aff® and compute
the S-sections of those presheaves. Denote by € = LGY and & = Affe. Let
Cs=C x5 9/& and Dg = D x5 S/&. We get
Crit (x¢)(S) = co(gJim % € Sets and Crit! (x5)(S) = ccgzlim * € Sets.
S S

The canonical morphism 7 is thus simply the functor Cg: €5 — D on connected
components. By definition, every formal LG pair of 9 is algebraizable, so that Cg
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is essentially surjective. Moreover, Lemma 6.2.1 implies that Cg is injective at the
level of connected components. We get

Critf (+¢) (S) ~ mo(Gs) ~ m0(Ds) ~ Crit] (x5)(S). O

Warning 6.2.4. The statement analogous to Lemma 6.2.3 for stacks (either 1- or
higher) does not hold. Attempting to prove such a statement leads to studying the
higher homotopy groups of the categories s and Dg above. It is true that m ()
injects into 71 (Dg) (at any base point), but the morphism is not surjective in general:
some automorphisms of formal LG pairs are transcendental in nature and cannot be
algebraized. This is also related to Warning 6.2.2. We will circumvent this issue in
the next subsection.

Corollary 6.2.5. Let & be a (set-valued) sheaf on AFfE. Any F-valued critical
mwvariant I induces a natural formal invariant

It *| ghet — F o Crits .
c

Unpacking the definitions, for any locally algebraizable formal LG pair (%, f), we
get a section IY, , € F (Crite(%, f)), in a way compatible with restrictions along étale
morphisms.

Proof. The critical invariant I: oy — F o Crit corresponds, by adjunction, to
a morphism Crit_l(*LG(é:t) — . Using Lemma 6.2.3, we get Crit; (% grer) =~
C
Crit_l(*LG(é:t) — &%, which in turn amounts to the announced formal critical invariant
be adjunction. O

Definition 6.2.6. Let F be a (set-valued) sheaf on Aff‘ét and [ an F-valued critical
invariant. We say that I is stable if for any (U, f) € LGY and any quadratic bundle
(m: Q — U, q) over U, we have

lgqi s = luy € F(Crit(f)).

Corollary 6.2.7. Let X be a (—1)-shifted symplectic derived Deligne—Mumford
stack and let F be a sheaf (of sets) over AffE. Any F-valued critical invariant
I induces a morphism of stacks over the small étale site of X

Darbﬁ\( % %thaff
which coincides with I on any (local) algebraization of a Darboux chart, where %X%aff
is the restriction of F to the small étale site of (the truncation of ) X.

If moreover I is stable, then it induces a global section Ix € F(X) uniquely deter-
mined by the property that its restriction to an algebraic critical chart dCrit(f) is
Iy, where f: U — AL

Proof. This first half of the statement follows directly from Corollary 6.2.5 and Con-
struction 6.1.11. If furthermore I is stable, then the map I: Darb} — # Xdaft factors
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canonically as

Darbﬁ‘( — t<o Darbé( — t<o Darbé(/tSOQuad)V( ~ ok — %Xéitaff. ]

Example 6.2.8 (Behrend’s function). Consider & the sheaf classifying Z-valued
constructible functions. For any LG pair (U, f), denote by vy s the function vy f =
(—1)4mU=Ix () on Crit(f). It defines a stable Z-valued critical invariants, and
therefore a function vx € HY (X, Z) for any (—1)-symplectic scheme X. This func-
tion coincides with Behrend’s function [Beh09] as the functions agrees locally.

B. Isotopy-invariance. Similarly to [BBDJS15|, we will also be interested in glu-
ing sheaves of vanishing cycles or mixed Hodge modules.

We will thus need a categorified version of Lemma 6.2.3. As explained in Warn-
ing 6.2.4, some extra care is required as some formal automorphisms of LG pairs
may not be algebraic. They are however isotopic to algebraic automorphisms by
Theorem A (see also [BBDJS15: Prop. 3.4]), and working up to Al-isotopy is enough.

