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Chapter 1

Introduction

In 1872, Felix Klein posed the following question. "Given a multiplicity
and a group, to study the beings from the point of view of properties
that are not altered by the transformations of the group... this can also
be expressed as follows: given a multiplicity and a transformation group;

develop the theory of invariants relative to this group" (|23]).

Felix Klein

In these notes on vector, quadratic, and Hermitian geometry, we illustrate this visionary viewpoint by
classifying geometric objects via invariants under various group actions (invariant factors, similarity

invariants, discriminant, index, signature...).

We strive to do so in a concrete manner, i.e., with methods that lead to algorithms. It is indeed better to
know how to construct an object than to simply know of its existence. The aim of the course, however,
is not to provide optimized programs in terms of efficiency (that’s another subject, and interesting at
that!), but to explore the how-to. One quickly encounters the numerical flaws of typical pivot algorithms.
It is not, however, about giving formally constructivist methods (@) but about providing as much as
possible existence theorems that can explicitly lead to the construction of the object in question, for

example, through a computer.

The material of this book is more or less classical, only the perspective being somehow more original.
The titles of the (few) chapters whose content is less classical are followed by an asterisk x. For the
convenience of the reader, we have included some wellknown general results in the chapters beginning by

"Reminder of...".

We strongly advise the reader to implement the various algorithms on a machine: this will allow them

to verify that they have thoroughly understood the proofs. On our part, we have used the SAGEMATH

13



14 CHAPTER 1. INTRODUCTION
program, based on Python.

I extend my warm thanks to Peter Haissinki who kindly provided his beautiful notes on the quadratic
part, notes on which I relied heavily for a first version of the text, and to Olivier Debarre for his examples
of endomorphism reduction.

Photo credits: ChronoMaths, Flickr user Duncan, Patrick Fradin, Marcel Gotlib, UQAM, Wikipedia.

1.1 Conventions

Unless expressly stated otherwise, the rings are assumed to be commutative
and with an identity, generally denoted R. They are assumed, unless explicitly
stated otherwise, to be non-zero, i.e., 1 # 0. Their multiplicative group of units

is denoted R*.

;\\ International
- Conventions

This grants them the following property: Every ring admits a proper maximal ideal for inclusion, a result
we shall consider as an axiom (in this generality, this is equivalent to the axiom of choice).

Otherwise, the reader will easily demonstrate this by applying Zorn’s Lemma to the set of proper ideals
of R . In practice, it can often be dispensed with if one really insists. Naturally, it will only be
used for existence theorems: it has no algorithmic value. Zorn’s Lemma also allows us to demonstrate,
essentially formally, that, just as Q is contained in C, any field k is contained in an algebraically closed

field Q.

It will be used without further specification. The key to this result is the elementary fact that every
polynomial with coefficients in k has a root in some possibly larger field K. The existence of {2 then
formally follows from the existence of maximal ideals in any non-zero rings. However, readers who dislike
the axiom of choice will check that the existence of the aforementioned fields K suffices for us and that

the existence of € is just a convenience of language, in fact.

1.2 Prerequisites

No other knowledge of linear algebra is assumed beyond the basics of dimension theory, the relationship
between matrices and endomorphisms, and the elementary properties of the determinant (notion of
characteristic polynomial and eigenvalue included). The reader is assumed to be familiar with the Gauss
elimination method. Readers who have studied the theory in the context of real or complex vector spaces
will make an effort to accept (or verify) that nothing changes on an arbitrary field.

In general, it is recalled that line and column operations on rectangular matrices with coefficients in a
ring R are obtained by multiplication on the right or left by transvections T; ;(r) = Id+rE; ;,i # j
(where E; ; is the standard square matrix with all coefficients zero except the one at row ¢ and column

J, which is 1), line or column permutations by permutation matrices M, (defined by M; ; = &; ,(;) for
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Transvection T1,2(2)

every permutation o € Sn)ﬂ these matrices being invertible (of determinant +1). The multiplication of a
principal pivot by a scalar r is achieved by product with a elementary dilatation D(r) = Id+(r — 1)E4 1,
which is invertible as long as r is. Geometrically, both transvections and dilatations add to a given vector
> xzje; the vector of constant direction e; with "algebraic length" a constant multiple of x;.

From a general point of view, the reader is assumed to be familiar with the general definitions of rings,
ideals. ... More specifically, besides the notion of a field, the notion of a principal ring (integral with all
ideals generated by one element), at least in the case of Z and k[T], is assumed known. To make reading
easier, a proof of the main results will be given in the chapter on factorial rings . For the most
part, we will use two things: Bézout’s identity and the fact that a principal ring is factorial
(existence and uniqueness, apart from order, of decomposition into irreducible factors), which allows us
to relate the notion of GCD both to the decomposition into irreducible factors and to Bézout’s identity.

For convenience of the reader, we recall the notion of quotient (3.6).

1.3 Complement: Zorn’s Lemma and application

Let E be a (partially) ordered set. We can think, for example, of the set of subsets of a given set ordered

by inclusion. But there are many other examples.

Definition 1.3.0.1. We say that E is inductive if every non-empty totally ordered part has an upper

bound in E.

Example(s) 1.3.0.2. R equipped with the usual order relation is not inductive. Similarly, the set of
intervals [0, z[,x € R ordered by inclusion is not inductive. On the other hand, the set of subsets of a set

ordered by inclusion is inductive.

Lwhere d;,5 is the Kronecker symbol equal to 1 if ¢ = j and 0 if not.
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Lemma 1.3.0.3 (Zorn’s lemma). Every non-empty inductive set has a maxi-

mal element.

Max Zorn

This lemma can be seen as an axiom of set theory, in fact equivalent to the axiom of choice: if (E;) is a

non-empty family of sets, then [ E; is non-empty. We will consider it as such.

Corollary 1.3.0.4. Every non-zero ring has a maximal ideal. More generally, every proper ideal of a

ring is contained in a mazximal ideal.

Proof. Let E be the family of proper ideals of A containing a given proper ideal J (for instance J = {0}
because our rings are nonzero). Because J is proper, E is non-empty. Obviously, E is inductive: the
union of a totally ordered family of proper ideals is still a proper ideal, which is an upper bound. Zorn’s

lemma finishes the job. O



Part 1

Reduction of endomorphisms
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Chapter 2

Warm-up:
algebra

review on basic linear

2.1 Perspective

/I\N

The purpose of this introductive chapter is to prove the main theorems of
Fuclidean and general linear geometry in the real plane E. Our motivation
is twice. First to refresh general linear algebra knowledge in this elementary
context. Second, more fundamentally, to emphasize that almost all problems
of linear algebras appear in dimension < 2. We’ll see in many occasions that
the general case follows from this small dimension study. In fact this simple
observation is quite deep as the reader will see in the next coming years, for
instance if he has to look at the theory of Lie or algebraic groups where the

role of the 2 by 2 matrices of SLs is crucial.

19



20 CHAPTER 2. WARM-UP: REVIEW ON BASIC LINEAR ALGEBRA

2.2 Euclidean plane

We start with a "physical" perspective, namely we assume that our real plane E (n = dim(E) = 2) has

a metric, meaning a scalar product
ExXE — R

(v,w) —  (v,w)
Recall that this means that this map is linear in each variable and posoitve definite (or > 0 for short):

q(v) = (v,v) > 0 unless v = 0.

Definition 2.2.0.1. A FEuclidean space is a real finite-dimensional vector space equipped with a scalar
product. An isometry of Fuclidean spaces is a linear isomorphism preserving the scalar products. An

isometric endomorphism of positive determinant is called a rotation.

Of course the typical examples are E = C with
(z,2') = Re(z2")
or R? endowed with the standard scalar product
((v1,v2), (w1, w2)) = viwy + vaws,
both being canonically isomorphic.

The set of isometries (resp. rotations) is a subgroup Oz(E) of GL2(E) (resp. SO3(E) of SLo (E))ﬂ

2.2.1 Euclidean Norm

Proposition 2.2.1.1 (Cauchy-Schwartz). Let v,w € E and let us write ||v|| = \/||v]|-
1. One has (v,w) < ||v||||w| with equality if and only if v,w are positively colinear.

2. One has |(v,w)| < ||v||||w|| with equality if and only if v,w are colinear.

Proof. We may assume v and w are non-zero. The Cauchy-Schwartz inequality (1) is nothing but the
inequality

2 =2(v/lvll, w/llwll) = g(v/l[vll — w/llwl) = 0

with equality if and only if v/|v|| — w/||w|| = 0, namely if v, w are positively colinear. We get (2) from
(1) changing w in —w.

O

IAs usual, we'll simply write O2(R) (resp. SO2(R)) for O2(E) (resp. for SO2(E)) when E is the standard Euclidean

plane R2
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Theorem 2.2.1.2. The mapping v — ||v|| is a norm called the Euclidean norm.

Proof. We define, for v € E, ||v|| = (v,v). As g is positive definite, to show that || - || is a norm, it suffices

to verify the triangle inequality

(ol + llwlD? = v+ wi® = [lvll* + 2[ellllw] + wl* = [[o]* = 2{v, w) — [Jw]]?
= 2[Jv[[flw] = 2{v, w)
(by Cauchy-Schwartz) >0

One immediately checks the important property of the Euclidean norm: the median equality

2 2
For any z,y € B, [|lz +y|I” + [|lz — ylI” = 2(|=[* + [[y[I*)-

2.2.2 Non oriented angle of pair of vectors or lines

By Cauchy-Schwartz inequality, the absolute value of the scalar product of two unit vectors is < 1

therefore can define the angle (v, w) between two nonzero vectors v, w by the formula

— voow
(v,w) = arccos(—:, —)
\ ol [lwll
thought as an element of R/27Z defined up to sign.

Thanks to trigonometry formulae, we obtain the usual formula from elementary geometry (the Chasles
formula)

(vr,02) + (v, 05) = (vr, v3).
Of course, the parity of the arccos function and the homogeneity of the scalar product ensures that the
non oriented angle of two non zero vector neither depends on their order or on any nonzero multiple of

them. This allows to define the (non oriented) angle of two lines ¢4, 2 by the non oriented angle of any

vector basis of them, no matter the order of the lines.

Remark(s) 2.2.2.1. Rather that "angle" we should have said "measure of the angle” in an Euclidean

plane (see .
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2.2.3 Orthogonality in oriented Euclidean planes

If £ is a line (dimension d = 1), its orthogonal /1 has equation (.,v) = 0 for any chosen basis v of £ and

therefore has dimension dim(¢1) =n —d = 1 (see [12.2.3| for the general case).

Remark(s) 2.2.3.1. Let us recall that two bases of some finite dimensional vector space define the same
orientation if the determinant of the base change matriz is > 0. An orientation is then defined by a basis
defined up to the action of the group of matrix of positive determinant GL,(R). These bases are said
positively oriented or direct.

For instance, if we change the order of a basis of the plane, we change the orientation of the plane. There-
fore, given a normed vector v of an oriented Euclidean plane, there exists a unique positive orthonormal
basis of the plane (v, w).

Notice that GL(R) is connected . It follows that orientation is the only way to assign a

continuous sign to any basis of E.

Because a line has obviously only two opposite normed vectors, we get just like in high school

Proposition 2.2.3.2. Let E be an oriented Fuclidean plane. For any normed vector v € E, there exists

a unique normed vector v such that (v,v') is a positively oriented orthonormal basis.

In the standard Euclidean plane R? with the usual orientation defined by the canonical basis, we have

explicitly for v = (a,b),a® + b*> = 1 the usual formula v = (—b, a).

We indeed have defined an algorithm, which will be heavily generalized: if we

start with an arbitrary basis (vi,v2) of E, there exists a unique orthonormal

basis (e; = v1/||v1],e2 = e1) such that e; € Ruy and (eg,v2) > 0: this is the

Gram-Schmidt process in the plane (see [12.2.5.1] in general).

The following statement is well-known and useful.

Proposition 2.2.3.3. 1. A morphism of FEuclidean spaces (of any dimension) is an isometry (resp. a
rotation) if and only if it maps an orthonormal (resp. direct orthonormal) basis to an orthonormal

(resp. direct orthonormal) basis.

2. An endomorphism f of an Euclidean space (of any dimension) is an isometry if and only if its matriz

M with respect to (any) orthonormal basis satisfies *MM = Id
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3. The determinant of an isometry is +1. The determinant of a rotation is +1.

Proof. We assume the existence of orthonormal basis for granted in general (see[12.2.5.1)). (1) is a direct
consequence of the bilinearity of the sclar product.

(2) If (e;) is our orthonormal basis, one has f isometry if and only if
(Id)i; = di; = (f(e:), f(e;)) = <Z mmieaazmb,jeb = Zma,ima,j =) = ("MM); ;

proving (2).
(3) Follows from (2) and the multiplicativity of the determinant. O

We get the well-known formula
SO, (R) = {M|'MM = Id and det(M) = 1}

Because the base change morphism between two orthonormal bases is an isometry, we get

Corollary 2.2.3.4. Two Euclidean planes are (non canonically) isomorphic.

2.2.4 Oriented angles of vectors

Let E be an oriented Euclidean plane. Using the above results, we can define the oriented angle of two non

zero vectors v, w as follows. If v, w are normed, one has a unique writing w = av + bv* with o + 6% = 1.

Therefore, there exists a unique @ € R/27Z such that

—
-

(a,b) = (cos((v,w)),sin((v,w))
Because (w,v) = a, one has (v, w) = |(v,w)|.

—

In the general case, one defines (ﬁ) € R/2nZ.

ol flwll

Remark(s) 2.2.4.1. By construction, if 0 is the oriented angle between two normed vectors v,w, the
) N Iy cos(f) —sin(6) -
base change matriz from (v,v=) to (w,w) is Rg = . The addition formulas for the
sin(d)  cos(0)
trigonometric functions sin, cos give the important formula

Rg o Rg: = Ro o
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Of course, we again obtain the usual formula of elementary geometry like the Chasles formula

—
- ———

(v1,v2) + (v2,v3) = (v1,v3).

2.2.5 Isometries

Let E be an oriented Euclidean plane.

————

Proposition 2.2.5.1. Let v,w be two normed vectors and 6 = (v, w).

1. There exists a unique rotation pg mapping v to w whose matrix in any direct orthonormal basis is
Ryg.

2. One has

cos(m) = (w, p(w)) = cos(h) = U(,OTUUJ)

Proof. (1) The base change morphism from (v,v") to (w,w?) is definitely a positive isometry, that is a
rotation p giving the existence. Conversely any isometry mapping v to w maps v to +v* and therefore to
w if it is positive giving the uniqueness. The matrix of pg in (v,v+) is Rg (cf. (2.2.4.1). If B = (v1,v2)
is another direct orthonormal basis, the base change matrix from (v,v1) to B is Re . Therefore

Mat(B,p) =R,  oRpoRy = R(—a + 0+ a) = Ry

proving (1).
Let us chose any orientation on E. By , one can assume v = e; is the first vector of an orthonormal
basis (e, e2). Because w is a unit vector, it can be written as w = cos(f)e; + sin(f)es for a uniquely
defined 6 € R/27Z. But w,w’ = —sin(f)e; + cos(f)eq is the unique direct orthonormal basis with first
vector w. Therefore the endomorphism p mapping (e1,ez). to (w,w’) is the unique relevant positive
isometry.
(2) follows directly from the proof of (1).

O

To specify the structure of isometries, let us choose a direct orthonormal basis B of E. We will identify

any endomorphism f with its matrix in B.

Corollary 2.2.5.2. 1. The map 0 — py defines an isomorphism

R/27Z ~ SO(E)

2. pp is complex diagonalizable with complex eigenvalues are exp(+if).



2.2. EUCLIDEAN PLANE 25

3. pe is real diagonalizable if and only if 6 =0 mod (27) or 6 =0 mod (27) that is to say it is equal
pPo = +Id.

4. The matrices negatives isometries are orthogonal symetries.

Proof. Ouly the last point has not be proven yet. Let B = (e, e3) be a direct orthonormal basis and

0 1
So = be the matrix of the orthogonal symmetry along the (second) diagonal R(e; 4 e2). Then,
1 0

for any negative isometry, the product of Sy by its matrix S is some rotation SgS = Ry. We get

sin(f)  cos(6)
cos(f) —sin(6)

R =SpRy =

whose square is Id by direct calculation. O

From this, one recover any elementary facts about plane isometries known for the highschool time (see

12.6.2.3|in the general case).

Remark(s) 2.2.5.3. If one prefers the identification E ~ C with its orthogonal basis (1,1), the corre-
sponding statement is that rotations are as usual of the form 6 — exp(if)z and symetries of the form

0 — exp(if)z.

Exercise(s) 2.2.5.4. Show that the application which associates to an an orthogonal symmetry its in-
variant vector line is a bijection from the set of symmetries onto the set of vector lines. Show that the
compound of two symmetries associated with two lines making a (non-oriented) angle 6 is a rotation

whose (non-oriented) angle is 26.

Exercise(s) 2.2.5.5. Determine the real and complexe eigenvalues and th corresponding eigenspaces of

any planar isometry. When are they diagonalizable over R ¢ Over C ?

Remark(s) 2.2.5.6. We could have defined an oriented angle in a non oriented plane as the former
rotation itself. The value of the angle would then have been in SOo(R). The link between the our definition
is that the choice of an orientation define a canonical isomorphism SO2(E) ~ R/27Z, recovering our
notion of angle which could be in this context be defined as the measure of the angle. But the usual modern

point of view is to see an angle as we did, and therefore we have to choose an orientation of the plane.
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2.2.6 Symmetric real matrices
We know ([2.2.5.1) that the matrices of a negative isometries in an orthonormal basis are of the form

cos(f)  sin(6)

sin(f) —cos(0)
trum {£1}. But, we have more. The eigenspaces are orthogonal. Indeed, if we identify E with C thanks

, in particular are symmetric. Like all symetries, they are diagonalizable with spec-

to B, our symmetry is nothing but z — exp(if)z whose (real) +1-eigenspace is the line R exp(if/2) and
(real) —1-eigenspace is the orthogonal line iR exp(if/2). We recover the well known fact that orthogonal

symmetries are orthogonally diagonalizable. This fact is general.

Proposition 2.2.6.1. Symmetric matrices of Ma(R) are ezxactly orthogonally diagonalizable matrices

(with restect to the standard Euclidean structure of R?).

Proof. We identify E with the standard Euclidean plan R? with its standard orthogonal basis B. If
X,Y € R? and M € M3(R), we have (X,Y) = XY and therefore

(MX,Y) = {(MX)Y = 'X'MY = (X, ‘MY).

a b
The characteristic polynomial of M = is xp(T) = T2 — (a + d)T + (ad — b?) with discriminant
b d

A = (a+d)? —4(ad — b?) = (a — d)? + 4b®> > 0. Therefore, it is split over R with distinct roots unless
b=0and a=d, i.e M =ald.

