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ABsTrRACT. In this paper we define and study a generalization of the Belinson-Drinfeld Grassmannian to the
case where the curve is replaced by a smooth projective surface X, and the trivialization data are given on loci
suitably associated to a nonlinear flag of closed subschemes. In order to do this, we first establish some general
formal gluing results for moduli of almost perfect complexes, perfect complexes and torsors. We then construct
a simplicial object Fly of flags of closed subschemes of a smooth projective surface X, naturally associated
to the operation of taking union of flags. We prove that this simplicial object has the 2-Segal property. For
an affine complex algebraic group G, we finally define a derived, flag analog Grx of the Beilinson-Drinfeld
Grassmannian of G-bundles on the surface X, and show that most of the properties of the Beilinson-Drinfeld
Grassmannian for curves can be extended to our flag generalization. In particular, we prove a factorization
formula, the existence of a canonical flat connection, and define a chiral product on suitable sheaves on Fly
and on Grx. We also sketch the construction of actions of flags analogs of the loop group and of the positive
loop group on Grx. To fixed “large” flags on X, we associate “exotic” derived structures on the classical
stack of G-bundles on X. Analogs of the flag Grassmannian for other Perf-local stacks (replacing the stack of
G-bundles) are briefly considered, and flag factorization is proved for them, too.
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Given a connected smooth complex projective curve C' and G a smooth affine C-group scheme, the corre-

sponding (global) affine Grassmannian is the functor

Greg : (Affc) — Sets : S —> {(:C,E,(p) |z € C(S),€ € Bin®(C x S), 0 &(cxs)r, ~ 80}

where Bun®(C x S) is the groupoid of G-torsors on C' x S, T'y, € C x S denotes the graph of 2 € C(S), and &g
denotes the trivial G-bundle (see, e.g. [51, 1.4]). A local version of Grp g can also be defined using G-bundles

only defined on a formal neighbourhood of T',, and trivialisations defined on the corresponding affine punc-
tured neighbourhood ([51, (1.2.1)]), and Beauville-Laszlo Theorem ([2]) ensures that such a local version of
the affine Grassmannian is in fact equivalent to the global version recalled above (see, e.g. [51, Theorem 1.4.2]).

A brilliant idea of A. Beilinson and V. Drinfeld was to generalise the construction of the affine Grassmannian

by allowing an arbitrary, finite number of points . This can be done by first introducing the so called Ran
space of the curve C' as the presheaf

Ranc : (Aff¢)°? — Sets : S — {finite non-empty subsets of C(5)},
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and then defining
GrBT% : (Affc)°P — Sets : S — {(g, €,¢) |z € Ranc(S), € € Bun®(C x S), ¢ : Ecnsyr, = 50}

where I'; C C x S denotes the joint graph of € Ranc(S). The functor QEPG is called the (Ran version of
the) Beilinson-Drinfeld affine Grassmannian of the pair (C, G). There is an obvious morphism of presheaves
p: QEPG — Ran¢, and the trivial G-bundle endows it with a canonical section triv : Ranc — QE{DG. Though
Ranc is not representable!, not even by an ind-scheme, the map p is itself ind-representable and it is even
ind-proper when G is reductive ([51, 3.3]). The presheaf Qg% is not represented by an ind-scheme but it is
the presheaf (non-filtered) colimit of ind-schemes under proper maps (i.e. a pseudo-indscheme as in [17, 1.2]).
Though passing from Gre g to QEPG might seem as an easy and obvious step, it does make it possible for
QEPG to exhibit an important property called factorization. First of all notice that Ran¢ carries a (non-unital)
semigroup structure given by the union

U: Ran¢ x Ranc — Rane : ({2}, {y}) — {z,y}.

Let (Ranc x Rang)gisj C Rang x Rang is defined by those pairs ({z}, {y}) such that {z} N {y} = 0. We define
similarly (Ranc X Ranc x Rang)disj C Rang x Rang x Rang. Then, the factorization property of @g% can
be stated as the existence of a natural isomorphism (called factorization isomorphism) between the pullbacks
of the two diagrams

Grels x Grgly Gy (1.0.1)

D @]
Rang x Rang +—— (Ranc X Ranc)disj —— Rang

which is compatible, in an obvious way, with the map triv : Rang — QEPG and satisfies a natural cocycle
condition on (Ranc x Rang X Rang)gisj (|51, Theorem 3.3.3]). We may denote Grg’%g the common (up to
canonical isomorphism) pullback of these two diagrams. The map p : Grg%;2 — Rang¢ carries a flat connection
(|51, Theorem 3.1.20], [3, 2.8]) and actions of suitable Ran-versions LranG and L, G of the loop group LG
and of the positive loop group L+ G, respectively ([18, 1.1.2] and [37, Section 5, (5.5)]).

In this paper we propose and study an analog of BD-Grassmannian, called the flag Grassmannian, where
the curve C' is replaced by a smooth complex projective surface X, and points in the Ran space of C are re-
placed with (families) of flags of subschemes in X. Our investigation on the flag Grassmannian has its origins
in some conversations of the third author with Mauro Porta® triggered by § 3.4.6 of [4] where an equivalent
approach to factorization algebras sheaves is based on effective Cartier divisors (possibly considered up to
reduced equivalence) on a curve, rather than on the Ran space of the curve. This remark immediately gave us
the idea of a possible replacement of the Ran space in the higher dimensional case of a surface, with the further
possibility of including arbitrary flags consisting of an effective Cartier divisor together with a codimension 1
subscheme in this divisor.

Let us summarize the results of this paper.

Formal glueing. In proving several properties of our flag Grassmannian, we will need a higher dimensional
version of Beauville-Laszlo gluing, therefore we devote the first three sections to establish a general version of

1Actually, Ran¢ is not even an étale sheaf.
2M. Porta, together with the first and third authors, is also responsible for our first version of formal and flag glueing results
(see arXiv:1607.04503).
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formal gluing. Let k be field. For a k-scheme Y and a closed subscheme Z, with open complement U, roughly
speaking, formal gluing (whenever it exists) is a way of describing geometric objects of some kind defined on
Y, as geometric objects of the same kind defined on U and on the formal completion Z of Z in Y, that are
suitably compatible. The notion of compatibility here is a delicate one. Morally, guided by a purely topological
intuition, one would like to say that a geometric object &y and a geometric object €2 are compatible if they
restrict to the same object (or to an equivalent one) on the intersection U N 7 =7~2Z. However, strictly
speaking, in algebraic geometry this intersection is empty, so the notion of compatibility cannot be the naive
one, at least if we want to remain within the realm of algebraic geometry, i.e. we want to keep viewing Y, U
and Z as algebro-geometric objects. Many formal glueing results have been proved, and we give here only a
probably non exhaustive list: [50], [1], [15], [2], [38], [5], [6], [42], [24], [36]. In the first sections, based on some
of these previous works (mainly [6], [36]) , we address the general formal glueing problem when the geometric
objects above are

e almost perfect modules (also known as pseudo-coherent complexes) on Y, whose derived moduli stack

is denoted by Cohy in the paper,
e perfect modules on Y, whose derived moduli stack is denoted by Perfy in the paper,
e G-bundles on Y, for G an affine k-group scheme, whose derived moduli stack is denoted by Bung’ in
the paper,

and Y is a locally Noetherian stack over k. If F = Coh™, Perf or Bun®, and Z C Y is a closed substack,
restriction induces an equivalence of derived stacks over Y (i.e. defined on the category dAffy of derived affine
Noetherian schemes Spec R with a map Spec R — Y)

Fy — FY\Z X Fz (102)
Zaff _z

This is proved in Proposition 3.2.2 and Theorem 3.3.2. In this formula, Z denotes the formal completion of
Z inside Y, while 72 7 is defined using the fiber functor® of affinization (see definitions 2.3.1 and 2.3.7).
In particular, when R is an underived commutative k-algebra together with a map Spec R — Y, the value of
7%\ Z on (Spec R — Y) is the expected one

(Zaﬂ N Z)(SpecR = Y) = Spec(lsqz) ~ Spec(R/1z),

where Iz C R denotes the ideal of the pullback of Z to Spec R, and EI ,, 18 the ring completion of R at the ideal
Iz. Note that, by algebraisation (Proposition 3.1.1), the canonical map F 5 — F 5. is an equivalence of derived
stacks over Y (where A af(SpecR — Y) = Spec(l% »), when Spec R is a Noetherian underived affine k-scheme
endowed with a map to Y'). In the presence of a longer non-linear flag (Zy C Zx—1 C --- C Z1 CY) of closed
substacks in Y, the formal glueing formula (1.0.2) can be iterated yielding what we call a flag decomposition
of F (see § 3.4).

Using the map Y — Speck, and the induced functor

dSty — dSt; : F — F, (1.0.3)

from derived stacks defined over dAffy to derived stacks defined over dAffy, formula (1.0.2) translates into the
corresponding obvious formal glueing equivalence between derived stacks over k

Fy — Fy 2 XFue, B2

(1.0.4)

(see Construction 3.4.2).
In our analysis, the case of G-bundles follows from the case of perfect modules (since Bung is Perf-local in the

3This notion of fiber functor should not be confused with the one in the theory of Tannakian categories.
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variable Y, see Lemma 2.6.3), while the case of almost perfect modules is similar to that of perfect modules.
Therefore we have decided to present these three formal gluing results together, though in the rest of the paper
we will mainly concentrate on the study of G-bundles. Moreover, for the sake of completeness, and since this
does not require an excessive effort, we actually establish formal gluing and flag decomposition results, in the
more general case where Y a locally Noetherian derived stack over k, Z C Y is a derived closed substack.
Section 3.5 explains how to deduce from the previous results formal gluing for the underived versions of
F = Coh ™, Perf or Bun®.

Nonlinear flags. Starting with Section 4, we will let £ = C, and fix a smooth complex projective surface
X. In Section 4 we introduce the simplicial object Fly , of families of nonlinear flags on X. Here is the basic
idea of the construction of Fly ,. We first define Fly ; (which we also denote simply by Fly) as the presheaf of
posets on Affc assigning to S the poset whose elements are pairs (D, Z) consisting of a relative effective Cartier
divisor D on X x S/S, and an element Z in the Hilbert scheme of 0-dimensional subschemes of X x S/S,
subject to the nesting condition Z C D. The partial order on Fly ;(S) is defined as follows: we say that
(D,Z) < (D', Z") (also denoted as a morphism (D,Z) — (D', Z")) if there exists a commutative square of
closed subschemes of X x S

D——D

]

Z ——7

such that the canonical induced map Z — D X ps Z’ yields an isomorphism on the induced reduced scheme
structures. Note that by forgetting the partial order structure, Fly ; is just a variant of the so-called flag
Hilbert scheme of X (see e.g. [44, 4.5]). The main step in the construction of Fly , is to define Fly 5 in such
a way that it supports a union map (J : Fly 5 — Fly ; of the form (D1, Z1) U (D2, Z2) = (D1 + D2, Z1 U Zs).
In order to ensure that such a map is well-defined (e.g. that Z; U Z5 is flat over the test scheme S), we
define Fly ,(S) as the sub-poset of pairs ((D1, Z1), (D2, Z2)) in Fly (S) x Flx;(S5) satisfying the following
good position (or transversality) condition: Dy N Dy is a relative effective Cartier divisor inside both D;/S
and Do/S, and Z; N Zy = D1 N Dy (Definition 4.2.3). Note that, if X is a curve, then Fly , classifies pairs of
disjoint Cartier divisors. Finally, we build our full simplicial object Fly , as the classifyiﬁg simplicial object
associated to the partially defined unital monoid structure U on Fly ; (see Section 4.4). Note that Fly , = {x},
0o, 02 : Flx 5 — Fly ; are, respectively, the projection on the second and first flag, while 0y : Flx 5 — Fly ;
is the union map. The main result of Section 4 (Theorem 4.4.2) is that the simplicial object Fly , has the
so-called 2-Segal property ([12]), i.e. the diagram

]

)
Fly, xFlx, Flxo Flx

defines an associative algebra structure in correspondences. This will induce, later in the paper, the same
property on the simplicial flag Grassmannian Grx .

Flag Grassmannian. Fix, once and for all, a smooth affine group scheme G over C, that will be most often
omitted from the notations. In sections 5 and 6 we build the simplicial flag Grassmannian Grx o for G-bundles,
together with a simplicial map Grx e — Flx,. We sketch here, in a slightly simplified way, the basic ideas
of the constructions, where furthermore the schemes parametrising families of flags will be underived. The
actual rigorous constructions in the main body of the paper follow a slightly different and more technical path
(mainly in order to take care of higher coherences and derived structures), and giving here all such details
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would obscure the intuition. Moreover, in this Introduction, we will focus on the flag Grassmannian for G-
bundles; variations involving perfect complexes are considered in the main text.

For any affine (underived) Noetherian test scheme S, and any flag (D, Z) € Flx;(S5), so that (D, Z) is a flag
inside X x S, we consider (Definition 5.2.6) the derived stack over X x S (notations being the one introduced
in the previous paragraph)

GI‘)((S)(D, Z) = BunXXS XBun(XXS)\DXBun Bun; {*} € dStXXS7 (105)

(X xS)NDX x x g 221t

where the map from {*} represents the trivial G-bundle ;. This derived stack over X x S is called the flag
Grassmannian of X x S /S at the fized flag (D, Z), and it classifies triples (&, p, ) where € is a family of
G-bundles on X x S, ¢ a family of trivialisations of € on (X x S) ~ D, ¢ a family of trivialisations of & on
A , such that ¢ and v are compatible on the “intersection” (X x S) N\ D X xxs 7% Like in the classical case
where X is a curve, there is also a corresponding local version (Definition 5.2.7)

GI‘I)C(’,C(S)(D,Z) := Bungp XBung_,XBuns .. Bung {*} € dStxxs, (1.0.6)
b

and formal gluing implies that the obvious restriction
Grx (9)(D, Z) — GrRe(S)(D, Z)

is an equivalence of derived stacks over X x S (Lemma 5.2.8). Translating these constructions into ab-
solute derived stacks (i.e. stacks over k = C) by using the functor (1.0.3) defined above, we get derived
stacks Gry (S)(D, Z) and Gr'y(S)(D, Z) over k, together with a restriction equivalence Gry (S)(D,Z) =~
Grie¢(S)(D, Z). Since D is a relative effective Cartier divisor in X x S /S, one can prove that the truncation
to(Gry (S)(D, Z)), hence to(Gr'y®(S)(D, Z)), is actually a sheaf of sets (Lemma 5.2.11). In particular the global
sections Grx (S)(D, Z) of both Gry(S)(D, Z) and Grig®(S)(D, Z), form a set. Since (X x S) ~ D, D, D,
Z, Z*% and D ~ D are all insensitive to the scheme structure on D and Z, Grx(S)(D, Z), Gr'¢®(S)(D, Z),
Gry(S)(D, Z), and Gry®(S)(D, Z) are topologically invariant (§ 5.4). With the test scheme S fixed, by
using again formal gluing, one can prove that the assignment (D,Z) — gry(S)(D,Z) defines a functor
Grx(S) : FIx(S) — Sets, that are suitably natural in the argument S (see § 5.3).
The Grothendieck construction applied to Grx(S) : Flx(S) — Sets defines p;(S) : Grx(S) — Flx(S), and
the fuctoriality in S of Grx (S) (established in § 5.3), builds for us Grx as a functor dAff°® — Cate, together
with a morphism of functors*

p1:Grx — Fly. (1.0.7)
In other words, when S is an underived test affine scheme, the objects of Grx (S) consist of pairs (F, £) where
Fisaflagin X x S, and € € Grx(S). Note that the trivial bundle induces an obvious section triv : Fly, — Grx
of Pi1-
One can show that the map p; : Grx — Fly carries a canonical flat connection (§ 5.3). This is conveniently and
compactly rephrased by asserting the existence of a map of derived stacks Gr’y — ﬂ)D(R , to the de Rham stack
of Fly, whose pullback along the canonical map Fly — ﬂgR recovers the morphism p;. This should be seen as
the analog for surfaces of the existence of a canonical flat connection on Beilinson-Drinfeld Grassmannian (see
[51, Prop. 3.1.20]). A further important fact (Theorem 6.5.1) is that Srx — FIZ® (and also p; : Srx — Fly)
is, in an appropriate sense, represented by a derived ind-scheme (not of finite type®).

4Here we use the same symbol both for Fly and for its canonical derived extension (i.e. its Kan extension to derived affine
schemes).

5A stronger finiteness is obtained by restricting to the sub-functor Cary < Fly of relative effective Cartier divisors on X (i.e.
restricting to flags of type (D, ()): such a restriction is, in fact, represented by an ind-quasi-projective ind-scheme, hence of finite
type.
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We are now able to construct the simplicial flag Grassmannian Grx . together with a simplicial map p, :
Grxe — Flx, (see § 6.4). First of all we put Srx o = {*}, Grx1 = 9rx, and define Grx » via the following
pull-back diagram

9rx 2 = Grg (1.0.8)

Fly o —— Fly .
X2 500X

A non-trivial result (see Section 6.1), obtained through formal gluing inside punctured formal neighbourhoods,
allows us to define® projection maps

qi(S;FhFQ) : er(S)(Fl UFQ) — er(S)(FZ) ,1=1,2, (109)

for arbitrary flags (Fy, F2) € Flx 5(S) that are suitably functorial both with respect to maps (F1, Fy) — (F], F})
in Fly 5(5), and with respect to maps S — S between test schemes. Thus, the projection maps of (1.0.9)
induce morphisms Jy, 02 : Grx 2 — Grx 1 such that the diagram

Z
9rxo —— Grx 1

Flx s —— Flg,

commutes, for j = 0,2. Using the empty flag to build degeneracy maps, we get a 2-truncated simplicial
object Grx <2. Now, via a general extension result (§ A), we complete Grx <2 to a full simplicial object
Grx.e, called the simplicial flag Grassmannian of the pair (X, G), equipped with a canonical simplicial map
Pe : 97x,e — Flx o, extending p1 and ps. The 2-Segal property of Fly ,, and the properties of p,, imply that
the simplicial flag Grassmannian Grx . is again 2-Segal. One can furthermore prove that the simplicial map pe
is endowed with a canonical flat connection (extending the one already established on p), or equivalently, that
the previous construction yields in fact a map of simplicial objects 97‘/X’. — ﬂgﬁ inducing pe : Grx.e — Flx o

via pullback along the canonical map ﬂX, — ﬂgf.

Flag-Factorization. In Section 6.2 we prove the flag factorization property for the flag Grassmannian
Grx. More precisely, and in complete analogy with (1.0.1), we prove (see Remark 6.4.5) that the map
(00,02) : Grx 2 — Grx1 x Grx1 establishes an isomorphism” (called the factorization isomorphism) between
the pullbacks of the diagrams

Grxa x SGrxa Grxa (1.0.10)
P1 ><p1l lm

D 01
Flx 1 xFElx, Flx Flx .

The proof boils down to showing that the projection maps (1.0.9) induce an isomorphism

(ql(S;Fl,Fg),qg(S;Fl,Fg)) : er(S)(Fl U Fg) L} er(S)(Fl) X er(S)(Fg) (1011)

SFor simplicity, we only state here the results for the global version Grx (S).

"This isomorphism is obviously compatible with the section triv : FIy, — SGrx of p1, introduced above. Moreover, Remark
6.4.6 gives the analog of the natural cocycle condition on (Ranc X Rang X Rang)aisj satisfied by the factorization isomorphism
for Beilinson-Drinfeld Grassmannian (|51, Theorem 3.3.3]).
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for any pair (Fy, F2) € Fly 5(S), and for any S (Theorem 6.2.1). One important and non-trivial ingredient of
the proof (Lemma 6.2.12) consists in the equivalence

Perf 7

Perf FOT, *>Perf 7 XperlenT2

for arbitrary (derived) closed subschemes T7,T» of an arbitrary affine (derived) scheme.

Flag-dependent exotic structures on the stack of G-bundles. For a (underived) Noetherian scheme
S and a smooth morphism Y — S of relative dimension > 2, we say that a flag (D, Z) in Y/S is large if Z,
meets any irreducible component of Dy, for any s € S. As A. Beilinson observed (private communication), the
set of global sections

Gr(Y; D, Z) = Bun®(Y) x Bunc (2) 1€}

is a singleton®, for any fixed G-bundle € on Y (Proposition 7.1.2). This observation allows us, in Section
7, to associate to any large flag on a smooth projective surface X a derived structure on the classical stack
of G-bundles on X (Proposition 7.2.1). These derived structures (given by the corresponding derived Hecke
stacks, see Section 7.2) are, in general, different from the usual one, i.e. Buny (see Examples 7.2.3 and 7.2.9),
and therefore we call them ezotic derived structures on the truncation to(Buny ), i.e. on the classical stack of
G-bundles on X. We remark that different choices of large flags in X yield different exotic structures.

Bun®(Y\D)Xg,,G 2\ p)

Flag chiral structures. In Section 8 we define flag-analogs of chiral algebras and chiral categories. In the
classical case, i.e. when C' is a smooth projective curve, one can define the so called chiral tensor product on
appropriate categories Shv(Ran¢) of sheaves on the Ran space of C, essentially by performing the pull-push
construction (of the exterior tensor product of such sheaves) along the following diagram

(Rang x Rang)aisj (1.0.12)

T

Rang x Rang Rang

where ¢ is the obvious inclusion (see [16] for details). When X is a smooth projective surface, in order to get
a flag-analog of this chiral product, one might naively perform the same construction by replacing (1.0.12) by
the following diagram

Flys (1.0.13)
q::(y K@l
Flyx x Fly Flx

where recall that 0; is the union map of good flags. This can certainly be done if we forget maps between
flags (i.e. considering Fly and Fly , as Sets-valued rather than Posets-valued), see § 8.1. In order to deal
with the general case, we use the tools developed by S. Raskin® ([39]), together with Beilinson-Drinfeld’s idea
in [4, 3.4.6], to get a definition of flag-chiral category and of quasi-coherent flag-factorization algebra, together
with their erystal and D-Modules counterparts (Definition 8.2.5). Some examples of these structures are given.

8Note that this result is clearly false for the Perf-version of the flag Grassmannian.
9Note that in [39, Rem. 6.19.5] Raskin proves the equivalence between his approach with Francis-Gaitsgory’s one.



A FLAG VERSION OF BEILINSON-DRINFELD GRASSMANNIAN FOR SURFACES 9

Why this flag Grassmannian ? There are various reasons for considering our flag Grassmannian Gryxy —
Fly, for X a smooth projective algebraic surface, as a reasonable generalization of Beilinson-Drinfeld’s Ran
Grassmannian QE{DG — Rang¢, defined for a smooth projective algebraic curve C. First of all, if we take X
to be a curve, and we only keep the divisorial part D of the flag (the lowest dimensional part Z being then
pushed into dimension —1, so reasonably considered to be empty), then Grx(S)(D,Z = (), out of which
Grx is constructed by varying the flags, reduces to the usual affine Grassmannian of the curve with respect
to the divisor D. Secondly and most importantly, as we have tried to show above in this Introduction, our
flag Grassmannian Grx — Fly enjoys most of the nice properties of Beilinson-Drinfeld’s Ran Grassmannian.
Namely, it has (a flags’ version of) the factorization property, it carries a natural flat connection, and it nat-
urally accomodates (flags’ versions of) chiral algebra structures. It is also worth mentioning that our general
construction can be performed by replacing the stack Bun® by the stack Perf (see remarks 5.2.5 and 5.2.10).
On the other hand, as already observed, for “large” flags on the surface (Definition 7.1.1), the corresponding
flag Grassmannian is a purely derived stack'® (Proposition 7.1.2). This is a consequence of imposing compat-
ibility between the two trivializations in formula (1.0.5), expressed by the lowest term Bun( XX 8)~Dx x x5 201
in the fiber product. Though this property has the effect of producing interesting exotic derived structures
on the stack of G-bundles on the surface (as explained earlier in this Introduction), it may well be considered
as a weakness of our construction. We believe that moving from a curve to a higher dimensional variety, and
assuming that in such higher dimensional cases flags of subvarieties should enter in the construction, naturally
forces the derived geometrical part of any corresponding flag version of the affine Grassmannian to be pre-
dominant in some sense. This is basically due to the existence of Hartogs-like phenomena, like the example of
G-bundles on A% and on A%\ 0 shows (the corresponding derived stacks are different while their truncations
agree, see Remark 7.1.4). Nonetheless, there are variations on our definition of the flag Grassmannian that
behave better from this specific point of view. Some of them are discussed in the next paragraph, and they
form the object of a forthcoming paper ([27]).

Leftovers and future directions. We list here some possible further lines of research naturally suggested
by this paper.

1) Actions. In Appendix B we sketch the construction of flag versions of the loop and positive loop group
(both fibered over Fly), well known in the curve case, together with their actions on the flag Grassmannian.
This construction should be rigorously enhanced to the derived setting, and one should then be able to make
sense, at least for Shv denoting /-adic sheaves or D-Modules, of the equivariant co-category Shv* Gx (Grx)
of LTG x-equivariant sheaves on Grx, endowed with an appropriate convolution monoidal structure. This
should also be extended to the other flag Grassmannians introduced in 2) and 3) below.