Definitions 6.2.9. Fix an affine scheme T'.

(a) Denote by Aff$ the category of affine schemes over T', with étale morphisms
between them.

(b) For any scheme U (resp. formal scheme %) smooth over T equipped with
a function f: U — AL (resp. f: % — A'), we denote by Critp(f) (resp.
Crite(f)) the relative critical locus of f:

CritT(f) = {df =0€ QU/T}'

(c) We denote by AfFéAtlT the category of affine schemes U over AL smooth over T,
with étale morphisms (over AL) between them. Consider the pullback

Er ——— AffS

l J lCritT

Aﬂ:(é:t m) Aﬂ:(;wt .

We denote by LGov™" C & the essential image of LGS C Afff’_\té ~ &c under
the pullback functor &c — &r.

(d) We define similarly LG as the essential image of LGE® in the analogous
pullback &7
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Construction 6.2.10. Recall the algebraic simplices [n] — ™ = g (cf. Re-
minder 5.1.2). They induce simplicial diagrams of 1-categories A°® — Cat C Cat,,

[n] — LGS and [n] — LGEHt
ét,Al f,ét,AL . . ... .
We denote by LG and LG{ their respective colimits in Cat..:

ét,Al . ¢ fet,Al . ¢
LGa™ = colim LG, LGZ™™ = colim LG"{"*" |

[nleA [n]eA
By construction, they come with natural functors
LGE —t LGEN Crie” > AFFS

c
\ \jAl /
C CrittA'

fé L fét,Al
LG —— LG .

Observation 6.2.11. Since the simplicial diagram LG

by [Lu-HAlg: Lem. 1.3.4.10], LGéCt’Al can informally be described as the oo-category
whose object are those of LGE and arrows are Al-isotopy classes of morphisms in

LGZ, where the isotopies are assumed to be trivial on the critical loci. Its higher
categorical structure is however difficult to describe.

is constant on objects,

Definition 6.2.12. Let & be a (higher) stack over Aff&. An isotopy-invariant
F-valued algebraic critical invariant is a natural transformation

I:x o — F o Crith .
LGS
1
We denote by Clnv; their co-groupoid. Similarly, a formal isotopy-invariant critical

. . . . . fAL Al
invariant is a natural transformation * oAl = F o Crit"® and Clnvg denotes
(o]

their oco-groupoid.

Observation 6.2.13. Composition with the functors L of Definitions 6.2.9
0: Clnv;‘1 — Clnvg O - CInv;Al — Clnvfg

yields underlying F-valued algebraic (resp. formal) critical invariant in the sense of
Definition 6.1.2.

Lemma 6.2.14. For any T € Affc, the functor p: LGH™ — Aff& induced by
Crity is a Cartesian fibration in 1-groupoids. The associated functor satisfies étale
hyperdescent.

Proof. This is similar to Lemma 6.1.9. Any object of LGo™" is of the form % x
T with a function f: % — A!, such that the closed immersion Crit¢(f) x T =~
Crite7(fr) — % x T is a reduced equivalence, where fr = f xidr: % x T — AL.
Moreover, a morphism (% x T, f) — (7" x T, g) of LG5 is an étale map ¢: % xT —
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7 x T over A} such that the induced morphism
Critf(f) x T ~ Critf’T(fT) — Critf7T(gT) ~ Critf(g) x T

is of the form p(¢) x idr. It then follows from Reminder 1.6.6(a) that every such
¢ is p-Cartesian and that p is a Cartesian fibration in 1-groupoids. The descent
condition is straightforwardly verified. 0

Notation 6.2.15. For any [n] € A, we denote by %7 the stack described by the

n

Cartesian fibration of Lemma 6.2.14 applied to T' =

Observation 6.2.16. As in Observation 6.1.10, the data of an isotopy-invariant
F-valued formal critical invariants correspond to the data of section

|F
o

P
Pid g
-
P

. LAl )

LG\E:,et,A1 CrithA Aﬂ:(é:t

But since LG](t:’ét’Al is defined as a colimit in Cat.,, the data of I amounts to a
compatible system of functors I,

over Aff&. Tt thus amounts to a compatible system of morphisms of stacks 1,, : %7 —

Z , and therefore to a morphism

colimgg; —L F e Sh(AfFE, Gpd,).