If A = 0, then M is scalar and the canonical orthonormal basis of R?and therefore orthogonally diagonal.
Assume A > 0 and let =,y € R the distinct roots of yy. If X, Y are normed eigenvector of our real

symmetric matrix M relatively x, y, one gets
z(X,Y) = (MX,Y) = (X,MY) =y(X,Y)

hence (X,Y) = 0. Therefore, after the orthonormal base change B — (X,Y), the matrix becomes
diag(z,y). O

2.3 General linear maps of the plane

In this section E denotes a rank real plane without any Euclidean structure.
We will will explain the reduction theory in this simple but non trivial case due

to the fact that the scalar field R is not algebraically closed (compare with the

general results of [5.5.0.2} [5.6.0.1| and .
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2.3.1 Minimal polynomial

A direct computation shows that xy(T) = T? — (a + d)T + (ad — bc) annihilates M: this is the Cayley-
Hamilton theorem in dimension 2. Because R[T] is a principal ideal domain, the ideal of real polynomials
annihilating M is generated by a unique monic polynomial p. Because xy (M) = 0, one has py|xm and

therefore
e cither uy = xm

e either y) is of degree 1 and M is the scalar matrix w 1d.

Definition 2.3.1.1. If M is non scalar, we define the similiraty invariants Po, P1 of M by P1 = xm = M
and P1 = 1. If M is scalar, we define P1 = Py = uyp.

2.3.2 Cyeclic vectors

Assume that M is not a scalar matrix. Then M has at most two eigenlines (because deg(xm) = 2). Let
X € R? not belonging to these lines (a real plane is never the union of two lines!). Then X and MX are

certainly indendant vector, and is therefore a basis of the plane. Writing M in this basis, remembering

0 —det(M
the equation xp(M).X = 0, we get that M is similar to C(yx) = (D . Because a matric is
1 tr(M)

scalar if and only if deg(un) = 1, we therefore get the plane version of the Frobenius theorem 5.9
Theorem 2.3.2.1 (Jordan-Frobenius in the plane). Let M be real matriz.

1. One has P3|P1 and PaP1 = xu.

2. Two matrices are similar if and only if they have the same similarity invariants.

3. If M is not scalar, it is smilar to the "companion” matriz C(x) of P1 = xm = pm-

4. M is nilpotent if and only if it is smilar to the sndard matriz J =
1 0

In a certain extent, the rest of the book is dedicated to generalize these results in any dimension.

2.4 Reminder on Gauss elimination method

a version of Gauss elimination not using dilatations nor permutation matrices as far as possible. Let R
be a ring and p,q > 1 two integers. We say that two matrices of M), ,(R) with p,q > 1 are t-equivalent if

they differ by a series of left and right by multiplications by transvections (that we call t-operations).
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Proposition 2.4.0.1. Let A € M,, ,(k) — {0}.
1. There exists § € k* such that A is t-equivalent to diag(0p—y g—r, 0, 1d,) with r = rank(A) — 1.
2. Any square matriz A € M, (k) is t-equivalent to diag(0,—,,det(A),Id,) r = rank(A) — 1.

3. SL, (k) is generated by transvections.

Proof. Proof of (1). Induction on p + ¢ > 2, the case p + ¢ = 2 being trivial we assume now p > 1 or
q > 1.. If both the last column and line are zero, one applies the induction to the (necessarily non zero)
remaining M,_; 41 (k) matrix.

If there exists ¢ < p or j < ¢ such that a; ; # 0 or a,; # 0, by a t-operation L, — L, — a, ¢/a; 4L; or
Cq— Cyq—apq/ap;C; , we can assume ap, ; = 1. Then, again using t-operations C; — C; — a,, ;C, and
L; — L; — a; 4C,4, on can now assume that the only non zero coeflicient of the last line and column si
ap,q = 1 and we finish by induction on the remaining M,_; ,_1(k) matrix. .

If @y, 4 is the only non zero coefficient of the last line and column, we put a non zero term using L,_; —
L1 +Lyifp>1and Cjq — Cy_1 + C, else.

(2) and (3) are direct consequences of (1).

2.4.1 Review of Transvections

Let V be an n-dimensional vector space with n > 2, PV its set of lines (dimension 1 sub vector-spaces),
PV* its set of hyperplanes (dimension n — 1 sub vector spaces)ﬂ If f € Homy(V/D,D) we denote by

f € Endy (V) the linear map & — 2 + f(z mod D. The set vector space of V of dimension 1 is

Proposition 2.4.1.1. Let 7 € Endg (V). The following properties are equivalent.
1. H(7r) = Ker(r —Id) is a hyperplane of V containing D(7) = Im(7 — Id), which is a line in V.
2. There exist ¢ € V* and v € V, both nonzero, such that 7(z) = z + ¢(x)v with p(v) = 0.

3. There exists a (unique) f € Homy(V/D(7),D(7)) such that T = f.

4. The restriction to the affine hyperplane defined by the equation o(x) = 1 is a translation by the vector

U

5. The natural morphism Hom(V/D,D) — GL(V)

2 At this stage, this is just a notation; cf. chapter for further insights
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6. The matrices of T are similar to 1d,, +E; 2 = 0 1
0 Id,,_o,
We say that T is a transvection of V of type (D(7),H(7)) € PV x PV*. If p,v are as above, let us define
Ta(x) = 4+ Ap(x)v, A € k. Under these conditions, we have:

e H(r) = Ker(p), D(7) = (v),

o Transvections of type ((v), () are given by Tx, A € K*, and X — T is an injective group morphism

(k, +) = (SL(V), x),

e ' is a transvection of V* of type (H(7),D(7)) € PV* x PV.

Proof. TBD O

Recall that the derived subgroup D(G) of a group G is the subgroup generated by the commutators
l[g,h] = ghg~'h~1,g,h € G. Tt is normal and G/D(G) is the largest abelian quotient of G.

Corollary 2.4.1.2. One has
1. D(GL(V)) = SL(V) except if n =2 and Card(k) = 2.

2. D(SL(V)) = SL(V) ezcept if n = 2 and Card(k) = 2,8.

A group G with D(G) = G is called perfect.

Proof. Proof of (1). Because the derived group is normal and all transvections are conjugate in GL(V), it
is enough to show that in our case one transvection is a commutator. If n > 3 and any characteristic, one
computes [Id +Eg 1,Id +E1 3] = Id+E2 3. If n = 2, let us choose A # 0,1. Then, [diag(A, 1), T12(N) =
T1,2(A — 1) which is a transvection.

Proof of (2). If n > 3, two transvections 7/ = gry~*

are certainly conjugate not only under GL(V)
[Because one can change g by a dilation of ration det(g)~! commuting with 7]. We leave the n = 2 case

in exercice (adapt the GL argument with a general diagonal matrix in SLy). O

2.4.2 Normal subgroups of GL(V)

We will explain the so-called Iwasawa to study normal subgroups of perfect groups G, or equivalently we

will give a criterium of simplicity of G/Z(G) where Z(G) is the centrum of G.



30 CHAPTER 2. WARM-UP: REVIEW ON BASIC LINEAR ALGEBRA

Definition 2.4.2.1. Let G be a group acting on a set X,and B C X.

1. We say that B is a G-block and if for all g € G, the sets gB and B are either equal or disjoint. Blocks

reduced to a point or to the whole X are called trivial.
2. We say G acts primitively on X if:

(a) The action of G on X is transitive;

(b) the only G-blocks are tm’m’alﬂ.

3. We say G acts 2-transitively on X if for all z1,z2,y1,y2 € X, 1 # T2, Y1 # Y2, there exists g € G
such that g-x1 =y1 and g - x5 = Ys.

Lemma 2.4.2.2. Let G be a group acting 2-transitively on a set E. Then the action is primitive.

For instance, SL(V) and GL(V) act 2-transitively on PV if dim(V) > 2.

Proof. Let B be a subset of X having at least two elements and such that B # X. Let us show that there
exists g € G such that ¢B # B and ¢B N B # @ and therefore that B is not a G-block.

Let a # b € B and ¢ € X\ B. By 2-transitivity, there exists g € G such that ga = a and gb = ¢. We have
a € gBNB, hence gBNB # &, and ¢ € ¢gB, ¢ ¢ B, hence ¢B # B. O

Proposition 2.4.2.3 (Iwasawa criterium). Let G be a group acting faithfully and primitively on a set

X. We assume that there exists a family K, C G,,z € X such that
1. Each K, is abelian.
2. For any g € G),G = (gKg~!.
3. UgexK, generates G.

Then any normal subgroup acting non trivially on X contains D(G).

Proof. We start with the direct part of the previous footnote.

Lemma 2.4.2.4. The stabilizer G, of any primitive action is a mazimal subgroup of G.

30r equivalently (Exercice if the stabilizer G, of a point = € X is a maximal subgroup of G.
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Proof. Let G, C H C G and B = {hz,h € H}. I claim that B is a block. If not, assume BN g(B) &.
There exists h, h’ € H such that hz = gh'xr hence h~'gh’ € G, C H. Therefore, g € H and g(B) C B
proving B = {z} and B = X by primitivity assumption. In the first case, H = G, and we are done. In
the second case, H acts transitively on X. Therefore, for any g € G there exists h € H such that gz = hx
hence gh~! € G, C H showing g € H. O

Let N be a normal subgroup and let € X. Since N is normal, NG, is a subgroup of G containing G,
and is therefore equal to G, or G by maximality.

If NG, = G,, we have N C G, and therefore for all
gc G7gNg_1 C gng_l = Ggw-

By normality of N, we get N = NNgNg~ C G, NGy, hence N acts trivially on X and therefore N = {1}
because G hence N acts fathfully on X: we are done in this case.

Assume now NG, = G. One has No = NG,2 = Gz = X because G acts transitively and therefore N
acts transitively on X. Let y = nz,n € N be any point of X and xk € K, = nK,n~! which can therefore

be written x = nkn~! with (n,k) € N x K,. We have
N«G
k=nkn™' = nkn 'k 'k € NK,

proving K, C NK; for any y € X hence G = NK,. We deduce that the morphism k£ +— £ mod N is a
surjection from the abelian group K, to G/N commutative hence N C D(G). O

Corollary 2.4.2.5. Ifdim(V) > 2, any normal nontrivial normal subgroup of GL(V) (or SL(V)) contains
SL(V) unless k is a field with 2 (or 8) elements.

Proof. Take X = P(V) and Tp = Hom(V /D, D) be the group of transvections of line D (cf. [7.7.1.1)) and
apply Iwasawa criterium and O]

2.4.3 Supplementary exercices

Exercise(s) 2.4.3.1. Let G act primitively and faithfully on a set X. Assume that for some x € X, the
G, contains an abelian normal subgroup whose conjugate subgroups generate G. Then D(G) C G [Adapt

the proof of Iwasawa criterium).
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Chapter 3

(GGeneralities on modules

3.1 Perspective

This chapter introduces the language of modules and diagrams in as light a

manner as possible. It is suggested that the reader first browse through it

/I

focusing on solving the exercises, then later familiarize themselves with its use

in the following chapters in a concrete manner.

Thus, it will only be consulted afterward if absolutely necessary: the idea is that all the formal construc-
tions of vector spaces or abelian groups apply mutatis mutandis to this general framework by accepting
scalars valued in a ring rather than in a field (or integers for abelian groups).

As will be seen here and throughout the text, the diagrammatic perspective (see once familiar is
extremely valuable, unifying, and simplifying. Paradoxically, this effort in abstraction, besides opening
the doors to modern and deep mathematics, often makes them very concrete, even computable and
algorithmic.

This will be particularly illustrated in the chapters 4] [5] [6] B and [0] dedicated to the study of the linear
group and the similarity classes of square matrices. Unlike the usual methods of linear algebra that

largely depend on the study of eigenvalues of endomorphisms, we will focus on polynomials and their

33



34 CHAPTER 3. GENERALITIES ON MODULES

action on endomorphisms. While annihilating polynomials play a special role, their roots are not actually
important for deciding whether two endomorphisms are similar, for example. The advantage is generally...
we do not know how to compute the roots of polynomials. Worse, the constructions of linear algebra are
often discontinuous in the coefficients of matrices and thus poorly support the numerical approximation
of these roots. Of course, the notion of eigenvalue remains essential as will be seen repeatedly. But its
often useless when one cannot compute the roots of the polynomial characteristic or, worse, when the

characteristic polynomial is not split.

3.2 Vocabulary and first examples

We know that a vector space over a field k is an abelian group M equipped with an external law kxM — M

verifying for all a,a’ € k and m,m’ € M (on the left say) the four usual compatibilities.
1. a(m+m') = am + am’
2. (a+d)m=am+a'm
3. Im=m
4. a(a’'m) = (aa’)m

The notion of a module is obtained exactly in the same way, by allowing the field k to be a ring R (for

us commutative unitary):

Definition 3.2.0.1. A module M over a unitary ring R is an abelian group equipped with a law RxM — M

verifying the previous compatibility properties.

Example(s) 3.2.0.2. By definition, modules over fields are vector spaces. Let’s provide more interesting

examples.

1. Z-modules are identified with abelian groups through external multiplication
|n|
n.m = sign(n) Zm, n € Z,m e M.
i=0
2. If V is a k-vector space, the set of formal polynomialsﬂwith coefficients in V is naturally a k[T]-

module.

3. If R is integral and M a module, the set My,.s of elements of M annihilated by a nonzero element

of M is a submodule called torsion module .



3.2. VOCABULARY AND FIRST EXAMPLES 35

4. In general, if M is an arbitrary R-module, we denote Anny(r) = Ker(r : M — M) and M[r] =

UnsoKer(r™ : M — M), which is indeed a submodule as a union of increasing submodules.

5. The set C.(T,R) of continuous functions with compact support from a topological space T to R is
a module over the ring of continuous functions from T to R. If T is a non-compact metric space,
C.(T,R) is an ideal but not a ring (exercice). This ideal is not finitely generated for example if
T = R" (exercice).

6. Let M;,i € I be a family of modules. As in linear algebra, the abelian group product [[M; has a

natural module structure: it is the unique structure such that all projections m; : [[M; — M, are

linear. In other terms, a.(m;) = (am;) (cf. |3.5.1.1).

7. With the previous notation, the subset ®M; of [[M; consisting of almost null families is a submodule
called the direct sum of M;. The (finitely supported) family (m;) is often denoted Y m;. If1 is
furthermore finite, then ®M; = [ M;.

8. The formula (3_; i jT9); = Zj()‘i,j)iTj allows us to identify (k[T])™ and (k™)[T] which we will do
henceforth.

We summarize in the following table how the formal constructions of linear algebras adapt to modules.
To lighten the notation, the Greek letters A,y ... denote elements of a ring R while the elements of
the modules are Latin letters x,m,n... for elements of the modules. The statements are implicitly

universally quantified. Thus we write A(ux) = (Ap)z for VA, u € R and Vo € M, we have A(uz) = (Au)x.

IThat is, sums >iso v; T% with v; = 0 if 4 is large enough.
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Generalities
Property /Definition Vector space Module
Scalars R R = field R = ring
Addition (M, +) abelian group

External multiplication

AMpz) = (Ap)z and 1z =«

Distributivity

Linear combination

> AT

finite

Subspace N

N stable by linear combinations

Generated subspace (z;)

(x;) ={linear combinations of x;}

Sum of subspaces N;

+N; ={linear combinations of z; € N;}

Producf N;

[IN; = {(z:), =i € Ny}

Direct sum? of N;

@N; = {(z;) € [[N;] Card{i|z; # 0} < oo}

R(I), R™

RO =gR, R"=a R=[[_,R

The notion of a linear application is translated into that of module morphisms as in the following table,

the notion of kernel, image and quotientﬂ being the same as in linear algebra.

Example(s) 3.2.0.3. Z-module morphisms are morphisms of abelian groups. See for the case of

V.
Generalities
Property /Definition Vector space Module
Morphism f € Homg (M, M’) morphisms of groups| f(Ax) = \f(x)
Isomorphism Bijective morphism
Homg (R™, M) Homg (R™,M) = M"
Matrices Homg (R™,R™) = M,,.»(R)
2See3.5.1

3See

3.2.1
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Specifically, we have

Lemma 3.2.0.4. If M,N are two R-modules, the set of morphisms Hompg (M, N) is naturally a module.
If M = R", the natural application

Homp(R™,N) — N™
f = (f(0i5)7)

is an isomorphism. In particular, Homg (R™,R™) = M,, »(R).

3.2.1 Quotient, cokernel

The problem we are tackling is as follows. Let f: M — N be a morphism of R-modules. The injectivity
of f is characterized by the nullity of the kernel Ker(f) of f. Can we find a module whose nullity measures
the surjectivity?

We define a relation on N by the condition
n ~n’ if and only if Im such that n —n’ = f(m).

This is an equivalence relation thanks to the linearity of f for the law +. The equivalence class of n € N
is
n= {n+ f(m), me M} =n+ f(M)

We denote Coker(f) the set of equivalence classes of ~. Thus, as a set,
Coker(f) = {n+ f(M), n € N}

and the application 7 : N — Coker(f) defined by n +— w(n) = @ is surjective. The following statement

is also as immediate as it is important.

Proposition 3.2.1.1. There exists a unique R-module structure on Coker(f) such that 7 is a morphism.
It is characterized by m + 7 = n+n' and \io = \n; its neutral is 0 simply noted 0. Moreover, f is

surjective if and only if Coker(f) = {0}.

Thus, we have resolved our problem. A particular, fundamental case is when f is injective. In this case,

f induces an isomorphism of M onto its image f(M) which is thus a submodule N’ of N.

Definition 3.2.1.2. Let N’ be a submodule of N and denote j the inclusion of N’ in N. We say that
Coker(j) is the quotient of N by N’ and we denote it N/N'.
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It is important to characterize the cokernel, up to canonical isomorphism, by its properties rather than

by its construction. This is what is explained in [3.5.2.1

Remark(s) 3.2.1.3. In general, we are interested in modules up to isomorphism. Thus, we will identify
two modules between which exists a canonical isomorphism, that is, one that depends on no choice. The
reader is, for example, used in linear algebra to identify a finite-dimensional vector space with its bidual
(cf. , a Euclidean space with its dual (cf. more generally , a square matriz of dimension
1 with its unique coefficient (its trace actually)... Similarly, as in linear algebra, we will most often
identify an injective morphism j : M — N with the submodule image j(M) because j defines a canonical
isomorphism M =~ j(M) and we simply say (but somewhat abusively) that M is a submodule of M. We

will see other examples.

The following result is formal but important (compare with

Proposition 3.2.1.4. If f € Homg(M,N), then f induces a canonical isomorphism f : M/ Ker(f) ~
Im(f).

Proof. We define

f@m) = f(m +Ker(f)) = f(m + Ker(f)) = f(m) + f(Ker(f)) = f(m) € Im(f).