2) Mapping down and other flag Grassmannians. Fix a smooth divisor Dy in a smooth projective surface X.
For each test scheme S, and any flag on X x S/S of the form (Dy x S, Z), we may consider

Grp, (S;Z) :=Bunp, «s XBun p, )1 2 {triv}

i.e. the affine Grassmannian of the curve Dj at the “points” Z. We may try to construct a map Gr(X X
S)(Do x S,Z) = Grp,(S; Z), and varying both S and Z C Dy x S, a map

9rx.p, — S7p, (1.0.14)

10However7 this is peculiar to G-bundles, and it is not true for the Perf-version of the flag Grassmannian.
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where Grp, is (a Cartier-divisors version of) Beilinson-Drinfeld’s Ran Grassmannian of the curve Dy C X. A
drawback of the definition of flag Grassmannian in this paper is that this map is necessarily trivial (i.e. factors
through the trivial bundle). This is essentially due to the compatibility required between the two trivializations
n (1.0.5). Thus, in order to get a non-trivial map, one may modify our definition of the flag Grassmannian
by replacing (1.0.5) with either of the following'!

G (S)(D, Z) 1= Buny s Bunp, , xBun, {t1iv} . GAI(S)(D, Z) := Buny s Xpuny, , {triv}

\Z

G (S)(D, Z) := Bunp Xpuns, , xBun, {triv},  Gry™(S)(D,Z) :=Bung Xpun, , {triv}.

D\zZ E— =="D\z
As done with the flag Grassmannian of this paper, one can show ([27]) that there are corresponding 2-
Segal simplicial objects Gr§y, Gr&o™* in dSt%*= /Buny (with §r§ = Gr§o™* := Buny)'?, and 2-Segal
objects 97{?2, Srfat " in dSt at“, together with simplicial maps 9rgl°b — FIDR °P xBuny, 97’gl°b ey
FIDR °P xBuny, 91"fat — ﬂ;}f@p and ST‘E?:E:CS — ﬂgfi °P_ Moreover, one can bhOW that 9r§<1?.b, Gr& glOb res
97‘fat and 97"fat ' all satisfy an appropriate flag-factorization property!3. For this modified flag Grabsmanni—
ans, the Corresponding maps (1.0.14) are non-trivial. This also suggests the possibility that suitably defined
Hecke operators on X induce Hecke operators on the curve Dy, perhaps generating interesting subalgebras of
Hecke operators on Dy. Investigations in this directions are ongoing ([27]).

)

3) More local flag Grassmannians and the double affine Grassmannian. By considering even more local Grass-
mannians with respect to those considered above in 2), one can try to give an algebro-geometrical interpretation
of the affine Grassmannian, as discussed'? in [8, Section 3|. Indeed one can run the flag Grassmannian con-
struction of this paper by replacing (1.0.5) with

double .
Gry (S)(D,Z) = Bunz (ZD)att\ D XBun@a“ B\ sty {triv}

where notations need some explanation. First of all, (ZD ) is the affinization of the ind-scheme 7b =
{ZP},>0, where ZPn is the formal completion of Z inside the n-th formal neighborhood D,, of D inside
the ambient scheme X x S. Secondly, Z*TD is the ind-scheme {EaH’D"}nZO (where Z*T:Dn is the affiniza-
tion of the completion of Z inside D,,); then we subtract Z from this ind-scheme, and we affinize it before
finally subtracting D : this is the meaning!'® of (Z2%:P \ Z)2f \ D. Note that, with this definition, for
S’A: Speck, X = A2, D ={y =0} and Z = {z = y = 0}, we get (ZP)* \ D = Spec(k[[z]]((y))), and
(25D \ 7)2f \ D = Spec(k((x))((y))), and this explains the relation with [8, Section 3|. Further relations
between [8, 9, 10] and this very local version of the flag Grassmannian are being investigated ([35]).

4) Replacing flags. One could run the construction of this paper (also for the flag Grassmannians listed in
2) and 3) above) by replacing Fly , with either the Ran space of nested Cartier divisors in X, the Ran space
of Fly, or even the Ran space of families of nested closed subsets of X. This approach might also indicate
how to extend our constructions to smooth projective varieties X of dimension > 2. This is currently being

e have written here derived stacks over k, using notation (1.0.3).

12Hence we have corresponding algebras in correspondences in dSt/Bun .

13And the same is true for the obvious corresponding Hecke stacks.

L4 At the very end of Section 3, the authors write “It is not clear how to think about the affine Grassmannian of G,g in terms
of algebraic geometry”.

15 Another interesting way of interpreting (Z“ff’ﬁ \ Z2)2 \ D is as the (suitably defined) triple intersection of the three “basic
adelic” opens associated to the flag D, Z, i.e. (X x S)\ D, D \ Z, and Z.
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investigated in [27].

5) Open questions. Finally, here are a few questions (inspired by [17], and [37]) we are considering but have,
so far, few clues about.
Let Gr%"” be either Gry or Gr&l°® or gs&lobres and consider the obvious map GryY — Buny. Are the fibers of
this map de Rham-contractible? If not, does this map induce at least an interesting relation between the de
Rham cohomology of §r%" and the de Rham cohomology of Buny?
Using 1) above, given any flag Grassmannian Gry (i.e. the one in the paper or the ones listed in 2) and
3) above), can we interpret in a Tannakian-like way the category'® of £ G x-equivariant perverse sheaves on

Grx? To start with, one might fix a flag, and pose the same question for the flag Grassmannian at this fixed flag.

Related works. It is very much unclear what a topic named “Geometric Langlands program for surfaces”
should precisely mean or whether it exists at all, at least in the broad structured sense it has in the case of
curves. With no claim of exhaustivity, we will merely list, among the ones we are aware of, those sources
that actually inspired and motivated our research project. The paper [22] was an inspiring and pioneering
work in this direction but, at least to our knowledge, its line of research have not been pursued since. The
article [28] also contains very interesting suggestions about the possible existence of a Langlands program for
higher dimensional varieties, though here the emphasis is more on higher local fields and formal analogies with
topological quantum field theories. As we already mentioned, A. Beilinson and V. Drinfeld’s [4] (especially §
3.4.6), though dealing with the curve case, was the actual starting point of our project.

Another question about a possible Geometric Langlands program for surfaces, passed on to the third author
by M. Kapranov, is whether it should concern G-bundles or G-gerbes. In any case, the setup of formal glu-
ing, nonlinear flags and the flag Grassmannian investigated in our paper for G-bundles makes sense, mutatis
mutandis, for G-gerbes, too. However algebraization is likely to be false for G-gerbes!”, and this is a problem
in developing this direction of research.

While finishing the paper, S. Raskin informed us that, in a 2010 conversation with him, I. Mirkovic proposed
to use flags of the sort we consider here, in order to extend Belinson-Drinfeld’s Grassmannian to higher di-
mensional varieties. We are not aware of the specific definition of the flag Grassmannian he proposed nor of
subsequent publicly available work along these lines.

On the other hand, all of the interesting literature on the double affine Grassmannian (e.g. [8, 9, 10] to list a
few papers) seems to go in a different but related direction with respect to our paper. An ongoing collaboration
between the second and third authors and Andrea Maffei (Pisa) is aiming at establishing a link between the
two approaches ([35]).

Acknowledgments. Several people helped in various ways the realization of this paper. M. Porta started
this project together with the first and third author, and he contributed some important ideas that shaped
the current paper; in particular, sections 2 and 3 should be considered as joint work with him. M. Kapranov
shared with us some of his stimulating ideas and visions on the subject of a Geometric Langlands program
on higher dimensional varieties. D. Beraldo was great in carefully and patiently explaining us some tricky
details in the geometric Langlands program. G. Nocera followed closely the recent evolution of this paper,
and generously shared his ideas about the curve case. A. F. Herrero made very interesting comments, and
suggested Lemma 5.2.11. S. Raskin gave us extremely useful and knowledgeable feedbacks: we have taken

16Note that even the definition of this category is not straightforward.
17Betrand Toén, private communication.
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into account some of them in the current version (e.g. about the chiral tensor product in §8), the rest will be
addressed in a subsequent paper. A. Beilinson sent us a detailed proof of Proposition 7.1.2: we thank him a
lot both for this and for his interest in our work. N. Rozenblyum and L. Ramero helped us in the proof of
a preliminary underived version of Lemma 6.2.4. We owe a lot to D. Beraldo’s and D. Gaitsgory’s brilliant
papers on the Geometric Langlands program. C. Barwick, R. Donagi, E. Elmanto, T. Pantev, M. Pippi, and
B. Toén offered valuable comments and encouragement. We sincerely thank all of them.

Notations. Our base field will be k = C. All our schemes will, unless otherwise stated, be k-schemes. For
a scheme T, Shr will denote the category of flat sheaves of sets on T'. Analogously, dSty will denote the
(00, 1)-category of flat derived stacks in oco-groupoids on 7. We write Sh and dSt when T" = Spec k. We
will denote by PoSets the 1-category of (small) posetal categories, i.e. (small) categories whose Hom-sets are
either empty or a singleton. In a l-category C, if : u: Z — X, and v’ : Z' — X are monos, and there exists
an isomorphism u ~ «’ in C//X, then this isomorphism is unique, and we will sometimes simply write u = u’.
The other relevant notations will be introduced and explained in the main text.

2. SHEAVES AND BUNDLES ON THE PUNCTURED FORMAL NEIGHBOURHOOD

In this first section, we define and construct the stacks of bundles (or (pseudo-)perfect complexes) on
punctured formal neighborhoods in a very general setting. This will allow us to state and prove, in the next
section, a statement a la Beauville-Laszlo for general (derived) stacks.

2.1. Recollection on derived stacks. We start by fixing a handful of notations from derived algebraic
geometry. For a comprehensive review of the subject, we refer the reader to [48].

Definition 2.1.1. Let us recall a few definitions, and fix our notations.

e We will denote by CAlg,, the usual 1-category of commutative k-algebras. In the derived geometry
literature, such algebras are sometimes called discrete, underived or O-truncated.

e We will denote by sCAlg, the oo-category of simplicial commutative k-algebras up to homotopy
equivalence.

e For any A € sCAlg,, we will denote by 7; A its i'" homotopy group. Recall that moA is endowed
with a commutative k-algebra structure, and that for any 4, the abelian group m; A is endowed with a
structure of myA-module.

e A simplicial commutative algebra A is Noetherian if A is Noetherian and ;A is of finite type over
moA. We denote by sCAlgEOeth the oco-category of Noetherian simplicial commutative algebras.

e A (locally Noetherian) derived prestack is a functor sCAlgEOeth — Gpd,, with values in the category
of co-groupoids. A derived stack is a derived prestack satisfying the étale hyperdescent condition. We
will denote by dSty the oo-category of derived stacks. For X € dSty, we denote by dStyx := dSty/X
the category of stacks over X.

e We denote by dAff;, C dStj the full subcategory of (Noetherian) derived affine schemes (i.e. functors
represented by some A € sCAlgh°°™).

e For any derived stack X, we will denote by toX its restriction to (discrete) commutative k-algebras.
The functor toX is then a (non-derived) stack. It comes with a canonical morphism toX — X. We
say that X is a derived enhancement of tyX.

e For X — Y, X’ — Y morphisms between derived stacks, we will denote by X Xy X’ their derived

fiber product. Sometimes, though not systematically, we will emphasize this by writing X X‘}i/ X'.
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Given a derived affine scheme X and a closed subset Z of the scheme ty X, the open complement to X \ Z
has a canonical derived enhancement as a derived subscheme of X. We call it the open complement of Z in
X and denote it by X \ Z.

Definition 2.1.2. Let X € dSty.

e A closed substack Z C X is the datum of a non-derived stack Z and a map Z — X such that for any
U € Affy, and any U — X, the projection to(Z xx U) — U is a closed immersion of (affine) schemes.
e Given a closed substack Z C X, its open complement is the derived stack

XNZ:= colim U\ Zy,
UcdAff/ X

where Zy stands for the pullback Z x x U.

Definition 2.1.3. Let X be a derived stack. We define its de Rham stack Xggr as the derived prestack whose
A-points are:

Xar(A) = X((m0A)rea)-

It is endowed with a canonical morphism X — Xgg.

Definition 2.1.4. Let Z — X be a map of derived stacks. The (derived) formal completion of Z in X (or of
X along Z) is defined as the pullback
~ 1
7 =X ;< Zar € dSty.
Xdr
Remark 2.1.5. The notation Z is ambiguous as the formal completion of Z in X strongly depends on the

map Z — X. On the other hand, the de Rham stack associated to Z only depends on its truncation tqZ. In
particular, the formal completion Z does not depend on the derived structure on Z.

Lemma 2.1.6. Let Z — X + Y € dSty, and let Zy be the fiber product Zy = Z x& Y. Let Z be the formal
completion of Z in X and Zy be the formal completion of Zy in'Y (i.e. the formal completion along the
projection map Zy — Y ). The canonical morphism

2y—>Y 2

> X e

s an equivalence.

Proof. This is immediate, since the functor X — X4r preserves fiber products. O

The following statement justifies the above definition of the derived formal completion:

Theorem 2.1.7. Let X be a derived scheme and Z C X a closed substack (subscheme). The following
assertions hold.

(1) (Gaitsgory-Rozenblyum) The formal completion 7 is a stack and is representable by a derived ind-
scheme.

~

(2) The truncation to(Z) is canonically isomorphic to the (usual) formal completion of to(X) along to(Z).

Proof. Assertion (1) is [19, Proposition 6.3.1]. Let us prove assertion (2). Using Lemma 2.1.6, we can assume
that X is affine. Let A denote the algebra of functions on toX and let I C A be an ideal defining toZ in toX.
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The truncation functor tg preserves fiber products. It follows that a B-point of tO(Z) is a commutative
diagram
A— B

J !

A/I —— B/VB,
where VB C B is the nilradical of B. Since B is Noetherian, it amounts to a map f: A — B such that f()

~

is nilpotent in B. The functor to(Z) is therefore represented by the ind-scheme colim Spec(A/IP). O
2.2. Categories of modules.

Definition 2.2.1. Let A € sCAlg, be a simplicial commutative algebra. Let Perf(A) denote the full stable co-
subcategory of QCoh(A) spanned by its compact objects. Let Coh™ (A) denote the full stable co-subcategory
of QCoh(A) spanned by almost perfect A-modules ([34, Def. 7.2.4.10])

Remark 2.2.2. If A € CAlg,, then a complex F belongs to Coh™ (A4) if and only if

(1) for every integer i € Z, the cohomology group H!(J) is coherent over A and
(2) HY(F) =0 for i > 0.
The assignment Spec(A) — Coh™ (A) can be promoted to an co-functor
Coh® ™ : dAff;P — Cat5®,
using the (—)* functoriality. It comes with a pointwise fully faithful natural transformation Coh®~ —
QCoh®.
Since QCoh® is an hypercomplete sheaf for the étale topology, and since being coherent is a local property,

the functor Coh® ™ is an hypercomplete sheaf for the étale topology. In particular, both QCoh® and Coh®:~
extend uniquely into limit-preserving functors

QCoh®, Coh® ™ : dSt;P — Cat2*®.

2.3. Fiber functors and punctured neighbourhoods. The first issue arising in the study of punctured
formal neighbourhoods is that whenever Z is a closed subset of a scheme X, the formal scheme Z~Zis empty.
To circumvent this, we will see that any (formal) scheme is determined by what we call its fiber functor, and
that the punctured formal neighbourhood admits a somewhat natural (and non-trivial) fiber functor (which
is not representable).

Definition 2.3.1. We fix X € dSt;. Recall that dAff,x is the category of Noetherian affine derived k-schemes
equipped with a morphism to X. Denote by §x the forgetful functor dAff,x — dSt; mapping S — X to S.
A fiber functor over X is a functor
5 dAfF/X — dSty
together with a natural transformation § — §x. We denote by dFibFx = Fun(dAfF/X,dStk)/SX the oo-
category of fiber functors over X.
For any stack Y over X, we denote by §y the functor

dAff, x — dSty
Sy U—UxY
X

This construction being functorial, any Y € dSty, yields a fiber functor §y — §x. We call it the fiber functor
of Y (over X).
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Remark 2.3.2. All in all, a fiber functor associates to every U — X a stack over U, with only weak compati-
bilities. They can be thought as “non-quasi-coherent stacks” over X.

Remark also that the terminal fiber functor §x maps to the constant functor with value X, so that fiber
functors can be seen as having values in dStx.

Example 2.3.3. Let X € dSt; and Z C X a closed substack. The formal completion 7 =Xy (Definition
2.1.4) yields a fiber functor §. Lemma 2.1.6 implies that for any U € dAff,x, the stack §;(U) is canonically
equivalent to the completion 2U of Zy := Z xx U inside U.

Lemma 2.3.4. Assume X is locally Noetherian. The functor §e: dStx — dFibFx mapping Y € dStx to §y
is fully faithful. Its essential image consists of fiber functors § — §x such that for any U — V € dAff ., the
induced F(U) — F(V) xy U is an equivalence.

Proof. The functor §, admits a left adjoint computing the colimit of the underlying functor dAff,x — dSty.
Since colimits in dSt; are universal, the adjunction morphism

colim UxY —Y
UedAff,x X

is an equivalence. In particular §, is fully faithful.

To compute its essential image, we interpret the notion of fiber functors in terms of Grothendieck construc-
tions. Let ¢: dStkAl := Fun(A',dSt;) — dSt, be the target functor (i.e. evaluation at 1). It is a Cartesian
fibration classifying the functor U — dSty sending maps to pullbacks (see [31, Cor. 2.4.7.12 and 5.2.2.5]). A
fiber functor § over X is tantamount to a section sg of t over dAff, x:

st

SF ///’7 J{t

Given a fiber functor §, the condition that for any U — V' € dAff,x, the map §(U) — F(V) xy U is an
equivalence is equivalent to the condition that the section sz is Cartesian. By [31, Cor. 3.3.3.2], the category
of Cartesian sections is equivalent to the limit category limy cqasr Ix dSty. Since the functor U — dSty is a
stack (the stack of stacks, see for instance [31, Thm. 6.1.3.9]), this limit is equivalent (through the base change
functors) to dStx. It follows that the essential image of F, is indeed as announced. O

Definition 2.3.5. A fiber functor § is called representable if it belongs to the essential image of §,.

Definition 2.3.6. Let X € dSt; and let Z C X be a closed substack. The map §z — Fx of fiber functors
is a pointwise closed immersion of derived affine schemes. Any morphism U — V' € dAff,x maps the open
complement of Zy; = Z x x U to the open complement of Zy, = Z x x V. In particular, we have a fiber functor

SX\Z5 UI—>U\ZU.

We easily check using Lemma 2.3.4 that Fx. z is representable. We denote by X \ Z its representative (so
that X \ Z ~ colimy U \ Zy) and call it the open complement of Z in X.

Definition 2.3.7. Let X € dSt;, and let Z C X be a closed substack.

e The affinized formal neighbourhood of Z in X is the fiber functor S%H obtained by applying a pointwise
affinization to §5. More explicitly:

S‘"‘ZH: Uw— (SE(U))aff = Spec(F(’Z\U,OiU)).
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Since §Fx has values in derived affine schemes, the structure map §; — S%ﬂ factors as §; — {S’Zﬁ — 35x,

giving ”S%H the structure of a fiber functor over X.
e The punctured formal neighbourhood of Z in X is the fiber functor §,_,

352 U= 38(U) (XN 2) = () x (U~ Zy).

Example 2.3.8. Assume A € CAlg, (i.e. A is a usual, discrete commutative k-algebra), U = Spec A and
Zy = Z xx U is the scheme Spec(A/I), for I C A an ideal. We have

§7(U) =Spt(A), FF(U) =Spec(A) and F;_,(U) = Spec(A) \ Spec(4/1),
where A is the I -completion of A.

Remark 2.3.9. The affinization process forgets all about the I-adic topology that was contained in the formal
neighbourhood. For this reason, the fiber functors S%H and §5_, are (typically) not representable.

2.4. Restriction of fiber functors. Any morphism of locally Noetherian derived stacks f: X — Y induces
a projection functor py: dAff,x — dAff,y. Since we have §x = Fy o py, this in turn induces a restriction
functor f~1: dFibFy — dFibFx given by

15U - X)=3U— X =Y).

This is trivially functorial, leading to a contravariant oco-functor X ~— dFibFx. It satisfies the following
properties (whose straightforward proofs are left to the reader)

Lemma 2.4.1. Let f: X — Y be a morphism of locally Noetherian derived stacks.

(1) If T — Y is a derived stack, then f~Y(Fr) =~ STxy x-
(2) The functor f=1 preserves small colimits as well as pullbacks.
(8) If Z =Y is a closed substack, then

1 —~ —1/~aff\ -, ~aff —1lix ~ T
f (Sf)*gzxa f (32)*32){ and f (%VZ\Z)*%’ZX\ZX’
where Zx = Z Xy X.
2.5. Sheaves on punctured formal neighbourhoods.

Definition 2.5.1. Let X € dSt; and let §: dAff,x — dStx be a fiber functor over X. The stacks of (right
bounded) coherent sheaves and perfect complexes of § are respectively the functors (dAff / X)Op — Catgg"@)
given by:

Cohj : U — Coh® ™ (F(U))
Perfy: U — Perf®(F(U))

When § is either §y for Y € dStx or S%H\Z for Z C X a closed substack, we will simply write
Cohy := Cohg_ , Coh%\z = Cohgé\z , Perfy :=Perfz, and Perfy ,:=Perf; .
Theorem 2.5.2. [Mathew [36]] Let X be a derived stack and Z C X a closed substack. The functors
Cohy  and Perfy ,: (dAff/x)”" — CatZ®

are hypercomplete sheaves with respect to the flat topology.
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Proof. The case where X is affine is dealt with in [36, Thm. 7.8]'8. The question being local in X, the general
case follows. O

2.6. G-bundles on punctured formal neighbourhoods. In this paragraph, we will extend Theorem 2.5.2
to the case of G-bundles, for G an affine group scheme over k.

Definition 2.6.1. Let X € dSt; and § € dFibFx. We denote by Bun?: (dAff, x )P — Gpd,, the derived
prestack

Bung: U — Bun®(F(U)).
Whenever § = §y for Y € dSty or § =§5_, for Z C X, we will write

G

G
Sz z

G._ G
Buny :=Bung  and Bun;

, = Bun
Proposition 2.6.2. For X € dSt, and Z C X a closed substack, the prestack
Bunf  : (dAff,x)°P — Gpd,,
is a hypercomplete stack for the flat topology.
The next lemma will be used in the proof of Proposition 2.6.2.

Lemma 2.6.3. Let f: Y] — Y be a map of derived stacks. We denote by Perf(f): Perf(Y2) — Perf(Y1) and
Bun(f): Bun®(Y5) — Bun® (Y1) the pullback functors. Then

(a) If Perf(f) is fully faithful, then Bun(f) is fully faithful;

(b) If Perf(f) is an equivalence, then Bun(f) is an equivalence.
Proof. To prove this lemma, we will use Tannaka duality as proven for instance in [30, Theorem 3.4.2] (see
also [7, Theorem 4.1]). It gives us a description of the groupoid of G-bundles in terms of monoidal functors.
Namely, for any stack Y, the map

ay : Bun®(Y) ~ Map(Y, BG) — Fun®(QCoh(BG), QCoh(Y))
is fully faithful. Note also that we have a canonical embedding
Fun® (Perf(BG), Perf(Y)) — Fun®(QCoh(BG), QCoh(Y))

given by the inclusion Perf(Y) — QCoh(Y) and the left Kan extension functor along Perf(BG) — QCoh(BG)
(recall that G being affine, QCoh(BG) is compactly generated by Perf(BG)). The functor ay actually factors
through Fun® (Perf(BG), Perf(Y)). Let now f: Y; — Y5 be a morphism. We get a commutative diagram

Bun®(Y,) —— Fun®(Perf(BG), Perf(Y3)) —— Fun®(QCoh(BG), QCoh(Y>))
J{Bun(f) J{Fperf J/FQCoh (2.6.4)
Bun®(Y;) —— Fun®(Perf(BG), Perf(Y;)) —— Fun®(QCoh(BG), QCoh(Y}))

where Fpe,¢ denotes composition with the pullback Perf(f), and Fcon composition with the pullback QCoh(f).
From what precedes, we get that Bun(f) is fully faithful if Fpe¢ is. This proves (a).

From now on, we assume Perf(f) (hence Fpef) is an equivalence. Recall the description of the essential
images of the functors ay, given in [30, Theorem 3.4.2]. A monoidal functor 5: Perf(BG) — Perf(Y7) then lies
in the essential image of avy, if and only if its preimage F;elrf(ﬂ) lies in the essential image of ay,. It follows
that Bun(f) is an equivalence. O

18Note that Mathew works in the context of ring spectra, while we are using simplicial rings. However, since the statement
only deals with categories of modules, the difference between those contexts is harmless here. Indeed, the category of modules
over a simplicial algebra agrees with that of modules over the geometric realization of said algebra in ring spectra.
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Remark 2.6.5. In the above lemma, one could replace the classifying stack of G-bundles BG by any geo-
metric stack with affine diagonal (so that [30, Theorem 3.4.2] applies). Stacks satisfying the conclusion of
Lemma 2.6.3 (b) are often called Perf-local stacks.