This observation allows us to relate Al-invariant critical invariants to the Al-isotopic
localization of Section 5.2.

Lemma 6.2.17. Let X be (—1)-shifted symplectic Deligne-Mumford stack and de-
note by A its canonical exact structure of Corollary 2.2.15. Every isotopy invariant

1
formal critical invariant I induces a map Darb3\5A = Fxdat N Sh(xdf Gpd,.).

Proof. Recall the stack ﬁif/r’l'alg on X of Construction 6.1.11, defined as a full
substack of the restriction of the stack ¥ = Factz';g over Xgr to X, Setting

der,l.al :
m = mo(LGY) ") C mo(F|xaarr), we introduce a new stack on X daf,

der,lalg, Al Al

as in Construction 5.3.2(a). Alternatively, using the explicit formula for the functor

Dy, (9) = LMo (colim Map$! (* x Xer, |shde(g)))
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obtained combining (5.2.27), with Construction 5.2.16 and Lemma 5.2.20(b), the
1

stack ﬁiﬁ;’l'alg’A can also be described as a colimit of the simplicial diagram: indeed

setting (using the notation from Constructions 5.3.2)

LGS/ 7 - Map (* x Xog, " (9))

for each [n] € A, we obtain

ﬁc)i;e/r,l.alg,Al ~ [SL]O€|IATP ic)j(e/r,l.alg,n c Sh(thaﬁ, Gpdoo)

We further observe the existence of a natural forgetful map of simplicial objects in
stacks on Xgaff
der,l.alg,e flo
L6275 (LG
which allows using Observation 6.2.16 to induce, from every isotopy invariant formal

critical invariant I, a morphism in Sh(Xga® Gpd_.)

LGder,I.aIg,A1

~ . der,l.alg,e . f,e 1 or
LGy, ~ collmﬁx/ — COllm(LGD/>|X&aH — > Fixaat.

Finally, by the functoriality of ®xa1 and by Construction 5.3.2(a) and Defini-
tion 5.3.7(a), the map (3.4.4) inducing (3.4.5) and (6.1.12) descends to a morphism

Darby® —— LGS ™" —— Fjyaur € Sh(XET, Gpd,,). 0

C. The case of critical invariants with values in 1-groupoids. For the rest
of this section, we will restrict ourselves to F-valued invariants for & a 1-stack.

Lemma 6.2.18. Let & be a 1-stack over AffE. The forgetful functor 6: Clnv;‘1 —
Clnvg s fully faithful. Its essential image consists of critical invariants I with the
following additional property:

(x) For any LG pairs (U, f) and (V,g) and any A'-family of function-preserving
étale morphisms (¢r: U = V)year, if &ilcrirw,p): Crit(U, f) — Crit(V, g) is inde-
pendent of t € AL, then the induced isomorphism

1(¢e): Ivy ~ (delcaew.p) Tvg

1s independent of t.

Proof. As & is a 1-stack, the notion of isotopy-invariant critical invariants can be
&t AL

expressed in terms of the 1-truncation of the oo-category LG . At the level of
1-truncations, the functor L identifies with the functor being the identity on objects
and sending a morphism to its isotopy class. The result follows. 0

Proposition 6.2.19. Let # be a 1-stack. Composition with C* induces an equiv-
1~ 1
alence (of 1-groupoids) Clnv?* = Clnvl .
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Lemma 6.2.20. Consider a diagram of smooth affine schemes
U =5V 2 Al

where both a and b are étale and goa = gob. Set f = goa = gob and assume
further that the two morphisms Crit(f) — V induced by a and b coincide.