Thus, f is well defined and linear. It is surjective. If 72 is in the kernel, f(7) = f(m) = 0 and therefore

m € Ker (f) som = 0. O

3.2.2 Properties to handle with caution

While the definitions of free families, generating families, or bases do not change just like that of supple-
mentary, most of the existence theorems become false in the case of modules as summarized in
the table below. This often comes from torsion phenomena: it happens, frequently as we will see, that

the equation am = 0 does not entail a or m being zero. We will return to this.
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DANGER

Bases, dimension, supplementary

Property /Definition Vector space Module
Free family (x;);er SXhzi=0= X =0or RO % M injective

x # 0 is free x # 0 is rarely free
DANGER
x torsion = x non free xr=0 INA0Az =0
Generating family (z;);e1 (z;) =M or R LN, surjective

Base (%)iel

(x;) free and generating or R

M bijective

DANGER

vector spaces have bases

modules rarely have bases

Free module M

M ~ RD j.e. M admits a base

Bases of free module

all bases have the same cardina

DANGER

vector spaces are free

modules are rarely free

Complement S of N in M

M=N®S

DANGER

vector subspaces have

supplementary

submodules rarely have

supplementaries{ﬂ

As in linear algebra, giving a linear application from a free module to any module is equivalent to giving

the images of a base. Similarly, linear applications between free modules equipped with a base are

identified with matrices with coefficients in R, of the appropriate size (cf. [3.2.0.4] above).

Example(s) 3.2.2.1. 1. Multiplication makes R a (free) module over itself (with base 1) and its sub-

modules are the ideals of R.

2. Re,[T] is a free R-module with base X',i < n therefore of rank n for n € N = N U {oco}.

3. Multiplication by the elements of R makes M,, ,(R) a free module with base the standard matrices

U=/ =

See[r50]

5When this is the case, we say that N is a direct factor.
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4. The module R™ is free with base (canonical) (e; = (6; 5,1 =1,--- ,m))i<j<m (cf. .

5. If (ei)1<i<n s a basisof the k-vector space V, the e; seen as constant polynomials of V[T| form a

basis for V[T], a module which we will thus identify with kK[T|™ through this means (exercice).

3.2.3 Cyclic modules

We know that the subgroups of a cyclic group are cyclic and that the subgroups of Z/nZ are of the form
n/dZ/nZ with d|n. Replacing Z with a principal ring, we obtain

Lemma 3.2.3.1 (Cyclic modules). Let R be a principal ring and M = Rm a cyclic (or monogenic)

module and let (r) be a generator of the ideal Anng(m).
o We have M ~ R/(r).

Let N be a submodule of N and p' a generator of the ideal [N : M] = {z € R|zM C N}. We have

x—=xp’m

o p|r = pp' and R/(p) ———— N is an isomorphism of R-modules.

o 1, p,p are well defined up to a unit. In particular, the submodules of M are finite in number as soon

as r 1S non-zero.

Proof. As m is a generator of M, the homothety of ratio m on M is surjective. As its kernel is the ideal

Anng(m) = (r) we have M ~ R/(r) according to|3.2.1.4

The morphism

N:M] — N
x = Tm
is surjective because m generates M and its kernel is precisely Anng(m) = (r) C [N : M] = (o) so

that [N : M]/Anng(m) ~ N according to As r € (p'), we have indeed p'|r = pp’ so that
multiplication by m induces an isomorphism (p’)/(pp’) ~ N. But then, multiplication by p’ in turn
induces an isomorphism R/(p) =~ (p')/(pp’) whence the second point. The third follows from the fact
that, up to a unit, the number of divisors of 7 is [ [ n; where n; is the exponent of an irreducible factor

p; in a decomposition into products of distinct irreducibles of r (cf. .
O

64.e.almost null sequences.
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3.2.4 The k[T]-module V,

If R = k[T] and M is an R-module, multiplication by the elements of k seen as
constant polynomials makes M a k-vector space. Furthermore, multiplication
by T defines ¢ € Endg(M): the homothety of ratio T. Conversely, if V is a
k-vector space and a € Endy(V), we define a R-module structure V, on V by

the formula T.v = a(v) and by linearity

P(T)w=P(a)(v)VP e R=k[T],v e V, =V

These two constructions are inverses of each other:

The k[T]-modules are identified with the pairs (V,a),a € Endy (V).

Submodules of V, are then identified with subspaces of V stable by a (exercice).

From the perspective of morphisms, the identification works as follows. If N = W}, is a second module
associated with an endomorphism b € Endyx (W), a morphism f € Homg(M,N) = Homyr|(Va, Vy) is
defined by f € Homy (V, W) such that

foa(m) = f(Tm) = Tf(m) = bo f(m)¥m € M

i.€.

(i) Homy 11 (Va, Vi) = {f € Homy(V, W) such that bo f = foa}

Corollary 3.2.4.1. If f € Isomyp)(Va, V) if and only if a = f~tobof so that V, and V,, are isomorphic

if and only if a and b are similar.

Remark(s) 3.2.4.2. Following the general principle of formal transposition, the reader will have guessed
that Homg (M, N) denotes
the space of R-linear applications from M to N, ditto for Endgr(M),.... When the context is clear, the

mention of the ring in the index will be omitted.

In particular, when a = b, we have

(ii) Endyjr)(Va) = Com(a)

where Com(a) is the commutant of a, the set of endomorphisms of V that commute with a.
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3.3 Exact sequences and diagrams

Y/
‘/JJJJJA( \\
P \
| il S N §

3.3.1 Exact sequences

If f € Hom(M,N) a morphism of modules; we have a canonical sequence of morphisms

Ker(f) & M LNT Coker(f).

We notice that the composed of two successive morphisms d o § (namely f ot and 7o f) are null, which
is equivalent to the inclusions Im(§) C Ker(d). But we have better: these inclusions are equalities! This

leads to the following definition

Definition 3.3.1.1. Let d; € Hom(M;, M; 1) morphisms, noted as a «sequences:

di_1 d;
...1\/[24_1 —>Mi—>Mi+1"'

o We say that the sequence is a complex (at i) if d; od;—1 = 0 ie Im(d;—1) C Ker (d;).

o We say that the sequence is exact (at i) if in addition Im(d;_1) D Ker (d;) ie Ker (d;) = Im(d;_1).

An exact sequence is therefore a particular complex.

Exercise(s) 3.3.1.2. Let f € Hom(M, N).
o Show that 0 — M L5 N is ezact if and only if [ is injective. What is the analogue for surjectivity?

o Show that the sequence 0 — K — M Iy N is ezact if and only if K can be identified (canonically)
with the kernel of f. Compare with[3.7.0.9 infra.

e Show that the product or direct sum of exact sequences is still exact.
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3.3.2 A fundamental exact sequence

Example(s) 3.3.2.1. Let d € R. Then, the sequence

R r—=dr R r—r mod d R/(d)—>0

is exact. More generally, for (d;) € R, the «diagonalysequence

Ry )2, by ()i mod di) [T®/@@) —o0
=1

is exact (for example as a product of exact sequences).

Generalizing the previous example to the case of matrices D € M, ,,,(R) «diagonaly in the sense that its

coefficients d; ; are zero if i # j. Thus, we have a block decomposition (possibly empty)

diag(di)u,y Ol/,m—l/

On—u,u On—u,m—u

with v = min(m, n) and d; = d;;, i = 1,--- ,v (and where we note that 0,,_, ,,—, is the matrix ... empty

1). We have two exact sequences: the first

according to the previous example, the second

Idn—y

Rmfl/ O"_va_V Rnfl/ Rnfl/ _>0

because the first arrow is... null !

The sum of these two sequences remains exact: we deduce the important lemma

Lemma 3.3.2.2. The sequence

Rm R> R’n, _ RV x Rn—y ((rs),r")=>((r; mod d;),r") HR/(dz) % Rn—y -0

i=1

is exact.

3.3.3 Commutative diagrams

We want to see properties of morphisms in terms of diagrams. For example, to say that f, g € Homy(V, W)

are equivalent endomorphisms in the sense of linear algebra is to say there exist endomorphisms p, g of
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W,V such that po f = gog with p, ¢ isomorphisms. The first condition po f = gogq (resp. both conditions)
is then translated by saying that the diagram

p

V—25V resp. 0 \Y% \% 0
I I
w—1-w 0 w—Lsw 0

is commutative with exact lines{Z] (this last condition being empty for the first diagram). A general formal

definition (which we encourage the reader not to read!) might be

Definition 3.3.3.1. Let G = (S, A) be a directed graph with vertices S and edges A.

o A diagram is the data for each verter ¥ € S of a module My, and for each edge a : ¥~ — Y. of A

of a morphism f, : My — Mx_.

e The diagram is said to be commutative if for every couple of vertices X, %', the composed of the f,
associated with an oriented path from ¥ to ¥’ depends only on the vertices and not on the chosen

path.

In practice, we will only deal with diagrams composed of squares or triangles for which the definition of

commutativity will be obvious.

3.4 Functoriality and diagram chasing

Although very simple, the following functoriality statements are crucial. This is a very convenient form

to formulate the universal properties of kernels and cokernels (cf. §3.5)).

Proposition 3.4.0.1 (Functoriality I). Assume we have a commutative diagram of R-modules where the

top horizontal line is exact and the bottom line is a complez.

M; —2> M, M; 0
|,
N; ——= N, Nj 0
Then there exists a unique morphism
f3: M3 — N3
making the completed diagram commutative
M; —> M, M;3 0
N

V1

Ny N 0

2 3
"By convention, the lines of a diagram are horizontal, the columns vertical.
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If in addition, the lower complex line is an exact sequence and the two arrows M; — N;, i = 1,2 are

isomorphisms, then fs3 is an isomorphism..

Proof. We focus on the existence and uniqueness of the commutative diagram

M1 H2

M, M, M; 0

lfl lfz f3
Y

1% 125
Nl Hl N2 éNs

If there are two arrows f5 and f; that work, we have f3 o us =120 fo = fiopua so fs and fi coincide on
2 (M) = M3 and therefore are equal, hence the uniqueness.

For existence, let mg € M3 and consider msy one antecedent by pus. If ms is not unique, it is defined
modulo Ker(us) = Im(uq). By linearity, the image v5 o fa(ms) is well defined modulo v o f3 o g (My).
But by commutativity of the left square, we have vg o fo o u; = vy 0wy o fi = 0 because v, o vy = 0 by
hypothesis. Thus, v5 o fa(ms) is well defined, i.e. depends only on ms3. Then set f3(ms) = v o fo(ma)
which is checked to work.

For the second part, we can easily verify by hand that the bijectivity of fi, fo implies that of f3 (exercice).
Let’s give a «categoricalyproof, which has the advantage of generalizing to other contexts. Under the
bijectivity assumptions of fi, fo, we want to prove that f3 admits a left inverse g3 and a right inverse ds.
From g3 o f3 = Idy, we then obtain by composing on the right by ds the equality g3 = ds and thus that
f3 is invertible.

Let’s show the existence of g3. Call g1, go the inverses of fi, fo. As fo o u3 = v1 o f1, by composing on
the left by g2 and on the right by g1 we have 15 0 g1 = go 0 7 so we have a commutative diagram with

exact lines

M1 M2

M, M M3 0
e s

Ny —2> Ny —2> Ny 0

M; —> My —2> Mj 0

that we can complete uniquely in a commutative diagram with exact lines according to the first point

M1 H2

M; My M3 0
e s

N; —2> Ny —=> N3 0

M; —> My —2> M 0

But by looking at the outer square, taking into account ¢, o fi = Idy, and gz o fo = Idm,, we have a

commutative diagram with exact lines
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vi

M, M, M3 0
lld lld J{gsofa
M; —> My —2> M3 0
But we also have a commutative diagram
M; —> My —2> M3 0
\le \le J{Id
M; —2> My —2> M3 0

which, thanks to the uniqueness in the first point, gives g3 o f3 = Idm,. By exchanging the roles of M, N,

we construct the right inverse of f3. O

We obtain exactly the same statement by «reversing the direction of the arrows»[ﬂ

Proposition 3.4.0.2 (Functoriality II). Suppose we have a commutative diagram of R-modules where

the bottom horizontal line is exact and the top line is a complex.

0 M; My —2> My
0 Ny Ny —2> N3
Then there exists a unique morphism
L1 ¢ M1 — Nl
making the completed diagram commutative
0 M; My —2> Mg
R
0 Ny Ny —2> N3

If in addition, the lower complex line is an exact sequence and the two arrows M; — N;, i = 2,3 are

isomorphisms, then 3 is an isomorphism.

A sometimes useful generalization is the famous (and formal) five lemma

Exercise(s) 3.4.0.3. Consider a

commutative diagram of modules with exact lines

8an injection 0 — M — N being thus replaced by a surjection M — N — 0 and vice versa! This is a general phenomenon:
any formal statement involving commutative diagrams, complexes, and exact sequences gives rise to an analogous statement
by reversing the direction of the arrows. We can give a precise sense to this statement valid in any «abelian category». We

will content ourselves, and it is quite sufficient, to see this as a meta-principle.
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M, M, M3 My M;5
lh \Lh ifs iﬂx lfs
Ny Ny N3 Ny N5

o If fo, f4 injective and f1 surjective, then fs injective.

o If fo, f4 surjective and fs injective, then f3 bijective.

We use it most often in the following weakened form: Consider a commutative diagram of modules with

exact lines

0 M, M3 M, 0
ifz lfs lfz;
0 Ny N3 Ny 0

If fa, f4 bijective f3 bijective.

By construction of the cokernel, we therefore have a canonical exact sequence
(0) M; 2 My — Coker(uy) — 0

We then have the important characterization of the cokernel (compare with exercise [3.3.1.2])

Proposition 3.4.0.4. Show that the sequence My “2 My 225 M3 — 0 is ezact if and only if M3 can be
identified (canonically) with the cokernel of u;.
Proof. Just apply the functoriality to the commutative diagram with exact lines

M1 L Mg —— Coker(,ul) —0

M; Ma

Exercise(s) 3.4.0.5. State and prove the result obtained by reversing the direction of the arrows.

3.5 Universal properties
The question posed is to characterize the various modules M in question by the «calculation»of

h(T) = Hom(T,M) or h¥(T) = Hom(M, T)
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for T an arbitrary «test module». Thus, T is seen as a variable and h, h" as a function of T whose values
are sets. One should say functor: the composition with f € Homg (M, N) defines an application (linear)
hy(T) : hm(T) — hn(T) (vesp. hj : hY(N) — hyi(T)) which is compatible with compositiorﬂ The
correct general framework to formulate what follows is that of the Yoneda lemma in categories, but we

will stay in the framework of modules for the examples that interest us to avoid unnecessary formalism.

3.5.1 Sum and product

Let M;,i € I be a family of modules. We denote M; % @M, the canonical injections and []M; oM

the canonical projections. If T is a test module we have two tautological applications

BY(T) Homg(M;, T) — []Hom(M;,T)
/ — (pio f)

and

BT Homg (T,[[M;) — J]Hom(T,M,)
g = (gom)

Lemma 3.5.1.1 (Universal properties of sum and product). The applications h(T) and h¥(T) are bijec-

tive.

The proof is immediate and left as an exercice. In the case of the direct sum, the meaning of the lemma
is that giving a morphism f : ®M; — T is equivalent to giving a collection of morphisms f; : M; — T

(thanks to the formula f(> m;) = >_ fi(m;) which is well defined because the sum is actually finite).

3.5.2 Kernel and cokernel

®

Let f: M — N be a morphism of modules. By construction, we have two exact sequences
0—Ker(f) 5 M—N

and

M — N & Coker(f) — 0

that characterize kernel and cokernel (3.3.1.2| and [3.4.0.4)).

9The reader will recognize the usual notion of «restriction»of a morphism for h;(T) and dually of «transpose»for hV (f).
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If T is a test module we have two tautological applications

BV (T) Hom(Coker(f),T) — Homy(N,T)={¢ € Hom(N,T)[¢po f =0}
| . = pop

and

B(T) - Hom(T, Ker (f)) — Homy(T,M) = {¢ € Hom(T,M)|f 0 ¢ = 0}

® — Jjoyp

Lemma 3.5.2.1 (Universal properties of kernel and cokernel). The applications h(T) and h"V(T) are

bijective.

Proof. Let’s prove, for example, the universal property of the cokernel ie construct the inverse of hY(T).
Observing that we have an exact sequence 0 — T 14T 5 0. Let then 1 € Homg(N, T). The condition

1 o f = 0 precisely ensures the commutativity of the diagram

M~ N Coker(f) ——0

b

0 T Id

T 0

so that [3.4.0.1] ensures the existence of a unique ¢ making the diagram

M—f>N—p>Coker(f)—>0

Lok

0— >T—M 7 0

commute. We verify that the application 1 — ¢ is the inverse of hY(T). O

The meaning of the lemma is that providing a morphism ¢ from the cokernel to T is equivalent to
providing a morphism % from N to T such that the composition i o f is zero, or ¥ factors through
the quotient (or passes to the quotient) in ¢ if and only if o = 0 (and the analogous for the kernel by
reversing the directions of the arrows). From a diagrammatic perspective, we often summarize by keeping

only the informal meaning of the statement:

T
A

¥ Jle

If o f = 0 then M —L o N7~ Coker()

Another way of expressing this, in terms of the functors h and hY, is that the sequences of module

morphisms they define
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0 — Hom(Coker(f), T) - Hom(N, T) — Hom(M, T)

and

0 — Hom(T, Ker (f)) — Hom(T,M) — Hom(T, N)

are exact.

3.6 Quotient rings
Let R be a ring. Recall that an ideal I of R is an additive subgroup of R such that
VreR, rICL.

By there exists a unique group structure on R/I making the projection 7 : R — R/I a morphism.

The main (simple but important) result goes as follows:

Proposition 3.6.0.1. There exists a unique group structure on R/I making the projection m: R — R/I
a morphism whose kernel is 1. One has the following universal property (cf. |3.5.2.1) : for any ring T,
the natural sequence

0 — Homyng(R/I, T) = Homying(R, T) = Homgz (I, T)

is exact. Moreover, if f € Hom(R,R'), then f induces a canonical isomorphism of rings f : R/ Ker(f) ~

Tm(f) (cf. [3:214).

In a diagramatic way, the main point summarizes as

P
Al

If ¢»(I) = 0 then IC—>R—>R/I

Proof. The proof goes straightforward as in the module case except for the fact that 7 is multiplicative

which follows from the computation
ar)n(re) = (M +Drg + D+ T=rirg +ril+ro + 12+ 1 =ryry +1

because 711+ ro + 12 C I (recall that if I, J are ideals, IJ denotes the ideal generated bay all products ij
where i € 1,j € J). O
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3.7 A variant of the Chinese remainder theorem
«When General Han Ting arranges his soldiers in threes, there remain two soldiers, when he arranges

them in fives, there remain three, and when he arranges them in sevens, there remain two. How many

soldiers does Han Ting’s army consist of? », Sun Zi, around the 4th century.

Terracotta Army

Mausoleum of Emperor Qin

The key result for us that follows is the following, a slightly generalized version from k[T] (resp. Z) to
a principal ring of the famous kernel lemma in usual linear algebra (resp. the usual Chinese remainder

theorem on integers).
Let M be a module over a principal ring R. For p irreducible, we define M[p] = U,soKer (p" : M — M),
the p-primary component of M. This is a submodule, as a union of increasing submodules. We assume

here that there exists r € R that annihilates M. Recall the definition of the annihilator Annp(r) =
Ker (r : M — M).