Proof of Proposition 2.6.2. Given U € dAff,x and U, — U a hypercovering, we consider the morphism in
dSty,

[ ?T?]lérgl 37 2(Un) = 5z 5 (U).

By Theorem 2.5.2, the corresponding pullback functor Perf(f) is an equivalence. Using Lemma 2.6.3 (b), we
get that also Bun(f) is an equivalence. O

3. FORMAL GLUEING AND FLAG DECOMPOSITION

The goal of this section is to prove a very general version of the Beauville-Laszlo theorem [2]. The Beauville-
Laszlo theorem states that a vector bundle on a curve C' amount to the data of a bundle on the complement
of a point z € C, a bundle on the formal neighbourhood of said point z, and some glueing datum on the
punctured formal neighbourhood.

3.1. Algebraization. We start with an algebraization result, to explain how sheaves or bundles on a formal
neighbourhood are to be considered. The main part of its proof is due to Lurie.

Proposition 3.1.1 (Lurie). Let X € dSty and Z C X a closed substack. The morphism of fiber functors
Sz — S%ﬁ induces equivalences

Cohh,:.%ff — Cohgz = Coh%,

Perf g — Perfy_ = Perf,

Bung}ff = Bun?z = Bung.
Proof. The case of

Cohg%ff

is dealt with in [32, Theorem 5.3.2]. This equivalence is symmetric monoidal and therefore induces an equiva-
lence between the dualizable objects, so that we get the equivalence

— Coh%

Perfsaiff — Perf ;.
We deal with the last case using Lemma 2.6.3 (b) on the morphism §z(U) — S%H(U) for every U € dAff,x. [
Lemma 3.1.2. The functors Coh%, Perf; and Bung are hypercomplete sheaves for the flat topology.

Proof. The fiber functor §5 is representable. In particular, it preserves hypercoverings. The result hence
follows from usual descent for coherent or perfect complexes, or G-bundles. O

3.2. The affine case. We start with the affine case, due to Bhatt in the non-derived setting, and extended
by Lurie to derived geometry.
We fix X € dSt, and Z C X a closed substack. We have the following diagram of fiber functors

32\2 — $xz

| J (3.2.1)

3z 3 Fx.
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Proposition 3.2.2. Let X € dSty, and Z C X a closed substack. Let G be an affine k-group scheme. The
above diagram of fiber functors and Proposition 3.1.1 induce natural equivalences of derived stacks

Perfy — Perfx., X Perf >

Cohy; — Cohy_, X Coh,

Z\Z
Bun$ = Bun$ x  Bun€.
X X~Z Z
Bung z

Proof. This can be checked pointwise. We therefore fix U € dAff,x. Using [33, Prop. 7.4.2.1], together with
Proposition 3.1.1, imply that the base change functor

Perfx (U) — Perfx. z(U) X Perf;(U)
Perf; ,(U)

is an equivalence. Consider now the morphism in dSty
fISX\Z(U) II Sz(U)%Sx(U):U
z-zU)
By the above, Perf(f) is an equivalence. Lemma 2.6.3 (b) shows that so is Bun®(f).
In the case of Coh™, it follows from [33, Remark 7.4.2.2], using that U is Noetherian. O

3.3. The global case. We can now focus on the global statement.

Construction 3.3.1. Recall that for any presentable co-category C, any hypercomplete étale sheaf (dAff, x )P —
C extends canonically to a limit-preserving functor (dStx)°®? — €. In particular, using Theorem 2.5.2 and

(2}\  to every locally Noetherian derived stack

over X. Note that descent for coherent/perfect complexes and bundles implies that Coh7., Perf and Bungp;

Proposition 2.6.2, we can extend Coh%\z, Perf; , and Bun

(for T being either X, X \ Z or Z - see Lemma 3.1.2) are also hypercomplete sheaves and can similarly be
extended to all of dStx.

In the case where X itself is locally Noetherian, we can now take global sections and get the following global
version of Proposition 3.2.2.

Theorem 3.3.2. Let X € dSt, and let Z C X be a closed substack. We have three equivalences of co-categories

Perf(X) =5 Perf(X ~ Z) x  Perf(Z),
Perf(Z~Z)

Coh™(X) =5 Coh™ (X N Z) x  Coh™ (2),
Coh—(Z~Z)

Bun®(X) = Bun®(X \ 2) X Bun®(2),
BunS(Z\2)

where Perf(é N Z), Coh(? N Z) and BunG(Z N Z) denote respectively Perfy ,(X), Cohz (X) and

Bung\Z(X). The first two equivalences are equivalences of symmetric monoidal co-categories.

3.4. Flag decomposition. In Theorem 3.3.2, the derived stack X can be very general: locally Noetherian
schemes are allowed, as well as formal completions of locally Noetherian schemes along closed subschemes.
More generally, if X € dSty and Z C X is a closed substack, then the formal completion Z is also locally
Noetherian. Indeed, this statement is local in X so we can assume X to be affine and Noetherian. In this
case, we can see using [19, Prop 6.7.4] that Z is a colimit of Noetherian derived affine schemes and thus do
belong to dSty.
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In particular, both Proposition 3.2.2 and Theorem 3.3.2 can be iterated as follows.
Corollary 3.4.1. Let X € dSty, Z1 C Zy C X be a flag of closed substacks, and G be an affine k-group

scheme. We have natural equivalences of derived stacks:

Perfy — Perfx. 7, X <Perf22\Z1 X Perf21>

erf22\z2 Per'f'Zl\Z1

Coh;, — Coh X Coh> X Coh>
X X\ Zs s Zon 2y I Z
Coh’ Coh
Zo~Zo Z1~2Z1
G ~ G G G
Buny — BunX\Z2 (>;< BunZQ\Z1 é BunZ1
n’z Bun®
Zo~Zo 2121

If we suppose, moreover, that X € dSty, taking global sections of the previous equivalences yield equivalences

of co-categories:

Perf(X) ~ Perf(X \ Zy) X Perf(Zy ~ Z1)  x  Perf(Zy)
Perf(Z2~Z2) Perf(Z1~Z1)

Coh™ (X) ~ Coh™ (X ~ Zy) X Coh™(Zy ~ Z1) X Coh™(Z,)
Coh~(Z2~Z2) Coh—(Z1~\Z1)

Bun®(X) ~ Bun®(X \ Zy) X Bun®(Z, \ Z,) X Bun®(Z,) |.
Bun®(Z2\23) Bun®(Z1\Z1)

The first two equivalences are equivalences of symmetric monoidal co-categories.

Similar statements obviously hold for flags Z; C --- C Z,, C X of arbitrary length; we leave the interested
reader to write them down explicitly.

Construction 3.4.2. Let C denote either Cat™® or Gpd_, and let X € dSt;. Observe that there is
an equivalence between the category of C-valued hypercomplete sheaves Stq(dAff,x, ) for the flat topology
on dAff,x, and the category Stq(Xg,C) of C-valued hypercomplete sheaves for the flat topology on the big
Noetherian flat site Xq := (dStx/ X, fl). Now, the map X — Speck induces a functor dSty/X — dStj , which
is continuous for the flat topologies and induces a morphism of sites u: (dSty,fl) — (dSt;/X,fl). Therefore we
get a pull-back preserving functor

Sta(dAFFx, ) ~ Sta(Xa, €) > Sta(dAffy, €) ~ Stq(dSty, €).

To ease notation, we still denote this composition by u~!. For Z C X a closed substack, we will put

Perfy :=u 'Perfx, Perfy , :=u 'Perfx._z, Perf, , = uilPeer\Z , Perfz = uilPeer

Cohy :=u"'Cohy, Cohy ,:=u'Cohy_,, Coh, = LFlCohé\Z7 Coh := u”'Perf
Bun§ = uleun)(? , Bung\z = uilBung\Z, Bung\z = uleunCZ;\Z, Bung = u*IBung
and similar definitions for longer flags Z; C --- C Z,, C X. These are C-valued hypercomplete sheaves on

dAffy, for the flat topology, and both formal gluing (Proposition 3.2.2) and flag decomposition (Corollary 3.4.1)
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hold for them (since u~! preserves fiber products). In particular, for X € dSt; and Z C X a closed substack,
restriction induces equivalences in dSty

X

Perfy ~Perfyx , x Perfs and Bun§ ~ Bun$ ., Bun(ZA;.

Perfz Bun

N Q

~Z

3.5. Non-derived version. The results presented so far all involve derived geometry. They imply similar
results in classical geometry, which we will make explicit in this section, for the reader’s convenience.

A. Fiber functors. The notion of fiber functors introduced in Definition 2.3.1 has an obvious non-derived
analog: a fiber functor over a stack X is a functor Aff x — Stx equipped with a natural transformation to the
inclusion §x : Affx C Stx. We denote by FibFx the (2,1)-category of fiber functors'®. Computing pointwise
fibers defines a fully faithful functor é.: Stx — FibFx

Classical and derived fiber functors are related by two functors:

e The inclusion i: FibFy — dFibF)S(1 C dFibFx induced by the inclusion Stx C dStx and a Kan
extension.
e The truncation functor 7: dFibF)S(1 — FibFx (restrict at the source and truncate the values),

where dFibFf(1 denotes the full subcategory of dFibFx spanned by fiber functors § such that for any affine
(classical) scheme S over X, the classical truncation of F(S) is a l-stack (i.e. lies in St). There is a
canonical equivalence 7 o4 ~ id. Note that ¢ does not commute with the functors §.: Sty — FibFx and
Fe: Stx C dStx — dFibFx in general. It does, however, in every case of interest to us: if the structural
morphism Y — X is flat, then z(§y) =ZFy.

B. Formal glueing. These relations between derived and non-derived fiber functors will allow to deduce
a non-derived version of the algebraization and formal glueing theorems. This is only possible due to the
following observation.

Fix X € St. Using the inclusions Aff x < dAffx and St < dSt, we get canonical functors

dFibFx % Fun(Affx,dSt)/§x «— FibFx.
Lemma 3.5.1. Let X € St and Z C X a closed substack. The restrictions of the fiber functors
Sx, 3z 3% and Fz,
to Affx all belong to the essential image of FibF x, with pre-image given respectively by
S+ S, S Zs, S 23 and S 72T\ Zs,
where Zg is the closed subscheme Z xx S C S.

Proof. The first two cases follow from the flatness of S (resp. 25) over S. The other two cases are trivial
consequences. O

Corollary 3.5.2. Both algebraization Proposition 3.1.1 and formal glueing Proposition 3.2.2 and Theo-
rem 3.3.2 apply mutatis mutandis to the underived setting.

19Recall that by convention, Stx denotes the (2, 1)-category of 1-stacks over X.
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4. THE 2-SEGAL OBJECT OF GOOD FLAGS ON A SURFACE

In the previous section we worked by fixing a flag (in some fixed scheme or stack). In this Section we will
allow the flags to move in flat families (over a fixed scheme), and then move on to consider tuples of families
of such flags.

Throughout this section, we will fix a smooth projective complex surface X. Everything will depend on X,
so we allow ourselves to sometimes suppress X from the notations.

We denote by Hilbx the Hilbert scheme functor of (families of) 0-dimensional subschemes in X (i.e. Hilbx
is the disjoint union of all the Hilb§ for Hilbert polynomials P of degree 0). We will write Hilb)g(0 for the
functor sending a C-scheme S to Hilbx (S) U {05}, where @s denotes the empty subscheme §) < X x S (note
that 0 is flat over S). We denote by Carx the set valued functor of relative effective Cartier divisors on X/C,
sending a C-scheme S to the set of relative effective Cartier divisors on (X x S)/S (as in [29, 1.2.3]).

4.1. Flags.

Definition 4.1.1. o Let S € Aff. We define Flx (S) as the subset of Carx (S) x Hilb)S(O(S) consisting of
pairs (D, Z) with Z a closed (X x S)—subscheme of D (in which case, we will simply write Z C D)%.
Such pairs will be called families of flags on X relative to S.
e The category Fly(S) is the category (poset) with set of objects Flx (.S) and morphisms sets

Homﬂx(s)((D', ZI), (D, Z))
being a singleton if there is a commutative diagram of closed (X x S)-immersions

Z' —— D’

l l (4.1.2)

Z —— D

such that (Z" — D" Xp Z)req is an isomorphism; Homg (s)((D', Z'), (D, Z)) is otherwise empty. The
composition is the unique one.
Since all maps are closed immersions, if a diagram like (4.1.2) exists, then it is unique, so that Fly(95) is
indeed a poset.

Remark 4.1.3. According to Definition 4.1.1, the empty flag (0, ) is an initial object in Fly (S). However, if
(D, Z) € Elx(S), then there is no morphism (D,0) — (D, Z) in Fly(S) unless Z = (). On the other hand,
for any closed immersion D’ < D, (D’,0) — (D,0) is in Fl4(S). In particular, the category Carx(S) of
relative effective Cartier divisors on X x S/S (with maps given by inclusions) fully embeds into Fly(S). A

typical example of a morphism in Fly(S) is obtained from a chain of closed immersion Z’ < D’ < D :
(D', 72"y = (D, Z') is in Fl(S).

The inverse image functor preserves inclusions of closed subschemes, and for a map of schemes Y’ — Y and
a closed subscheme T < Y, the canonical closed immersion

<Y/ })ﬁ T) — YZed YX Trea
red

red

20Since both D <» X x S and Z <+ X x S are closed immersions, if there exists a morphism Z — D over X X S, then it is
unique and it is a closed immersion. This justifies our apparently sloppy notation Z C D.
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induces an isomorphism on the underlying reduced subschemes. Therefore, the inverse image functor along
S’ — S preserves morphisms between flags as defined in Definition 4.1.1, so that the following definition is
well-posed.

Definition 4.1.4. We denote by Fl : Aff°® — PoSets the induced functor, and call it the functor of relative
flags on X.

Remark 4.1.5. Our definitions 4.1.1 and 4.1.4 are flag analogs of [4, 3.4.6] where the authors give an alternative
definition of factorization algebras using effective Cartier divisors (on a curve) modulo reduced equivalence,
instead of using the Ran space. It was exactly this remark in [4] that helped us in crystallizing our first ideas
on the topics of the current section of this paper.

Proposition 4.1.6. Fly is a stack of posets on the Zariski site of Aff.
Let forget : PoSets — Sets denote the forgetful functor, sending a poset (.9, <) to the set S.

Lemma 4.1.7. The composite functor

Fl T
Fl% : (Aff)® — PoSets —** , Sets

s represented by a scheme.

Proof. Since X is smooth projective, Carx X Hilb)g(O is represented by a scheme, and the nesting condition
Z C D for flags is a closed subscheme condition (see also [44, 4.5]). O

4.2. Good pairs of flags. In order to be short, we will write that D is a reCd on X x S/S to mean that D
is a relative effective Cartier divisor on X x S/S.

Definition 4.2.1. Let S € Aff, and D, D’ € Carx(S). We say that the pair of reCd’s (D, D’) on X x S/S is
good if DN D" € Carp,s(S) N Carpryg(S) (i.e. DN D" is an effective Cartier divisor inside both D and D,
and moreover D N D’ is flat over S).

It is obvious that, for D, D’ € Carx (S), (D, D’) is good if and only if (D', D) is.

Lemma 4.2.2. Let B be a commutative ring and let f, f' be non-zero-divisors in B. The following assertions
are equivalent:

(1) [’ is not a zero-divisor in B/ f;

(2) f is not a zero-divisor in B/ f.
As a consequence, for any S € Aff and D, D’ € Carx(S), the following are equivalent:

(a) The pair (D, D') is good;

(b) DN D' is a relative effective Cartier divisor in D;

(¢) DN D' is a relative effective Cartier divisor in D'.

Proof. By symmetry, it is enough to prove that (1) implies (2). Let 2,y € B be such that xf’ = yf. By
assumption, the image of f' in B/f is a non-zero-divisor, so there exists t € B such that « = ¢f. Since f is
not a zero-divisor in B, the equality yf = zf’ = tff’ implies y = tf’. As this holds for any = and any y as
above, we get that f is not a zero-divisor in B/ f. (Il

Definition 4.2.3. Let S € Aff.

o We define Flx 2(5) as the subset of Flx (S) x Flx(S) whose elements are good pairs ((D, Z), (D', Z"))
of families of flags of X relative to S, i.e. those pairs satisfying the following conditions:
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(1) the pair of reCd’s (D, D’) is good (Definition 4.2.1).
(2) DND' =ZnZ;
e The category Fly , is the full subcategory (which is again a poset) of Fly (5)*? spanned by Flx »(S).

Remarks 4.2.4.

(a) Note that condition (1) Definition 4.2.3 easily implies (see, e.g. [45, Lemma 0C4R]) that for a good
pair ((D, Z),(D’,Z")), we have D + D' = D U D’ so that, in particular, D U D’ is flat over S.

(b) Let S € Aff. If we denote by (0,0) € F1(S) the empty flag, then the pair ((D, Z), (0,0)) is a good pair,
for any (D, Z) € FI(S) (indeed, note that the empty scheme is an effective Cartier divisor in itself,
since 0 is not a zero divisor in the zero ring). Moreover, the pair ((D, Z),(D’, Z")) € Flx(S) x Flx(S)
is good if and only if ((D’, Z"), (D, Z)) is good.

(c) If X is a smooth projective curve (instead of our surface), and for obvious reasons we limit ourselves to
flags of type (D, 0), then a pair ((D,0), (D’,0)) € Elx 5(S) is good if and only if D and D’ are disjoint
divisors. If X is a smooth surface, then any pair ((D’, Z’), (D, Z)) of flags with D N D’ = () is good
(but the converse is clearly false).

Note that all conditions (1)-(2) in Definition 4.2.3 are stable under arbitrary base-change: this is obvious for
(2), while it follows for instance from [45, Lemma 063U] for (1). In other words, for every morphism S’ — S
of affine schemes, the induced functor

FIx (S) x Flx(S) = Flx(S) x Flx(5)
restricts to a functor
Flx 5(S) = Elx 5(5").
So we actually get, using inverse images, a functor
Flx o : Aff®® — PoSets , S+ Fly »(5).
Lemma 4.2.5. Let S € Aff.

(1) If Z and Z' are closed subschemes of X x S, both flat over S, and Z N Z' is flat over S, then Z U Z'
is flat over S.

(2) Let Z and Z' be closed subschemes of X x S such that Z N Z' is flat over S. Let f : S — S an
arbitrary morphism, and F :=idy x f: X x 8" — X x S. Then, the canonical map

F Y 2)uFYZ)—=FYZuZ)

is an isomorphism of closed subschemes of X x S’ (or, equivalently, the Oxxs-ideals of F~1(Z) U
F~YZ") and of F~Y(Z U Z') coincide).

(8) Let Di,Dy € Carx(S), f: S — S is an arbitrary morphism, and F :=1idx X f: X x 8’ — X x S.
Then, the canonical map

Carx (f)(D1) + Carx (f)(D2) = F~'(D1) + F~ (D) — F~ (D1 + Ds) = Carx(f)(D1 + Ds)

is an isomorphism of relative effective Cartier divisors on X x S'/S" (or equivalently, the O x x s-ideals
of F~Y(D1) + F~Y(Dy) and of F~Y(Dy + D3) coincide).

Proof. To prove (1), consider the pushout (of schemes)

Nz ———7

|

7 —ZUuZ
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where we know that Z, Z' and Z N Z’ are flat over S. To conclude that also the pushout Z U Z’ is flat over S,
we may we may work locally on X x S, and thus replace it by an affine scheme, so that both Z and Z’ are
affine, and thus so is Z N Z’. In particular, if we put X x S = Spec A, Z N Z’' = Spec B, we are therefore in
the following situation: B,C, D are flat A-algebras and 7o : C — B, mp : D — B are surjective morphisms
of A-algebras, and we want to conclude that the fibre product C xpg D is flat over A. This follows from
the exact sequence of A-modules 0 - C xg D — C x D — B — 0, since both C x D and B are then flat
over A. To prove (2) we adopt the same reduction to the affine case and same notations as in the proof of
(1), and let ¢ : A — A’ such that f = Spec(p). We need to prove that the canonical map of A’-algebras
p:(CxpD)@s A = (C®aA") Xpg,a (D®a A", sending ((¢,d) ® a’) to (c®a’,d®a’) is an isomorphism.
It will be enough to prove that p is an isomorphism of A’-modules. Apply the base change functor (—) ® 4 A’
to the exact sequence
TC—TD

0——CxD——CxD——B—0
B

of A-modules, and observe that the canonical map (C' x D) ®4 A" — (C @4 A') x (D ®4 A’) is an isomor-
phism (distributivity of tensor product on direct sums in Mod /). By hypothesis, B is flat over A, so that
Tor{' (B, A’) = 0, and we get an exact sequence of A’-modules

TecQAA —TpRa A’

0*><CXD)®A'*><C®A’>><<D®A’> BoA ——0. (4.2.6)
B A A A A

Now, exactness of (4.2.6) is equivalent to p being an isomorphism of A’-modules.

Finally, (3) is a well-known result that can be proved again by reducing to the affine case: S’ = Spec R’ —
SpecR = S, X xS = SpecA, X x S8 = Spec(A ®gr R'), D; = Spec(4/f;), ¢ = 1,2. Then D; + Dy =
Spec(A/f1f2) and F~1(Dy + Dg) = Spec(A’/(f1f2)) where (=) : A — A’ = A®pr R’ is the canonical map.
Since (—)’ is a morphism of algebras, and F~1(D;) + F~1(Ds) = Spec(A’/(f1)'(f2)"), we conclude. O

Lemma 4.2.5 allows for the following

Definition 4.2.7. For S € Aff and ((D, Z), (D', Z")) € Elx 5(S), define
Us((D, 2),(D',2")) == (D+ D', ZU Z') € Elx(9).
called union of good pairs. We will most often write (D, Z) U (D', Z") for Us((D, Z), (D', Z")).

Note that Definition 4.2.7 is well-posed since D + D’ is a relative effective Cartier divisor on X over S (this
is classical, see, e.g. [29, Ch. 1]), Z U Z’ lies in Hilb% (S) (since by Lemma 4.2.5 (1), Definition 4.2.3 (1) and
(2) ensure that if (D, Z), (D', Z")) € Fla(S), then ZU Z' is again flat over S), and obviously ZUZ' C D+ D’'.

Remark 4.2.8. The union of good pairs is obviously commutative and unital, with unit given by the empty
flag (0,0). Moreover, by Remark 4.2.4(a), we have

(D,Z2)u(D",Z"):=(D+ D, ZUZ")=(DUD',ZuZ")
for any good pair ((D, Z), (D', Z")).
Lemma 4.2.9. The union U : Elyx 5 — Flx is a morphism of prestacks.

Proof. For each fixed S € Aff, we have seem that Ug is well defined on objects. On morphisms, the only
point that needs some argument is to show that if (ji,j2) : (F1, F2) — (F}, F3) is a morphism in Fly »(S5)
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(F;, = (Dy, Z;), F] = (D}, Z!), i = 1,2), then the induced map j; U ja : F1 U F» — F{ U F} has the property
that the canonical map

Zl UZQ — (D1 —|—D2)ﬁ (Zi UZé)

is an isomorphism on the underlying reduced schemes. This follows from the fact that both Z; — Dy N Z1,
and Zy — Do N Z} are isomorphism on the underlying reduced schemes, and from the fact that it is enough
to prove the equality Z, U Zy = (D1 + Do) N (Z5 U Z4) at the level of the underlying topological spaces (which
is an elementary verification, using that the pairs (Fy, F3) and (FY, F3) are good). Finally, naturality in S is
an easy consequence of Lemma 4.2.5 (2) and (3). O

4.3. Good tuples of flags.

Proposition 4.3.1. Fiz S = Spec(A4) an affine test scheme and (D1,...,D,) € Carx(S)". The following
conditions are equivalent:

(1) For any i # j, the pair of divisors (D;, D;) is good (in the sense of Definition 4.2.1);

(2) For any i, the pair (D1 + -+ D;, D;11) is good;

(3) For any disjoint subsets I and J of {1,...,n}, the pair (3 ;c; Di, > ¢ Dj) is good.

We shall say that a family of such divisors is good if it satisfies the above conditions.

Proof. Let us first prove (1) and (2) are equivalent. This straightforwardly reduces to the case of three divisors
(D1, Dy, D3).

Assume first that they are pairwise good and let us prove that D; 4+ Dy and D3 are good. The statement
being local, we choose an affine chart Spec B C X x S and pick non-zero-divisors f; € B cutting out D;. As
D; and Dj are good (for i # j), the image of f; in B/f; is a non-zero-divisor as well.

Let g,h € B such that f3g = fifoh. Since f3 is a non-zero-divisor in B/ f, there exists ¢’ € B such that
g = f1g’. As f1 is a non-zero-divisor in A, we get fsg' = fah. Since f3 is a non-zero-divisor in B/ fs, we get
g"” such that ¢’ = fog”. This in turn implies f3g’’ = h. This shows that f;f2 is a non-zero-divisor in B/ f5.