Assume there exists an isotopy p: C(U, f) x AL =V such that vy = alcw,p), ¢1 =
blcw,p) and such that ¢, is étale, function-preserving and the identity on Crit(f) for
every t, then there exists an étale neighborhood W of Crit(f) in U and an isotopy
V: W x Al =V such that v = alw, ¥, = blw and ; is étale, function-preserving
and the identity on Crit(f) for every t.

Proof. Denote by E the stack of function-preserving étale isotopies between a and
b fixing Crit(f):

E —— Mapgpyxat /o (U X ALV xp U)

l | [0

(a,b) & 2
g e, Mapcyic )/ (U, V xa1 U)7,

where the superscript (—)® signifies we restrict to the substacks whose points have
underlying morphisms U — V' that are étale. It is locally of finite presentation and
we can apply [AHLHR22: Prop.2.12] to N = 2, S = AL, & = E, & = C(U, f),
Zo = Crit(f) and n: Z = C(U, f) — E = & the morphism classifying the isotopy
@.

We get W — E and a factorization of Z5 — W of the restriction of n on the second
infinitesimal neighborhood of Z; in Z. This implies that the composite morphism
W — E — U is étale on Zy = Crit(f). Up to shrinking W, we can assume W — U
is étale everywhere. We get the announced isotopy. U

Proof of Proposition 6.2.19. We follow the same first steps as for Lemma 6.2.3.
1 ét,Al .

Writing @ for the full subcategory of LGE A spanned by algebraizable formal LG

pairs and A" = LG?’Al, we are reduced to studying, for any S € Affg, the functor

Ch L Bh = BN e SAFE ——5 G X pper S/AFF = PR

The proof of Lemma 6.2.3 implies that this functor induces a bijection on the sets of

isomorphism classes. Because & is 1-truncated, it suffices to prove the above functor
1

Cg induces an isomorphism on 7; (where m; of a category is the fundamental group

of its geometric realization).
Let us borrow the notations €, €5, 2 and Dy from the proof of Lemma 6.2.3. We

fix an object T in %”21 and focus on Wl(%gl ,T) — T (921, Cgl (1)). The object 7 lifts
to an object (S — V 2 Al) € €5 which we also denote by 7. By Observation 6.2.11,
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the induced morphism 7: 7 (€g,7) — Wl((g§177> is surjective (any zigzag can be
lifted) and we have a commutative diagram

Wl(%s,T) E— 7T1(95a CS(T))

L |
m(Bh 1) —— m(DE,Ch (7).

A class in (G, 7) (resp. in m(Dg, Cs(7))) can be represented as a zig-zag of étale
maps over Al and under S, starting and ending at V' (resp. at C(V, g)). Since étale
pullbacks exist in € (resp. in @), any class in 7 (€, 7) (resp. in m(Dg, Cs(7)))
can be represented as a single span

b

Uu=vVv (resp. U :Z; C(V,g) )

with g o a = g o b and commuting under S. Such a loop is Al-contractible (so give
rise to the trivial class in ﬂl((gg\lﬂ') — resp. in 7T1<9§1, Cs(7))) if and only if a
and b are isotopic on some étale neighborhood of the image of S in U (resp. %).
Lemma 6.2.20 then implies that Wl(%gl,T) — 7T1(£Z§1, Cs(7)) is injective.

It is also locally surjective by [BBDJS15: Prop.3.4| (every formal automorphism

is locally isotopic to an algebraic one). The result follows by adjunction as in
Lemma 6.2.3 and Corollary 6.2.5. U

6.3. Vanishing cycles. We now apply the results of Section 6.2 to the case of
vanishing cycles (Example 6.1.4(b))

Proposition 6.3.1. Let & = Perv (respectively & = MHM ). Then, the algebraic

critical invariant Ip € Clnvg of Example 6.1.4(b) is in the full subcategory Clnvi;1 -
Clnvg (cf. Definition 6.2.12).