Proposition 3.7.0.1 (Chinese Remainder Theorem for modules or Primary decomposition). Let r =

[Ir: € R. We assume GCD(r;,r;) =1 if i # j. Let M be a module annihilated by 7.
1. There exist u; € R (independent of M) such that Y u;r/r; = 1.

2. Then, M = @ Anny(r;) and the projection p; onto Annyi(r;) parallel to @;; Annn(r;) is the homo-
thety of ratio w;r/r; € R.

3. The p; form an orthogonal family of projectors of M i.e. > p; =1Id and p;p; = &; ;p;-

4. Suppose further r; = p;'* with p; irreducible. Then Anny (p™) := Ker (p;* : M — M) = M[p;] and:
M = @Ker (p;“"M — M).

Proof. The r/r; are coprime overall so that the first point is the identity of Bézout.

For the second point, let’s first prove that the sum of the Anny(r;) is direct. Suppose therefore > m; =0
with m; € Anny(r;). For every j, we rewrite m; = — 3. 25 M- We deduce that the ideal I, annihilator
of m; contains r; (left-hand side of the equality) and [],,;p; = r/r; (right-hand side) and hence their
GCD by Bézout. Since r; and r/r; are coprime, GCD(r;,7/r;) = 1 € I; and 1m; = m; = 0 for every j.
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Then let m € M. We have r = > u;r/r;m and r;(u;r/r;m) = u;rm = 0 therefore m; € Anny(r;). The
orthogonality is obvious since 1 =) w;r/r; and each wu;r/r; is divisible by r; if j # i.

The third point is a particular case of the second. | O

In particular, the projections M — M]p|] are «functorial» in the following sense: let f € Hompg (M, N);
if » as in the proposition annihilates both N and M, we have a commutative diagram where the vertical

arrows are the projections (thus the homotheties of ratio u;r/r;)

N ! M
w;r/T; @) w;r/T;
f

Nipi]

M[pi]

Example(s) 3.7.0.2 ("Kernel lemma"). If R = k[T] with P = [[P; € with P; pairwise coprime and
M=V, , then Anny(P) = Ker (P(a)) and we recover the usual kernel lemmd™] Ker (P(a)) =
®Ker (P;(a)).

Exercise(s) 3.7.0.3. Let N be a submodule of M. Show the equality N[p] = N N M|p].
If M is the R = k[T]-module V, with xq split, show that M[P] = Ker (a — AId)" if P = T — X\ with
Xa(A) = 0 and M[P] = 0 otherwise. In other words, the primary components of V, are its characteristic

spaces. What do we recover as a statement about stable spaces of an endomorphism of a vector space?

Remark(s) 3.7.0.4. If R is Euclidean, the calculation of the u; is algorithmic. Most of the results
that we will demonstrate for k[T| algorithmically transpose mutatis mutandis to Fuclidean rings. They
remain true in the principal framework, but without a general algorithm (we then use explicitly or not
decompositions into irreducible factors to find Bézout pairs, motably in the infra generalization of the

Gaussian pivot). This difference is in fact profound: it is a window to K-theory. For a generalization of

the Chinese remainder theorem to the non-principal case, see[3.8.0.13

Example(s) 3.7.0.5. The ring Z[/—19] is principal but not Fuclidean; if one prefers geometry, the
same is true of the ring of functions on the circle of radius \/—1, the ring Rz, y]/(x? +y*> +1) (see

for references.

See also the exercise [3.8.0.121
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Proposition 3.7.0.6 (Chinese Remainder Theorem for rings or Primary decomposition). Let R be a

principal ideal ring and r = [[r; € R with GCD(r;, ;) =1 if i # j.
1. There exist u; € R such that Y u;r/r; = 1.
2. Define e; = (u;r/r; mod r) € R/(r). We have e;e; = 0; je; and the projection

R/(r) —  TIR/(r)

T — (x mod r;);

is a ring isomorphism whose inverse is ¢ : (x;) — Y, xie;. In other words, each projection onto

R/(r;) alongside R/(r;),j # i is defined by multiplication by the idempotent e;.

3. Furthermore, the kernel Ker(R/(r) =% R/(r)) =~ R/(r;) of the multiplication by r; is e;R/(r).

Sketch. For (1), observe that the irreducible factors of GCD(r/r;) are the factors r; of r. However, since
r/ri =[], r; and r; is coprime to all r;, j # i, it is coprime to r/r;. Thus, GCD(r/r;) = 1 and the first
point follows from Bézout’s identity.

Since 7;|(r/r;) for j # i, we have r = r;(r/r;)|(r/r;)(r/r;) and therefore eje; = 0 if ¢ # j. But since
>"e; = 1 by projection onto R/(r) from the previous Bézout’s identity, multiplying by e; gives us the

2

missing equation e; = e;. The rest follows immediately.

O

3.8 Additional Exercises

Exercise(s) 3.8.0.1. . Show that an abelian group is finite if and only if the associated Z-module is
of finite type and torsion.

2. Show that if V, corresponds to (V,a) (refer to , then V is finite-dimensional if and only if V,

18 of finite type and torsion.

Exercise(s) 3.8.0.2. Let R be a commutative ring, M;N two R-modules, and M’ a submodule of M.

Denote 7 the canonical surjection m: M — M/M'.
1. What are the submodules of the R-module R? What can be said in this case about the quotient?
2. Construct from m a bijection between the set of sub-R-modules of M containing M’ and the set of
sub-R-modules of M/M'.
Let f : M — N be a morphism of R-modules (i.e., an R-linear application,).

3. Show that Ker f and Im f are R-modules, as well as Coker f = N/Im f. Show that there is an
isomorphism of R-modules

M/Ker f = Im f.
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4. Consider the application f : R™ — R™ associated with the matriv A = (a; ;), with

0 dfi#j
d; ifi=j.

Q4,5 =

Give the structure as an R-module of Coker f.

Exercise(s) 3.8.0.3. Consider an exact sequence of modules 0 — M; EEN Mo ELN Mz — 0. It is said
that o € Homg (M3, Mz) is a section of fo if fo 00 = Idy,. When such a section exists, the sequence is

said to be split.

1. Assuming such a section exists, show that the application (my,m3) — fi(m1) 4+ o(ms) defines an

isomorphism My @ M3 ~ Ms. Deduce that My ~ f1(M;) then admits a supplement.

2. Conversely, assume that My ~ f1(M;) admits a supplement S. Show that f3 defines an isomorphism

3. Show that a submodule N of M is a direct factor if and only if the exact sequence 0 — N — M —
M/N — 0 is split. In this case, show that every supplement of N is isomorphic to M/N.

4. Show that if n > 1, the canonical exact sequence 0 = Z — Z — Z/nZ — 0 is not split.

5. Let m : R"™™ — R™ be the projection onto the last m coordinates. Show that there is an exact

sequence 0 — R™ — R™™ I R™ — 0 and that this sequence is split.

6. Suppose there are three square matrices A, B, C with coefficients in R of size n,n +m, m making the

diagram commutative

0——=R"——R""™ —R" ——=(

N
0 —>R"—=R"" —>R" >0

Show that B is block triangular and identify the diagonal blocks. State and prove a reciprocal.
Exercise(s) 3.8.0.4. Let M be an R-module.
1. Show that a proper ideal 1 of R is maximal if and only if R/1 is a field.

2. Show that M is of finite type if and only if there exists a surjective R-linear mapping R™ — M for

some n € N.

3. Show that if f € Homg(R™,R"™) = M,, ., (R) is surjective then m > n.

Hint: Consider a mazimal ideal I of R and see that after reduction modulo 1, the application f

remains surjective modulo 1.

4. Show that if [ is an isomorphism, then n = m.
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5. Show that a free module of finite type L. has a finite basis and that all its bases have the same
cardinality: the rank of L.

6. Show that the rank of L is the minimal cardinal of a finite generating family.

Exercise(s) 3.8.0.5. Suppose V is a R-vector space of dimension 2 and D is a line in V.
Assuming that the line D is given in parametric form, that is, a direction vector v of D is given, i.e.,

a vector v € V such that D = R - v.

1. Define the linear application ¢ : t € R +— t-v € V, show that the following sequence of R-vector
spaces is exact:

{0} - RS V.
2. What is the image of the R-linear morphism ¢?

Assume now that the line D is given in implicit form, i.c., an equation of the line D is given, that is,

a linear form f € V* such that D = Ker (f).

1. Show that the sequence of R-vector spaces following is exact:

v-_IR .

2. Complete this sequence into a short exact sequence:
0 —R-5V-LR {0
3. Generalize the exercise to any field, a vector space V of arbitrary (finite) dimension, and to arbitrary
subspaces.
Exercise(s) 3.8.0.6. Let k be a field and R a ring.
e Show that the invertibles of kK[T| are the non-zero constant polynomials from k*.

e Show that a matriz from M, (R) is invertible if and only if its determinant is an invertible of R*.

Deduce that M € M, (k[T)) is invertible if and only if det(M) € k*.

Exercise(s) 3.8.0.7. Recall Zorn’s Lemma. Let1 be a non-empty ordered set assumed to be inductive
(every totally ordered subset has a mazimal element). Zorn’s Lemma assures that 1 has a maximal element.
Show that Zorn’s Lemma implies the existence of mazimal ideals (i.e.proper mazimal ideals).
Exercise(s) 3.8.0.8 (Snake Lemma). Consider a commutative diagram of modules with exact rows:

P

A—">B C 0
fl 9J/ \Lh
0 P e

1. Show that i sends Ker f into Ker g and p sends Ker g into Ker h.
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2. Show that i' induces a morphism Coker f — Cokerg and that p induces a morphism Cokerg —
Coker h.

3. Show that there exists a unique morphism § : Ker h — Coker f such that the following sequence is

exact:

Ker f —s Kerg — Ker h >+ Coker f — Coker g — Coker h.

Show that if i is injective and p is surjective, then the following sequence is exact:

O—)Kerf—>Kerg—>KerhL>C0kerf—>Cokerg—>Cokerh—>O.

4. (Bonus) Retrieve the Five Lemma from the Snake Lemma.

Exercise(s) 3.8.0.9. We will show that if the ring R is not assumed to be commutative, then it may occur
that the R-modules R™, n > 1 are all isomorphic. To this end, we fix a real vector space V equipped with a
countable base (ex)ren and we denote R the ring of linear applications on V (equipped with composition),
identified as «infinite matrices» of RN*N . Define two linear applications T and T’ on V by the following

relations for n € N:

T(e2n) = €n, T/(GZn) = 0»
and

T(e2n4+1) =0, T (e2n41) = en.

Write the «matricesy of T and T’. Given n € N*, we consider R™ as an R-module for scalar multiplica-

Ty roTy

Ty roTy
RxR"—R", |, —

T, roT,

1. Provide a one-element base for the R-module R'.
2. Show that (T, T') is also a base for the R-module R!.
3. Show that R' and R? are isomorphic as R-modules then that R™ is isomorphic to R for every n € N*.

Exercise(s) 3.8.0.10. Let d > 1 be a natural number, R a principal ring and M = R®. Let N be a
submodule of M. We aim to prove by induction on d that N is isomorphic to R® with § < d. Assume
d > 1 and the theorem proven for submodules of R if d < d.

1. Letv = (vi,--- ,vq) € N® — {0} and i such that n; # 0. The map m; : (x1,--- ,2q) — x; induces an

exact sequence
(iii) 0-K—-NXHC—0

where C is a nontrivial submodule of A and K c R4~1,
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2. Show that there exist d' < d and an exact sequence
0-RY LN R—0.

3. Show that there exists a section 0 = A — N of 7, i.e., satisfying m oo = Ida.

RY &R — N o ,
4. Show that the map s an isomorphism.
(xy) = j@)+oly)

5. Conclude.
Exercise(s) 3.8.0.11. TBD

Exercise(s) 3.8.0.12. Let I;, 1 <1i <n be a finite number of ideals in a ring R. Assume I; +1; = R.

Prove by induction on n the following generalization of the Chinese Remainder Theorem. We have:
1. > I, =R.
2. The natural projection R — [[R/1; is surjective.

3. Its kernel Iy N ...1, is the product ideal 1y ...1, generated by products of n elements in Iy,...,1,

respectively.

Exercise(s) 3.8.0.13 (Resultant). Let R be a ring and P,Q € R[T] be two polynomials of degrees
p,q > 0. Let Res(P, Q) denote the resultant of P and Q, defined as the determinant, in canonical bases

(cf. , of the linear map between free modules of rank p + q

o(P.Q) - Reg[T] x Rep[T] = Repiq[T]
(A,B) s AP+ BQ

1. Calculate Res(P, Q) if P has degree 1.

2. By considering the comatriz of p(P,Q), show that there exist A,B € R[T| of degrees q, p respectively
such that AP+BQ = R(P, Q). Hence deduce that if P, Q have a common root in R, then R(P,Q) = 0.

3. If P,Q are also monic, show that p(P,Q) is the matriz of the multiplication p : R[T]/(Q) x R[T] —

R[T]/(PQ) in canonical bases (of monomial classes T?).

4. Still assuming P, Q are monic, show that there is a commutative diagram with exact rows

(T—r)

ev,

0

R[T]/(PQ) R[T]/((T —r)PQ) R 0

p(P»Q)T P((T—T)P,Q)T TQ(T)
0 —— RITI/(Q) x RIT)/(Pf T RI1)/(Q) x RIT)/((T — 1)P) “22 R — 0
where ev(A) = A(r) and evg(A,B) = A(r). Hence deduce that p((T — r)P,Q) is block triangular
with diagonal diag(p(P,Q), Q(r)), and then that Res((T — r)P,Q) = Q(r) Res(P, Q).

5. If Q is monic, show that Res([ [(T — r;),Q) = [[Q(r;). What happens if Q is not assumed to be

monic?
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6. If R =k is a field, show that deg(PGCD(P,Q)) > 0 if and only if there exist nonzero A,B € k[T
of degree < q and < p respectively such that AP = BQ. Deduce that P, Q are coprime if and only if
their resultant Res(P, Q) # 0.



Chapter 4

Equivalence Classes in M, ,(k[T]).

4.1 Perspective

We present the theory from a perspective as concrete and algorithmic as pos-

sible by generalizing classical Gaussian pivot techniques on matrices with co-

/N

efficients in a field k to the case where the coefficients belong to a polynomial

rings k[T] (or a Euclidean ring).

As mentioned at the end of the chapter, there are good reasons to consider the pivot with values in rings
R: the underlying presence of a new hidden group, the algebraic K-theory group SK;(R).

In the rest of this chapter, A will denote a polynomial rectangular matrix in M, 4(k[T]).

4.2 Introduction

The reader who has taken a basic course in group theory with the classification of finite abelian groups will

recognize in this section a simple adaptation of what has been seen for matrices with integer coefficients

(see exercices [10.4.0.3| and [10.4.0.4)). It will therefore be a simple "reminder". For others, let’s embark

on the discovery.
Recall that two matrices A,B in M, 4(R) are equivalent (denoted A ~ B) if and only if there exist
Q € GL,(R),P € GL,(R) such that A = QBP~!. This indeed defines an equivalence relation. Because

99
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elementary operations of matrices can be defined using left or right multiplication by suitable invertible
matrices, we know that any equivalence class is invariant under elementary transformation.

We will essentially use this notion of equivalence of matrices only in the case of R = k[T].
We will exhibit in each equivalence class of M,, ;. (k[T]) a canonical representative (4.3.2.3)). The reader
will generalize the statements of this section to any ring equipped with a Euclidean division by simply

substituting k[T] with such a ring.

Remark(s) 4.2.0.1. In the case R = k, we know that two matricse with coefficients in ks are equivalent
if and only if they have the same rank (an immediate application of the Gaussian elimination method,

for example, or of the incomplete basis theorem, as preferred).

4.3 Elementary Divisors
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The elimination method was rediscovered by Gauss and Jordan in the 19th century. But it was known

to the Chinese at least in the 1st century BCE (|12]).

4.3.1 Existence

Proposition 4.3.1.1. There exists a family of monic polynomials P = (P,|---|P2|P1) such that A is

equivalent to the diagonal matriaEI

diag(P,,--- ,P 0 g—r
A(P) = g( 1) 'l

Op—r,r Op—r,g—r
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Proof. We freely use elementary operations on matrices because they leave the equivalence class invariant.
We can assume A is non-zero. We proceed by induction on p + g > 2. If p + ¢ = 2, there is nothing to
prove. Suppose the statement is proven for p + ¢ < n and let A be non-zero with p +¢=n + 1.

Let d be the minimal degree of the non-zero coefficients of all matrices in the equivalence class of A. We

can assume that this degree is attained for a coefficient of A.

e By permuting rows and/or columns, we can assume this coefficient is a; ;.

e Using the suitable elementary dilatation D(0) with § the coefficient of the leading term of the poly-

nomial a1 1 (|1.2)), one can assume that a; ; is monic.

® a; 1 necessarily divides all aq; and a; 1 for [ > 1 (we can replace these coefficients by their remainder
from the Euclidean division by a1, which is zero due to the minimality of d). Using the same

argument, we can assume a;; = a;,; =0 for [ > 1.

e ay,; necessarily divides every coeflicient a;; with 7,7 > 1. Indeed, we can use elementary row
operations to place a;; on the first row. Then, by elementary column operations, C; — C; — aCy
with o being the quotient of the division of a; ; by a1,1, we can reduce the degree to be less than d,

resulting in a zero remainder due to the minimality of d.

e Thus, a; 1 = P, is the greatest common divisor of the coefficients, and A can be written in blocks as

P,
0 B

with B € M,_1 4—1(k[T]). We conclude by induction.

Remark(s) 4.3.1.2. Note that r is clearly the rank of A viewed as a matriz with coefficients in the field
of fractions of k[T]. Thus, it depends only on A.

This proof can be easily made algorithmic or, alternatively, see [22] or [31]). We strongly encourage
the reader to implement it themselves using a computer (for example, using the open-source software based

on Python, SageMathP. This will be an excellent programming exercise.

4.3.2 What Uniqueness?

Let’s recall that for any integer subsets I C [1,--- ,p] and J C [1,--- ,q] of the same cardinality n, the
minor Ay j of A the square matrix (a; ;)ier, jeJ-
We define for n > 1

dn(A) = GCD (A"(A))
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where A™A is the ideal generated by all minors of order n of A. For instance, if a square matrix A is

triangular and invertible, we have §;(A) = 1 for all 4.

Lemma 4.3.2.1. If

then
with the convention here that P,, =0 if n < 0.

Proof. All minors Ary of A = A(P) are triangular with at least one zero diagonal element if I # J. If

I= (i1 >---,>1y), we have det(Ar1) = P; ---P;, if n < r and is zero otherwise. If n < r, we have

ij <r+1-—jsothat P, --- P,_pnt1|Ps, - - Py, because of the decreasing property of P; for divisibility.
O

Lemma 4.3.2.2. Let A,B € M, ,(k[T]). If A and B are equivalent, then

0n(A) = 6,(B) for alln > 0.