In order to prove that (D + D) N D3 is a relative effective Cartier divisor in Dj, it remains to show it is
flat over A. Consider then the following sequence

0 —— B/(f1, f3) 225 B/(fifor fs) —— B/(for f5) —— 0. (4.3.2)

The morphism 7 is obviously surjective, and its kernel coincides with the image of a. To prove that « is
injective, consider b € B such that fab = 0 € B/(f1f2, f3). Pick z,y € B such that fab = fifox + f3y.
Since f3 is a non-zero-divisor in B/ fs, we find y satisfying foy’ = y. As f5 is a non-zero-divisor in B, we get
b— fix = fsy'. In particular b =0 € B/(f1, f3) and ker(a)) = 0. The above sequence is therefore exact. Since
both B/(f1, f3) and B/(f2, f3) are flat over A, so is B/(f1f2, f3). This shows that (D; + D3) N D3 is a relative
effective Cartier divisor in D3. Using Lemma 4.2.2, we deduce that (1) implies (2).

We now assume that (D1, D3) and (Dy + D3, D3) are good pairs of divisors. We fix as above non-zero-
divisors f; € B generating the ideal corresponding to D;. Let g,h € B such that gf; = hfs. Multiplying by
f2 and using that f;f2 is not a zero-divisor in B/ f3, we get ¢t € B such that g = tfs3. In particular, f; is a
non-zero-divisor in B/fs;. By Lemma 4.2.2, f3 is not a zero-divisor in B/ f; either. The roles of f; and f,
being symmetric, the same holds for f in place of f;.

The sequence (4.3.2) above is still exact. Since B/(f1f2, f3) is flat over A, the associated long Tor exact
sequence yields

¥n > 1 Tor, (B/(f1. f3), —) =~ Torj, (B/(f2. f3), —).
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Again, the role of f; and f, being symmetric, we also get Tor’ (B/(f2, f3), —) ~ TorﬁH(B/(fl, f3),—). Asa
consequence, the Tor-functors Tor’ (B/(f1, f3), —) are 2-periodic:

v > 1 Tor; (B/(f1, f), =) = Toryy(B/(fi, f3), —)-

However, the exact sequence 0 — B/ f} i3 B/f1 — B/(f1, f3) — 0 and the assumption that B/f; is flat over
A imply that B/(f1, f3) has Tor-dimension at most 1. Together with the above 2-periodicity, we deduce that
B/(f1, f3) is flat over A. We proved that the pair (D1, D3) is good. By symmetric, so is (Ds, D3) and thus
(2) implies (1).

Clearly, (3) implies (2). The converse implication is proven by induction, up to renumbering the divisors. O

An analog of Proposition 4.3.1 for flags does not quite hold: the right notion of good families of flags cannot
be defined in terms of pairs of elements.

Definition 4.3.3. Fix S an affine test scheme. We define the notion of good families of flags inductively on
the cardinal:
e A pair (F1, F») € Fl(S)? is good if it is in the sense of Definition 4.2.3.
o A family (Fy,...,F,) € FIx(S)" is good if for any i < j, the pair (Fj;, F}) is good, and the family
(Fz UFj,Fl,. .. 7Fi—17Fi+17~ .. ,Fj—lij-&-l; .. ,Fn) is gOOd.

Proposition 4.3.4. Fiz S an affine test scheme and (Fy,...,F,) € El(S)™. The following conditions are
equivalent:
(1) The family (Fy,...,F,) is good.
(2) The families (Fy, ..., Fy), (Fi,...,Foo1) and (Fy,...,F; UF4q, ..., F,) for 0 <i<n, are all good;
(3) For any i, the pair (F1 U---U F;, F;11) is good;
(4) The family (Fy,...,F,_1) is good and there exists 1 < i < n — 2 such that the family (Fy,..., F; U
Fiyq,...,F,) is good;
(5) The family (Fy,...,F,) is good and there exists 2 < i < nm — 1 such that the family (Fy,...,F; U
Fiiq,...,Fy) is good.

Remark 4.3.5. The definition of good families of flags is independent of the order of the flags. As a consequence,
there also are characterizations similar to (2) through (5) but where the role of the flags are permuted.

In particular, a family (F},..., F,) is good if and only if there exists a permutation o such that each pair
(Foy U UFy4), Fo@iv)) is good. In this case, this actually holds for any permutation o.

We can interpret this fact as: “A family of flags is good if there exists a way of computing its union by
adding flags one by one. In this case, every such way of computing the union is valid.”

Lemma 4.3.6. Let S be an affine scheme and Fy, F» and F3 be three flags in Fl(S). The following statements
are equivalent:
(i) The pairs (F1, Fa) and (Fy U Fy, F3) are good;
(ii) The pairs (Fy, Fs) and (Fy U F3, Fy) are good;
(iil) The pairs (Fy, F3) and (F» U F3, Fy) are good.

Proof. By symmetry, it suffices to show the first assertion implies the second one. Assume thus that (Fy, Fs)
and (Fy U Fy, F3) are good pairs of flags. For each 4, we denote by (D;, Z;) the flag F;. By Proposition 4.3.1,
the pairs of divisors (D1, D3) and (D; + D3, Ds) are good. Remark that this implies D; + D3 = Dy U D3. It
is therefore enough to verify D1 N D3 = Z1 N Z3 and (D1 U D3) N Dy = (Z1 U Z3) N Z3. This can be checked
locally in some Zariski chart Spec B of X x S. We denote by fi a non-zero-divisor of B of whom Dy, is the
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zero-locus, by Ij, the ideal (fx) and by Jj. the ideal of functions vanishing on Z, (so that by definition I}, C J).
By assumption I} + I = J; + J5 and I3 + (I; N I3) = J3 + (J1 N J2). We have to prove:

L+I3=J1+J3 (a)
12+(11OI3)=J2+(J10J3) (b)

This is elementary. Here are the details:

(a) Let 51 + 63 c Ji + Jg, 51 € J;. Since J; C I + IQ, we get El =x1 +ax9 € I1 + IQ, so that
xo =& —x1 € [haNJy C Jo N Jy. Therefore xo + &3 = x5 + y12 € Is + (11 N I3) for some x5 € I and
y12 € I N I. This gives & + & = (1 + y12) + x3 € [1 + I5.

(b) Let 52 +§13 € Jo+ (Jl ﬁJ3), with & e sy and 513 € J1NJs. We have 513 € Jy C I; + I so there exist
y1 € I1 and yo O I such that &3 =y +y2. We get yo = &3 —y1 € Io N Jy C Jo N Jy. On the other
hand, y1 = &3 —y2 € J3+ (J2NJ1) = I3+ ([1 N 12), so that we have y; = ¢35+ t12 for some t5 € I3 and
t13 in (I1 n IQ) We find t3 € I; N I3, since y; € I;. Therefore, {13 = (tg + tlg) +ys € In+ (Il ﬂ]g).
Hence, we are left to prove that & € Iy + (I; N I3) as well. Decomposing & = 1 + x5 € I) + I, we
findzxie 1 NJy CJiNJy C I3+ (Il n Ig). Let a3 € I3 and a9 € I; N Iy such that 1 = ag + aqs.
This implies a3 € I; N I3 and in turn & = xo + 21 = 23 + a3 + @12 € I + (1 N I3).

O

Proof of Proposition 4.3.4. Let us first observe that any subfamily of a good family is good. In particular (1)
implies (2). Moreover, a rapid induction on ¢ shows that (2) implies (3).

Let us now assume (3). We will prove (3) = (1) by induction on n. For n = 2, the implication is
tautological. Assume now that it holds for n > 2 and pick a family (Fy,..., Fn,11) € Fl(S)" ™! satisfying (3).
For any 1 <7 < j <n+1, we denote by E;; the n-tuple

Eij:(FiUFj,Fk,k6{1,...,n+1}\{i,j}).

We have to show that each pair (Fj, Fj) and each E;; is good.

The truncated family (Fi,...,F,) satisfies (3) and thus, by induction, is good. In particular, for any
1 <i < j < n, the pair (F;, F}) and the family (F; UFj, Fi,k € {1,...,n}~{i,j}) are good. With the original
assumption that (Fy U--- U F,, F,41) is good, it follows that the n-tuple E;; satisfies (3) and is thus good.

It remains to handle the pairs (Fj, F,,4+1) and the families F; ,+1. The n-tuple (Fy U Fy, F3, ..., F,11)
satisfies (3) and is thus good. In particular, the pair (F;, F,11) is good for ¢ > 3. The pairs (Fy, Fz) and
(F1 U Fy, F,41) are also good, and thus so are the pairs (Fy, F,,+1) and (F», F,,+1) by Lemma 4.3.6.

By induction, to prove that F; ,,11 is a good n-tuple, it suffices to show it satisfies (3): i.e. that each pair
Pli=(Fiu---U F,i,F,i_H) is good, where F! = F,, if m # i and F} = F; U Fy,41.

Assume for now i > 2. By assumption, the pair P} is good if k < i — 1. The (n + 2 — i)-tuple (Fy U---U
F,,Fiiq,...,F,11) satisfies (3) and is thus good. In particular, the pair (F; U---U F;, F,,11) is good. Since
(FyU---UF;_1, F;) is a good pair, Lemma 4.3.6 implies that P{_; = (F;U---UF;_1, F;UF, 1) is a good pair
as well. Moreover P,i = Pk1 as soon as k > i, so the case i = 1 induces the others.

We are left to prove that for any 1 < k < n, the pair P! = (F,11 UF, U---U F}, Fy1) is good. This
also follows from Lemma 4.3.6, since both (Fy U--- U Fy, Fjy1) and (Fy U -+ U Fiy1, Fiq1) are good pairs of
flags. The family (F1,..., Fyy1) is therefore good. This concludes the proof of the implication (3) = (1)
by induction on n.
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It remains to prove (4) <= (2) <= (5). By symmetry, dealing with the first equivalence is enough.
Moreover, we tautologically have (2) = (4). Conversely, assume (4) holds for a family (F},...,F,). Since
(F1,...,F,_1) is good, it satisfies (3) and each pair (Fy U---U F,_1, F}) is good for p < n.

Moreover, there exists ¢ < n— 1 such that (Fy,..., F;UF;y1,...,F,) is good. This family thus also satisfies
(3) and thus the pair (Fy U---U F,,_1, F,) is good as well. In particular, the family (Fi,..., F,) satisfies (3)
and is thus good. O

4.4. The 2-Segal object of good flags. The union operation of Lemma 4.2.9 is actually a partially defined
commutative monoid structure on Fly: the operation is only defined for some pairs of elements. This sort
of structure requires extra care when defining (and checking) the various constraints (here, associativity and
commutativity). For instance, we need to ensure that every operation is actually well defined when writing
down the associativity constraint.

A concise way of writing those details consists in using 2-Segal objects. The notion of 2-Segal object was
first introduced in [12]. Recall from [14] that a 2-Segal object in a category C with fiber products, is a simplicial
object T, in C satisfying the following 2-Segal condition: for any (i,n) with 0 < ¢ < n, the following squares
are Cartesian in C

Oi+1 0;
Tn+1 — Tn Tn+1 I Tn
Bol Jf% 3n+1l J{an
T, T> Th_1 T, T> Th_1.

The category 2 — Sega (€) of 2-Segal objects in € is the corresponding full sub-category of the category of
simplicial objects in C.

We will thus define a 2-Segal object Fly , in prestacks that we will later use to construct a factorization
structure on our flag version of Beilinson-Drinfeld’s affine Grassmannian. Another important feature of the
category 2 — Seg (C) for an arbitrary category C with fiber products, is its equivalence ([46, Theorem 2.25])
with the category Alg(C.orr) of associative algebras in the category Ceorr of correspondences (or spans) in C.
This equivalence will be exploited later, in Section 8.

Let us start by fixing a test scheme S € Aff. We will construct a simplicial object in PoSet, which we denote
by ﬂX,o (S) .

Definition 4.4.1. For any n > 0, we define Fly , (5) as the full sub-poset of Fl(S)" of good families of flags
(in the sense of Definition 4.3.3). By convention, we set Fly ((S) := *, Flx ;(S) := Elx(S5).

By Proposition 4.3.4, for 0 <4 < n we have (order preserving) face maps 9;* : Fly ,,(S) — Fly ,_1(S) whose
values on objects is defined as follows

(Fo,..., Fy) ifi=0
8?:(F1,...7Fn)'—> (Fl,...7FiUFi+1,...Fn) ifo<i<n
(Fl,...7Fn_1) ifi=n

Similarly, we have degeneracy maps o' : Fly ,(S) — Flx ,,1(S) defined as
0’;-”: (Fl,FQ,...7Fn) — (Fh...,Fi,@7Fl‘+17...Fn).

It is immediate to verify that these give Fly ,(S) the structure of a simplicial object in PoSet.
These constructions are functorial in S: every Fly . (S) is a functor Aff°® — PoSet, as they are subfunctors
of Flx (S)*™. Moreover, functoriality of the degeneracy maps o* with respect to maps in Aff°? is obvious, while
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the fact that also the face maps 9;' are functorial is a consequence of Lemma 4.2.9. Therefore, S+ Fly ,(5)
defines a functor

Flx o1 Aff? — sPoSet

or, equivalently, a simplicial object in Fun(Aff°?, PoSet), which we still denote Flx -
Theorem 4.4.2. The simplicial object Fly , is a 2-Segal object.

Proof. First of all, recall (see [14]) that we have to prove that Fly , satisfies the 2-Segal conditions, i.e. that
for any (i,m) with 0 < ¢ < n, the following squares are Cartesian

Oit1 0;
ﬂX,n+1 ﬂX,n ﬂX,n+1 ﬂX,n
Bol (0') lao an-%—ll (T) lan
ﬂX,n 9; ﬂX,nfl ﬂXm 9; ﬂX,nfl .

We focus on the square (o), the case (1) being deduced by symmetry. We will show that the natural map of
posets

Fl S)— H :=Fl S X Fl S

Fli i (5) Bxa(S), 0 % o Ea®)
is an isomorphism. To begin with, observe that the composition

80,0; id,
PO H CFly, < Fly, CFl% x FI% 2470 F% s Fl = FI!

ﬂX,nJrl
is the canonical inclusion. Moreover, the restriction of (id,p;): FI% x Fl'y — ﬂ}“ to H is injective (as a map
of posets). It is then enough to prove that Flx 11 and H have the same points. This is exactly the content
of the equivalence (1) <= (5) from Proposition 4.3.4. O

Remark 4.4.3. Since the union of flags is obviously strictly commutative, one can easily verify that the asso-
ciative algebra in correspondences induced (via [46]) by the 2-Segal object Fly , is, in fact, commutative.

5. THE FLAG GRASSMANNIAN OF A SURFACE

5.1. Setup and notations. We will fix once and for all a smooth reductive affine group scheme over C,
and therefore we will simply write Bun and Bun for Bun€® or MG, respectively (see Construction 3.4.2
for the difference between the bold and the underlined notations). We let Gpd,., denote the co-category of
oo-groupoids (i.e. spaces or, equivalently, simplicial sets), and its objects will be often simply called groupoids
(rather than oo-groupoids).

For a fiber functor § over a locally Noetherian (derived) scheme Y (Definition 2.3.1), and a (derived)
Y-scheme V — Y, we write
Bung (V) = Bun(g(V)) := holim Bun(F(R)). (5.1.1)

Spec R—V
R Noetherian

In particular, we call Bun(F(Y")) the global sections of the stack Bungz and, in order to simplify our notations,
we will often write simply Bun(F) instead of Bun(F(Y')) for these global sections.

We identify, even notationally, (Lemma 2.3.4) a derived scheme V' — Y over Y with its fiber functor Fy
sending Spec R — Y to Spec R xy V.
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Definition 5.1.2. Let §; and 2 be fiber functors over Y. We denote by §1 N§2 (and call it intersection) the
fiber functor

$1 N T2 == F1 SX S2: 5= F1(S) >$§ S2(5).
Y
We denote by §F1 UF2 (and call it the union) the fiber functor

$1UF2:=3%1 I §a: S 3F1(5) il T2(9).
F1NJF2 F1(S)NF2(S)

These notations are abusive, as we do not require the structural morphisms §;(S) — S to be immersions.
We will thus restrict their use to situations where said structural morphisms are wannabe immersions (even
though they might not formally be).

Let Y be a locally Noetherian derived scheme and Z C T be closed (derived) subschemes in Y. Recall from
sections 2 and 3, the derived stacks in dSty

dAFf;y — Gpd,

Buny : (U—=Y)+— Bun(U),
Buny . 7 : (U—=Y)+— Bun(U \ Ty),
Buns : U—=Y)— Bun(T )
Buns, : (U = Y) — Bun(§2(U)) = Bun(T3"),
Bung_, : (U —=Y) — Bun(§z_,(U)) = Bun(T3T < Ty),
Bunj : (U = Y) — Bun(Zy),
Bun, : (U —Y) — Bun(§% (U)) = Bun(Z37),
Buny )z (U—=Y)+— Bun((U \ Ty) xu ZU ),
Bun gz - (U = Y) — Bun((T&" < Ty) xy Z21),
where Ty :=T xy U, Zy .= Z xy U.
We have obvious restriction maps in dSty
Buny — Buny Buny — Bungz,
Buny . r — Bun(Y\T)mzme Bungz., — Bun(y\T)mZaff (5.1
Bungz., — Bun(T\T)mZaff Bunsz.; — Bunz_ .

Bung , — Bung_pyqzan-

Moreover, algebraization (Proposition 3.1.1) gives equivalences

Bung,, — Bunj Bungz,; — Bung.
5.2. The flag Grassmannian of a surface. In the next definition we use the notations established in § 5.1.

Definition 5.2.1. Let Y be a locally Noetherian scheme and Z C T be closed subschemes in Y.
e We will call Grassmannian of Y relative to (T, Z) both

Gr(Y;T,Z) := Buny X {trivial} := Buny X {trivial} € dSty
Buny . zaff Buny.r X Bung.g

Buny _rynzatf
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and

Gr(Y;T,Z) := Buny X {trivial} := Bun, X {trivial} € dSty,
Buny _pyzatt Buny X Bungas

Bun v _1ynzaft

e we put Gr(YV;T,2) :=T(Y,Gr(Y;T,Z)) =T'(SpecC,Gr(Y;T, 7)) € Gpd,,.
Remark 5.2.2. Since the functor w1 : dSty — dSty is exact, we have u(Gr(Y; T, Z)) ~ Gr(Y; T, Z).

Remark 5.2.3. Tt is useful to notice that the definition of Gr(Y;T,Z), and hence of Gr(Y;T,Z) does not
require that Z is a closed subscheme of T', but just that T and Z are, possibly unrelated, closed subschemes

of Y.

Remark 5.2.4. Let U := SpecR — Y, with R Noetherian (and not derived), and consider the following

pullback diagrams
Spec(R/I) =Ty —— Spec(R/J) = Zy —— U

U
T——Y Z ——Y.
Denoting by &g the trivial bundle (whatever the base), then Gr(Y;T, Z)(U) has
e objects (€,¢p,7), where € € Bun(U), ¢ : €y, =~ €o is an isomorphism in Bun(U \ Ty ), and 9 :
€| spec(ir,) = €0 an isomorphism in Bun(Spec(R;)), such that PlU~To)xuSpec(By) = Y)(U~Tv)xuSpec(Rs)-
e morphisms (&, p, ) — (&,¢',¢’) are (iso)morphisms « : &€ — &’ such that the following diagrams
commute

AU~ Ty | spec(R ) ,

— e = _
Eluty Elury €| Spec(Ry) | Spec(Ry)

SNt

o

Remark 5.2.5. One can replace, in Definition 5.2.1, the stack of G-bundles with the stack of perfect com-
plexes (respectively, with the stack of almost perfect complexes), and the trivial G-bundle on Y with a fixed
perfect complex (respectively, a fixed almost perfect complex) €y on Y'; we thus obtain Perf-versions (resp.,
Coh™ -versions) of the flag Grassmannian that may be denoted by Grg‘grf(Y; T,Z) and ng‘grf(Y; T,7Z) (resp.,

Gre" (YT, Z) and Grg™™ (YT, 2)).
Asin the previous section, let X be a complex projective smooth algebraic surface, S an arbitrary Noetherian
affine test scheme over C. In this context, Definition 5.2.1 specializes to the following
Definition 5.2.6. For an arbitrary flag (D, Z) € Flx(5),
e we will call the Grassmannian relative to the pair (S, (D, Z)) both
Grx(9)(D,Z) = Gr(X x S;D,Z) =Bunxxs X {trivial} € dStxxs C Fun(dAff{, o, Gpd,.)

Bun 5 pyuzatt
and
Gry(S)(D,Z) :=Gr(X x S;D,Z) =Bunx g X {trivial} € dSt;, C Fun(dAff;”, Gpd,.);
BUn vy s p)uzaff
o We define

Grx(S)(D, Z) :== T(X x S,Grx(S)(D, Z)) = I(Spec C, Gry (S)(D, Z)) € Gpd,..
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We also give a local version of definitions 5.2.1 and 5.2.6:

Definition 5.2.7 (Local Grassmannian). Let Y be a locally Noetherian scheme, and (Z C T C Y') be closed
subschemes. Denote by Z \. T (or §5_;) the fiber functor

Z\T:=YT)NZ** ~T T x 7°%,
Taff

and by Z Uz T T the fiber functor

ZUff\T::Z\aHA T T.
Z\T

We call the local Grassmannian associated to Z C T' C Y both the following derived stacks:

r ;T = Bung. rivial} = Buns, rivia v
Gr°“(Y;T,Z) :=B X trivial} = B X trivial} € St
Bunz, 7.1 unz g X Bungagy
Bung o

QIOC(Y; T7 Z) = Bunfaff . X {tI‘iVial} = mfaff {trivial} € St.

X
BUNZUAT~T Buns - X Bungagr
Bung 1

If S is a test scheme and (D, Z) € Fly(5), we also set
Gri®(8)(D, Z) := Gr'®°(X x $;D,Z)  and  GrY°(S)(D, Z) := Gr'°“(X x S; D, Z).

The following result is a flag Grassmannian version of the well-known equivalence between the local and
the global affine Grassmannian of a curve (see e.g. [51, Theorem 1.4.2]).

Lemma 5.2.8. Let Y be a locally Noetherian scheme, and let Z C T CY be closed subschemes. There are
canonical restriction equivalences

Gr(Y;T,Z) —=— Gr'°°(Y;T, 2) and  Gu(Y;T,Z) —— Gr'°(Y;T, Z)
If (D, Z) € El(S), they specialize to equivalences
Gr(9)(D,Z) ~ Grx(S)(D,Z)  and  GrY°(S)(D,Z) =~ Gry(S)(D, Z).

Proof. Tt is enough to prove the statement for Gr(Y; T, Z), since then the statement for Gr(Y; T, Z) follows
by applying the holim-preserving functor dSty — dSt,. The special statement for Gry (S)(D, Z) then follows.
Consider now the commutative diagram

(—}I‘(Y7 T, Z) ——— Buny — Bunfaff

| R ) R

{trivial} —— Buny. _; zur —— BunZuff\T —— Bung.

G O R

Buny. 7 ——— Bung; , —— Bung_ .
By definition of Y ~ T U Z*T and Z Us T T, the square (§) and the bottom rectangle (formed by (v) and
(6)) are cartesian. It follows that () is cartesian as well. The vertical rectangle formed by (8) and (7) is also
cartesian by formal glueing Theorem 3.3.2. We deduce that (5) itself is cartesian. The square («) is cartesian
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as well, by definition of the Grassmannian. We conclude that the upper rectangle formed by (a) and (8) is
also cartesian, so that:

Gr(Y;T,Z) ~ Bung, X {trivial} =: Gr'°°(Y; T, Z).
B

“nZuff\T

By taking global sections over Y (or X x §), we immediately get the following?!

Corollary 5.2.9. Let Y be a locally Noetherian scheme, and (Z CT CY) be closed subschemes. There is a
natural equivalence of groupoids

~

Gr(Y;T,Z) ~Bun(T) X Bun(FT) X g7ty . ait) Bun(2) {trivial} =: Gr'*°(Y; T, Z).
o

In particular, for (D,Z) € Flx(S), there is a natural bijection

~

Grx (S)(D, Z) ~ Bun(D) X Bun(B-D)x ) {trivial} =: Gr'g°(S)(D, Z).

Bllll((E\D) X paff Zaff) BUH(Z

Remark 5.2.10. Continuing Remark 5.2.5, there are obvious local versions of Grlg‘grf(Y; T,7), @gﬁrf(Y; T,7),
Grg;’h_ (Y;T,Z) and ggghf (Y; T, Z) (analogs of Definition 5.2.7). Moreover, since only formal gluing (Theo-
rem 3.3.2) have been used in the proof of Lemma 5.2.8, a similar “local=global” statement holds for these Perf
and Coh™ versions.

Lemma 5.2.11. Let Y be a locally noetherian scheme and Z C T be closed subschemes in' Y. If Y\ T is
quasi-compact and schematically dense in'Y %2, then the truncation to(Gr(Y;T, Z)) is actually a sheaf of sets.
In particular, its global sections Gr(Y; T, Z) form a set.

Proof. Let S = Spec R be a Noetherian affine scheme.. We will use the notations of Remark 5.2.4. We
have to prove that Gr(Y; T, Z)(S) is a set (i.e. equivalent to a discrete groupoid). Now the obvious functor
Gr(Y;T,2)(S) — Gr(Y;T,0)(S) sending (&, ,v) to (€, ¢) (and identical on morphisms) is faithful, therefore
it will be enough to show that Gr(Y;T,0)(S) is a set. Define Ts := T xy (S x Y). Observe that, since
being quasicompact open and scheme-theoretically dense is stable under flat pullbacks ([45, TAGO81I]) and
SxY =Y is flat, we have that (Y \T) xy (S xY) = (S xY)\ Ts is quasi-compact and schematically dense
inside S x Y.