Proof. Vanishing cycles define algebraic critical invariants (cf. Example 6.1.4(b)).
To show they are isotopy invariant we use Lemma 6.2.18. We first note that the
(shifted) pull-back Perv(X) — Perv(X x Al) is fully faithful (see e.g. [HPT23|), thus
Al-families of endomorphisms of perverse sheaves are constant. As the forgetful
functor MHM — Perv is faithful the result also follows for MHM. U

Remarks 6.3.2.
(a) The fact that vanishing cycles are a formal invariant has been proven for

perverse sheaves by Berkovich in [Ber94; Ber96].

(b) In particular, Proposition 6.3.1 implies that vanishing cycles in mixed Hodge
modules are canonically defined for any function on a locally algebraizable
smooth formal scheme.

(c) Proposition 6.3.1 may also be recovered from [BBDJS15: Thm. 4.2 and §2.10].
In fact, there it is shown that vanishing cycles only depend on the third order
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thickening of the critical locus, using a third order version of Artin’s approxi-
mation in the special case of LG-pairs.

Construction 6.3.3. Using Proposition 6.3.1, we can lift the invariant of vanishing
cycles along the equivalence of Proposition 6.2.19

Al f,AL
Clnvp,,, >~ Clnvg,,,

and via Lemma 6.2.17 obtain a morphism of stacks on the small étale site of a
(—1)-symplectic Deligne-Mumford stack X

Darb}\(’Al —2 5 Pervy. (6.3.4)

Remark 6.3.5. Proposition 6.3.1 and the uniqueness of the lift to formal schemes
offered by the Proposition 6.2.19 imply that the vanishing cycles invariants encoded
by the map of stacks (6.3.4) coincide with the ones of [BBDJS15].

Next we discuss how the map of stacks of Construction 6.3.3 behaves with respect
to Thom-Sebastiani. Recall that Py s == ¢¢(Ay[dim U]) for A= Z or Q.

Lemma 6.3.6 (Thom—Sebastiani isomorphisms and Knorrer periodicity). Let (%, f)
be a locally algebraizable formal Landau—Ginzburg pair.

(a) If (77, g) is another locally algebraizable formal Landau-Ginzburg pair, then
there is a natural isomorphism

Paxy.rag = Pa,s WPy g

of perverse sheaves over Crit(f) x Crit(g) = Crit(f B g). It is furthermore
associative when taking the product of more than two LG pairs.

(b) Let (m: Q@ — %,q) a quadratic bundle over %. There is a natural isomorphism
(of perverse sheaves over Crit(%, f) = Crit(Q, fm + q))

PQ,fﬂ_i_q ~ Pc%f & PQ#Z[_ dim %]

where we write Pg ¢r1q for the perverse sheaf associated to the total space of
Q. This equivalence is furthermore compatible with direct sums of quadratic
bundles.

(c) Let (Q,q) be a quadratic bundle over %. The datum of a mazimal isotropic
sub-bundle A C Q induces a natural isomorphism

PQ,q ~ P‘Zl,O ~ A"Zl [dlm %]

Proof. We start by proving (a). As the formal LG pairs are locally algebraiz-
able, [Mas01] shows there are local Thom-Sebastiani isomorphisms 7ioc: Py xo, fmg =
Pau.f X4 Py g By Lemma 6.2.1, any two local algebraization are étale locally iso-
morphic, and thus the local sections defined above are independent of the choice of
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algebraization and glue to a global isomorphism
T: P%Xty,ﬁﬁg >~ P%,f % Pcy’g.

We deduce the associativity from the analogous property of the Thom—Sebastiani
isomorphisms associated to regular functions.

Concerning (b) and (c), we may establish independence of the algebraization as for
the case (a). This reduces us to the case where % is globally algebraizable, which
may be deduced from [BBDJS15: Thm 5.4|. To compare our setting with that of
[BBDJS15], we observe that the perverse sheaf Pg, corresponds to Aldim %] ®z,

det QY. This can be seen by comparing the canonical bundle of the Milnor fiber
with det Q".

For the sake of completeness we will now give alternative proofs for the globally
algebraic cases of (b) and (c). Firstly, (¢) follows immediately from the fact that
Pg,q corresponds to A[dim %] ®z/, det Q" as a maximal isotropic subbundle of @
trivializes det Q).