Proof. Since the determinant of a matrix is equal to that of its transpose, we have §,,(A) = §,,(*A) for all
n. It follows that it suffices to show that for any matrix P € M, ,(k[T]) (whether invertible or not) we

have

AT(AP) C A™(A).

The learned reader will invoke the general Binet-Cauchy formula

det((AP)ry) = > det(Ark)det(Pk )
K| Card(K)=n

for computing minors of a product of arbitrary matrices. But we don’t need that precision. We can
proceed as follows. Each column of AP is a linear combination of columns of A. The multilinearity of
the determinant then ensures that the minor (AP); j is a linear combination of determinants of matrices
extracted of size n where the columns are columns of A (possibly equal) and the rows are indexed by I.
If two columns are equal, the determinant is zero (the determinant is alternating). Otherwise, the set of
columns in question is indexed by a set K of cardinality n and the determinant in question is of the form
A x which implies that det(AP)y j is a linear combination of det(Aj k) with Card(K) = n, and therefore
is indeed in A™(A). |

O
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From the previous calculation in the diagonal case (4.3.2.1f) we obtain

Theorem 4.3.2.3 (Elementary Divisors of a Polynomial Matrix). Let A € M, ,(k[T]) be a polynomial

matriz.

o There exists a unique sequence of monic polynomials P = (P ------ ,P1) associated with A such that

for all n we have 6, (A) =P, ---P._,11. These are called the elementary divisors of A.

o Two matrices in M, 4(k[T]) are equivalent if and only if they have the same elementary divisors.

o The sequence of elementary divisors of A(P) (4.3.2.1) is P.

o [f P is the sequence of elementary divisors of A, then A ~ A(P) . This sequence can be computed

algorithmically using Gaussian pivot (4.3.1.1).

Example(s) 4.3.2.4. Let A € M,,(k[T]) be a matriz such that a; ; =0 if i > j+1 and a;41,; = 1:

Then, the elementary divisors of A are (1,...,1,det(A)). Indeed, the (n — 1) minor Aic e is upper

triangular with diagonal entries equal to 1 showing 6;(A) = 1 for i < n as already observed

P 0
Exercise(s) 4.3.2.5. Let P,Q € Kk[T] be monic polynomials and A = . Compute 61(A) and

0 Q
02(A) and deduce that the similarity invariants of A are GCD(P, Q),lem(P, Q). Retrieve this result using

the pivot.
From this, deduce another algorithm than the pivot to compute the similarity invariants of a diagonal
matriz in k[T]. [If Q;,i € T are its diagonal coefficients, consider GCD(Qy, - - - Qs,.) when {i1,--- ,i,}

runs through the r-element subsets of 1.

Remark(s) 4.3.2.6. The reader will easily adapt the previous theorem to the case of equivalence for
matrices with coefficients in a Euclidean ring (equipped with Fuclidean division). To do this, one simply
needs to accept uniqueness of elementary divisors up to multiplication by units. The statement of unique-

ness generalizes without change. If the existence (4.3.1.1) remains true in a principal ideal domain, its
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proof by pivot no longer works (exercise infra). Moreover, there exist principal ideal domains that are not
EBuclidean, such as Z[*4=12] (,@) or Rlz,y]/ (2% +y? + 1) () In the principal ideal case, one must
therefore add one additional permitted operation . I emphasize that in general one must. This
algorithmic difference is a window into algebraic K-theory .

Exercise(s) 4.3.2.7. Let R be a principal ideal ring, and consider elements of R such that au —bv = 1.
We define Bézout operations on matrices with coefficients in R as left or right multiplications by block

diagonal invertible matrices of the form:

Generalize the proof of [[.5.1.1] by allowing Bézout operations in addition to elementary row operations.

4.3.3 Equivalence Classes in M, ,(k[T])

So we have solved our initial problem . Indeed, if A belongs to an equivalence class of My, ,(k[T]),~, its
elementary divisors P(A) = P = P, are well defined and depend only on the class (A mod ~). Theorem
ensures that the quotient M, (k[T]),~ is identified with the set of sequences P of decreasing
monic polynomials of length » < min(p, ¢), and the quotient map is identified with A — P(A).

4.4 Supplementary Section: Insight into K-Theory

This section is cultural and can therefore be skipped at the first glance. It aims
to introduce an important idea in mathematics: how to measure the obstruction
to a result being true. Here, the question is how to measure the potential
impossibility of diagonalizing matrices by means of Gaussian elimination in a

ring R.

The precise question one naturally addresses is then: is the group GL, (R) generated by the elementary
matrices of transvections of pivot type ? We will consider the matrices of permutation and dilatations
(because they can be easily handled through the determinant function below).

The first step is to move away from n: for this, we view GL,,(R) as the subgroup of GL,+1(R) consisting
of block diagonal matrices of the form diag(M, 1), where M € GL,,(R). This allows us to consider their
infinite union GL(R), seen as the set of matrices of infinite size, containing all finite-sized linear groups.
We then define E(A) as the subgroup of GL(A) generated by all transvections with determinant 1 that
we can reach by pivot (even if we allow enlarging the matrices).

The first result is both simple and remarkable, especially in the proof provided by .
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Lemma 4.4.0.1 (Whitehead). For any ring R, the group E(R) is the derived group [GL(R), GL(R)]
generated by the commutators [A,B] = ABA™IB™! of matrices in GL(R).

In particular, E(A) is a normal subgroup, and the quotient K;(R) = GL(R)/[GL(R), GL(R)] is a com-
mutative group, as it is the abelianization of GL(R)! This is the group of algebraic K-theory of degree 1.
As the determinant of any commutator is 1, the determinant map passes to the quotient to define
the special group of algebraic K-theory of degree 1:

SK;(R) = Ker (GL(R) 2% R¥).
This group avoids considering dilations and permutation matrices, which do not play a crucial role in
pivoting. The inclusion R* = GL;(R) — GL(R) followed by the quotient projection GL(R) — K;(R)
allows us to define a map:

R* x SK;(R) — K;(R),

which is visibly an isomorphism.
The group SK;(R) is evidently the obstruction to the pivot algorithm (infinite) being able to diagonalize
matrices. And our results prove that if R is Euclidean, SK;(R) = 0. It is noteworthy that this obstruction

is very sudden. For example, in the case of the non-Euclidean principal ring R = Z[Hi {19]

, we have
SK;(R) = {1} (this follows from a general deep theorem about so-called Dedekind rings, [3]). In other
words, this is not an example where the pivot with elementary matrices is insufficient, at least when
allowing to increase the size of matrices. Finding a principal R such that SK;(R) is non-trivial is difficult.
An example is given in [17]: take the subring of Z(T) generated by Z[T] and the (T™ — 1)~ for m > 1.

This is a principal ring (!) whose SK; is even infinite.

4.5 Additional Exercises

Exercise(s) 4.5.0.1. Let
R be a Euclidean ring. Show that SL,(R) is generated by transvections.
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Chapter 5

Similarity classes of M, (k)

5.1 Point of view

In our study of linear algebra, we propose an "algorithmic" perspective on the
reduction of endomorphisms (in finite dimensions) over an arbitrary field. We
systematically adopt the dictionary between k[T]-modules and endomorphisms

(cf. 3.2.4). Precisely, we try to do computable methods as far as possible, even

/I

we’ll not try to find very practically efficient algorithms.

One motivation is the simplicity of the theory when we accept the language of modules, and, above
all, the fact that the usual reduction theory uses, more or less explicitly, the roots of the characteristic
polynomial, although we generally do not know how to calculate... As strange as it may seem, the module
perspective makes the theory algorithmic and transparent, freeing us from the knowledge of these roots.

Of course, eigenvalues still play an important underlying role, theoretically and often practically. We will

clarify that, al least partially (cf. and [8.3).

67
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5.2 Introduction

Following Descartes’ teachings, we will classify endomorphisms completely
(.9.0.2) and reduce them to two very simple classes: the well-named semi-
simple endomorphisms and the nilpotent one (6.3.2.1)). Rules of Descartes’

method%
%R. Descartes, Discourse on the Method (1637), Gallimard (2009).

René Descartes

1. Not to accept anything as true that I did not clearly know to be so.

2. To divide each of the difficulties I examined into as many parts as possible and as might be required

for their best resolution.

3. To conduct my thoughts in an orderly manner, beginning with the simplest and easiest-to-know objects

in order to ascend little by little, as if by steps, to the knowledge of the most complex.

4. To make everywhere such complete enumerations, and such general reviews, that I might be assured
of omitting nothing. This is the rule of enumeration. To make a complete review of objects, which

involves prudence and circumspection.

We will freely use the usual properties of principal rings (Bézout’s identity, factoriality...) and the fact
that Euclidean rings are principal. The key examples for us are Z and k[T]. The reader may, if necessary,
refer (without circular reasoning) to chapter [L1|for the factoriality of principal rings.

A useful result is a generalization of Euclidean division when the divisor has a leading coefficient that is

a unit: this is the result infra whose proof is a simple rereading of the usual proof (exercise).

Lemma 5.2.0.1 (Generalized Euclidean division). Let A,B be two polynomials with coefficients in a
unital ring R not necessarily commutative with B nonzero. Suppose that the leading coefficient of B
is right (resp. left) invertible. Then there exist Q.,R, € R[T] (resp. Qi,R;) such that A = BQ, + R,
with deg(Q,) < deg(R,) right (resp. A = QB + R; with deg(Q;) < deg(R;) left) Fuclidean division. If,

moreover, R is left (resp. right) integral, then there is uniqueness on the left (resp. right).
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Although it will be necessary to deal with nilpotent matrices to understand
matrix reduction, one should not lose sight of the fact that these matrices
are actually pathological. In the complex case, for example, a randomly drawn
matrix has almost surely distinct eigenvalues and is therefore almost surely non
nilpotent! One reason is provided as a warm-up exercise . However,

mathematics naturally provides many "improbable" matrices.

5.2.1 Notations

Sealar Vector Matrix Tensor

In this chapter, we refer to (see [3):

V as a finite-dimensional space of dimension n over an arbitrary field k.
V[T] as the k[T]-module of polynomials with coefficients in V.
Va,a € Endg (V) as the K[T]-module V =V, characterized by
Tv=a(v) forallz e V=V,

and more generally, P(T)v = P(a)(v).
We will denote by A,B--- the matrices of a,b--- after choosing a basis for V.
We denote by x, (resp. p,) the characteristic (resp. minimal)ﬂ polynomial of a.
Tq € Homy ) (V[T], V,) defined by

WQ(Z v TY) = Z a'(v;)
the canonical surjection extending the identity of V seen as the set of constant polynomials of V[T].

ky = Kk[T]/(T — A) the module V, with V = k and a being the multiplication by A € k. We’ll denote
by 14 the unit 1 € k.

a € Endyr)(V[T]) is the unique k[T]-linear extension of a € Endy (V) to V[T] characterized by

a(vT?) = a(v)T"

Tt is not required at this stage to know even the exeistence of the minimal polynomial 4 of a (see[5.6.0.2)).
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e C(P) the companion matrix of the monic polynomial P = T™ + 22:01 a; T

00 --- 0 =—ap
10 -+ 0 —a
01 - 0 —ax | eM,(k).
00 -+ 1 —ap

Thus, C(P) is the empty matrix if P =1,

e J, = C(T") the standard Jordan block

00 --- 00
10 --- 0O
o1 --- 0 0 € M, (k)
0 0 1 0

of size n.

Once a basis for V has been chosen, V will be identified without further precision as k™ and V[T] as

k[T

™ (cf. ([2)), so that a and @ have the same matrix.

5.3 Strategy

Recall that two square matrices A, B from M,, (k) are similar (in k!) (denoted A ~ B) if and only if there

exists P € GL,, (k) such that A = PBP~!. This indeed defines... an equivalence relation (to distinguish

it from the previous equivalence of polynomial matrices, we denote by A the similarity class of a square

matrix A € M, (k).

We will exhibit in each equivalence class a canonical representative. To do this, we will show for every

square matrix A € M, (k) a canonical representative in its similarity class in two steps, similar to what

we did for polynomial matrices.

1. Note that P(TId —A)P~! = TId —PAP~! such that if A ~ B, then TId —A ~ TId —B. The miracle

is that the converse is true. We will therefore demonstrate that the mapping
M, (k)/~ <= My(k[T])/~
A —  TId-A

is injective: this is the corollary

. Similarly to the above, we will exhibit a canonical representative C(P) in any similarity class

M,,(k)/~) using companion matrices associated with the elementary divisors P of TId —A, this

sequence depending only on T Id —A (4.3.2.3): this is the Frobenius decomposition theorem |5.9.0.2
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5.4 Invariance by equivalence of TId —A of the module V, and
applications

Let a € Endk(V) and V, be the associated k[T]-module (3.2.4).

Lemma 5.4.0.1. The sequence
(i) 0 — V[T] 2% v[T] 25 V, = 0

15 exact.

Proof. Let v € V. The image of the constant polynomial v € V[T] by 7, is v. Therefore 7, is onto.
We then have
7o © (TId — a)(v) = Tra(v) — a(v) = a(v) —a(v) =0

hence 7, o (TId — @) = 0 since V generates V[T] and therefore Im(TId — a) C Ker (7).
Conversely, let v(T) = 3.5 Tiv; € Ker (7,,), i.e.

Vo + Zai(vi) =0.
i>1

Thus, we have

o(T) =) (T1d — &) (v;).

i>1

But since TId and @ commute, we have (geometric series sum)

i—1

T'd - @' = (TId — a) o (> Ta' ')

§=0
and thus v(T) € Im(TId — a). Hence the exactness in the middle. The exactness on the left, being easy
and unnecessary for us, is left as an useful exercise. O
In other terms, we have
(ii) Coker(TId —a) =V,

or if one is purist Coker(TId — a) = 7, (3.4.0.1).
Choosing a basis of V identifies V to k™ and V[T] to k[T]™ (3.2.4). The matrix of a is then A, the matrix

of a in the chosen base. The aforementioned exact sequence (i) is thus identified to

(i) 0 — (k[T])"™ 2422 (k[T])™ 22 Vu = (K")a — 0

with 74 (3 X;T%) = Y. A'X; and T.X = AX for every X;, X € k™. We deduce the important result
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Corollary 5.4.0.2. Let A,B € M, (k) be the matrices of a,b € Endx(V) in a base. The following

propositions are equivalent.
1. A and B are similar in M, (k).
2. TId—A and TId —B are equivalent in M, (k[T]).
3. The k[T]-modules V, and Vy are isomorphic.

Moreover, if TId —A ~ A € M,,(k[T]), then V, ~ Coker(A : k[T]™ — k[T]").

Proof. 1 = 2. If P € GL,, (k) satisfies PAP™! = B, then P(TId —A)P~! = TId —B and thus TId —A ~
TId -B.
2 = 3. There exist P(T), Q(T) € GL,(k[T]) such that P(T)(TId — A)Q(T)~! = TId —B. In this case,

P(T), Q(T) define, according to the foregoing, a commutative diagram with exact rows and isomorphism

columns
K[T]" 2L k[T A vy 0
Q(T)J( lp(T)
K[T)" 22 k[T " vy 0

and thus by functoriality of the cokernel (3.4.0.1)) a unique k[T]-linear isomorphism
t: Va — VB,

i.e. (3.2.4.1) an invertible matrix
S: Va=k" —-k"=Vp

satisfying SA = BS (since «(T.v) = t(a(v)) = T.t(v) = b((v))).
2 = 3. It has already been noted (|3.2.4.1)) that the existence of the isomorphism ¢ : Vp = k" — k™ = Vg
defines S € GL,, (k) such that SA = BS. O

The equivalence of the first two points is rewritten as A ~ B if and only if TId —A ~ T Id —B, representing
the sought injectivity in (3.2.41)

5.5 Similarity Invariants of a € Endy (V)

Following corollary [5.4.0.2] it is reasonable to propose the following definition.

Definition 5.5.0.1. The elementary divisors of TId — A, A € M, (k) are called the similarity invariants
of A.
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Corollary [5.4.0.2] is then rewritten

Theorem 5.5.0.2 (Similarity Invariants). Let a,b € Endyx (V). The following propositions are equivalent.
1. a and b have the same similarity invariants P.
2. a and b are similar in Endk (V).
8. TId—A and T1d —B are equivalent to A((P))

4. The k[T]-modules V, and V}, are isomorphic.

5. The k[T]-modules V, and Coker(A(P)) are isomorphic.

Corollary 5.5.0.3. Let A,B € M,,(k) and K be a overfield of k. Then,
e A and B are similar over K if and only if they are similar over k.

o A and 'A are similar.

Proof. The first point follows, for example, from the fact that the similarity invariants of A are computed
by Gaussian elimination on TId —A, an algorithm independent of the overfield in which it is computed.
The second results from two observations: A ~ B implies ‘A ~ 'B (write the definition of equivalence)

and A ~ A(P) = 'A(P) because A is a diagonal square matrix. O

Remark(s) 5.5.0.4. Another way to say the same thing is the following: let (A,B), (A’,B’) be square
matrices with A invertible. Then, there exist P, Q invertible such that PAQ = A’ and PBQ = B’ if and
only if A’ is likewise and A~'B and A'"'B’ have the same similarity invariants. Indeed, the direct part is

obvious because in this case A’ is invertible (A'"1PA)(A~'B+T)Q = (A’"'B' +T). Conversely, if A~'B
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and A'~1B’ have the same similarity invariants, there exists an invertible I1 such that TI"*A7IBII =

A'"'B’ and we set P = A'TI7'A~1 Q =1I.

Before moving to the second point announced in (3.2.4), the Frobenius decomposition [5.9.0.2} let us
provide some specific properties related to the similarity invariants A linked to the very specific nature

of the polynomial matrix TId —A and draw some delightful corollaries.

5.6 Calculation of V, and Applications

Let A be a matrix of a in some basis. Since V, = Coker(TId —A), it depends up to isomorphism only
on the equivalence class of TId —A and thus on its elementary divisors P, which by definition are the
similarity invariants of a. Since T.Id —A ~ A(P), it is sufficient to compute V, = Coker(A(P)) in this

diagonal case.

Proposition 5.6.0.1. Let a € Endk(V) and P = (P,|---|P1) be its similarity invariants.
1. We have r =n and [ [ P; = xa(T).
2. We have A(P) = diag(P1,---,Py).

3. We have P1|xq|PY so that x, and Py have the same irreducible factors (and hence the same roots in

any extension of k).
4. The k[T]-module V, is isomorphic to ®_k[T]/(P;).
5. P(a) =0 if and only if P1|P. In other words, p, is the minimal polynomial of a.

6. xXa(a) =0 (Cayley-Hamilton).