Let (&, ), (&,¢") € Gr(Y;T,0)(S), where € — S x Y is a G-bundle, ¢ a trivialization of € on (S x Y)\ Ts
(and similarly for (&',¢")). Let o, 8 : (€,¢) — (&',¢’) be morphisms (hence isomorphisms) in the groupoid
Gr(Y;T,(0)(S). Since a groupoid is equivalent to a set if and only if its Hom-sets are either empty or consist of
a singleton, it will be enough to show that a = 3. Consider S~ o : (&, ) = (&,¢) and id : (€, ¢) — (€, ).
We want to prove 87! o a = id. Observe that Autpun(sxy)(€) injects into Homsen. (€, G) (the image being
G-equivariant maps). Let us denote by pa.5: € — G, and piq : € — G the images of 7! o o, and of id inside
Homgen (€, G). It will be enough to show that pa g = pia.

We know, by definition of morphisms in the groupoid Gr(Y;T,0)(S), that 3~ o« and id agree when restricted
to €| (sxy)\1s- Therefore, p, g and piq coincide on

& XSxy ((S X Y) \Ts) = 8\(8 XSxY Ts).

21Recall that, for a fiber functor § over Y, we denote by Bun(gF) or, equivalently, by Bun(F(Y)), the groupoid of global
sections of the stack over Y Bung, or equivalently the groupoid of global (i.e. over SpecC) sections of the corresponding stack
Bung ~ u(Bung) (see beginning of § 5.1).

22For example, if there exists an effective Cartier divisor D — Y such that D and T share the same underlying topological
subspace of |Y| (|45, TAGO7ZU]).
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Now, since any G-bundle is (faithfully) flat over its base, € — S x Y is flat, €\ (€ xgxy Ts) is quasicompact
open and schematically dense in & (again by [45, TAGO081I]). Now, G is a separated scheme, and the two maps
Pa.B, Pid : € = G coincide on the quasicompact open and schematically dense € \ (€ X gxy Ts), therefore they
coincide on all of & (|45, TAGO1RH]). O

Here is an immediate (recalling Definition 5.2.6) corollary of the previous Lemma.

Corollary 5.2.12. Let X be a complex projective smooth algebraic surface, S an arbitrary Noetherian affine
test scheme over C. Then, for an arbitrary flag (D, Z) € Flx(S), the truncation to(Gryx (S)(D, Z)) is actually
a sheaf of sets. In particular, its global sections Grx (S)(D, Z) form a set.

5.3. Functorialities and flat connection. We prove here the functorialities of Grx (S)(F) both in the flag
F, and in the test scheme S. See Corollary 5.3.7 below. We fix a smooth projective surface X over k.

To any affine scheme S over k and any closed subschemes D, Z C X X Syeq, we associate two (ind-)schemes
flat over Y := X x §

Y~D—>Y and Z—Y.
They induce underived fiber functors®3 @y\ p and @ 7 over Y. We denote by @Y\ DAZ the intersection
§Y\D02 = éY\D ;ﬁ {?%ﬂ
Let A be the category e «+— e — o. We denote by Ae,z the diagram of fiber functors
A)[/))Z = ( @’Y\D < §Y\DI’12 ? éB'Z‘\H ) S Flee

Notice that for any morphism of Noetherian affine schemes S’ — S, pulling back along the induced morphism
fY =Xx58 — X xS=Y gives, by (an underived version of) Lemma 2.4.1, a canonical isomorphism of
diagrams

f_1<A$’Z) - (f_1(§Y\D) [ @yprz) — f_l(%ﬂ))
: ] : (5.3.1)

~ ~ ~ D/7Z/
(SY’\D’ A — SY’\D/QZ’ — S%ff) = Ay/ .

red T

where D' = D xg ea Sted-
Finally, the assignment (D, Z) — A)[,)’Z is covariant in Z and contravariant in D. In particular, given a

Slgand Z'=Z xg

commutative diagram (of closed subschemes)

Z1‘—>Z2

[ @ |

D1 —> D2 — X XSrcda
we get a co-correspondence (of diagrams)

D1,Z1 Ta D1,Zs | Ta D2, 2
Ta. Ayl7 1 Ayl7 2 Ay27 2.

23Recall Section 3.5. We are only using underived fiber functors here to avoid the hassle of building co-functors while honest
functors can do.
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Let Clx qr(5) denote®* the category of closed immersions Z <+ D < X X Syq (and morphisms being commu-
tative diagrams as above). It is cumbersome but easy to check that this construction gives a lax®® functor to
the 2-category of correspondences in diagrams of underived fiber functors:

gXAR(S) lax FibFé\/,cocorr _ FibFl)\(’iO;OH

D.Z
(D, Z) —— Ay
O T,

Using Eq. (5.3.1) and Lemma 2.4.1 (2), those assemble into a natural transformation (by lax functors)

lax ..\, cocorr
gX,dR —— FibFy

Composition with the inclusion i: FibFx«_ — dFibF x« _ of fiber functors into derived fiber functors, and using

the canonical morphisms i§o IL;z, i§2 — i(Fo Iz, F2), we get a natural transformation (by lax co-functors, see
[20, Chap. 10 §3.]):

lax ..\, cocorr
Cly qr —25 dFibFAcocor,

Taking pointwise pushouts of our A-indexed diagrams (of derived fiber functors) yields a natural transformation
(by lax oco-functors)

§Y: Clyqr —2 dFibFR™.
which evaluates, for S € Aff and Y := X x S, to

SU (S) cocorr

gX,dR(S) — dFibF s

._ i
(D, Z) ——— 8y puz =38v~p 1 I3

Y~DNZ
(Dla Zl)

1 ’ (SY\DluZ — Sy puz SY\DMZ) (5:3.2)
(DQaZ2> .O.
(D1, Zy) Sy D10z, 3 ]D-[ . Sy DauZs

l« ~DaUZy
(D2, Z5) t la}t( 3 = - J \g ~

5 structure Y~D1UZ; Y~\D3UZ3

+ \) /

(Dg’ ZS) SY\DlUE;;

Lemma 5.3.3. Fiz S a test scheme and Y := X x S. Let (D1, Z1) — (D2, Z2) € Clx 4r(5). If the canonical
morphism Zy — Za X p, D1 is an homeomorphism (i.e. induces an isomorphism between the associated reduced
schemes), then the canonical morphism

Sy 0z, 7 Sy DUz,

24The dR. lower script highlights that gX’dR really is the de Rham stack of a more general construction.
25Recall that a lax functor is a functor F where the composition is not quite preserved. This lack of compatibility is replaced
by a natural transformation evaluating to a map F(f) o F(g) — F(f o g) for each pair of composable arrows (f, g).
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induces a equivalences of derived stacks over Y :

Perfy , z, — Perfy , 7.

and COhY\D1u22 — COhY\DluZ'

Proof. Consider the commutative diagram (of categorical derived stacks over Y')

Perf, , 5 — Perf, —— Perf,

| G R N O B

Perfy p, —— Perfgz\D1 — Perle\Dl.

The square (o) is Cartesian by definition. Fixing a derived test scheme T over Y, we can apply Proposition 3.2.2

to D1 Xy S%H(T) C S%H(T). We deduce that (7) is Cartesian as well. The large rectangle is thus Cartesian and
2 2

the result follows (with a similar argument for the cases of G-bundles or of complexes of coherent sheaves). O

Let M: Y — My denote either Perf, Bun® or Coh™. Denote by M/ d75t§;‘t°° the stack (in co-categories)
of derived stacks in oco-categories under M:

Catoo . Catoo
M/dstSpt=: § s Mxxs/dst s
The stack M induces a morphism categorical prestacks
dFibFSP,  —— M/gstGat
M: (5,F) ——— Mz € MXXS/dSth(ath;.

cocorr

Lemma 5.3.4. Composing the lax co-functor F: Cly g — dFibFCS™ with M gives a morphism (still denote
by M) of prestacks in oo-categories

gde _ M ((M/@gj{atm)op)cocorr

(S,(D,Z)) M

Sxxs<DUZ"

Proof. This follows from the fact that for any Y, the functor My : dFibF}? — dStgat“ maps pushout squares
to pullback squares. O

Definition 5.3.5. For any test affine scheme S, let g}}(}dR(S) the (non full) subcategory of Cly 4 (S) con-
taining every object, but keeping only the morphisms (Di, Z1) — (D2, Z3) such that Zy — Z3 xp, Dy is a
homeomorphism (i.e. an isomorphism on the associated reduced schemes). This condition being stable under
base change, this defines a sub-prestack gﬂ‘(,dR of Clx 4g-

Theorem 5.3.6. The composition

gg{,dR C gX,dR _M . ((M/L&gatx>0p)cocorr
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C t C t op cocorr
factors through dSt* ((L&Xa °°) ) , therefore inducing

Y gp — s M/dst ot

(Sv (D7Z)) —_ MSXXS\DUZ.

Proof. Fix a test scheme S € Aff. From Lemma 5.3.3 and Eq. (5.3.2), we get:

(1)
(2)

For each S € Affy, the lax co-functor Mg: g})‘(,dR(S) — ((MXXS/dStC“t°‘°)Op>COCOrr is strict (i.e. the
morphisms making the lax structure are equivalences).

For each S € Affy,, the co-functor Mg has values in the (non-full) sub-(co, 1)-category MXXS/dStcat
(embedded the standard way into the category of cocorrespondences).

In particular, the map M factors as CI% Clxar — My /dSt dStcat"o giving the announced functor. O

Corollary 5.3.7. The flag Grassmannians Gr(X xS; D, Z) (resp. Gr(X xS; D, Z)) assemble into a morphism

Gry: Clly gp — dSty C dSt{H= (resp. Gry: Clh ar — @k)

of stacks (Affy)°P — Catoo

Proof. Consider the morphism

b gy ———— Bun®/ggCate

(8,(D, 2)) —— Bun$s(§x s puz):

Taking pointwise the homotopy fiber of the map Bun$, g(X x S) — Bungxs(SXXS\DUZ> gives the an-

nounced functoriality of the Grassmannian Cl% ar — dSty

Catee " This functor has values in the substack of

derived stacks in co-groupoids dSty.

The morphism Gry is obtained from Grx be composing with the natural morphism dSty — dSt; mapping
a derived stack over X x S to its derived stack of relative global sections. O

Remarks 5.3.8.

(a)

The result of Corollary 5.3.7, and in particular the fact that the flag Grassmannian can be seen as
a functor out of the de Rham stack of closed pairs (D, Z), means our Grassmannian has a crystal
structure (which, by analogy with the linear setup, intuitively amounts to a flat connection). This fact
should be interpreted as an analog of the fact the usual Beilinson—Drinfeld Grassmannian over some
curve X is a (factorizing) D x-scheme in [4].

Using Theorem 5.3.6, together with remarks 5.2.5 and 5.2.10, one can straightforwardly define func-
torial flags Grassmannians Gr)P;fgfm gifgfo, GrCOh and GrX 2o _ for perfect or coherent complexes.
Although our focus is on G-bundles in this sectlon, we will keep this level of generality in the upcom-
ing technical lemmas (as it does not impact the complexity of the arguments and may be useful for
further work in this direction).

5.4. Topological invariance of the flag Grassmannian. We prove here that the flag Grassmannian is,

in an appropriate sense, insensitive to non reduced structures on flags. We already know it carries a flat
connection. With the following lemma, we add that it is invariant under reduced equivalence.
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Lemma 5.4.1. Let S be a test scheme and Z C D C X X Sieq be closed subschemes. The canonical diagram

Zred — 7

[ @ ]

Dred(—>D(; >X><Sred

defines a morphism o in Cly 4g(S). The cocorrespondence (of diagrams of fiber functors over Y := X x §)

2 i
To: ADrcd)Zrcd T, ADrcd,Z PG AD’Z
Y Y Y
is an isomorphism (i.e. both 7o and T o are invertible).

Proof. The (ind-)schemes Y\ D and A only depend on the underlying closed subsets of D and Z, respectively.
As a consequence, the same is true of the fiber functors §y. p and S%H. The result follows. O

Corollary 5.4.2. For any (D, Z) € Clx 4r(S), there is a canonical equivalence
Gr(X x $;D,Z) = Gr(X % S; Dred, Zeed) € dStxxs.

The following Corollary establishes the topological invariance of the flag Grassmannian: the values of Gr . (.5)
on two reduced equivalent flags agree (up to a canonical isomorphism).

Corollary 5.4.3. Let X be a complex projective smooth algebraic surface, S an arbitrary Noetherian affine
scheme over C, and Y = X x S. If (D, Z),(D', Z") € FIx(S) are such that Diecq = D}q and Zeq = Z] .4, then

I
there is a canonical equivalence

Grx(9)(D,Z) :=Gr(Y;D,Z) ~ Gr(Y; Dyed, Zrea) = Gr(Y; D} o, Zloq) =~ Gr(Y; D', Z') =: Grx (S)(D', Z").

red’ “r

Remarks 5.4.4.

(a) It would be tempting, by Corollary 5.4.3, to consider the quotient of Fly(S) modulo the reduced
equivalence relation, and then define our Grassmannian as a functor out of this quotient. However, this
would not be so helpful for our purposes, since unfortunately the corresponding version of ﬂ;(’gOOd(S )
modulo reduced equivalence will no longer be 2-Segal.

(b) As in Remark 5.3.8(b), the above results (corollaries 5.4.2 and 5.4.3) can be trivially generalized to
perfect or coherent complexes, i.e. to Grg‘;rf(X x S;—,—) and Grg(‘?hf (X x8;—,—).

5.5. Functorialities of the local flag Grassmannian. Since by Lemma 5.2.8, the local Grassmannian
Grl)‘éc is equivalent to the the global one Gry, we get covariant functorialities

loc

Griy©: g})l(,dR —dSty and  Gry": g})lf,dR — dSt;..

There is however a more interesting and less intuitive contravariant functoriality, mapping a morphism in
g];} ar (S) corresponding to a reduced-Cartesian commutative square

Z1‘—>Z2

[ @]

D1°—>D2°—>X><Sred
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to a pullback morphism o*: Gr'e®(Y; Da, Z5) — Gr'y*(Y; Dy, Zy):

GrR*(Y; Dy, Zs) = Bun% X {trivial}
2 BunS -
Dy~DyUZy

l

Bun& X {trivial} (5.5.1)

D
! BunS =
D1~DyUZq

ZT see Lemma 5.5.8 below

Bun€® X {trivial} =: Grl)?C(Y; Dy, Zy).

n= =~
Di~DiUZ;
One could prove the above pullback morphisms are functorial enough to get a morphism
1 h
(Grx®, (—)"): (Clx qr)? — dStx.

We will however be more interested in the compatibility between the pullback along one morphism of flags and
the covariant functoriality we established so far. This compatibility can be thought as a base-change formula,
as usual only valid under additional assumptions — see Remark 5.5.3(a) below.

Let us construct this pullback formally, and prove it is partially compatible with the covariant functoriality.
Denote by B := AZ x A! the category depicted as

e — o

T

e — o

L4

o — e,

Let dFibF‘)E'(X_ denote the stack of B-diagrams of fiber functors, and by (dFibF5, ) the (0o, 2)-categorical
stack of cocorrespondences therein. Informally, objects of (dFibFEI(X g)%°° are B-diagrams of fiber functors,
morphisms are cocorrespondences of diagrams, thus commutative diagrams of the shape

source hat target

i\. N TN
| |

I Slgl s

]

\ [ ] \ ° \ o,

Finally, 2-morphisms are maps of H-diagrams between the hats of the cocorrespondences involved (together
with the obvious commutativity constraints).

1
Denote by Q)A()dR the stack of arrows in Cly 4. Using the same method as in the construction of F~ (see

Eq. (5.3.2)), we obtain a natural transformation by lax co-functors §j.. : Q)A(?dR — (d FibFEI(XS)COCOrr evaluating,
on S € Aff, to
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1 Yo(s
CI% ar(S) e, (dFibFS , g)cocor
aff
$p,<p,uz, TP,
i w
objects
((Dy, Zy) — (Da, Z3)) 2 8, pyuz, — S
l 1
T
Sﬁz\D2U22 - 8:%2
Sppiuz, 7 8Dz S 8D DUz
~ RN RN
aff T aff
b, 5D, b,
(D1, 21) — (D2, 22) | orphisms | SP1i~Ds0Z, — |7 S5y pouz; < Sprpyuz:
{ { — et ~ ~
D, 7 D, 7, Fost | Folt | gl
(D1, Z1) — (Dsy, Z3) D l D] l Dy
Sp, o0z, — | T Shypauzy S Sppyuz;
~ ~ ~
aff aff aff
§5, 55, 55,
(thl) — (Dz, Zz)
\L \L lax
(D}, Z}) — (D}, Z) | siractmre (Similar to the case of (5.3.2)).
1 1

(DY, 1) — (D3, Z3)
Similarly to Lemma 5.3.4, composing .. with Bun® yields a natural transformation by lax oco-functors
B H cocorr o cocorr
CIR ar — (dFIbFR ) = ((dSt)P)®)

mapping (S, «: (D1, Z1) — (D2, Z5)) to the commutative diagram

+— Bun®

G
Bu D

nf)l \Dlufl

1 |

+— Bun€

G
Bu b,

nﬁl \D2U21
T T
G

<— Bun3z

G
Bu Dy’

nﬁz \D2U22

Taking the homotopy fibers of the horizontal morphisms over the trivial bundle, and setting ¥ := X x S and
Gr'y®(a) X BunS _ {trivial}, we get the cocorrespondence in dSty depicted in Eq. (5.5.1):

D1~DoUZ;

o G
= BunD1

YOL

Gr(Y; Dy, Z1) L Grigf(a) <22 Gr'i¢®(Y; Dy, Z).

By functoriality of homotopy fibers, we get a natural transformation by lax oco-functors

G: TR an = (AFIBFT )0 = (((dSty)P)Z)%  ((dSty )8 )er)oeer
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Consider now the stack in (oo, 1)-categories (LST.X)Al. It embeds naturally in the stack in (o0, 2)-categories
(((distx)‘\g)Op)coco”7 via the assignment

(FI — F) — (F1 S RE FQ)

F — R T T 7
\L \L —_ Fl — F2 — F2
Fl — F} L L L

F1*>F2<iF2

Theorem 5.5.2. Denote by CIX 4k the categorical prestack mapping S € Affy, to the (non-full) sub-category of

the category QxydR(S)Al containing every object, but only morphisms corresponding to commutative squares

(D17 Zl) — (DQ, Zg)

1 1
(D1, Z1) — (D3, Z3)

such that*® Dy~ Dy N D} = Dy~ D1 N Z; (as closed topological subspaces of X x S). Denote by G* the
restriction of G to the substack CIX ar of CIX dR-
(a) For any S € Affy, the lax structure on G"(S) is strict, and G is thus an honest morphism of co-
categorical stacks.
(b) The morphism GY has values in the substack (dSty )2 of (((dSty)A2)°P)eOr | thus inducing a mor-
phism

Grige': cliAn — (dSty)?.

Remarks 5.5.3.
(a) The main consequence of the above theorem is the existence of a pullback as announced at the beginning
of this section: For any morphism (D1, Z1) — (D2, Z3), seen as an object of CIX dR(S), we get the

pullback morphism Gr'g®(X x S; Dy, Zy) — Grie®(X x S; Dy, Z;) announced in Eq. (5.5.1). Tts
functoriality implies the following base change formula:

(D1, Z1) % (D2, Z2)
oo Gr'9(X x S; D, Zo) —2— Gr'%(X x S; D, Z))
(D1, Z1) = (D3, Z3)
J{c* O J{a*

such that ) .
Gr'o°(X x S; D), Z) —£ Gr'o®(X x S; D), Z!).
DQ\DlmDi:DQ\DlﬁZ{

1
(b) When restricting to degenerated arrows Q})}’dR C g};ﬁ{w we find back the covariant functoriality

Grl;f: Q})}ydR — dSty without relying on the equivalence with the global Grassmannian.
(c¢) Asin Remarks 5.3.8(b) and 5.4.4(b), the above theorem extends mutatis mutandis to a version of the
flag Grassmannian for perfect complexes and almost perfect complexes.

260ne shows easily with a little point-set topology that this condition is stable under (vertical) composition as well as base
change.



A FLAG VERSION OF BEILINSON-DRINFELD GRASSMANNIAN FOR SURFACES 43

The proof of Theorem 5.5.2 is very similar to that of Theorem 5.3.6, and will rely on two crucial Lemmas
5.5.8 and 5.5.9, the proof of which requires some preliminary results.

A. M-coCartesian squares.

Definition 5.5.4. A commutative square of co-categories

A—— B
C — D
is 1-Cartesian if the induced oo-functor A — B xp C' is fully faithful.
Lemma 5.5.5. Consider three commutative squares (o), (o/) and (¢") of co-categories and morphisms (o) —

(0') <= (¢"). Denote by () the square obtained as the pullback (o) X (o) (0"). We represent this data as the
commutative diagrams

A A/ AH A A// B B//
l N B | ™ B | > B A o
(0) L (o) L (o) |
C C/ C//
~ ~ ~ CxC'"——= Dx D"
D D’ D" c’ D’

If both (o) and (¢”") are Cartesian, and if (') is 1-Cartesian, then (1) is Cartesian. If (o), (¢') and (¢”) are

all 1-Cartesian, so is (7).

Proof. Denote by f the canonical morphism f: A — B xp C. We also set f/ and f” similarly, and

g:Ax A" +BxB" x Cx0"
A B DxD' C
D/

The result follows from the assumptions together with the trivial observation that g = f x s f”. O

Definition 5.5.6. Fix a commutative square (o) of derived fiber functors over a base Y and M a derived
stack over Y. Denote by (o) the associated commutative square of derived pre-stacks over YV’

§1 —— B Mz, —— Mg,
| @ | | @ |
§3 — B4, Mz, — Mg, .

(1) We say that (o) is M-coCartesian if (o) is Cartesian (i.e. is pointwise Cartesian).
(2) We say that (o) is M-1-coCartesian if (o) is pointwise 1-Cartesian.

A number of our previous results can be formulated using the notion of Perf-, Coh™ - or BG-coCartesian
squares (e.g. Proposition 3.2.2). We will need this consequence of Lemma 2.6.3 (a)

Lemma 5.5.7. Let (o) be a commutative square in FibFy for some base Y:

$1 — B2

| @]

§3 — Ba-

If (o) is Perf-1-coCartesian, then (o) is BG-1-coCartesian.
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Proof. Denote by § the pushout §2 Iz, §3 computed in dFibFy, and by F': § — §4 the induced morphism. By
assumption, for any S over Y, the co-functor Perf(F4(S)) — Perf(F(S)) is fully faithful. Using Lemma 2.6.3 (a),
we deduce that Bung, (S) = Bun®(§4(S)) — Bun®(§(S)) = Bun§ () is also fully faithful. O

B. Two keys lemmas. After these preliminaries, we are ready to prove the key lemmas allowing for the proof
of Theorem 5.5.2.

Lemma 5.5.8. Let S € Affy, and Y := X x S. Consider a diagram of closed subschemes of Y

Dl‘—>D2

z! &g
1

and assume Dy~ D1 N D] = Dy~ D1NZ; (as topological spaces). Then the natural morphism of derived fiber
functors

35;\D2u2{ ’ gﬁg\DIUZ;
induces equivalences of derived stacks over' Y

Perf ~ +~  Perf- and

Dj~DsUZ] Di~DUZ]
G ~ G

Bung, 5 0z Bung, , uz-

Proof. For a derived test scheme T over X x S, we fix the notations:

D =gy Zpf = 5d().
1 1

We also by DY, DI and C the closed subschemes of ﬁ’lagf induced respectively by the closed subschemes
Dy, Dy and®” Dy~ Dy of X x S. Because Dy ~ Dy N D} = Dy ~ Dy N Z}, the formal completion of 13’1155
at C'is canonically equivalent to Z*f. Applying [33, 7.4.1.1] to A = RD(D?,0), B = RI(Z{,0) and
C= QCoh(ﬁ’fﬁf . DT, we deduce after passing to dualizable objects, that the natural square

Perf (D~ DY) —— Perf (240 < DY)

l l

Perf(ﬁ'fjgi DI ) — Perf(ng N DQT)
is Cartesian. It follows that the square

g?{\Dg %ﬁi\DQ

l l

S?i\Dl Sﬁi\Dl

2TWe endow Do ~. D1 with its reduced scheme structure.
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is Perf-coCartesian. By definition of the fiber functors Sﬁg\DluZ{ and 351\D2U2£7 we get a commutative
square

8'/Z\i\Dg 8'/Z\i\Dl
\ aff = ‘ \ aff
[ 3y 0 3y
Sﬁi\Dg J Sﬁi\Dl J
~ % —~
-SDII\DQUZ/ SD'I\Dlt_JZ{

in which
e both lateral faces are coCartesian in dFibF xy g and
e the back square is Perf-coCartesian.