The following proof of (b) was suggested to us by Nick Rozenblyum. Let (U, f) be an
LG pair and (@, q) a quadratic bundle over U. The idea is to construct a canonical
map Py s @ Pg 4 [—dim U] — Pg, fryq, and show it is locally an isomorphism. Write
dy = dimU and dg = dim ). We will work with sheaves on (). We note that
TPy = ¢ Av|dy] = Po fr|du — dg] where the second isomorphism is smooth
base change for vanishing cycles which follows from [SGA7-2: Exposé XIII, Equation
2.1.7.2].

Now we construct the desired map O: Pg tr ® Pg,[—dg] — Pg frt+q and show it
is locally a quasi-isomorphism. To do this we will apply Thom-Sebastiani to the
product of () with itself. We consider the following commutative diagram:

Crit(f %Zfﬂ'ﬂZ);)Zfﬂ' X Z(q) «+—— Crit(fm) x U

e | I/

Z(fr+q) —2— Z(frBq)

[ [

Q - = » Q% Q

and we consider Crit(f) = Crit(fmr) N U C Q). We now consider the following com-
position of maps of constructible sheaves over Crit(fr) x Crit(q) = Crit(fm) x U
(because of the shifts the objects on the left are not perverse sheaves):

Pa.rx B Po[=do] 2 j"Poxa.sraul—da] 5 7 rma(AuAaldal) = 5 AIPU o

Here 7 is the Thom—Sebastiani isomorphism (a), A is induced by diagonal adjunction
(Agldg] W Agldg))[—dg] = Agxoldg] — ALAgldg] and B is proper base change for
vanishing cycles, e.g. [Dim04:4.2.11]. Then we obtain © by restricting 5o Ao 7 to
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the diagonal via A*. First observe that Pg - ®Pg ,[—dg| and Pg, -1, are supported
on Crit(f) C U so we may compare after restricting along ¢ respectively ¢.

Writing ¢ for (A* 04)*(5 o Ao 7) we obtain

i*(Pg.tx @ Pgql—dq)) > U'PQ.prig

| ]

-\ % P S\ % 1% = * *
(A% 00)*(Pg,px M Pgq[—dg]) — (A 0 i)*k*ATPQ friqg — t*(AF)*ATPQ frig

Here the right vertical arrow is an isomorphism as A® is a closed immersion. It
remains to show that © is an isomorphism by checking locally, i.e. if Q = U x Qg
with U contractible and ¢ = gp o mg where the projections are 7y and 7g.

All the constituent parts of © except for A are isomorphisms. Let us consider its

shift

¢ fritg AU < QoxUxQy = D przg(DrAuxqo)-
Using the description ¢4(F) = RI'y(g)>0(F )| 2(g) from [KS90: Exercise VIII.13] it suf-
fices to compare RI'; Agyq and RI';A,Ag = A RUA-1(2)(Ag) where Z = { frym +
qomgm > 0} and correspondingly A~*(Z) = {fny + ¢ > 0}. However, the pairs
(U x Qo xUxQo,7Z) and (U x Qo, A™'(Z)) are homotopy equivalent as the former
is a product of the latter with U x )y. This completes the proof. 0J

Observation 6.3.7. As a consequence, the choice of the maximal isotropic sub-
bundle (1,7) in @ & Q puts Pg 4[—dy] in the 2-torsion Picard group of complexes of
constructible sheaves (for ®), which identifies with po-bundles. Under this identifi-
cation, the morphism P, corresponds to det Q[dy].

Corollary 6.3.8 (of Lemma 6.3.6). The morphism Darbi(’A1 25 Pervy (6.3.4) de-
scends to a morphism

*x Darbg\(’Al/Qm;,A1 LN PervX/Bm.
Thus defining a global section of Pervx /By, i.e. a twisted perverse sheaf on X.