Proof. Let A € M,,(k) be the matrix of a in a basis V such that TId —A ~ A(P) (4.3.2.3). Hence, there
exist P(T), Q(T)in GL,,(k[T]) such that

diag(Prieo Pr) O )
On—rr On—rn—r
Since the determinants of P(T) and Q(T) are nonzero scalars and both the P; and the characteristic
polynomial xa are monic, by taking the determinant of the preceding identity » = n and xa(T) =
Py -+ P, hence (1) and (2).
Because P; is a multiple of each P;, by taking the product, we find that P} is a multiple of x,, thus
P1|x.|P?T thanks to (1), hence (3).
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According to , the sequence
(K[T))" 25 (K[T))" — & K[T]/(P,) = 0
is exact and is identified by functoriality of the cokernel (cf.
Coker(A) = @ k[T]/(Ai;) =V,

hence (4).

Since Py is a multiple of each P;, it annihilates all the k[T]/(P;). Conversely, if P € k[T] annihilates
» k[T]/(P;), it is a multiple of each P; and therefore (equivalently) of P;. Because V,, is isomorphic

to @, k[T]/(P;). as k[T]-modules, this means exactly P(a) = 0 if and only if P1|P. In other words, P;

is indeed the minimal p, of a hence points (5) and (6). O

Remark(s) 5.6.0.2. e Notice that the above proposition|5.6.0.1| proves the very existence of p, with-
out any previous knowledge. By construction, it is the unique monic polynomial of least degree

annthilating a.

o As we will see later (for example[5.8.0.1)), the last P; are often equal to 1. They contribute by the

zero module to V.

5.7 Diagonalization

We keep the notations of [5.6.0.1]

Corollary 5.7.0.1. The endomorphism a is diagonalizable if and only if its minimal polynomial Py = g,
1s split over k with simple roots. In particular, the restriction of a diagonalizable to a stable subspace is

diagonalizable.

Proof. Suppose Py, and hence all P; (which divide it), are split with simple roots. Then, according to
(5.6.0.1) and the Chinese Remainder Theorem [3.7.0.1) we have an isomorphism

T Vi = @K[T]/Pi 2 @i ©xjp,(a)=0 K[T]/(T = A) = @; @ ky.

This isomorhism identifies a with the multiplication of T on the right hand side. Because T.1) = Al
by the very definition of ky , the various ¢(1,) define a diagonalization basis of a. The converse is
clear.

If W is stable by a, the restriction aw of a to W is annihilated by p, which is thus a multiple of its

minimal polynomial ji4,,. Thus, pe,, has simple roots like p,,. O
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Remark(s) 5.7.0.2. This criterion is often used in the following equivalent form: an endomorphism a
1s diagonalizable if and only if it admits an annihilating polynomial split over k with simple roots. For
exzample, any complex matriz satisfying AN = Id is diagonalizable. It’s however no longer true that a

finite order element of GL(Q) is diagonalizable if Q is of positive characteristic (find an example).

Matrices of a family of diagonal matrices commute pairwise. It is remarkable and important that the

converse is true. The main point is the following easy put important lemma.

Lemma 5.7.0.3. If a,b € Endx (V) commute, then any eigenspace of a is b-stable.

Proof. Let v € Ker(a—AId). One has a(b(v)) = b(a(v)) = b(Av) = Ab(v) proving b(v) € Ker(a—A1d). O

Corollary 5.7.0.4. Let (a;) be an arbitrary family of diagonalizable endomorphisms of V. Then, if

fiof; = fjofi for alli,j, there exists a common diagonalization basis for all the f;.

Proof. We use induction on n = dim(V) > 0. We may assume that n > 0 and that the statement is true
in dimension < n. If all the f; are homotheties A; Id, any base is suitable. Otherwise, let ¢ such that
fi is not a homothety. Then, f; has at least two distinct eigenvalues so that all its eigenspaces E;(\)
are of dimension < n. But they are stable by all the f; and their restrictions f;(\) to each E;()\) are
diagonalizable for all j. For each X, we then choose a common diagonalization base for the f;(\) and the

union of these bases suits. O

We now move to the second point announced in (5.3). Thus, we are looking for a canonical representative
C(P) in every similarity class A just as we found the representative A(P) in T'Id —A. The difficulty is
that A(P) is not of the form T.Id —A’. But this is not a problem, as we will see. Let’s start with the

case where only one of the similarity invariants is of degree > 0.

5.8 Cyclic Endomorphisms

Let V be of dimension n and let P = T" + Z?;OI a;T* € k[T].
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Proposition 5.8.0.1. Let a € Endy (V). The following statements are equivalent:
1. The matriz of A in a suitable basis is the companion matriz C(P).
2. pa=Xa=P.
3. The similarity invariants are 1,--- 1, P.
4. Vo and K[T]/(P) are isomorphic k[T]-modules.

5. Vg is cyclic as (K[T]-module) and p, = P.

Proof. 1= 2. If e;,0 < i <n — 1, is the basis in question, then e; = u’(ey) and

u"(eg) = — Zaiei = Zaiai(eo).

i<n i<n

Thus, V, = k[T].eg and P(T).ey = 0, hence p,|P. Since u’(eg),i < n, are free, there does not exist a
monic polynomial Q of degree < n such that Q(a) = 0 because otherwise Q(a)(eg) = 0 would be a linear
relation, and thus p, = P and u, = x, due to degree reasons since p4|P.
2 = 3. Saying u, = P implies P; = x, and thus P; = 1 for ¢ > 1 as per point 1 of proposition
3 = 4 as per point 4 of proposition [5.6.0.1}
4 = 5 is tautological: we have already seen P = p, in the proof of point [f] of (.6.0.1] If ¢ is then an
isomorphism of k[T]/(P) onto V,, the element ¢(1 mod P) generates V,.
5 = 1. Let ey be a generator of V,. The kernel of the unique k[T] surjective morphism k[T] — V,, that
sends 1 to ep is the annihilator of ey in V,, and thus contains pu, = P. But if its monic generator were
Q of degree < n, then Q(T)ey = 0 but also Q(T)V, = (0) since V, = k[T]eg. Therefore, p, = P would
divide Q, which is impossible since deg(P) = n. O

Remark(s) 5.8.0.2. Observe that we already knew the similiraty invariants (4.3.2.4]). Notice also that
any cyclic submodule kK[T].v of V, is a quotient of K[T| and therefore of K[T]/(ua) because pq(T).v =
to(a)(v) = 0. In particular, dim k[T].v < deg(uq). A vectorv such that K[T].v has the mazimal dimension

deg(q) is called cyclic. In other words, v is cyclic if k[T].v is a cyclic subspace of maximal dimension.

5.9 Frobenius Decomposition

Definition 5.9.0.1. Let P = (P, - ,P1) be a sequence of monic polynomials. We define the generalized
companion matriz C(P) of size n =Y deg(P;) by C(P) = diag(C(P;)) (5.2.1).
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We can now conclude with the second point announced in (5.3). We are thus

looking for a canonical representative C(P) in each similarity class A.

Ferdinand Georg Frobenius

Note that C(1) is... the empty matrix, as any matrix of endomorphism of k[T]/(1) = (0)!

Theorem 5.9.0.2 (Frobenius Reduction). Let P=(P,|---|P1), i = 1,--- ,n be monic polynomials of
k[T] and A € M, (k).

1. The family of similarity invariants of C(P) is P.

2. If P is the family of similarity invariants of A, then A is similar to C(P).

Proof. Let r be the highest index ¢ such that d; = deg(P;) > 0. According to the characterization of cyclic
endomorphisms , for every i < r, the matrix T Id —C(P;) is equivalent to diag(1,---,1,P;) (with
1 repeated d; — 1 times) and thus can be written as Q/ diag(1,--- ,1,P;)Q; " with Q;, Q} € GLgeg(p,)(k),
while C(P;) is empty for ¢ > r. Thus with Q = diag(Q;), Q' = diag(Q}),i <r

T1d-A = Qdiag, (diag(1, -+, 1,P;)) Q" ~ diag(Py, -+ Py, 1, 1)

with 1 repeated ),  .(d; —1) = n — r times thus diag(Py,---,P,,1,---,1) = diag(Py,--- ,P,). By
uniqueness of elementary divisors, (1) follows.
For (2), from (1) it follows that A and C(P) have the same similarity invariants, therefore are similar.

O

Exercise(s) 5.9.0.3. Let o, € k and a € Endg (V). Compute the similarity invariants of aa + 51d

based on «, B, and the invariants of a.

Exercise(s) 5.9.0.4. Compute the similiraty invariants of 2 by 2 matriz. In the real case, are these

invariants continuous with respect of the matriz coefficients ?

5.9.1 Equivalent Formulation

With the previous notations, we have V, = &V, where V; ~ k[T]/(P;) as k[T]-modules. In particular,
the antecedent v; € V; of 1 € k[T]/(P;) generates V;: it is a cyclic vector of the restriction of a to V;. In
other words, the unitary generator ji, o, of the ideal of polynomials P such that P(a)(v;) = 0 is of maximal
degree, namely the degree of the minimal polynomial of ajy,. Alternatively, equivalently, 4., = Hayy, -
We can rewrite the Frobenius theorem by stating that there exists a decomposition V, = ®V; where
each V; is cyclic of minimal polynomial P; with the usual divisibility condition. Moreover, give such a

decomposition, the P; are the similarity invariants.
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5.10 Summary

Collating what we have proved, we have the following results.

Let A,B € M,,(k) and P = (P,|---|P1) a family of monic polynomials.
e A and B are similar if and only if they have the same similarity invariants.
e The family of similarity invariants of C(P) is P.
If P is the family of similarity invariants of A, we have:
e A and C(P) are similar.
o Vo ~ @k[T]/(P;) where A also denotes the endomorphism of V = k™ associated.
e TId—A is equivalent to diag(Pq,---,Py).

P is calculated by Gauss elimination by "diagonalizing” TId —A in M, (k[T]).

We have xp =P1---P,, and Py = pa.
o The similarity invariants of C(P) are (1,---,1,P).

The proof strategy is illustrated by the following diagram.

Ay B,

C(Py) Xld-A;

Mn(k)/= Inclusion Mn(k[X])/N

AZ BZ

Py Xid-A,

As(X) Bs(X) Similiraty

- Polynomial Invariants As(X) Bs(X)

P=(Py,...,P1)

A(P)| >deg(P)=n

A(P)| 3deg(P)# n

5.11 Application: Commutant

It is then easy to study the commutant (see [iil)

Com(a) = Endyjr)(Va) ~ Endyr (@k([T]/(P;)).

XId-B,

XId-B,

Equivalence
Classes

79
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for example, to calculate its dimension.

Proposition 5.11.0.1. The dimension of Com(a) is Y (2i — 1) deg(P;). In particular, dim Com(a) > n

with equality if and only if a is cyclic.

Proof. We have
Endy ) (€k[T]/(P;)) = &;,; Homy ) (k[T]/(P;), k[T]/(P;))

Since k[T]/(P;) is cyclic generated by the class of 1, an element of
Homyery (K[T]/(P3), k[T]/(P;))

is determined by its image (P mod P;) where P satisfies

(%) P,P=0 modP;

(universal property of the quotient [3.6.0.1)). If ¢ < j, we have P;|P;, and this condition is automatically
satisfied so that
Homypy (k[T]/(P;), k[T]/(P;)) ~ k[T]/(P;) if i < j

If i > j, we have P;|P; so the condition () reads P =0 mod P;/P; so that
Homygr) (K[T]/(P3), k[T]/(P;)) = P;/P:k[T]/(P;) = k[T]/(P;) if i > j
We therefore have

dimy (Com(a)) = Zdeg(Pj)JFZdeg(Pi)

1< >3

Zj deg(P;) + Z(i — 1) deg(P;)

= (20— 1) deg(Py)

Usin n = ) deg(P;), we get dim Com(a) —n =27, (i — 1) deg(P;) > 0. Furthermore, equality implies
(i — 1) deg(P;) = 0 for every i, thus deg(P;) = 0 if ¢ > 1 so that equality is equivalent to the cyclicity of
a. O

Exercise(s) 5.11.0.2 (Bicommutant, difficult). Show that the inclusion kja] C Com(Com(a)) is an

equality where Com(Com(a)) is the set of endomorphisms that commute with all elements of Com(a).

5.12 Application: Jordan Reduction

Let A € M,,(k) and P the similarity invariants of A. Assume xa splits over k and denote by A the set of

its distinct roots. One gets

xa(D) =T, (T—-n".
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Let us explain why the Frobenius reduction immediately leads to the Jordan
reduction of endomorphisms with a split characteristic polynomial. We retain
the previous notations (and remind that a matrix of size < 0 is an empty

matrix).

Camille Jordan

If we specialize to the case Yo = T", we have P; = T% with d; > 0 decreasing and >d; =d.

Definition 5.12.0.1. A partition of an integer n > 0 is a decreasing sequence d = (d;)1<i<n of integers

> 0 such that . d; = n.

Since each P; divides xa, we have

(iv) P, = HA(T — N0 where dy = (dy;)iis a partition of dy.
By applying the Chinese remainder theorem [3.7.0.6] we have
Va = @ & K[T]/((T = )).
Let By; = ((T —A;) mod (T —A\)®™4);q, . It is a k-basis of k[T]/((T — A)®. The formula
T(T — A\ = (T — AT+ (T — \)!

ensures that the matrix Matsg, ,(T) theof multiplication by T on k[T]/((T — A)® is A + Jg4, , where
Jm = C(T™) is the standard Jordan block of size m (5.2.1). Thus, we have

Theorem 5.12.0.2 (Jordan Reduction). Under the assumptions and notations above, we have:

1. A is similar to a unique diagonal matriz diag(X + Jg, ) with for every X the sequence (d; x); being

a partition of dy.

2. In particular, if xa = T™ (i.e., A is nilpotent), there exists a unique partition d = (d;) of n verifying
A is similar to the diagonal block matriz J4 = diag(Ja,,, - ,Ja,). The similarity invariants of A are

dn Mdn— d
Tdn Tdn-1 ... Td1,
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Remark(s) 5.12.0.3. The uniqueness follows from the fact that once the Jordan reduction is given, the
calculation of its similarity invariants follows. Indeed, if the Jordan form consists of blocks of the type
Md,. +J,., each such block is associated with the polynomial (T — X)". For each eigenvalue \, we order

the blocks that appear in descending order, and write down the corresponding polynomials in columns

with di11; < d; j. We then read off the invariant factors P1,Po, etc., from the rows (starting from the

last one).

Exercise(s) 5.12.0.4. Let M € M,,(k) be a nilpotent matriz.

1. Show that k(M) = n — 1 if and only if the Jordan reduction is J,,.

2. If k = R, show that the set of nilpotent matrices of rank n — 1 is the largest open set of the set of
nilpotent matrices on which the Jordan reduction is continuous (with the topology defined by a norm

on M,,(R)).

3. Show that rk(M) = n—2 if and only if M has ezxactly two Jordan blocks J,,J,—, where p is the index
of nilpotency of M. Show that p > n/2.

4. Let p>n/2, an integer ¢ = n—p, and set fort € k, let My = diag(J,, Jq) +tEpiq,p (adding t at the
bottom of the p-th column). Calculate the index of nilpotency of M; depending on t. Deduce that the
Jordan reduction of My is diag(Jpy1,Jq—1) if t # 0 and diag(J,,Jq) otherwise.

5. Assume k = R. What is the set of continuity of the Jordan reduction application restricted to the
subset of nilpotent matrices of rank n — 2 (with the topology defined by a norm on M, (R))?

5.12.1 Examples

(1) The elementary divisors of the Jordan reduction

SO O O o O >
oS O O » o O

oS O O O > =
S O > = O O
o > O o o o
T O©O o o o o
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(where X # ), are

The similarity invariants are thus

(T=X), (T=N?, (T=X*T~-p).

0 4 2
(2)IfM=]-1 -4 -1/, we have
0o 0 -2

T -4 -2
TI-M= |1 T+4 1
0 0 T+2

Let’s perform elementary operations according to the algorithm - or rather its outline - described in the

proof of the proposition :

T -4 -2 1 T+4 1
Lj<+Lo

1 T+4 1 — T -4 —2

0 0 T +2 0 0 T+2

Cy—Cy—(T+4)Cy

1 T+4 1 1 0 0
Lo C3—C3—Cy
ottt g —4-T(T+4) -2-T — 0 (T+2)? —2-T
0 0 T 42 0 0 T+2
C1+Co
1 0 0 1 0 0
Lo—Lo+Lg 5 LyeLa
e, 0 (T+2) 0 — 0 T+2 0
0 0 T+2 0 0 (T +2)?
-2 1 0

The similarity invariants are thus T + 2 and (T +2)? and the Jordan reductionis [ 0 -2 0 |. An

endomorphism with matrix M is not cyclic.
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3 1 0 O
— -1 0 0
3)UM= , we obtain as the reduction for TT — M the matrix

6 1 2 1
-14 -5 -1 0

(T —1)2 0 0 0

0 (T-1)2 0 0

0 0 1 0

0 0 0 1

The invariant factors are (T — 1)? and (T — 1)2, and the Jordan reduction is An

o O O =
S O = =
[y
—

endomorphism with matrix M is not cyclic.

(4) An endomorphism is cyclic if and only if, for each eigenvalue, there is only one Jordan block.

5.12.2 Supplement on nilpotent matrices

Let A be a nilpotent matrix and d the associated partition . Since the Jordan block J, is the
matrix in the canonical basis of the multiplication by T of k[T]/(T?), the image of J} is identified with
T'k[T]/(TP)/ ~ Kk[T]/(TP~*). We derive the equality rk(J}) = (p — i)+ and more generally
(v) rk(AT) =) (dj — )4
J
We set
di = dim(Im(A"™1)/Im(AY)) = rk(A"™1) —rk(AY), i =1,--- ,n

(with A = 1d) so that we have Y. df = n and df > 0. Moreover, the multiplication by A induces
a surjection Im(A*"1)/Im(A?) — Im(A?)/Im(A"™!) so that d decreases. We have by construction
tk(AY) =3 . df

j>i g

(vi) n—1k(A") =>"d

J<i

Definition 5.12.2.1. The partition d* = (d}) is said to be the dual partition of d.

We now rewrite of the dual partition and prove that partition duality is involutive as usual!
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Lemma 5.12.2.2. With the previous notations, we have df = Card{j|d; > i} and d** = d.

Proof. We first write

di = Z(dj —i+ 1) —(dj — 1)+

J

= Z (dj —i+ 1)y —(dj —i)y

Jld;>i

:Zl

Jld;=i
= Card{j|d; > i}

giving the first equality. For the second, we write

& = Card{j|d; > i}

Card{j| Card{k|dy > j} > i}

But Card{k|dy > j} > i if and only if d; > j. Indeed, if there is an ordered set of indices K of cardinality
> i such that k € K = di > j, then its i-th element k is > 7 and d; > di > i by the decreasing nature of d.
Conversely, if d; > j, then d, > j for k < i always by the decreasing nature and thus Card{i|d; > j} > i.
Thus Card{j| Card{k|dy > j} > i} = d;. O

Remark(s) 5.12.2.3. The usual argument uses Young’s tableau giving proofs, more or less convincing,

of a graphical nature. It is unnecessary for us to introduce these additional notations.