This implies that the front square is Perf-coCartesian as well, so that Perff)’l\DzuZ — Perfﬁg\Dluii is an
equivalence as claimed. The case of Bun® follows by using Lemma 2.6.3 (b). O

Lemma 5.5.9. Let S € Affy, and Y := X x S. Consider a diagram of closed subschemes of Y
A
y
\[ D1 — D2
Z/
]
Dy
such that Zy = D1 N Zy and Dy~ D1 N D] = Dy~ D1 N Z] as topological subspaces of Y. The commutative
diagram of fiber functors
Sﬁl\DgUzl .Sﬁll\DzUZi
| @]
aff aff
5 ——— 5
is Perf-coCartesian (and thus also BG-coCartesian,).

Proof. The square (o) fits in the commutative diagram below.
Using Lemma 5.5.8, we see that ¢ induces an equivalence once com-

LEANAE A Sf’i\Dlei posed with Perf. Moreover, using Z; = Dy N Z; and Dy~ Dy N
J{f J{g D} = Dy~ Dy N Z{, we deduce the equality (of topological subspaces)
5 R 5+ R Dy~ DyNDy =Dy~ DyNZ;. Applying Lemma 5.5.8 once more, to
DinDaUZ DinDaUZ, the case D] = D;, implies that f induces an equivalence as well, once
l (0) l compose with Perf.
Fal Fat In particular, the square (o) is Perf-coCartesian if and only if the outer
D1 D1 square is. We may thus assume Dy = D; without lose of generality.

Under this new assumption, the square (o) decomposes as

¥

— 55 —

1\D1U21 SIA)’I\DlLJZ{

| o ] |

aff aff = aff
55, Sb; S
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It thus suffices to prove that (7) is Perf-coCartesian and that 1 induces an equivalence Perf(vy). Consider
the following commutative diagram.

3’ﬁl\Dl . %Bi\Dl

J !

Sﬁl\Dluzl gﬁé\Dluél

l o ]

aff aff
~ — 55, -
g 5

For formal reasons, the upper square is coCartesian. Moreover, the outer square is Perf-coCartesian by

Proposition 3.2.2. It follows that () is Perf-coCartesian. We now focus on the morphism . We have a
commutative diagram

Sél\Dl S?i\Dl

[\; T
|

gﬁi ~D1 = [ gﬁi ~D1 J{
™~ \

gﬁ;\pluél ¥ Sﬁ;\pluég

aff aff
52, 5%

in which the lateral squares are coCartesian by definition. In particular, the morphism Perf(¢) is an equiv-

alence if and only if the upper face is Perf-coCartesian. Since Z; = Dy N Zj, for any derived affine scheme

T over Y = X x S, the affinization of the formal completion of S‘%f,f (T) at the closed subscheme induced by
1

Dy xy T is canonically equivalent to S%H(T ). In particular, Proposition 3.2.2 implies this upper square is
1
indeed Perf-coCartesian. O

C. Proof of Theorem 5.5.2.

Proof of Theorem 5.5.2. Let S € Aff,. We start with the lax oo-functor
h7A(} 2 O cocorr 2 o cocorr
GP: CIY 4R (8) = (((dStx)*2)7P) e (8) = (((dStxs)2)P) o,

1
Fix a morphism of g};ﬁi{(S), corresponding to a commutative diagram

(D1, Z1) — (Do, Z5)
1 1
(D1,21) — (D3, Z3).
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such that Dy \ Dy N D] = Dy ~ Dy N Z]. Its image by . (S) is the diagram

85, DUz, SD;\Dluzi SD;\D;UZ;

N (@ 1T T ™
g g g
D, ‘ D] ‘ Dj
B,z | T SDrp,uz) T S5 pyuz:
N ) (8) N ) N )
al a a
55, | Sh; | S5,
SBypyuz, — | Sbypouzy | SbyniuZ;
N (7) N N
i aff i
g 5 5.

By Lemma 5.5.9, the three squares («), (8) and (y) are BG-coCartesian. As a consequence, the image of any
morphism of g};ﬁ;(s ) is a cocorrespondence (of A3-diagrams) where the morphism from “source to hat” is an
equivalence. It follows that the lax co-functor G"(S) is in fact a strict co-functor with values in the (non-full)
sub- (o0, 1)-category

(dStXxS)Ag C (((dstxxs)Ag)Op)COCOrr.

Consider now an object (D1, Z1) — (D2, Zs) of g};ﬁ%(S). Its image by G"(S) is the diagram (depicted in
Eq. (5.5.1))
Gr'e®(Y; Dy, Z5) := Bun€ X {trivial}

D
2 Bun€ =
Dy~DyUZy

l

Bun® X trivial
D1 Bun& 5 { }
Dy~DyUZ;
gl
Bun% X {trivial} =: Gr'¢(Y; Dy, Zy).
! BunS

Di~DjuZ;

Lemma 5.5.8 implies that u is an equivalence. In particular, the functor G*(.S) has values in the full subcategory
dStx«s C (dStXXS)Ag. This concludes the proof of Theorem 5.5.2. O

6. THE FLAG GRASSMANNIAN AS A 2-SEGAL OBJECT

By Beilinson and Drinfeld, the classical affine Grassmannian (in dimension 1) carries an important factor-
ization structure (see e.g. [51]). In essence, it consists of the way a G-bundle on a curve trivialized outside
two points is tantamount to two bundles, each one trivialized outside one of the points.

In this section, we will construct a similar factorization structure, where disjoint points are to be replaced
with pairs of flags in good position. Part of the difficulties arising in this construction is to handle the higher
coherences and homotopies the structure involves.
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6.1. The projection maps Grx(S)(F; U Fy) = Grx(S)(F;). We will construct a 2-Segal structure on the
flag Grassmannian. The first step is to define functorial projection maps Grx (S)(Fy U Fy) — Grx (S)(F;),
i = 1,2, for any pair (F1, F2) € Fly 5(Sreq). This starts with the simple observation: the natural inclusions
F; — Fy U F5 are morphism in Fly (Syeq)-

In particular, we get natural transformations

9o
RN
Flxs =01~ Flx, =Flx. (6.1.1)

NG

o>

The natural transformations a: 0y = 0 and b: d» = 97 each correspond to a morphism Flxo, — ﬂ)%l to the
stack of arrows of flags. Taking the de Rham stack on each side, we denote by a and b the induced morphisms:

1
a,b: FIY, —— ﬂ)A(,dR~

1
Lemma 6.1.2. The inclusion FIS — Clx qr induces an inclusion ﬂ%de — g};(’ﬁtR (recall the notation from
Theorem 5.5.2).

Proof. This is straightforward point-set topology. O

Using the morphism Grl)‘;c’Al from Theorem 5.5.2 (b), we get

loc,Al
dr _aord Al h,A; x| Al
Fixs —— HY qr CUY gg — (dStx )™ -

. loc, At iy loc,At loc,At
Remembering that Gry swaps source and target, each composition Gry oagor Gry o b amounts
to one of the following natural transformations

Grl}?coao
b'e a
ﬂ‘;& ————— Grlg®od; — dSty. (6.1.3)
Grlxocoag

Evaluating at S € Aff, and at a pair of flags (Fy, F») € ﬂ?{g (8) := Flx 5(Sred), We get the announced functorial
projection morphisms (in dStx«g):

Gr(S)(F1 U F) — Grye(S)(F;).
6.2. Factorization property. The goal of this section is to prove the following factorization formula
Theorem 6.2.1 (Factorization). The natural transformations from (6.1.3) induce an equivalence

GI‘I)?C o 81 —— GI‘I)C}C o 80 X GI‘I)‘?C o 82.
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Remarks 6.2.2.

(a) Theorem 6.2.1 can be seen as a factorization structure on our flag Grassmannian. Indeed, after
evaluating at a Noetherian derived affine scheme S and at a good pair of flags (F1, F5) in X X Sied,
the statement becomes that the constructed map

Grig®(9)(FL U Fy) —=— Gri°(S)(F1) x Grig®(S)(Fy)

is an equivalence.

(b) Similarly to Remarks 5.3.8(b), 5.4.4(b) and 5.5.3(c), the factorization property of Theorem 6.2.1 ex-
tends to flag Grassmannians of perfect complexes, and the proof provided below also applies in this
case.

The proof of Theorem 6.2.1 has prerequisites that we will address first. It is thus postponed until the end
of this section.

Let A € sCAlg,, be a simplicial commutative algebra over k. For f € moA, denote by A/ the (homotopy)
pushout

Alz] 2255 4
z ) J (6.2.3)
0

A— A

For any family f, = (fi,..., fs) of elements of myA, we denote by Afe or A/t»/= the tensor product @) , Afi.
Note that A/ is equivalent to the mapping cone of the morphism A — A given by the multiplication f. More
generally A/ is nothing but the Koszul complex associated to the sequence (f1,..., fn).

Moreover, if fo = (f1,..., fn) C T0A and p is a positive integer, we will use the notation fJ = (f7,..., f£).
Notice that if f,g € moA, there is a natural map Af9 — A7 (induced, in terms of pushout squares as in (6.2.3),
by x + gx). In particular, for any p > ¢ and any family f, as above, we get a canonical morphism Afe — Af¢.
The pro-diagram (Af¢ )p corresponds, by [19, Prop. 6.7.4], to an explicit derived affine ind-scheme computing
the formal neighbourhood of {f, = 0} in Spec A.

Given two such families fo = (f1,...,fn) and ge = (g1,...,9m), we denote by fege the family in myA
consisting of all possible products between an element of f, and an element of g,, while f, U g denotes

(f17"'af7l7gl7"'agm)-

Lemma 6.2.4. For any A € sCAlg,. and for any families fo = (f1,..., fn) and ge = (g1,...,9m) of elements
of moA, there is a natural equivalence

lim Af9¢ ~ lim | A7 x A9 |.
p P AFS @ 4 ATY

Sublemma 6.2.5. Let f,g € mgA. There is a natural equivalence AF9 ~ (Af)9 (where in the right hand side,
g is seen as an element in mo(A7F)).
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Proof. Tt follows from contemplating the pushout diagrams

Az, y) =25 Ay 2225 4

| | |
Aly) —— Ayf ly] % Af
I
A A

AS9.

Sublemma 6.2.6. Let f,g € mgA. There is a natural equivalence

Af9 ~ AT % A9, (6.2.7)
Af.9
Proof. To prove this sublemma, we will rely on explicit models in the (equivalent model) category of connective
commutative dg-algebras. We thus assume that A is now an explicit cdga --- — A71 — A% — 0, and we fix
lifts of f and g to A°. We will abusively denote those lifts by f and g as well.
The pushout Eq. (6.2.3) yields explicit models for Af as the cdga (quasi-free over A)

Ale]:=( = A720eA™ 5 A @A’ - A7)

with differential mapping & to f. We get similar models A[r] for A9 and A[e, 7] for A9, Then the pullback
on the right hand side of (6.2.7) is the (homotopy) pullback
Ale] x Alr]. (6.2.8)
Ale,7]
In order to compute this homotopy pullback, it suffices to resolve A[e] — Ale, 7] with a fibration. For example,
consider the algebra Ale, €, dz], where the added generators &, dZ are in degree —1 and 0 respectively, and the
differential sends € to dé. It is straightforward to check that the assignments

e—e, EmT, dErg

define a fibration Ale, £, dé] — Ale, 7], replacing Ale] — Ale, 7].
It follows that an explicit model for the homotopy pullback (6.2.8) is given by the strict pullback
B = Alg,&,dz] x Alr].
Ale,7]
Explicitely, the elements of B are polynomials in Ale, £, d] such that, if evaluated in & = 7,d& = g, reduce to
polynomials involving 7 as unique variable. Said differently, the elements of B are the polynomials in Ale, &, dé]
of the form

e(g — dg)q1(,dE) + g2(&, d&)
where q1, ¢2 € A[E, dg]. We now claim that B is quasi isomorphic to A[z], where z is a degree —1 generator with
differential fg. In fact, setting t = (g —dé) + f£, we have that B = A[t, &, d€], where now the differential of the
generator t is fg. It is now easy to verify that the natural map A[z] — B sending z to t is a quasi-isomorphism.

Noticing that A[z] is a model for A/9 concludes the proof of the sublemma. O

Proof of Lemma 6.2.4. We proceed by induction on m + n. The case m + n = 2 is either trivial (if either m
or n vanish) or follows directly from Sublemma 6.2.6 in the case m =n = 1.
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We now prove the inductive step. Let fo = (f1,...,fn) and ge = (g1,-..,9m) be families of elements of
H°(A). Suppose without loss of generality that m > 1, and denote by ge the family (g1,...,gm_1). Then
Sublemma 6.2.5 yields

. pp o pop o\ (f259)
lim AT99% ~ lim (A(f. gm)) )
P P
By finality of the diagonal, the last limit can also be written as

lim (A2 gf’n))(fm) ~ nm(A(ffgfn))(ff 52
p

p,q

Setting B, = Afi9n | we can now use the inductive hypothesis to obtain an equivalence

lim A7 ~ lim(B,)™*% ~lim| BJ* x  B%|~lm|B} x B
P P,q D,q I ab P 'ES a6
By ®Bq By By ®Bpo
where in the last identification we used once again a finality argument. In other words, invoking Sub-
lemma 6.2.5, we obtained a Cartesian square

lim Afeqe — y lim ATV (T9n)
P J2

l l (6.2.9)

lim A9eV(29%) oy lim ATSVaeV(S2ar.)
p p

Notice however [19, Prop. 6.7.4] implies that if he is a family in 7o(A), then lim, AMe only depends on the
ideal of mg(A) generated by the elements of he. Therefore, the Cartesian square (6.2.9) can be equivalently
rewritten as

lim Afe% — 4 1im Af¢
p p

l l (6.2.10)

lim A9eV(f97) s 1im AfoVa

P P
But repeating the same arguments as before, we obtain that the bottom map of diagram (6.2.10) fits in a
Cartesian square

lim A9¢V(f97%) s 1im AfVae
2 P

l l (6.2.11)

lim A% —— lim Af¢V9%
P P

and composing the two cartesian squares (6.2.10) and (6.2.11) yields the desired statement. O

Lemma 6.2.12. Let Y be a Noetherian derived affine scheme and Zy,Zs C Y be closed subschemes. Let
Z9 = 721N Zy and Z = Z1 U Zy. The canonical functor

Peer — PeI‘fZ1 X Perf22
l:’eler12

is an equivalence.
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Proof. Let A denote (the homotopy type of) the simplicial algebra of functions on Y. Since A is Noetherian,
we can and do fix generators fo = (f1,..., fn) and ge = (g1, - ., gm) of the ideals T and J of myp A of functions
vanishing on Z; and Zs respectively.

For any positive integer p, we write f§ for the family (f¥,...,fP) (and similarly for ¢g5). By [19, Prop.
6.7.4], we have

21 ~ colim Spec(Aff), 22 ~ colim Spec(Agf) and 212 ~ colim Spec (Aff XA Agf).
p p p
Notice that for every p the morphisms
ATV 5 ATS @4 A% A% 5 ATY @y A9

are surjective on H°. Therefore, it follows from Theorems 16.2.0.1 and 16.2.3.1 of [33] that, for every positive
integer p, the square

Perf p — Perf ;»

AYe
AlS @ 4498

| J

Perf ,;p —— Pertf

AFe x

C@aA
is Cartesian. Taking the limit over p yields an equivalence

lilr)n Perf ,,» p = Perfy  x Perfy

P p Ade 1
Afe g a9e Perfy

and algebraization implies that

lilr)n Perf ,,» » =~ Perf

. P p .
afd ®AA9£7 Ade lim,, A'e Xaf ®AA9£) Ade
Using Lemma 6.2.4, we obtain therefore that
Perflim AfPal ~ Perfz X Perf22. (6.2.13)
P Peer12

In virtue of [19, Prop 6.7.4], the limit lim, A7¢9 only depends on the radical of the ideal of H°(A) generated
by the family foge. But the elements of the family foge generate the ideal IJ, whose radical coincides with
I N J. Therefore,

7 ~ coLim Spec(Afe9e)

which, together with equivalence (6.2.13), concludes the proof. ([l

From now on and up until the end of this section, we fix a test Noetherian affine scheme S, and (Fy, F3) a
good pair of flags in X x S. We write Y = X x S and F; = (D;, Z;).

Lemma 6.2.14. The following squares of fiber functors are both Perf-coCartesian and BG-coCartesian (see
Definition 5.5.6):

aff aff aff aff

ngﬂDQ Sﬁl S:ZTO\ZQ g21
e | e |
aff aff aff aff
N — = — .
S’DQ 3D1+D2 SZZ SZI+Z2

Proof. After evaluating the fiber functors involved on a derived affine scheme, this becomes a straightforward
application of Lemma 6.2.12 and Lemma 2.6.3 (b). O



A FLAG VERSION OF BEILINSON-DRINFELD GRASSMANNIAN FOR SURFACES 53

Lemma 6.2.15. The following commutative squares of fiber functors are Perf-1-coCartesian and BG-1-
coCartesian (see Definition 5.5.6):

SDT@Q\D1+D2 ’ S131\1)1+D2 %’ZTO\ZQ\D1+D2 ’ 321\D1+D2
| (o) | | (e%) |
gIsz\D1+D2 ’ SDﬁZ\D1+D2 g22\D1+D2 ’ sz\DﬁDz'

Proof. We fix a test scheme T' € Affy. We denote by A the ring of functions of the affine ind-scheme § 57D, (T),
by A; that of %5\7; (T) for ¢ = 1,2 and by Ay, that of SDTO\DQ (T). By Lemma 6.2.12, we have A ~ Ay X 4,, As.
Denote by U the open subscheme U :=§ 5=, |, (T) of S%ﬁfﬁz (T) = Spec(A). Finally, we denote by Uj;
the intersection U; := U Xgpec a4 Spec A;, for ¢ = 1,2 or 12. Because U — Spec A is flat, we get a (homotopy)
pullback square

OU e OU1

L

Oy, — Oy,,.

in the derived category of U. This implies that the canonical functor

Perf(U) «—— Perf(U;) x  Perf(Us)
Perf(Ui2)

is fully faithful. By Lemma 5.5.7, we deduce that (0%,) is BG-1-coCartesian. The case of (0%) is isomorphic,
up to replacing A with the ring of functions on Z; U Z5, and changing U accordingly. O

Corollary 6.2.16. The following commutative square of fiber functors is Perf-1-coCartesian (and thus BG-
1-coCartesian as well):

P S ]
Z1\NZ> Di~\D1+D>UZ;

Lo

352\D1+D2U22 SDT+\D2\D1+D2UZTLE2
Proof. The commutative squares of fiber functors from Lemma 6.2.14 and Lemma 6.2.15 are related by canon-
ical morphisms (0z) < (0¢%) — (¢%). The pushout of this diagram of squares is nothing but the square

(1). Applying Lemma 5.5.5 (pointwise) to the induced diagram (0z)pert — (0%)Pert < (09)Pers, using
Lemma 6.2.14 and Lemma 6.2.15, implies that (7)pers is 1-Cartesian as announced. O

We can now conclude our proof of Theorem 6.2.1

Proof of Theorem 6.2.1. Consider the morphisms of commutative squares (op)pa — (7)Bg « (*), where (x)
is the constant square with value %, and the map (x) — (7)pa selects the trivial bundles. Denote by («)g, the
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pullback (6p)Ba X (r)pe (*). Explicitly, (a)q; is the upper square in the commutative diagram

Grx (S)(F1 U F2) Grx (S)(F1)
\ ‘ (@)ar
Grx (S)(F2) l *
BunDT_?_T)2 BunB1
\ ‘ \ (ecp)BCG
BunB2 l BunDl/r-w\D2
Bun s Dy 4+ Do LZ U Bung (pi4+Dy0Z,

\ \ (MBG

W Zs

B B

U5, Dy +DgyUZy
where the four vertical sequences are fiber sequences. Indeed, the leftmost sequence is a fiber sequence by
Lemma 5.2.8; the two middle ones by Lemma 5.5.8. As for the rightmost sequence, it is a fiber sequence since
the pair of flags is assumed to be good, so that Dl/ﬂ\Dg = Zl/ﬂ\ZQ.

Finally, we know that (cp)pg is a Cartesian square (Lemma 6.2.14) and that (7)pqg is 1-Cartesian (Corol-
lary 6.2.16). Since (%) is obviously Cartesian, we get by Lemma 5.5.5 that (o), is Cartesian. In particular,
we have

er(S)(Fl UFQ) —— er(S)(Fl) X er(S)(FQ) O

6.3. The Grassmannian as a fibered stack. In order to better handle the homotopy coherent factorization
structure the Grassmannian naturally carries, we will see the Grassmannian as a fibered (derived) stack. As
before, we fix X a smooth projective surface over k.

Recall that the flag Grassmannian is a natural transformation Gry ~ Gr'e®: FIS® — dSt, between functors
Affy? — Cats. The stack of derived stacks dSt,, is endowed with a canonical derived structure, and thus comes
from a functor dSt; : dAﬂ’Zp — Cats. Consider the left Kan extension of Fly to derived affine schemes, also
denoted by Fly (so equipped with a trivial derived structure), and consider its de Rham stack ﬂ‘;(R. The flag

Grassmannian becomes a natural transformation Gry ~ Q;gc: ﬂ;i(R — dSt;, between functors dAff, — Cate.

Definition 6.3.1. By the universal property of the (categorical) stack of stacks, we get a pointwise coCartesian
fibration

p: Srx — FIY € dSt=
whose fiber pg' (D, Z) at S € dAff), and (D, Z) € Fly(Sea) is the co-groupoid I'(S, Gr(S; D, Z)).

Remark 6.3.2. Let S € Aff (i.e. a Noetherian underived affine scheme). Then, Grx(S) is the category
whose objects are pairs (F = (D, Z),€), where F' € Fly(Seq) and & € Grx(S)(F) = I'(S,Gr(S; D, 7)),
with morphisms (F,&) — (F’,€’) given by pairs (i,«) of morphisms i : F — F’ in Fly(Swq), and a :
Grx(9)(i)(€) ~ &'. The composition is straightforward. Moreover, pg : Grx(S) — Fly(Siea) sends (F, &)
to F, and (i,a) : (F,&) — (F',&) toi: F — F’. We leave to the reader the further explicit description of
functoriality of Srx(S) with respect to morphisms S’ — S in Aff.

6.4. The simplicial flag Grassmannian.
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Definition 6.4.1. We denote by Grx 2 — ﬂdxlf‘z the fibered derived stack obtained by pulling back Grx — ﬂ()i(R
along 0 : 5}1?2 — FI:
9rx.2 SIEN Srx
L
X FIS.

ﬂx,z T rl

Remark 6.4.2. Under the equivalence between fibered stacks and morphisms to the stack of stacks, the fibered
stack Grx o — ﬂ‘;{% corresponds to the composite

Gry 091: FIYY, — dSt,.
Together with Lemma 5.2.8, the natural transformations of (6.1.3) induce a commutative diagram

8 9
Srx «—— Grx2 — 9rx

L

dR dR dR
ﬂX N BX,Q 9o ﬂ)( .

Since both degeneracy morphisms og,01: Fly — Fly 5 satisfy 01 o 0; = id, they trivially induce degeneracy
morphisms g, 01: Grx — Grx2. All in all, we get a truncated simplicial object

—
9rx.o 9rx {*}
| |
ﬂgfl?z ﬂc)i(R {*}.
—

Note moreover that since Fly , is a 2-Segal object, and since the de Rham functor preserves fiber products,
the simplicial object ﬂg(l?, is also 2-Segal. Applying Proposition A.0.1 to X, = ﬂ()l(}}. and Y2 = 9rx,<2, We
get a 2-Segal simplicial object Grx o in Fun(dAff;”, Cats) together with a simplicial map pe : Grx e — ﬂgig‘..

Notice that by construction, the derived stack Grx , can be obtained as the pullback

Srxn, — 9rx.1:=9rx

| |m

FIN, — = EIX = FIY
Definition 6.4.3. We will refer to Grx . as the 2-Segal simplicial flag Grassmannian.

Remark 6.4.4. Using Remark 4.4.3 one can easily verify that the associative algebra in correspondences induced
(via [46]) by the 2-Segal object Grx o is, in fact, commutative (i.e. Foo).

Remark 6.4.5. With this simplicial point of view, factorization (Theorem 6.2.1) can be reinterpreted as: the
following square

00,02
G9rxo —— Grx x 9rx

le lm XPp1

dR dR dR
Fixs NN Flxh < Elx,

is Cartesian.
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Remark 6.4.6. Factorization (Theorem 6.2.1 or Remark 6.4.5) allows for the following, equivalent, description
of the simplicial flag Grassmannian. Define §rx o as the pullback

-~ (92,80)
Grxo— Grx x Grx

FIY, —— FIFE < FI
X2 @0 X T X

then use Theorem 6.2.1 to show that there is a further induced map 51 : @ x,2 — 9rx satisfying the hypothesis
of Proposition A.0.1, so that Proposition A.0.1 produces for us a simplicial and 2-Segal object évr X, together
with a map to Fly,. Using again Proposition A.0.1 for X, = Grx . and YS? = §;X7. (and viceversa), we
get induced maps, in both directions, between §7: x,o and §rx o which are mutually inverse isomorphisms over
ﬂg(l)f., by factorization.

Remark 6.4.7. A completely analog construction to the one leading to Definition 6.4.3 yields a simplicial flag

Grassmannian 97“?(‘??, for the stack of perfect complexes on X (see Remark 6.2.1 (b)).