Proof. Lemma 6.3.6(b) (together with the observations that vanishing cycles are a
formal invariant and formal completion computes with pullbacks) shows that P is

compatible with the action of Q@;’Al on Darb;‘(’Al from Proposition 5.3.10.

Observation 6.3.7 then shows that Q@;’Al is sent to 2-torsion in perverse sheaves.

O

As an immediate consequence of Corollary 6.3.8 we obtain a slight improvement of
the main theorem of [BBDJS15]:

Theorem 6.3.9. Let X be a (—1)-shifted symplectic derived Deligne—Mumford stack.

(1) There is a canonical twisted perverse sheaf Px € PervX/Bm(X)
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(i) The obstruction to untwisting Px, classified by a class B € H*(X, ug), corre-
sponds to the composite morphism

It corresponds to the ps-gerbe of square roots of the canonical bundle Ky =
det I—X-

i111) In particular, we recover [BBDJS15: Thm. 6.9/: fixing a square root KY? de-
(iit) In p , g asq X
fines a lifting

Pervy —— xx

/”l _ l

x — Pervx /B, — BBy = K(uz,2).
defining a perverse sheaf Px on X such that for any critical chart
X « S = dCrit(f) = U L A,

if Kyls =~ K¥2|5 as a square root of Kx|g then Px|s ~ Py s.

Those arguments (together with Proposition 6.3.1) apply mutatis mutandis to the
mixed Hodge modules of vanishing cycles, thus leading to a global mixed Hodge

module PYMM € MHM(X) provided a square root K%z.

Remarks 6.3.10.

(a) Our proof is not entirely independent of [BBDJS15|: to show that each Al-invariant
critical invariants induces a formal invariant we rely on [BBDJS15: Prop. 3.4]
(see the proof of Proposition 6.2.19). To show the result for perverse sheaves
of vanishing cycles this is not needed, see Remark 6.3.2(a), but to extend to
mixed Hodge modules we use results of [BBDJS15].

(b) The reader may be tempted to apply Theorem A to glue motivic vanishing
cycles (as in Example 6.1.4(c)). such an application is surely possible, but
not as straightforward as one would hope. Indeed, one would need either to
extend the work of Ayoub-Gallauer—Vezzani [AGV22| so we could define mo-
tivic vanishing cycles of non-adic functions on formal schemes, or to generalize
Proposition 6.2.19 for higher categorical F’s.

6.4. Universal orientation data and Grothendieck—Witt groups. In this sec-
tion, we define universal orientation data and describe their ties to Grothendieck—
Witt groups. The results are not used in the rest of the article, and the uninterested
reader can safely ignore this section.

Definition 6.4.1 (Universal orientation obstruction). Let X be a (—1)-shifted exact
symplectic derived Deligne-Mumford stack (with form ). The universal orientation
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obstruction of X is the morphism
i AAL VAl
Ory™: xy ~ Darby /QuadZ’Al — B(Quadx )

Universal orientation data are given by a nullhomotopy of the universal orientation
obstruction.

Remarks 6.4.2.

(a) In particular, if X is equipped with universal orientation data, any invariant

out of Darbﬁ‘(’Al (satisfying Thom—Sebastiani) glues into a global invariant of
X.

(b) Whenever X is presented as global derived critical locus, the given presenta-
tion X =~ dCrit(%, f) defines also a universal orientation data in the sense of
Definition 6.4.1.

The next proposition, in conjunction with [ST15: Thm. 1.2], tells us universal ori-
entation data live in a semi-topological version of Grothendieck—Witt spectra. It
would be interesting to have a better understanding of those objects and their ties
to the very deep subject of Grothendieck—Witt groups and spectra.

Proposition 6.4.3. Let Oy x,, be the group stack dAffY — Gr(Gpd,,) defined by
the colimit

OOOdeR = (colim[01 — 02 — '])|dAﬂ:XdR.
Then, there is an equivalence
B(QM;A ) ~ BZ x BB(®a1 (O, xen)) o

(with ®p1 as in Observation 5.1.14).