5.13 Appendices

5.13.1 Algorithm for moving from equivalence to similarity

We know therefore that if TId — A and TId — B are equivalent, i.e., if there exist P(T), Q(T) polynomial

and invertible matrices such that
P(T)(TId — A) = (TId — B)Q(T) !,

then there exists P € GL,, (k) such that B = PAP~!.
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Proposition 5.13.1.1 (Thanks to O. Debarre). There exists an algorithm for computing such a P.

Proof. We can perform the divisions by monic (here of degree one) in R[T] with R = M, (k[T]) (5.2.0.1))

acy
3
I

(TId — B)P1(T) + Py,

Q1 (T)(TId — A) + Qo,

L

=
L
I

with Py and Qg in M, (k) (let’s stress that R is not in a commutative ring). We obtain by substituting
((TId — B)Py(T) + Po)(TId — A) = (TId — B)(Q: (T)(TId — A) + Qo)

or also
(TId — B)(P1(T) — Q1 (T))(TId — A) = (TId — B)Q — Po(TId — A).

The left-hand side is therefore of degree at most 1 in T, which is only possible if P1(T) = Q;(T). Thus
(TId — B)Qo = Po(TId — A) (argue by contradiction and look at the highest degree term). The equality
of the coefficients of T gives Qo = Py, that of the constant coefficients gives BQy = PoA. It remains to

show that Qq is invertible. We perform another division i R[T]

Q(T) = Qu(T)(TId - B) + Qo

and we write

Id = QT)~'Q(T)
= (Qu(T)(TId — A) + Qo)Q(T)
1(T)(TId = A)Q(T) + QoQ(T)
= Qu(T)P(T)"(T1d — B) + Qo(Q:(T)(TId — B) + Qo)

= (Qi(T)P(T)* + QoQ1(T))(TId — B) + QoQo.

l

Again, as QoQo is constant, the factor of TId — B is zero and QuQo = Id, hence the conclusion. O

5.13.2 Jordan reduction by duality of nilpotents without modules

We are going to give a classical proof of the Jordan reduction theorem [5.12.0.2 by induction on dimension.
We'll freely use using standard methods of duality (see chapter below) to deal with the nilpotent
matrices. The reader we’ll prove the general case and of characteristic spaces (i.e.primary components
of V) by reduction to characteristic spaces (see chapter [8| below) thanks to the kernel lemma to
prove the general case see chapter.

We start the induction in dimension 0. So let a be a nilpotent endomorphism on V of dimension n > 1
and d = deg 1, > 1 its index of nilpotency. Since a?~! # 0, we can choose v such that a®~!(v) # 0. As

the vector is non-zero, we further choose ¢ € V* such that (p,a?"1(v)) # 0.
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By construction, the spaces W = k[a].v and W, = k['a].p are stable by a and ‘a respectively generated
by a‘(v),i < d—1 and *a’(¢),i < d — 1 respectively. Their dimension is therefore < d. We easily verify
that these generating families are free, so they are of dimension d. In particular, W is cyclic and the
matrix of (the restriction to W of) a in the previous base is the standard Jordan block J4. As W* is
stable by ta, its orthogonal W € V** = V is stable by *a = a, hence is of dimension n —d < n. We
can thus apply the induction hypothesis to the restriction of a to W'.

It remains to verify that the sum W + W is direct therefore that W N W = {0} since the dimensions

are complementary. So let >°.__ \;a’(v) be in the intersection. If any of the )\; is non-zero, choose j the

i<d
smallest index of non-zero coefficients and apply a1~y € W,. We thus have

0= (""", > Na'(v)) = (p, y_ Xa® I () = Nj{p,at T (v)) £ 0,
i<d i>j

a contradiction.

5.13.3 Frobenius decomposition without modules

We are now going to give a proof of the Frobenius theorem [5.9.0.2] by induction on dimension using
standard methods of linear algebra (see also [5.9.1]). This is in fact just an adaptation of the previous
proof |5.13.2 of the Jordan reduction theorem. It will not be algorithmkﬂ due to the use of the kernel

lemma for the following key lemma.

Lemma 5.13.3.1. Every endomorphism in finite dimension admits a cyclic vector.

Proof. The ideal of k[T] of polynomial P such that P(a)(v) = 0 has a unique monic generatr i, , which
divides 1 = pq. Suppose that p is the power P¢ of an irreducible polynomial. Each minimal Haw 18
therefore of the form P% with d, < d. If for every v, d, < d — 1, we would have P?~!(a)(v) = 0, a
contradiction with p, = P9.

In the general case, decompose p, =[] Pfi into powers of irreducible factors pairwise coprime. On each
kernel K; = Ker(P%(a)), the minimal of ajx, is P%, so thanks to what precedes there exists a cyclic
vector v; for a|k,. It remains to apply the kernel lemma @ to be convinced that the sum of the v; is

a cyclic vector for a. O

Exercise(s) 5.13.8.2. Using theorem and the corresponding algorithm, write an algorithm to
find a cyclic vector. Implement it with SAGEMath.

For the existence of the Frobenius decomposition, we will thus adapt the demonstration of the previous

section. Suppose therefore that a is an arbitrary endomorphism of V of finite dimension of minimal

2For the interested reader, see http://www.lix.polytechnique.fr/~augot/CRAS_94.pdf|for an algorithm. Compare with

exercise @ infra.


http://www.lix.polytechnique.fr/~augot/CRAS_94.pdf

88 CHAPTER 5. SIMILARITY CLASSES OF My (K)

polynomial i, of degree d and choose v a cyclic vector for a. The subspace W = kla].v is cyclic, stable
of dimension d so that the minimal of ajw is pi,. The same is true of its transpose ta‘w € Endx(W*)
; let @ € W* a cyclic vector for ‘ajw € End,(W*). As the degree of its minimal is d which is also the
dimension of W*, we have k[‘ajw].¢ = W*.

Let ¢ € V* be an arbitrary linear extension of ¢ € W* = Homy (W, k) to V and set W, = k['a].p C V*.
As any monogenic subspace, W, has dimension < d. But since the restriction of forms to W surjectively
maps W, = k['al.p C V* to = k['ajw].¢ = W* because it maps ¢ to ¢jw = @, this restriction is an
isomorphism W, ~ W*. In particular, ¢ is cyclic for *a.

As above, W and W are stable with complementary dimensions, with W being cyclic. Furthermore, the
minimal polynomial of a1 divides p,. What remains is to prove that the sum of W and Wi is direct
to conclude by induction. However, if w € W is orthogonal to W,, then for all ©» € W, the nullity of
(¥, w) is just (Yw,w). Since the restriction W, — W* is an isomorphism, it follows that w is orthogonal
to every form of its dual, thus is zero.

For uniqueness, suppose, with obvious notations, that we have two Frobenius decompositions
V =aV;(P;) = oW;(Q;).

Let us show by strong induction that P, = Q; for every i. We already necessarily have P; = p, = Q;.
Now assume ¢ > 1 and P1 = Qq,...,P;_1 = Q;_1.
On one hand, we have

because P; divides Pj = pu,v, |P; if j > 4. On the other hand, we have

and

because, in suitable bases, the matrices of the restrictions of a to V; and W; are the same companion
matrices associated with P; = Q; if j < 4, and so it is the same for those of P;(a). By calculating the
dimension of P;.V in two ways, it follows that dimP;W; = 0 and thus Q;|P; since Q; is the minimal

polynomial of @ on W;. By symmetry of roles, we have P; = Q.

5.14 Implementations in Sage

We have used SageMath version 9.7, Release Date: 2022-09-19, Using Python 3.10.5.

5.14.1 Elementary Divisor Calculations
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# Function to calculate elementary divisors
def divelem(a):
m = a.nrows ()

n

a.ncols ()

d =[]

# Matrices of size <= (1,1)

if m* n=— 0 or a =— zero(ZZ, m, n):
return d

a = zerotage(a)

d=d+ [a[0, 0]]

# Row or column matrices

if m— 1) *« (n — 1)

— 0:
return d

# Non—row or column matrices
d = d + divelem(a[l:m, 1l:n])

# By recursion, d is defined and a is equivalent to diag(d)

return divdiag (d)

def divelem norm(a):

return [p / p.leading coefficient () for p in divelem(a) if p != 0]
d = divelem norm(a)
tmps2 = time. time ()

print ((tmps2 — tmpsl) * 1000, ’'ms’)

Remark(s) 5.14.1.1. This Polynomial Gauss Pivot program quickly becomes deficient when, for exam-
ple, Q is replaced by R. The reason is the structural numerical instability of the Gauss pivot. When
pivoting on scalar matrices, we partially compensate for this by always choosing the largest pivot in ab-
solute value to try to prevent the coefficients from exploding and exceeding the machine’s capabilities, but
this becomes impossible with polynomial pivoting. It’s an interesting subject for reflection to see how we
might overcome this difficulty. We chose to reprogram a number of native Sage functions, such as the

elementary operations, to clearly illustrate the algorithm.

5.14.2 Jordan-Chevalley Decomposition

# Thanks to Antoine Castellani for this SAGE code calculating Dunford’s reduction
1 =5

d =4

k.<u> = GF(1°d)
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# To switch fields , uncomment and comment the above line for field k = QQ
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# Adaptation is necessary if the field is not perfect: a good exercise

R.<x> = PolynomialRing (k) # Replace 'k’

with 'QQ’

or 'k.<u> = GF(p~n)’

# Version to avoid using the factor () command in SAGE

def remove square factors(P):
p = k.characteristic ()

if p = 0:

return P / ged (P, diff(P))
els®

u = ged (P, diff(P))

v =P / u # Returns terms without square when power

if v—=P:
return v

else:

w=u / gcd(u, v*(P.degree())) # Returns the other terms, i.e., those whose power
divided by p. We can therefore take the p—th root

root  w = (w.numerator()).nth root(p) # Returns the p—th root of w and iterate

return v * remove square factors(root w)

def Hensel(P, x 0, n):

# P polynomial

# x_0 from lemma

# n integer

solutions = [x 0]

N = valuation(n, 2) + 2

for j in range (N):

i = P(solutions|[j])

r = (diff (P)(solutions|[j])).inverse()
solutions .append(solutions[j] — r = i)

return solutions [N]

def Jordan(a):

# a square matrix

n = a.nrows ()

pi = remove square factors(minpoly(a))

Delta = Hensel(pi, a, n)

return "D =" Delta, "N =", a — Delta, "
# Testing
# a = matrix(k, [[1, k.random element(),

# Jordan (a)

test !

1], [0

)

)

a x Delta — Delta * a

1, 1], [0, 0, 2]])

is not divided by p
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5.15 Additional Exercises

Exercise(s) 5.15.0.1. Prove that a € Endy (V) is triangulable if and only if x, is split. Demonstrate that

a family of commuting and triangulable endomorphisms admits a common triangulation base (inspired by
the proof of[5.7.0.4}).

Exercise(s) 5.15.0.2. Consider G, a commutative subgroup of GL,(R) where every element is squared

to 1d.

1. Prove that G is finite with cardinality < n (refer to|5.7.0.4 and|[5.7.0.4).

2. Prove that if GL,(R) and GL,,(R) are isomorphic, then n = m.
3. Can you generalize this to other fields?

4. What happens if G is no longer assumed to be commutative?
Exercise(s) 5.15.0.3. Using the notations and results from|3.8.0.15

1. Let P € CI[T]. Show that the roots of P are simple if and only if the discriminant of P, defined by

Res(P,P’), is non-zero.

2. Considering the discriminant of the characteristic polynomial of a complex square matriz, prove that
the set of M,,(C) matrices with distinct eigenvalues is dense and that its complement is of zero

Lebesgue measure.

Exercise(s) 5.15.0.4. In this exercise, we assume that k = R and accept that every irreducible polyno-

mial in R[T] has a degree of at most 2. Let a be an endomorphism of V.

1. Using the Chinese remainder theorem, demonstrate that V, can be written as a direct sum of R[T]-
modules of the form R[T]/(T —a)™ or R[T]/(T? = bT — ¢)™ with , b, c being real numbers such that

b2 4 4c < 0 and m,n being strictly positive integers.

2. Show that (T — )™ 1 ... (T — «),1 is a basis of the R-vector space R|[T]/(T — o)™ and that
T(T2 = bT —c)" L (T2 =0T —c)" L, ..., T(T? =0T —¢), T2 = bT — ¢, T, 1 is a basis of the R-vector
space R[T]/(T? — bT — ¢)".

3. In both cases, write the matriz of multiplication by T in the basis given in the previous question.

Such matrices are called real Jordan blocks.

4. We assume that the matrix of a is

0000 0 O
0000 O0 O
01 000 -1
001 00 O
0 001 0 -2
00001 O
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Give the decomposition of this matriz into real Jordan blocks.



Chapter 6

Semisimplicity in M, (k)

Jorge Luis Borges

Simplicity // It opens, the gate to the garden/ with the docility of a page/ that
frequent devotion questions and inside, my gaze/ has no need to fix on objects/
that already exist, exact, in memory.// I know the customs and souls/ and that
dialect of allusions,/ that every human gathering goes weaving./ I've no need to
speak/ nor claim false privilege;/ they know me well who surround me here,/
know well my afflictions and weakness.// This is to reach the highest thing,/
that Heaven perhaps will grant us:/ not admiration or victory/ but simply to

be accepted/ as part of an undeniable Reality,/ like stones and trees.

6.1 Perspective

I\

We show algorithmically how the study of similarity classes reduces to the
classes of nilpotent matrices in M, (k) (5.12.0.2)) and to those of diagonalizable
matrices over an algebraically closed field Q containing k, the (absolutely)

semisimple matrices.

The Jordan-Chevalley decompositiorﬂ (over fields of characteristic zero and more generally perfect fields)

is the cornerstone of the theory of algebraic groups and Lie algebras. In the complex case, it will also be

specified how this decomposition is generally discontinuous, continuous if the characteristic polynomial

is fixed.

In this chapter, unless expressly stated otherwise,

k denotes a perfect field (6.2.3.1) and Q an algebraically closed field that contains it.

Hnterestingly, the term Dundford decomposition is found for Jordan-Chevalley decomposition in French literature.

93
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6.2 Semisimplicity

Semisimplicity is the right generalization of diagonalizability in the case of perfect fields as we will see.

Let’s start with some formal generalities.

Ryoan-ji, Kyoto

6.2.1 General Semisimple Modules

In this paragraph, R denotes an arbitrary commutative unit ring.

Definition 6.2.1.1. A R-module is said to be
o semisimple if every submodule has a complement;
e simple if it is non-zero and has no non-trivial submodules.

An endomorphism a € Endyx (V) is said to be semisimple if the k[T|-module V, is.

Exercise(s) 6.2.1.2. Demonstrate the following points.

1. A vector space is semisimple, and is simple if and only if it is of dimension 1.

2. There exists a € Endk(V) such that V, is not semisimpltﬂ.

3. The Z-module (i.e., abelian group) Z/4*Z is not semisimple (cf. infra).
4. A principal Ting that is not a field is never semisimple as a module over itself.

The following observations are elementary but very useful.

2Consider a nilpotent in dimension 2 for example (6.2.4.1)).
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Proposition 6.2.1.3. Let N be a submodule of a semisimple module M.
o M is isomorphic to N @ M/N.

e Fvery submodule is isomorphic to a quotient module and every quotient module is isomorphic to a

submodule.

e Both N and M/N are semisimple.

Proof. Let S be a complement of N in M. The canonical surjection f : M — M/N defines by restriction an
isomorphism S =+ M/N hence the first point. But then, the first projection M = N®&M/N is surjective and
identifies N to the quotient Coker(p). Similarly for the quotients with the inclusion M/N < M = N®&M/N;
hence the second point. For the last point, if M’ is a submodule of M/N, a complement S is chosen for the
submodule f~1(M’) and it is verified that f(S) is a complement of M’ in M/N so that M/N is semisimple.
But as N is identified to a quotient of M, the same is true for N. | O

Exercise(s) 6.2.1.4. Show that M is semisimple if and only if every short exact sequence is split (cf.

ERE)

6.2.2 Semisimple Modules over Principal R

If m is a torsion element of some R-module, its annihilator Anng(m) has a non-zero generator, well

defined up to invertible elements: its minimal ., (see the proof[5.13.3.1|for a special case of this notion).

Proposition 6.2.2.1. Suppose M is a module over principal ring R which is not a field.
1. There exists an irreducible element p of R.
2. R/(p?) and therefore R is not semisimple.

3. M is semisimple if and only M is torsion and if the minimal of every element is square-free.

Proof. As R is not a field, R has a non-null non-invertible element whose any of its irreducible factors

meets (1).

If R/(p?) were semisimple, the exact sequence 0 — R/(p) 2 R/(p?) — R/(p) — 0 would be split since
pR/(p) would have a complement in R/(p?) and thus R/(p?) ~ R/(p) ® R/(p) (3.8.0.3)). But this would
imply that p kills R/(p?), which it does not hence (2). Moving on to (3).

= If m € M has a trivial annihilator, R = R is injective so that R is a submodule of M and therefore

should be semisimple, which it is not (6.2.1.2)). Hence, every element is torsion. Let then m whose
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minimal g, is divisible by p? with p an irreducible so that R/(i,) is a submodule of M. Assume
absurdly M semisimple. Then, R/ (i) is also a quotient of M and therefore the same for R/(p?)
(as a quotient of R/(p,) therefore of M) which then would be semisimple, which it is not according to
(2).

< Assume the minimal of every element is square-free and let N submodule of M. Then, for every p
irreducible, we have M[p|] = |J,,», Annu(p") = Annm(p) . As M is torsion, the Chinese lemma
ensures M = @, Anny(p) for p describing the irreducibles up to a unit (exercise). But the
structure of R-module of Anny(p) is factored through R — R/pR = k(p) which is a field because R is
principal : Anny(p) is a k(p)-vector space. Likewise, we have N = @&, Annn(p). Let then for every p a
complement S, of the k(p)-vector subspace Anny(p) of Anny(p). The R-module &S, is a complement
of N. O

6.2.3 «Reminder» on Perfect Fields

On a general field K, it may happen that a polynomial without squared factors has multiple roots in a
larger field. For example, this is the case with T2 +¢ in K = Fy(t), the field of fractions of the polynomial

ring Fo[t] [t is assumed to be transcendental over Fy|. This does not occur in perfect fields. Let p be a

prime number and R a ring such that pR = {0}. The well-known divisibility p| P forl1<n<p-1
n

and the binomial formula ensure that the application F : r — 7P is a ring morphism called the Frobenius

morphism. If R is a field, it is additionally injective as any morphism of fields.

Definition 6.2.3.1. A field of characteristic p is said to be perfect if p =0 or if every element admits a

p-th root, i.e. if its Frobenius morphism is an isomorphism.

Thus, every finite field is perfect since an injection between finite sets is bijective. Therefore, we must

prove the following statement.

Lemma 6.2.3.2. Let k be a perfect field and P € k[T|. Then, P is square-free if and only if GCD(P,P’) =
1. In particular, if k is perfect and P irreducible, then GCD(P,P’) = 1.