6.5. Representability.
Theorem 6.5.1. The projection p: Grx — E}R s representable by a derived ind-scheme, in the following

sense: for any derived affine scheme S and any morphism F: S — ﬂ(}l(R (in dStgat‘x’), the fiber Gri == p=1(F)

lies in dSty, C dStSatoo and s representable by a derived ind-scheme.

Remark 6.5.2. The fiber §r¥ tautologically identifies with the derived stack over S classified by the morphism

s ISR S5, dst,

It immediately follows that Gr¥ belongs to dSt.

Proof. The proof of Theorem 6.5.1 will rely on the representability criterion [21, Chap. 2 Cor. 1.3.13]. We
will thus:

(1) Show the underlying underived stack to(Gr%) is representable by an ind-scheme and
(2) Show the derived stack Grf admits a connective deformation theory.

Notice first that the stack to(Gr%) is actually a sheaf (on Affg), by Lemma 5.2.11.

We start by treating the case G = GL,,. If F is of the form (D, Z = (), since being a vector bundle is an

open condition inside the moduli of torsion-free sheaves, [25, Prop. 3.13 and Remark. 3.8| implies (by taking
X in loc. cit. to be our X x S, while S is the same, so that X x S — S is indeed projective and of finite
presentation) that to(Gr%) is represented by an ind-scheme which is ind-quasi-projective over S. For a general
flag F = (D, Z), we consider the obvious forgetful map ¢: to(Gr%) — to(Srg(D’m) between sheaves on Affg.
We claim that this map is representable and affine.
Indeed, first notice that Bunz.; ~ Bunz has an affine diagonal (not of finite type, in general): this follows
from [49, Theorem 1.0.1] applied to Bun, , where Z, is the n-th thickening of Z in Y := X x S. Now, the
fiber of q: to(Sr%) — tO(STE(D’m) at T = Spec A — ‘50(97&,1)’@))7 corresponding to some (€, ), is the closed
subscheme of the affine scheme

7IsomBUn2aff7 T (§|/Z\,?ff ) 80)
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defined by imposing the restriction to a fixed element on the open subscheme Y ~\ Dr N Z%H. Hence, the
map ¢ is indeed representable by affines. Therefore (see e.g. [40, Lemma 1.7]), to(Gr%) is represented by an
ind-scheme, since to(Srng’m) is.

Now, the same technique as in [51, Section 1.2], allows us to deduce from the G = GL,, case the general G
case. More precisely, embed G into GL,, so that GL,,/G is affine; this gives, for G, a closed sub-ind-scheme
of the corresponding to(Gr¥ ) for GL,. This concludes step (1).

We now focus on step (2): proving that the derived stack Gr{ admits a connective deformation theory.
Let ¢: Spec B — Gr¥ be a point. Set Xp := X x Spec B and denote by Dp and Zp the corresponding closed
subschemes. The point ¢ induces a G-bundle P on Xp. We denote by Pnq € Vect(Xp) the associated adjoint
(vector) bundle.

Using that X is proper, the derived stack Grf then admits an ind-pro-perfect tangent B-complex at g,
described as

T9T§7q[—1] = RF(EB,Tad) R X R 0.
R (Dp~DpUZp,Paq)
It is stable under base change, and the stack Gr% thus admits a global deformation theory. Moreover, as Dy is
a divisor, the homotopy fiber of the morphism RF(ﬁB, Pad) — RF(ﬁB ~ Dp, P.q) has negative Tor-amplitude.
It follows that 9r§ has a connective deformation theory. O

Remark 6.5.3. It is useful to record that the first part of the proof of Theorem 6.5.1 shows that the restriction
of Grx to purely divisorial flags is represented by derived ind-quasi-projective ind-scheme.

Remark 6.5.4. If one knows that the union map U: ﬂc)i(lg — ﬂ}i(R is (representable, in the sense of Theorem
6.5.1, and) proper, one can conclude, via the pullback

01
G9rx2 — Grx

|

dR dr
Fly, —— Hx

that 01 : Grx 2 — Grx is (representable and) proper, too. We can prove that U: 53‘52 — ﬂ}i(R
(in the sense of 6.5.1): this is essentially a consequence of the fact that, if F € FIZY(S), and f: S — T is a
map of derived affine schemes, then Fy U Fy, = F{ U Fy = [ F implies (I, F») = (FY, Fy), for any (I, F»)
and (F{, F3) in ﬂg(l?Q(T). On the other hand, though we believe that U: ﬂ}i{{? — FI$Y is furthermore proper,
we have, at the moment, a complete proof only for X a (smooth) cubic surface in IP’%.

is representable

7. HECKE STACKS AND EXOTIC DERIVED STRUCTURES ON Buny

7.1. Grassmannian at a fixed “large” flag.

Definition 7.1.1. Let S be a Noetherian C-scheme, and Y — S a smooth morphism of relative dimension
> 2. Aflag (D,Z) in Y/S will be called large if for any s € S, the fiber Z; meets any irreducible component
of the fiber D,.

Proposition 7.1.2. (A. Beilinson) Let S be a Noetherian C-scheme, Y — S a smooth morphism of relative
dimension > 2, and (D, Z) a large flag in Y/S. Then, for any fized G-bundle & on'Y , the set of global sections

o _
Bun™(Y) XBunG(Y\D)XBUDG(Z\D)BUHG(Z) {8}
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is a singleton. In particular, for € being the trivial bundle, we have that the set Gr(Y; D, Z) (see Definition
5.2.1)* is a singleton.

Proof. We thank A. Beilinson for providing the following detailed proof. First of all, the argument will be
local in Y, so it will be enough to consider the case where € is the trivial bundle.

Consider a function f € I'(Y \ D,0y), and U D (X \ D) the largest open subset of Y to which f extends as
a regular function (such a U exists since D is an effective Cartier divisor). Define T': Y \ U. For any point
yeY,let Y, = Spec(O/};,). The map 7, : Y, — Y is flat, so the base change D, of D along 7, is still an
effective Cartier divisor on Yy/\.

Claim. (a) If y € T', then the restriction of f to Y, \ D, does not extend to Y,
(b) For any point s € S, the fiber T} is either empty or the union of some irreducible components of the fiber
divisor Dy.

Proof of Claim. (a) By replacing D with nD for n sufficiently large, we may assume that f € I'(Y, Oy (D)).
Let £ := Oy (D)/Oy, and f be the image of f in I'(Y,£). Note that £ is an invertible Oy-Module. Sup-
pose that claim (a) is wrong, and there exists y € T such that f does extend to Yy/\. Then, the section
(mp)*f e DY), (mp)* (L)) = @(Dﬁ)/(@ vanishes. Since Oy, — O/y\y is faithfully flat, this implies that
also the image of f in Oy,,(D)/Oy,, vanishes, so that y ¢ T, which is a contradiction.

(b) T is a closed subset of Dy, so it will be enough to show that T does not contain a closed point of Dy as a
connected component. Indeed, if y is such a point then, replacing Y by a neighborhood of y, we can assume
(by semi-continuity of the fibers applied to T'/S [23, 13.1.3]) that T is quasi-finite over S. Thus, all the fibers
Ty for s’ € S, are closed points in Yy, and so depth(0Q,) > 2 for any « € T. Thus f is regular at T, which is
a contradiction. The proof of the Claim is complete.

The Claim remains true if we replace f by an element in I'(Y \ D, 0%), for any n, i.e. by a section of A}
on Y \ D. Therefore, the Claim still holds if f is replaced by any section on Y \ D of any affine Y-scheme of
finite type E/X (since, locally on Y, such an E/Y is a closed subscheme of some A}). In particular, we may
take €/Y to be a G-bundle on Y.

Consider
(&, ¢,9) € Gr(Y; D, Z) = Bun®(Y) x Bunc (7) {011V}

Bun®(Y\D)xg . .a (Z\D)

where € is a G-bundle on Y, ¢ (resp. ) is a trivialization of € on Y\ D (resp. on 2), and ¢ and 1) agree on
Z \ D. The trivialization ¢ can be identified, as usual, with a section of £/Y on Y \ D. Let z € Z. Since

YA\ DL = (Z2*"\ D). — (2*"). =Y/,

the compatibility between ¢ and ¢ on Z \ D implies that the restriction of ¢ to Y* \ D2 does extend (via 1))
to Y*. Hence, by Claim (a), z ¢ Y. Since z € Z is arbitrary, we get Z N'T = ). Therefore, for any s € S,
we have Z; N Ty = 0. But (D, Z) is a large flag in Y/S, so Z; meets any irreducible component of D, and
(Claim (b)) T is either empty or a union of irreducible components of D,. Therefore Ts must be empty, for
any s € S. Thus T = (), and this means (by definition of T') that the trivialization ¢ of € on Y \ D extends to
a trivialization @ on the whole Y, whose restriction to Zatt (hence to A ), coincides with 1. Moreover, since D
is an effective Cartier divisor in Y, and & is separated, two such trivializations ® and @’ extending the same

28We use here, and in the previous display, the fact that a derived stack X and its truncation tX share the same points with
values in classical (i.e. underived) schemes.
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®, can be identified with maps Y — € that coincide on the quasi-compact schematically dense open subset
(Y\ D) CY, hence p = %. In other words the extension, @ exists and is unique. This ends the proof of the
Proposition. ([

Remark 7.1.3. Note that the analogue of Proposition 7.1.2 is obviously false when the stack of G-bundles is
replaced with the stack of perfect complexes.

Remark 7.1.4. Proposition 7.1.2 does not imply that (with the same notations as in Proposition 7.1.2) the
derived stack

Bun®(Y) Bunc(2) (€}

is trivial. This should be considered as analogous to the fact that while at the level of classical (truncated)

" Bun® (Y\D) X g, (21 )
stacks the restriction map t(Bungz) — t(Bungz\O) is an equivalence, this is no more true at the level of derived
stacks (as can be checked on cotangent complexes).

Remark 7.1.5. Proposition 7.1.2 does not imply that the flag factorization property (see e.g. Remark 6.2.2)
is trivial, i.e. it is of the form singleton=singleton (not even for the truncations), for arbitrary pair of good
flags. Take, for example, X = P! x P!, fix 1,20,y € P! with 2y # 25, and consider the flags F} = (D; =
P'x{x1},Z1 = {(y,21)}), and Fy = (Dy = P! x {22}, Zy = 0). Then, (F1, F») € Fly 5(C), so flag factorization
holds, but neither Fy nor Fy U Fy are large flags.

7.2. Exotic derived structures on Bunx. Let F' = (D,Z) € Fly(C). For simplicity, let us denote by
Ha, x,r the derived stack

. G G
Hea,x,F = Buny Xgyc BunG Buny

X\D XBunG
Z\D

This will be called the derived Hecke stack of X at the fized flag F.

Proposition 7.2.1. If F = (D, Z) is a large flag in X/C (Definition 7.1.1), i.e. Z meets any irreducible
component of D, then the truncation t(p;) of either of the canonical projections p;, i = 1,2

t(p1), t(p2) : t(Ha,x,r) — t(Bunf)
is an equivalence of underived stacks, with quasi-inverse given by the diagonal morphism
A :t(Bun) = t(Haxr) &+ (&, &;id,id).

Proof. We will prove the statement for the second projection, the argument being the same for the first
projection. It is obvious that A is a section of t(p2). So, it is enough to prove that there exists a pseudo-natural
transformation® o : Aot(pa) — Idg(s¢e « ), Such that a(S) is a morphism (then, necessarily an isomorphism)
between endofunctors of the groupoid t(Hg x )(S), for any (classical) Noetherian affine scheme S.

We first observe that, for any Noetherian S, (D x S, Z x S) is still a large flag in X x S/S. Indeed, by applying
the same argument to any irreducible component of D, we may clearly suppose that D is itself irreducible.
But D is defined over C, so it is actually geometrically irreducible. So, if s : Spec(k(s)) — S is a point in S,
the fiber Dy is irreducible (k(s) being a field extension of C) and the closed subscheme Z; < D, is non-empty,
since Spec(k(s)) — SpecC is faithfully flat and Z # @) by hypothesis. Therefore (D x S, Z x S) is still a large
flag in X x S/S, as claimed. For € := (&1,E2;9,9) € t(Ha,x,7)(S) (where ¢ : €1|Xg \ Ds ~ €2|Xs \ Ds,

ﬁ‘Noeth)

29We are viewing here underived stacks, classically, as pseudo-functors (A °P — Grpds. For the classical notions of

pseudo-functors and pseudo-natural transformation between them, the reader may refer, e.g. to [47, Section 9]
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and 1 : 81\2\3 ~ 82|Zq), we note that (A ot(p2))(S)(€) = (€2, E2;id,id), so that both (A o t(p2))(S)(€) and
Idt(ﬂfc,x,p)(s)(é) = (&1, E2;p, 1) belong to

G
Bun™(Xs) XBunG(Xs\DS)XB\,nG(fE\Ds)BunG(Z\s) {€2}

which is a singleton by Proposition 7.1.2 (since (D x S,Z x S) is still a large flag in X x S/S). Therefore,
there exists a (unique) isomorphism

a(S)(€) : (€2,82;id,1d) = (A 0 t(p2))(5)(E) = ldy(see x ) (S)(E) = (€1, €25 0, 9)

which, we recall, is of the form (@~ !,ide,) where % : €; ~ &, is the unique common extension of ¢ and % to
all of Xs.

Finally, the fact that a(S) is a natural transformation between endofunctors of t(He, x )(S) can be shown
as follows. Let

(flaf?) : § = (61782;S071/}) — §/ = ( 117 é;@lﬂw/)
be a morphism in t(Hg x r)(S). We need to prove that the diagram

L alS)E)
(€2, E0;1d,id) —— (€1, E2; 9, 0)

(fz»fz)l J/(fhh)

&4, 84;id,id) —— (&1, E5; ¢, ¢’
(€3, E5;id, i )a(S)(§’)( 1. €559, 9")
commutes. Recalling the definition of «(.S), this commutativity easily boils down to showing that the following

two compositions
— -1

LN S LAY VA JOE LI R AN ] (7.2.2)

agree.
Note that, since (f1, f2) is a morphism in t(Heg, x #)(S), we have in particular a commutative diagram of
isomorphisms

filxg\pg
/
81|XS\DS ? 81|XS\DS

! !

_ & .
82|XS\DS Falxon 82|Xs\Ds
s5\Ds

In particular, by definition of a(S), we deduce that the two composite maps in (7.2.2) do agree on €z|x4\ps-
Since D is an effective Cartier divisor in X, the same is true for Dg in Xg, hence Xg \ Dg is quasi-compact
and schematically dense in Xg. Now,

Ealxs\Ds = €2 Xx5 (X5 \ Ds) = €2\ (€2 X x5 Ds)

and €9 — Xg is flat (any G-bundle is (faithfully) flat over its base), so that €3\ (€2 X x4 Dg) is quasicompact
open and schematically dense in €5 (|45, TAGO81I]). Now, &} is a separated scheme, and the two maps €5 — &}
in (7.2.2) coincide on the quasicompact open and schematically dense €5\ €5 X x4 Dg, therefore they coincide
on all of &, ([45, TAGO1RH]). Therefore, «(S) is indeed a natural transformation, for any S. We leave to the
reader the verification of the pseudo-naturality behaviour of «(S) with respect to maps S’ — S. We simply
note that this pseudo-functoriality follows from the uniqueness of the extensions @ and g’ of the isomorphisms
¢ E1lxs\Ds = E2|xs\Ds and s 1 E1|x \D. = €2|x,\Dg , and is simplified by the fact that the diagrams
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defining the pseudo-naturality of the pseudo-natural transformations A o t(ps) and Id(g¢g ) are actually

strictly commutative.
O

As a consequence of Proposition 7.2.1, for each large flag F' in X/C, we may view Hg x r as a derived
enhancement of the underived stack t(@%), that will be denoted as mﬁi x- As the following computations
show, in general m? x 1Is an ezxotic derived structure on t(mgﬁ), ie. mﬁi x # mﬁ, or more precisely,
neither of the canonical projection maps mﬁ' x = mﬁ is an equivalence of derived stacks.

Example 7.2.3. Let X = P2, D = P!, and Z be any point in D, and define F' = (D, Z). Consider the (rigid)
vector bundle € := O @ O(3) on X, that we identify, notationally with the C-point (&, &,id) of Hg, p2, 7. We
will denote by Trg,e := TeHgr, p2,7, and by Te = Tg@)c('. We wish to compare Tp,e with Te. In order to
do this, we use the fiber sequences of complexes of C-vector spaces

Trie — Te x Te — Tg :=T(ee.i)(Bun§\ p Xgyne  Bunf) (7.2.4)
——2Z\D
& — Te(Bun% p) x Te(Bung) — Tg(mgw). (7.2.5)

If we use homogeneous coordinates [z, 21, ¥2] on X = P2 and identify D = {x¢ = 0}, Z = {20 = 21 = 0}, we
have
X \ D= U() >~ A?hh = Spec((C[tl,tQ]) , ti = ‘Ii/Io, 1= 1,2

2% o (Ua)) =~ (A2, | )ib.0) = Spec(Cl[s0, 51]]), 85 = x;/x0,5 = 0,1
Z\ D ~ Spec(C][so, s1]][s5'])-

We have used above the usual notation U; := {x; # 0} for the standard open subsets in P?. Since X \ D, Zaﬁ,
and Z \ D are affine schemes, H(T¢) = 0 for i # —1,0, 1, and

H™Y(Te) = Extf(E,8) ~C?  HY(Te) = Extpa(€,8) =0  HY(Te) = Extz(€,8) ~C,
the fiber sequences (7.2.4) and (7.2.5) yield exact sequences

0 — H™1(T}) —— H™(Te (Bun§, ) x Te(Bun§)) —— H™(Te (Bunf, ) —— H(T;) -0 (7.2.6)

Z\D
0 H Y Tpe) — C2@C2 —2 5 H-Y(T},) — HO(Te) — 0 (7.2.7)
0— HYT,) —— HY(Tp,e) — CHC — 0 (7.2.8)

In (7.2.6), we can compute that H™!(T%) ~ ker(p) ~ C'?, and that H°(T%) ~ coker(p) is infinite dimensional
since, e.g. the linearly independent family

é ZnZO 8711 0
0 0
N>1

of endomorphisms of C[[s, s1]][sy *]®? does not belong to the image of p.
Moreover, in (7.2.7) we have that ker(g) ~ C'2 embedded as the diagonal inside C'? @ C'2. In fact, obviously
the diagonal sits inside ker(g); on the other hand, if (a,b) € ker(g), and we interpret a and b as maps
@, b: X — & ®E, we have that ax\p = B‘X\D (since (a,b) € ker(g)). Now, X \ D is schematically dense in
X (D being an effective Cartier divisor), and €Y ® € is separated, hence @ = b, i.e. a = b.
By putting all these results together, we finally get that

H ! (Tpe) ~H }(Te) ~C?  HY(Tpe)~HY(Te) =0  dime H(Tp,e) = oo, while H'(T¢) ~ C.



62 BENJAMIN HENNION, VALERIO MELANI, AND GABRIELE VEZZOSI

In particular, Bungpz is an exotic derived structure on t(Bunlg'z).

Example 7.2.9. Keeping the same notations of Example 7.2.3, we give here an example of a non-rigid bundle
& on X = P? for which Tr.e and Te are again different, where F' = (D, Z) is the same flag of Example 7.2.3.
We omit the detailed computations, that however follow the same lines of the previous Example. We consider
& := Op2 @ Tp2 (where Tp: is the tangent bundle). Again H'(T¢) = 0 for i # —1,0, 1, and in this case we have

H ' (Te) = Extpa(&,8) ~C*  H(T¢) = Extp(E,8) ~C  HY(Te¢) = Extf(&,&) = 0.

The sequence (7.2.6) is the same but H™!(T% ) ~ ker(p) ~ C'*, and H°(T". ) ~ coker(p) is infinite dimensional
since, e.g. the linearly independent family

L0800
0 0 O

0 0 0
N>1

of endomorphisms of C[[sg, s1]][sy '] > does not belong to the image of p.
The sequences (7.2.7) and (7.2.8) are replaced by the sequence

0— H™(Tpe) —— C* @ C** —— H™(T%) — H(Tpie) — C® C — H(T}) —— H (Tre) — 0
(7.2.10)
and the same argument used in Example 7.2.3 shows that H™}(Tp.e) ~ C!°. Moreover, (7.2.10) shows that
HY(TF.¢) is infinite dimensional, since H°(T% ) is. The upshot is that

H ' (Tpe) ~H '(Te) ~C'°  H(Tp.e) ~ C"for somed < k<6, H(Te) ~C  dime H' (Tr.e) = 0o, H'(Te) =

Remark 7.2.11. Example 7.2.9 shows that the deformation space associated to the exotic structure @% x
is not in general a subspace of the non-exotic one, but rather the latter is a quotient of the former. This is
a general phenomenon that can be explained heuristically by observing that the choice of a flag F' does not
simply put constraints on the usual defomation space, thus selecting a subspace thereof. The deformation
space of mﬁ y rather describes deformations of more data (bundle and trivializations), so the map from this
deformation space to the non-exotic deformation space is expected to have non trivial fibers. In other words,
the map of derived stacks m? x = m% is rather a forgetful map, not an inclusion.

8. FLAG-CHIRAL PRODUCT AND FLAG-FACTORIZATION OBJECTS

In this Section we suggest a replacement of the chiral tensor product (defined for sheaves on the Ran space
of a curve, see [4, 16]) for sheaves or stacks over Flx, X being a surface. We call this the flag-chiral tensor
product. As a consequence (and inspired by [39]), we define flags-analogs of factorization algebras (called
flag-factorization algebras) and of factorization categories (called flag-factorization categories).

8.1. Naive flag-chiral product. As a warm-up, we define a flag-chiral product on ﬂg(, where ﬂg( is defined
as the composition

FI
Fl : AffP — —* , PoSets — Sets
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PoSets — Sets being the forgetful functor (forgetting the partial order).

Let us denote by Shv(—) a 3-functors formalism®° in the sense of [43, Def. 2.4], i.e. a lax symmetric monoidal
functor Corr(Csch., £) — Catoo, where Cgen, is an appropriate subcategory of Sche, and F is an appropriate
class of maps in Sch¢. Here the word appropriate depends on the specific 3-functors formalism chosen. An
example of particular interest for us will be Cgch. consisting of separated schemes of finite type over C, E
all morphisms between them, and Shv(—) = D — Mod given by D-modules (see [43, Appendix to Lecture
VII:D-modules]). The reader will find other examples in the appendices of [43]. Since ﬂg(’, is a 2-Segal object
(Theorem 4.4.2), Fl is an algebra in Corr(Csen.., E) (e.g. for the choices corresponding to Shv(—) = D —Mod),
hence by composing with Shv(—), we get a monoidal structure @ * on Shv(Fl% ), that will be called the naive
flag-chiral monoidal structure. In particular, considering the correspondence

Fl,

q:—(&zy Kai

Fl x Fl Fi
we have the binary product?!
FR"PG=pg"(FRG), F,G e Shv(Ely).

Though not needed, the union map 0? is probably proper for general X (it is, e.g. when X is a smooth cubic
surface, see Remark 6.5.4). One can prove that ®” " is actually a symmetric monoidal structure on Shv(ﬂbx).

8.2. Flag-chiral product and flag-factorization algebras. We sketch here a version of the naive flag-
chiral product for sheaves on Fly (so that maps between flags are also taken into account). The reason for
this comes from [4, 3.4.6] where factorization algebras over a given curve C' (defined using the Ran space of C)
are given an equivalent formulation using the category fibered in posets over Sche of relative effective Cartier
divisors on C'/C with maps given by inclusions of the support of the divisors. These maps are crucial for such
a comparison. The drawback of the necessity of considering maps between divisors is that the corresponding
fibered category is not a stack in groupoids anymore but rather a stack in categories (namely, in posets), and to
our knowledge, no 3-functors formalism is available for sheaves on such objects. So, we have to take a different
approach. Specifically, we follow the ideas, notations and constructions given by Sam Raskin in [39], where
he also shows ([39, Prop. 6.19.4 and Rem. 6.19.5]) that his definition recovers the definition of factorization
algebras of [16] (the latter being an oo-categorical elaboration of the original approach in [4]).

We denote by PreStk'®* the category of lax-prestacks on dAffe (i.e. of admissible functors dAff¥ — Cat
([39, 4.14]), and PreStk!®X the category? of correspondences in PreStk'® ([39, 4.28]). Note that, for any lax-

Ccorr
prestack X, there is a category QCoh(X) of quasi-coherent complexes on X, defined as the category of natural

transformations X — QCoh ([39, 4.15]). As observed in Remark 4.4.3, Fly is actually a unital commutative

(i.e. Ey) algebra in correspondences, and we thus view it as an object, denoted as FI}, in CAlg(PreStk™* ).

This notation is meant to parallel Raskin’s Rany™" in [39, 4.28]. The same is true for FI%', whose unital

commutative algebra structure will be denoted as ﬂiR’Ch e CAlg(PreStk!™ ). Having these two commutative

304 6-functor formalism, i.e. a 3-functors formalism in which all the three functors involved have adjoints, in the same spirit
was defined previously in [20], and the reader might well prefer to use this source.

31For direct and inverse images, we keep the notations of [43, Def. 2.4|.