Proof. The stack B (Q@;’N) is connected, and the question thus reduces to study-
ing its loop stack, which by Lemma 5.4.7 is equivalent to

1\ + 1 L
<QM)V(7A ) ~ colim {Quad)v(vA in) Qm;,A DQ1 o

By definition of Q@;’Al as a fiber product (cf. Definition 5.3.8(a)), and using the
notations of Construction 5.2.26 we get

(QM)V(’N)Jr J—> (s (colimBOx,, — -+-]))
| |

Z ~ 7y(colim[QuadY — ---]) —— mo(Pa:(colim[BOx,, — ---]))‘Xgaﬁ.

|Xdaﬂ

ét

The colimit colim[BOx,, — - -] is equivalent to ZxBO x,,. The result then follows
from Lemmas 5.2.30 and 5.2.31. O
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APPENDIX A. RELATIVE FORMAL MORSE LEMMA

Definitions A.1. Let m: 77 — % be a smooth morphism of smooth formal schemes
and let h: 77 — Al be a function.

(a) The relative derived critical locus of h is the derived intersection

dCritg (7 ) — v

Lk

v —L 5 T*% /U = Spec., (Symg Ty jar).

(b) We say that h is relatively Morse if dCrity/(7",h) — 7" — U is étale. In
particular, if 7 is a reduced equivalence, this is equivalent to dCrity (7", h) ~ %.

Lemma A.2 (Relative formal Morse lemma). Let 7: 7" — % be a smooth morphism
of smooth formal schemes and let h: 7" — Al. Assume that 7 is a reduced equiva-
lence, that h|Crit(h) = 0 and that h is relatively Morse. Then there exists an isomor-
phism 0: U ~ Noy(N) where N is the normal bundle of % ~ dCrity/(7,h) — V',
such that

(a) The following diagram commutes

dCrit%

—~

Vh) —— Y

ol T
"

2 V(W)

P

R

(b) The functor q = hof™1: \7%(/1/) — Al is a non-degenerate quadratic form.

Proof. Using smoothness we first choose an arbitrary isomorphism 7" ~ Q%(/V ) as

in Step 3 of Proposition 4.4.3 to reduce the problem to 7" = QW(/V) The map
N — AV induced by the Hessian of h defines a non-degenerate quadratic form ¢ on
N.

Write h = > o0 he € SYyM(AY) =~ Oy, where hy € Sym*(#Y) for all k. By as-
sumption, we have hy = 0 and, as h is relatively Morse, hy = 0, and hs is the
non-degenerate quadratic form q.

The key step is to construct a family of adic automorphisms 7, of Sym (/") mapping
>k

h =q+ 2 j>3he to ¢+ Sym="(AY). We do so inductively. We set 73 to be the
identity. Fix k > 3 and assume 7y, is constructed. Let f € Sym” (W) such that
(h) € q+ f+ Sym>k+1(,/VV) and denote by A its image under the inclusion

Sym* (V) < #Y @ SymFH(AY) L8 1 @ Symtt & Hom(Y, Sym*—1 ).
Let ¢y, be the filtered automorphism of Sym(.4") determined by
o =id — X: Y — NV ®Sym* (V) € Sym(HY).
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By construction, we have ¢x(q + f) € ¢ + Sﬁnzkﬂ(/lfv). To verify this claim we

may consider an étale neighborhood where ¢ = Y. y? for suitable coordinates, then
Sy = Myi))2+ feq+ S)Tr\nzkﬂ(./lfv) as y_.2y;\(y;) = f by definition of \. We
thus set 7,11 = ¢ o 7%.

Now each 7, induces an automorphism 7 of Sym(/)/Sym=*"1(#V) such that
7,(h) = q. Since ¢y, induces the identity on Sym()/Sym=*"1(#V), this system
of automorphisms is compatible with the projections, and thus induces an automor-
phism

. lim 71 .
7 lim Sym(/VV)/Symzk(/VV) — lim Sym(/Vv)/Symsz/v).

We have by construction 7(h) = ¢. Setting § = 77! completes the proof. O
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