32Both PreStk!2X . and PreStk!®* can be seen as categories (i.e. (co, 1)-categories) or as 2-categories (i.e. (co,2)-categories); we
will specify when the 2-category structure is used.
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algebras ﬂg? and ﬂiR’Ch at our disposal, we may consider multiplicative sheaves C of categories over any of
them ([39, Def. 5.21.1]), and, given such a multiplicative sheaf C of categories, we have a notion of multiplicative
object in € ([39, Def. 5.27.1]). In particular, the sheaves of categories QCohgen and Qcohﬂ;l(R,ch both carry a
canonical multiplicative structure ([39, 5.21.2]). Therefore, we can give the following

Definition 8.2.1. A flag pre-chiral category on X is a unital multiplicative sheaf of categories on the unital
commutative algebra ﬂ;?.

A flag pre-chiral crystal category on X is a unital multiplicative sheaf of categories on the unital commutative
algebra FIS".

A quasi-coherent flag pre-factorization algebra on X is a multiplicative object in the flag pre-chiral category
QCohﬂg? on X.

A D-module flag pre-factorization algebra on X is a multiplicative object in the flag pre-chiral crystal category
QCohﬂiR,ch on X.

ch,pre

We denote by FICats{"P™ (respectively, FICrysCats{'P™) the 2-category of flag pre-chiral categories (resp.
of flag pre-chiral crystal categories) on X. Analogously, we denote by FIFact™® (respectively, FIFact()i(R’pre) the
category of quasi-coherent flag pre-factorization algebras (resp. D-module flag pre-factorization algebras) on X.

Unzipping Definition 8.2.1, we get the following (partial but more concrete) descriptions. Let us consider

the correspondence (i.e. morphism in PreStk!® )
Flx»
q:—(y k‘81
ﬂx X ﬂx ﬂx

and the canonical unit section (i.e. Oth degeneracy map of Fly ,) e := 0¢ : SpecC — Fly, given by the empty
flag. Then, a flag pre-chiral category € on X have, in particular, canonical binary product and unit maps ([39,
5.21.1])

pe 1 q*(EXEC) — p*(€) in ShvCatg, ,, e¢ : QCohgpecc = Vect — *(€) in ShvCatgpecc = Cate
(8.2.2)
(where Vect denotes the category of complexes of C-vector spaces) which are both equivalences, and satisty
appropriate commutativity and associativity conditions. And we have similar maps for n-ary products, for any
n, satisfying appropriate commutativity and associativity conditions. An analogous description is available
when C is a flag pre-chiral crystal category on X.
In the special case of C = QCohﬂg?, we have

QCohgyen X QCohpyen = QCohpyen . pren q"(QCohgen , pren) = QCohpy p"(QCohgen) ~ QCohgy,
and the (binary) product and unit maps have the following obvious from
MQCohﬂgg =1d: QCohﬂX,2 — QCohﬂX’2 , EQCohﬂg? =1Id : Vect — Vect.
Therefore, if A is a quasi-coherent flag pre-factorization algebra on X, by definition, ([39, 4.19.3, 5.5])
A € I'(Fly, QCohgy, ) = Homspycaty . (QCohp , QCohg, ) ~ QCoh(Fly) := Nat(Fly, QCoh) € DGCatcon ,
and we have, in particular, canonical binary product and unit maps ([39, 5.27])

pa s ¢F(ARA) — p*(A) in I'(Elx 5, QCohg ) = QCoh(Ely 5), (8.2.3)
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ea:C—e"(A) = A|(@7@) in Vect (8.2.4)

which are both equivalences, and satisfy appropriate commutativity and associativity conditions. And we have
similar maps for n-ary products, for any n, satisfying appropriate commutativity and associativity conditions.
An analogous description is available when A is D-module flag pre-factorization algebra on X. Note that in
this case, A € I'(Elx, QCohgar ) ~ Nat(FI9%, QCoh).

In order to omit the prefix “pre-” in Definition 8.2.1, i.e. to pass from flag pre-chiral (crystal) categories

(respectively, pre-factorization algebras) on X to flag-chiral (crystal) categories (resp., flag-factorization alge-
bras) on X, we use the intuition from [4, 3.4.6] where sheaves of factorization algebras (in the Cartier approach
discussed there) are required to be insensitive to the scheme structures of the divisors. This suggests the defi-
nition below.
Let C be either a flag pre-chiral category or a flag pre-chiral crystal category on X, and A either a quasi-
coherent flag pre-factorization algebra or a D-module flag pre-factorization algebra on X. For S € Affg, (i.e.
a classical underived®® affine Noetherian scheme), and a morphism o : Iy = (Dy, Z;) — (D2, Z3) = F» a mor-
phism in either Fly(S) or in FIS(S), we have an induced functor Cg(a) : Cs(F;) — Cg(F) and a morphism
Ags(a) : As(F1) — Ag(F3). We say that the morphism « is a reduced isomorphism if the induced maps on the
underlying reduced subschemes (D1)red — (D2)red and (Z1)red — (Z2)rea are both isomorphisms.

Definition 8.2.5. A flag pre-chiral category (respectively, a flag pre-chiral crystal category) € on X is a flag-
chiral category (resp. a flag-chiral crystal category) on X, if for any (underived) S € Affc, and any reduced
isomorphism « in Fly (S) (resp. in FIS¥(S)), the induced functor Cg(a) is an equivalence.

A quasi-coherent flag pre-factorization algebra (respectively, a D-module flag pre-factorization algebra) A on X
is a quasi-coherent flag-factorization algebra (resp., a D-module flag-factorization algebra) if for any S € dAffc,
and any reduced isomorphism a in Fly(S) (resp. in FIS(S)), the induced morphism Ag(a) is an equivalence.
The full sub-2-category of FlCatsg?’pre (respectively, of FICrysCatsg?’pre) whose objects are flag-chiral categories
(resp., flag-chiral crystal categories) is denoted by FICats (resp., FICrysCatsS).

The full subcategory of FIFact%® (respectively, of FIFactS ™) whose objects are quasi-coherent flag-factorization
algebras (resp., D-module flag-factorization algebras) is denoted by FIFactx (respectively, FIFacty).

Example 8.2.6. Obviously Of, (respectively, Oﬂ(){(R) is an object in FIFactx (respectively, FlFactng). Note

that for any test affine underived scheme S, and any map F; — F» in Fl(S) (respectively, in ﬂg(R(S )), the
induced map (which is part of the data defining O, see [39, (4.16.1)]) (Or, )s(F1) = Os — (Or, )s(F2) = Os
is the identity (resp., the induced map (Opar)s(F1) = Os,.; = (Opar)s(F2) = Os,,, is the identity.)

By Remark 6.4.4, the 2-Segal objects Grx,« and 97’31(1?”. give rise to commutative algebras in PreStkL‘:‘)’;r, that
will be denoted, respectively, as 91“3? and SrdXR’Ch. So, the same arguments used above for ﬂg? and ﬂ;‘(R’Ch,
allow for a definition of Gr-chiral categories and of Gr-chiral crystal categories.

Moreover, as the sheaves of categories QCthrs? and QcohgrdR,ch are, as always, multiplicative and uni-
X

. . dR,ct . .
tal sheaves of categories on, respectively, 97“3? and STXR’CI, we also have the notions of quasi-coherent Gr-

factorization algebra and of D-module Gr-factorization algebra. A more detailed investigations of these objects
is deferred to a future paper.

33Note that if € is a flag pre-chiral crystal category on X, or if A is a D-module flag pre-factorization algebra on X, we may
allow any S € dAffc, since by definition ﬂg(R(S) = Flx (t0(S)red)-
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Example 8.2.7. Asin Example 8.2.6, O Greh (respectively, OgrdR,ch) is a quasi-coherent Gr-factorization algebra
X

(respectively, a D-module Gr-factorization algebra). Moreover, if p : Gr$d — ﬂg? (respectively p® 91"§(R’Ch —

ﬂ;l(R’Ch) denotes the projection maps, both are maps of commutative algebras in PreStkgf;r7 and p*(ogrgp)

(resp., (de)*(ogrdR,ch)) is an object in FIFacty (respectively, in FIFacty').
X

Remark 8.2.8. When X is a curve, the definitions 8.2.1 and 8.2.5 admit obvious analogs, where Fly is replaced
by the lax-prestack Cary (of relative effective Cartier divisors on X, with morphisms given by inclusions of
Cartier). We expect that, in this version, Definition 8.2.5 recovers Raskin’s definitions of chiral category and
of factorization algebras ([39, Def. 6.2.1]).

Remark 8.2.9. One can adapt the formalism of [39] in order to define the notion of a flag-factorization (crystal)
space over X, in such a way that the flag-Grassmannian Grx is such a factorization (crystal) space. We leave
the details to the interested reader.

APPENDIX A. EXTENSIONS INTO SIMPLICIAL OBJECTS
In this appendix, we will prove the technical Proposition A.0.1, used in Section 6.4.

Proposition A.0.1. Let C be an oco-category with all countable limits. Let Xo: A°? — C be a simplicial
object. Denote by A<o the full subcategory of A spanned by [0], [1] and [2]. Let Y2 ATy — € and let

p.§2: YS? o X|a., be a morphism (of truncated simplicial objects). Assume that
(a) The morphism Yo — Xq is an equivalence;
(b) The square
Y, =y,
|
X2 —_— X1
01

is Cartesian.
Then Y2 and p.SQ extend naturally into a morphism of simplicial objects pe: Yo — Xo such that:

(1) For any n > 2, the following commutative square is Cartesian:

5'”4
Y, —— Y,

_l
o |m

Xn 'n.> X17
34

where 6% and 6% are the images by X and'Y of the map £, [1] — [n] sending 0 to 0 and 1 to n.
(2) The morphism pe is relatively 2-Segal. In particular, if Xo is 2-Segal, so is Y.
Proof. Denote by A™ the subcategory of A containing every object, but only morphisms f: [n] — [m)]
satisfying f(0) = 0 and f(n) = m. We also set AZf := A™ N Acy. Note that £, is the only morphism

[1] = [n] in A", The restriction of the morphism ps> to AY can be represented as a diagram indexed
p': D — @ by the pullback

D (Aint)[

int int
A A
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where I = Al is the interval category. We define pi"* as the right Kan extension of p’ along the inclusion D —
(A®). By our assumptions (a) and (b), p’ is itself a right Kan extension its restriction to A2t x pime (AM)T,
W satisfies condition (1). -

Notice that pi"* already defines all the degeneracy maps as well as the face morphisms Y;,, — Y,,, except
0o and 0,. In particular, in order to extend pi™ to a fully fledge morphism of simplicial objects, we only
need to construct in a canonical way the face morphisms dy and 9,. To do so, we need the following trivial
observation.

As a consequence, the morphism pi**

Observation: Let ¢;: [n — 1] — [n] be the morphism in A whose image is [n] \ {i} (so that 9; of a simplicial
object is the image of ¢;) For i = 0 or n, there exists a unique morphism g;: [2] — [n] in A such that the
following diagrams commute

1] —— [2] 1] —— [2]

en—lj/ lgo Zn—lj/ lgn, i=n

[n—1] —— [n]. [n—1] —— [n].

€0 €n

Indeed, the only possible choice is g;(0) = 0, ¢;(2) = n and go(1) =1 or g,(1) = n — 1. As a consequence, we
can canonically form the plain diagrams

Y, - Y (g0) Y, ) Y, . Y (gn) Y, )
AN 0 0 AN n 'n
o - | 3 “ st | O
Y. Y Y1 Yy
- _
i=0 i=n
X, X(g0) X, ) X, X(gn) X, ;
0 n
3>4 \ (’)n\»‘ \
n—1 sn1 Xl Xn—l s 1 Xl
X X

and there exist essentially unique dashed arrows completing the diagrams, as the front squares are Cartesian.
It follows that pi"* extends to a morphism of simplicial objects pe: Yo — X,.

Remains to prove that the projection p, is relatively 2-Segal. For Z a simplicial object (actually, either X
or Y), for any integer n > 2, and any 0 < j < n, we consider the following commutative diagrams

where fo)’o

Zn+1

On41

.zt ¢Y and ¢ are defined by the squares being Cartesian.

Notice then that, for any 0 < j < n, in the commutative diagram
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- ST T
A
X — Xn 1 4) )(17
\/y
o%
both the rightmost square and the outer rectangle are Cartesian. It follows that the leftmost square is also
Cartesian. In particular, in the commutative diagram, for i = 0,n and 0 < j < n,

v, = Yo

~ ) |
i. J:

n

~ ~

anh

\8i

the upper, bottom and front squares are Cartesian. It follows that so is the back square. Finally, we can form
the commutative diagram

8 .

Y1 /ﬂm
| °

Xn+1 *> X

*%s

()
8.7

By what precedes, both the rightmost square, and the outer rectangle are Cartesian. In particular, so is the
leftmost square. This being true for i = 0,n and 0 < j < n, this is precisely the relative 2-Segal condition on
the projection p,. O

APPENDIX B. ACTIONS

In this Appendix we construct some natural actions of appropriate flags analogs of the loop and positive
loop group on the flag Grassmannian. In order to simplfy the exposition, we work in the underived setting: all
test affine schemes and all stacks (namely the stack of G-bundles) will be implicitly underived. Generalizing
the constructions to the derived setting would pose no problems but would increase the length (and possibly
the readability) of this section. Though we focus on the stack of G-bundles, as in the main text, similar results
hold for the stack of perfect complexes together with the choice of a fixed perfect complex €y on X (replacing
the trivial G-bundle).
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B.1. Flags-version of the (positive) loop group. Let X be our smooth projective surface and S be an
arbitrary test scheme in Aff. As usual, we will sometimes write Y for X x S, and £ will denote the trivial
G-bundle (we will leave the context to specify which space & actually lives on).

Definition B.1.1. Let F'= (D, Z) € Flx(S5), Y := X x S§. We define
e the sheaf of groups over Y

LGx(S, F) =% XBung_,, XBun Bun, *

(D~D)xy zaff
where the two maps from * coincide and are given by the trivial G-bundle &y. In other words,
LGx (S, F') is the loop stack Q¢ (Bung_, XBun Buny) at the point corresponding to the
trivial G-bundle.

e the group

(D~D)xy Zaff

LGx(S,F) := AutBun(ﬁ\D)(EO) XAUtBun((B\D)xYéaff)(go) AutBun(Z)(SO)

ie. LGx(S,F)=T(X x S,LGx(S, F)).
e the sheaf of groups over Y
L¥Gx (S, F) := * XBun, *
i.e. the loop stack Q2¢,(Bunp) of Bunp at the point corresponding to the trivial G-bundle.
e the group LTGx (S, F) of global sections of LTGx (S, F), i.e. LTGx(S,F) = Auty, . 5y (€0)

Remark B.1.2. Consider the obvious projection Grx (S)(F') — Bunp (see Lemma 5.2.8). The fiber of this map
at the trivial bundle map * — Bungp coincides with the sheaf LGx (S, F'), and the induced map LGx (S)(F) —
Grx (S)(F) of stacks over X x S is a section of the canonical projection Grx (S)(F) — LGx(S)(F). More-
over, there is an obvious morphism L*Gx (S, F) — LGx (S, F) of sheaves of groups, given by restricting the
trivializations.

Remark B.1.3. Since we are dealing with G-principal bundles, we have

LGx (S, F) ~ Gf)\D,XxS XG(B\D)XXXSZaff,XXs GE,XXS’

and
LTGx (S, F) ~ Gp xxs
where for a map V — W (V being allowed to be a fiber functor on W), we write Gy, for the functor
Gy, : Affjy — Grp, (T — W)+ Homgen, (T xw V, G) = Homgen,, (T xw V,G x W).
Remark B.1.4. Quite generally, given X — Y, and y : * — Y in Stp, the loop stack €, Y acts naturally on
the fiber X, = X Xy, * In particular, the sheaf in groups LGx (S, F) acts®® on the stack Grx(S)(F) by
changing the trivialisations. Namely, if (T — X x S) € Affy, we have
LGX(Sv F)(T) = {(<P»¢) |90 € AUtBun((ﬁ\D)XYT)(EO)’ 'l/] € AutBun(ExYT)(EO) ’ (P|(5\D)XY/Z\><)/T = 1/}|(5\D)><y2><yT}
while
Gry (S)(F)(T) = {(& ¢, x) | € € Bun(DxyT), 6 : €[ 5_pyuy1y = €0 X1 €z 7 = €05 Dl Bpyny 2yt = Xl(Bbyny Zxyr}
(with obvious morphisms). The (left) action of LGx (S, F)(T) on Grx (S)(F)(T) is then given, on objects, by
(0 9) - (€,0,x) == (&, po ¢, o).

3411 other words, the data we give below make Grx (S)(F) into a lax presheaf of groupoids on the classifying prestack
BLGx (S)(F). See, e.g. [41] for generalities about actions of (pre)sheaves of groups on (pre)stacks
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This action should be considered as a higher dimensional analog of the well known action of Gy, on the
local affine Grassmannian at a point x inside a curve (see [3, 4.5] or [37, 2]). As a consequence of the above
action, passing to global sections, the group Gx (S, F) acts on the groupoid Grx (S)(F) (again by change of
trivializations, with similar formulas).

Remark B.1.5. LTGx (S, F) acts on the stack Grx (S)(F), by changing trivializations, the action being induced
by the LGx (S, F)-action of Remark B.1.4 together with the map L*Gx (S, F) — LGx (S, F') of Remark B.1.2.
This action should be considered as a higher dimensional analog of the well known action of G, on the local
affine Grassmannian at a point « inside a curve (see [3, 4.5] or [37, 2]).

As a consequence of the above action, passing to global sections, the group LTGx (S, F) acts on the groupoid

Grx (5)(F).

Proposition B.1.6. For any S € Aff, we have functors

(1)
LTGx (S, —) : Flx(S) — ShGrp%, s

(2)
LGx(S,—) : FI4+(S) — ShGrpY{i s

(3) and a natural transformation LYGx (S, —) — LGx (S, —) (see Remark B.1.2).

Proof. To ease notation, we put Y = X x S. Let i : Fy = (D1,21) — (D3,Z2) = F3 be a morphism in
Fl(S). Since D; < D3, (1) is obvious. In order to prove (2), we observe that restrictions along the maps
Di~Dy — Dy~ Dl, 71 — ZQ, (DQ AN DQ) NZy — (DQ AN D]_) N Zg, (Dl AN Dl) N7z, — (D2 AN Dl) N Zy yleld
maps

Bunf)Z\D1 — Bunﬁl\Dl , Bun22 — BunZ1

— Bun, »

Bun(f)g\Dl)ﬂZ\Q (Dl\Dl)ﬁzl'

Bun, 5 — Bun

(DQ\Dl)ﬁZQ (f)Q\DQ)mZ\2 ?

Taking loops at &g of the previous maps (and observing that taking loops at €y commutes with fiber products
of stacks over X x S), we get a correspondence in ShGrpy, ¢

Hx (S)(F1, Fa) := Qg, (Bunf)z\p1 5 X Bun22>

(D2~D1)NZ;

/ \ (B.1.7)

Qe | Buns X Bun: Qe | Buns X Bun:
0 Di~D; Bun Z4 0 Do~Do Bun Zo

(Dy~D1)NZy (Da~D3)NZy
i.e. a morphism® LGx(S,i) : LGx (S, F1) — LGx(S, Fz) in ShGrp¥Ls. We leave to the reader verifying
the existence of canonical compatibility isomorphisms®® LGx (S,i0j) ~ LGx(S,) o LGx (S, ) for composeable

morphisms 4,5 in Fl(S5), i.e. that if (Dy,Z;) —— (Dy, Z5) 1, (D3, Z3) are morphisms in Fl(S), the

35Recall that in the category of correspondences in a category with fiber products, a morphism from a given source to a given
target is the same thing as a morphism from the given target to the given source.
36Note that ShGrp{Yg is a 2-category in the usual way.
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following diagram is cartesian

Q¢, Buns: XB

DDy un;- —— Q¢ Buns: XB n-—

_ . B _ . Bu
ungo pynZs Z3 Ds~D; Unp5o  DynZs Zs

l J

Qe, Bunf);\D1 XBung. 7 Bunz — Qe, Bunf)\z\Dz XBung. Bunz

the maps being the obvious restrictions ([
The following result is a long but straightforward verification. Recall (e.g. [41, Definition 1.3]) that for a
morphism of stacks endowed with an action of the a (pre)sheaf of groups H, being an H-equivariant morphism
between H-stacks consists of data and is not just a property of the morphism.
Lemma B.1.8. Let S € Aff.
e There is a canonical action of LGx(S,—) : Elx(S) — ShGrp%yg on Grx(S)(—) : Elx(S) —
Stxxg. Precisely, for any i: Fy — Fy in Fl(S), and any T € Affxxg, the morphism
Grx (5)()(T) : Grx (5)(F1)(T) = Grx (S)(F2)(T)
has an Hx(S)(F1, Fy)-equivariant structure, where Hx (S)(F1, Fa) is the sheaf of groups on X x S
defining the correspondence LGx (S,1) : LGx (S, F1) — LGx (S, F3)

Hx (S)(F1, F2)

— T

LGx (S, Fy) LGx (S, F»)

(see diagram (B.1.7)).
e Analogously, there is a canonical action of LTGx(S,—) : FIx(S) — ShGrpy,g on Grx(S)(—) :
Flx(S) — Stxxs (see Remark B.1.5 and Proposition B.1.6 (3)).

By applying the (limit preserving) functor Stxxs — Stc : X — X to LGx (S, —), LTGx (S, —), and Grx(S5),
we obtain analogous actions of LGy (S, —), LTG (S, —) on Gry(S). We leave to the reader to establish the
functoriality in S of LG (S, —), LG (S, —), and of their actions on Gry (S).

B.2. Action on 97‘&.

Definition B.2.1. Let PoSets — Sets denote the forgetful functor, sending a poset (S, <) to the set S. We
denote by ﬂfbx, 97“3( the composite functors

b b, op Fly, Srx
Flx, §rk : Aff°P ———— PoSets —— Sets.

By integrating LT G (S, —) over all flags and all S’s, we now define an object L*Gx — ﬂ& and its action
on 91"3( — ﬂg(.
Namely, let us consider the functor3” Aff°? — Sets

LHGx : S {(F, Q)| F e Fl(S), a € L*GX(S)(F)}.

37Since we aim at constructing an object acting on 97’3( over ﬂg(, we have chosen to disregard morphisms between flags, i.e.
the partial order structure on Fly (S).
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There is an obvious morphism of functors h: LTGx — ﬂ'}(, such that, for any F': S — ﬂfbx, the fiber of h at
such F € FI%(S) is exactly the group LTGx (S, F) of Definition B.1.1. We will say that h : LTGx — Fl is
fibered in groups. By Proposition B.1.6, £LTG x acts on 97“3( over ﬂg(, ie., forany F: S — ﬂ'}( the fiber of h
at F acts on the fiber of p; : 97“3( — ﬂ& at F. In other words, there is a morphism

act : LTGx X, Grh — Gr (B.2.2)

satisfying the usual axioms of a group action over ﬂfbx-. Note that this action is analogous to the family of ac-
tions of (L1 G) xr on the Beilinson-Drinfeld Grx: for variable non-empty finite sets I (see e.g. [51, Prop 3.19]).

Remark B.2.3. The authors currently ignore whether the action of Lemma B.1.8 or the one in (B.2.2) are,
in a suitable sense, transitive (as it happens in the classical case of curves for the Ran Grassmannian). This
question, suggested by the referee, surely deserves further investigation.

B.3. Equivariant sheaves. Using the action morphism (B.2.2)
act : LG; XEp, 97“3( — 97“3(

defined in Section B, one can define the oo-category SthG;(SH’X; Qy) (respectively, D—Mod*Cx (Gr%)) of
LG}—equivariant {-adic sheaves on Sr& (respectively, of LG}L(—equivariant D-Modules on 97"5()7 and then prove

that the naive chiral product of § 8.1 can be upgraded to monoidal structures on SthG;(Srg(; Qy) and on

D—Mod*Cx (97“3(). These should be flags-analogs of the equivariant chiral monoidal structure considered in
[11, Ch. 2] for the Ran-space of a curve. These co-categories and their monoidal structures, together with
their non-naive counterparts (obtained by developing an equivariant version of § 8.2), in the derived setting,
will be investigated in a future work.

B.4. Kac—-Moody groups. We conclude with an informal account relating our flag Grassmannian (for a
fixed flag) with some version of a Kac-Moody group. We thus fix a surface X and a flag Z ¢ D C X. The

loc

local flag Grassmannian Gry“(X; D, Z) is by definition the fiber product
GrY(X;D,Z)=Buny  x  {trivial}.
Bunp puz
Using [26] and methods from [13, §5.5], the stack Bung_,, comes equipped with a so-called determinantal
Gu-gerbe [Det] — Bung_ . In induces in particular a central extension of the group stack of automorphisms
of the trivial bundle: o
1—-Gn — Qﬁomﬁ\D — Qfomﬁ\D — 1.
This provides an analog to the Kac-Moody group extension to the case of flags. The extension restricts to an
extension of the loop group LG x (SpecC, D, Z). This extension then splits once restricted to the positive loop
group LG¥ (SpecC, D, Z) (by an argument similar to that of [13, Prop.5.5.4]), similarly to the classical case
of curves.
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