Proof. The direction < immediately follows from Bézout’s identity. Let’s consider the direct direction.
Suppose P is without squared factors and write P = [ [ P; with P; irreducible. If GCD(P,P’) # 1, one of
the P; divides P’ = >, Pi [ [,; P; and thus P;[P;. By comparing degrees, we have P} = 0. This implies
that the characteristic of k is a prime number p and that all coefficients of P; of indices not multiples
of p are zero: P; = ) a,,T"P. But in this case, we have P; = (>, a%pT”)p because the Frobenius of

k[T] is a ring morphism. A contradiction with the irreducibility of P; O
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Exercise(s) 6.2.3.3. Let V be a k-vector space of finite dimension and ¢ an automorphism of k. Denote
[¢] ® V as the vector space with underlying group V and external law X.jplv = @(A)v. Show dim(V) =
dim([p] ® V). Deduce that any field of finite dimension over a perfect field is still perfect.

6.2.4 Criterion for Semisimplicity of V,

The calculation of GCD of polynomials does not depend on the base field (for example because Euclid’s
algorithm does not depend on it) nor does that of the minimal of the matrix. According to [5.7.0.1} the
condition GCD(pg, p),) = 1 therefore means that the matrix of a is diagonalizable in M,,(£2). In the case

of V,, this can be summarized as follows.

Proposition 6.2.4.1. Let a € Endx(V) (with k perfect) whose matriz A € My (k) is in a given base.

The following propositions are equivalent:
1. The minimal g of a is without squared factors.
2. GCD (g, pl,) = 1.
3. A is diagonalizable in M,,(£2).
4. Vg is semisimple.
5. Every submodule of V, is semisimple.

If these equivalent conditions are met, a is said to be semisimple (ditto for a matriz of a).

Families of commuting diagonalizable endomorphisms being simultaneously diagonalizable ([5.7.0.4]), we

deduce

Corollary 6.2.4.2. Let a,b € Endx (V) with a,b semisimple that commute (k perfect) and P € k[X,Y].

Then, P(a,b) is semisimple.

This corollary is false in the imperfect case.

Remark(s) 6.2.4.3. When the base field K is not perfect, there are semisimple matrices over K which,
0 t
10
over K = Fy(t) because xa(T) = T? +t is irreducible over K but not over K(t'/?) = K[r]/(7% — t) and a

considered in a superfield, are no longer so. With the notations of|6.2.3, this is the case with A =

fortiori over Q D K. Moreover, A 4+ t'/21d is even nilpotent! The correct notion in the non-perfect case

is that of absolute simplicity defined by the condition GCD (g, it)) = 1, stronger than semisimplicity.
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Exercise(s) 6.2.4.4. Let p be prime, K the field of fractions of Fp[T] and V = K[X,Y]/(X?-T,Y?-T).
Show that V is of finite dimension over K and that the K-endomorphisms of V multiplying by X and Y
respectively are semisimple, commute but their difference is nilpotent (this is exercise 14 chapter VIL.5 1@/
rewritten without tensor product). Prove without recourse to simultaneous diagonalization that the sum

of two absolutely semisimple matrices is absolutely semisimple using the exercise[5.15.0.3

6.3 Jordan-Chevalley Decomposition

Let’s begin with a very important result, although easily demonstrated, which allows the construction of

polynomial roots step-by-step (adaptation of Newton’s method).

6.3.1 Hensel’s Lemma and Existence

/%{4/ = %)’l‘v/

Kurt Hensel Isaac Newton

Lemma 6.3.1.1 (Hensel-Newton). Let 1 be a nilpotent ideal (IN = 0) of an arbitrary ring R and P € R[T].
Assume there exists xg € R such that P(xzg) =0 mod I and P'(z9) mod 1 is invertible. Then, there exists

x € R such that © = zy mod I and P(x) = 0.

Proof. First, observe that if @ mod I is invertible, then a is invertible in a. Indeed, if b mod I is its
inverse, ab = 1 —¢ with ¢ € I. Formally expanding 1/(1 —4) into a series, we deduce that 1 —1 is invertible

with the inverse Y, _y i* since i* = 0 for k¥ > N and thus b/(1 — i) is the inverse of a.
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We will compute (algorithmically) an approximate root
2k — 2k —
xzr mod I* |P(zx) =0 mod I and zx =x¢p mod I

by successive approximations. Proceed by induction on k > 0 (with tautological initialization). Assuming

the property holds at rank k, we then seek xx11 in the form 541 +¢, € € 12° 50 that ZTg41 1s indeed an
. . ok

approximation of zx mod I¢ .

The entire Taylor formula gives
P(wg41) = P(xy) + P/ (z) + 2 Q(z, )

with Q[T, Y] € R[T, Y] (check this!). Since 2y = 29 mod I, we have P’'(z1) = P’/(z¢) mod I and therefore
P’(x;) mod 12" is invertible. We then set ¢ = —P(z)/P'(z1). € € 12" is guaranteed by the construction
of z,. As e? € I2k+1, this choice is suitable. To conclude, we choose k such that 2¥ > N + 1 and set

x = x: the algorithm converges exponentially! O

Corollary 6.3.1.2 (Existence). Let a € Endx(V) (with k a perfect field). There exist d,v € kl[a] C

Endy[a] such that a = d+ v and d semisimple, v nilpotent. In particular, d and v commute.

Proof. Let m € k[T] be the product of the irreducible factors of the minimal p, of a. As it is without
squared factors, it is coprime with its derivative. Choose «, 8 € k[T] such that ar + 7’/ = 1.

Let I be the ideal 7(a)k[a] of k[a]. We have pq|n™ and therefore 7™ (a) = 0 so that I" = 0. Furthermore,
we have B(a)n’(a) =1 mod I and thus n'(a) mod I is invertible. By setting x9 = a € k[a], we deduce
the existence of = € k[a] such that x = @ mod I and w(x) = 0 mod I" = (0). We then set d =  and
v=a—"P(a). As w(d) =0, d is absolutely semisimple. Since v = a —P(a) € I and I" = 0, v is nilpotent.
| O

Remark(s) 6.3.1.3. This is essentially Chevalley’s proof. Beyond its algorithmic character (very fast),
it is important because it allows the definition of semisimple and nilpotent parts within the context of Lie

algebras and algebraic groups (on a perfect field), see for example the excellent [7].

6.3.2 Uniqueness

Theorem 6.3.2.1 (Jordan-Chevalley). We still assume k is a perfect field.

1. Leta € Endy (V). There exists a unique pair (d,v) with d semisimple, v nilpotent, d and v commuting

with a = d + v.
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2. Let x € kK[T] be a monic polynomial of degree n. There exists P € k[X] (depending only on x) such
that if xa = X, then d = P(a) and in particular d,v € R = k[a] C Endy[a].

Proof. Only uniqueness requires an argument given the above. Suppose d, v as in the theorem and a pair
d',v'" € k[a] as in Corollary Since d, v commute with each other, they commute with d + v = a.
They therefore also commute with d’, 2’ because these are polynomials in a. But d +v = d’ + 1/ i.e.,
d—d =v' —v. However, v/ — v is nilpotent (as a sum of commuting nilpotents) and d — d’ semi-simple
(as a sum of commuting semi-simples, ; an endomorphism that is both semi-simple and nilpotent

being zero since its minimal polynomial has no squared factors and divides T™, we indeed have d = d’

and u = u'. O
2
A diagonalizable endomorphism a thus decomposes into d = a and v = 0. Thus a =
0 2
4 WE
decomposes into a 4+ 0 and not into + as one might be tempted to write.
0 2 0 0
Furthermore, the assumption of k being a perfect field cannot be relaxed: the matrix from|6.2.4.3
10

does not have a Jordan-Chevalley decomposition. If one wants such a decomposition in the imperfect case,
one must restrict to endomorphisms with separable characteristic polynomials and replace semi-simple

with absolutely semi-simple. The proof is then identical.

6.3.3 Similarity class of the components

We retain the previous notation. a = d 4+ v. The invariant factors of the semi-simple part d are entirely
determined by x, since two diagonalizable endomorphisms with the same characteristic polynomials
are similar over Q and the invariants do not depend on the base field (cf. . Similarly, the
similarity invariants of a determine the nilpotent type d, of v. One way to see this is to observe that the
nilpotent parts of two similar matrices have similar nilpotent parts by uniqueness of the Jordan-Chevalley

decomposition.

6.3.4 Appendix: What about the algorithmic nature of the decomposition?

On re-examining the proofs supra, one easily convinces oneself that finding d and v is algorithmic once
one knows the product 7 of the distinct irreducible factors of P,,. SageMath does this very well thanks
to the factor command. But what if this command did not exist? In characteristic zero, one is easily

convinced of the formula

7 =P,/GCD(P,,P,)

so that the process is algorithmic thanks to Euclid’s GCD algorithm in k[T]. In characteristic p > 0, it

is more complicated because there are polynomials with a null derivative: the polynomials in T?. The
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following exercise provides an «algorithmy» to find m for a perfect field of characteristic p >0. The quotes

are justified by the assumption that the inverse of the Frobeniu&ﬂF : © — P of k is known algorithmically.

Exercise(s) 6.3.4.1. Let k be a field and x = [[ ;" the decomposition into unitary irreducible factors
of P a unitary polynomial of degree n. We denote xreqa = [ [ 7. In the first four questions, k is assumed

to be a perfect field of characteristic p > 0 and I the set of indices i such that n; is coprime with p.
1. Show that x/ GCD(x, x") = [ [;e1 -

2. Show that [ ];4y m; is a p-th power in k[T].

n;/p

3. Write an algorithm computing [ [,c; 7 and qufl us

4. Deduce an algorithm computing Xred-

5. What is Xreq in characteristic zero?

6. Program the algorithm on F,? On F,n? On a general perfect field?
7. How to generalize on a non-perfect field?

8. Always for k a general field, consider the sequence of polynomials Xpod = (Xi)1<i<n defined by
X1 = Xreds Xitl = (X/(ngin)red- Show that X, 18 the sequence of invariant factors of the

semisimple endomorphisms with characteristic polynomial x.

9. Assuming again k perfect and let D,N be the Jordan-Chevalley decomposition of M € M,,(k). What
are the similarity invariants of D based on the invariants P of M [Use the previous question]? Can
you similarly describe the invariants of N based on P; [Place yourself in k and study the application

P; — P;/Pireq and its iterates|? Program the obtained algorithm for example on F,.

Regarding Hensel’s lemma, the very writing of the proof is an algorithm that lives in k[a] C My (k) where
d = dim(V). It involves calculating the inverse of P’(x,,) as long as 2" < d. This is a small number of
times, but if the matrices are large, the calculation is heavy. One way to lighten it is to consider the
algebra isomorphism k[T]/u, — k[a] that sends T to a (exercise) and to work within this quotient, which
is less computationally demanding.

Despite this, these algorithms are very unstable. For two reasons. The first is that the Gaussian pivot is
a numerically unstable algorithm. And working with polynomial coefficients does not help. The second
is more serious. As will be seen below, the similarity invariants do not vary continuously with the
coefficients of the matrix (see, for example, the theorem . Therefore, approximating the values
of the coefficients becomes perilous. When the matrices have rational coefficients, or are in finite fields,
one can, with great care, control the height of the coefficients and thus work with true equalities. Even
though these algorithms tend to explode the sizes of the integers involved... In short, a real subject
for reflection, one of the motivations that led us to include the topological study of similarity classes in

chapter [9]

3Which is the case, for example, for finite fields.
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6.4 Additional Exercises

Exercise(s) 6.4.0.1. Let M be a complex square matriz of size n > 1. We denote by M,,;; the nilpotent
component of its Jordan-Chevalley decomposition. The goal is to give some properties of My;. Recall

that the exponential of M is defined by the absolutely convergent series (for any norm on M, (C)):

exp(M) = T
k=0 "

and that the exponential of the sum of two commuting matrices is the product of their exponentials.
1. Compute exp(M)nq in terms of Myi and M.
2. Show that exp(M)n; = 0 if and only if M,,;; = 0. What can be deduced from this?
3. Show that the set of diagonalizable complex matrices is dense in M, (C).
4. Show that the map M — M,,;; is not continuous on M, (C).
5. What is the set of points of continuity of the map M — M,,;; (Difficult)?

Exercise(s) 6.4.0.2. Recall that the exponential of a complex square matriz of M is defined by the

absolutely convergent series (for any norm on M, (C)):

exp(M) = I
k=0

and that the exponential of the sum of two commuting matrices is the product of their exponentials.
1. If M € M,,(R), prove that det(M) > 0.
2. Show that exp(M,,(R) is the set of square of real matrices.

3. If n > 1, show that there exists real matrices of size n with positive determinant but who are not

square of any real matriz.



Chapter 7

Reminder on Duality in Finite

Dimension

René Magritte

7.1 Basic notions

As always, V denotes in this chapter a finite dimensiona]ﬂ k-vector space and V* = Hom(V, k) denotes
its dual; the vector space of linear applications from V to k, i.e. linear forms of V.

If p € V*, v € V, we note {p,v) = ¢(v) the duality bracketE| V*%xV = k.

A hyperplane is the kernel of a non-zero linear form ¢. Conversely, any hyperplane H determines ¢ up to
multiplication by a non-zero scalar: choosing any v ¢ H defines a direct sum decomposition H® kv =V
and ¢ is unambiguously defined by any (nonzero) value of v.

We recall that any any free family of V can be completed in a basis of V. In particular, any proper
subspace of V is contained in some hyperplane and in fact is precisely the intersection of hyperplanes

that contain it .

1 Unless otherwise stated.
2Be careful, the dual acts to the right on vectors, cf. [9].

103
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Proposition 7.1.0.1. Let V be a n-dimensional vector space and let V; finitely many proper sub-vector

spaces. If k is infinite or if the number of subspaces is < 2, then UV; # V.

Proof. By the above remark, we can assume that all the V;’s are hyperplanes Ker(yp;). Choosing a
(finitye) basis of V, these linear forms ¢; are nothing but (homogeneous) degree one polynomial in the
coordinates. By assumption [ ] ¢; is zero on k™ and therefore the polynomial [ ¢;(Xy,...,X,,) is zero in
k[X1,...,X,] because k is infinite. But a polynomial ring is an integral domain, showing that one the ¢;
is zero, a contradiction. If k is a finite field (of characteristic p > 2), the cardinaliy of V is p”. The union
of two hyperplanes has cardinality at worst 2p"~! — 1 < p™ — 1 (because 0 belongs to bot hyperplanes)

and the proposition follows. [

We recall that if B = (e;) is a (finite) basis of V, we define the dual basis B* = (ef) of V* by the

formula (ejej) = &;, j. In other words, €] is the i-th coordinate function and we have v =} (v, €})e;. In
particular, dim(V*) = dim(V).

If V =k" =M, (k) (column vectors), we have My ,, (k) = k™ = V* (row vectors) and the duality bracket
is (L,C) = L'C where L € V* is a row and C € V a column. If B = (e; = [d; j]1<j<n) is the canonical
basis (E;1 = e;) of k™ = M,,1(k) =V, its dual basis B* is formed from the rows e} = ‘e;, which is the

canonical basis (E1,; = e}) of My ,, (k) = k" =V*.

If B is a basis of an infinite dimensional vector space, the family B* is still free but is
never a basis. For instance, the linear form ¢ defined by (¢, e;) for all 7 is certainly not
in the span of B*. Even as a set, Card(V*) > Card(V) (exercise). In fact, in the infinite
DAizER dimensional case, the algebraic dual is not the good notion. As the reader who has notion

in functional analysis knows, the good notion is a the appropriate topological dual of

topological vector spaces.
If W is a subspace of V (or even a subset), we recall that its orthogonal is defined by
Wt = {p e V*|{p,w) =0 for all w € W} C V*.
If now W, is a subspace of V* (or even a subset) its polar in V is defined by

Wi ={v e V[{p,v) =0for all p € W,} C V.

Example(s) 7.1.0.2. An important example comes from differential geometry. If f is a regular function

on an open Q of R™, its differential at w € Q is a linear form on T,Q = R™: the differential df (w).

In the canonical basis (%(w))i of T,Q, this form is the Jacobian J(w) = (d—'i%(w))j thus seen as a row

matriz. The kernel of df (w) is none other than the tangent hyperplane at w to the hypersurface defined
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by the equation f = 0 as long as the differential is non-null at that point. The generalization to several

functions is contained in the notion of higher-dimensional submanifolds.

7.2 Motivation

Two useful ways compete to define a vector subspace W of V = k™.
1. Via generators v; € V: W = Vect{v;}.
2. Via equations eq; € V*: W = {v|{eg;, v) = 0} with

T L1
(egi, | )= Zai,jxj =(ai,1, ", ain)
J

Tn Ln

The duality first focus on the second point of view, thus on the dual V* and the set of all possible
equations of W: the orthogonal Wt = {p € V*|¢o(W) = 0} and then to the link with the first point of

view.

7.3 Formal Biorthogonality

Whether V is of finite dimension or not, any subspace W is tautologically contained in the space defined

by the set of its equations

W C (WH)°  {v|({¢,v) = 0 for all p € W}

In general, this inclusion is formal in the sense that it is always an equality, without any further assumption
about the dimensionality of V.

(i) W = (WH)° = {v]|({p,v) = 0 for all p € W}

Indeed, if v € W, one can choose a complement S of W @ kv in W and define for example ¢ € W+ by the
conditions (¢, W) = (p,S) = {0} and ({¢,v) = 1 which implies v ¢ (W-)° proving the reverse inclusion.

7.4 Ante-dual Basis: Biduality

Henceforth, in this chapter, V is finite-dimensional.



106 CHAPTER 7. REMINDER ON DUALITY IN FINITE DIMENSION

Proposition 7.4.0.1. Let V be of dimension noo. Then
1. The evaluation linear application

vV = A
ev :

v o= (e ((p,0)

is an isomorphism.

2. For any basis B, of V*, there exists a unique basis B of V called ante-dual whose dual is B, i.e.

such that B* = B,.

Proof. For (1), note that ev is injective between spaces of the same finite dimension.

For (2), note that B = ev~!((B,)*) is the unique solution to the problem posed. O

7.5 Orthogonal and Polar in Finite Dimension

Proposition 7.5.0.1. Let W, W, be two subspaces of V,V* respectively. We have
1. dim(W) + dim(W+) = n.
2. dim(W,) + dim(W3) = n.
3. W, = (W)t
4. W= (WH)°.
5. ev(W?) = Wi,

6. ev(W) = WHt.

Proof. For (1), choose a basis (e;,1 < i < d of W and complete it to a basis B = (e;,1 < i <nof V. If
B* = (e}) is the dual basis, then by construction W+ = Vect(e;,i > d).

For (2), choose a basis (¢;,1 < i < d of W, and complete it to a basis B, = (p;,1 < i < n of V*. If
B = (e;) is the ante-dual basis, then by construction W{ = Vect(p;, 4 > d).

Applying the argument from (1) to W = W? and using the basis &; = e,,_;, we get Wt = (W°)+ =
Vect(p;,4 < d) = W, which gives (3).

(4) is added for reference and does not use finite dimension ().

For (5), if ¢ € W2 and w € W, then ev(v)(p) = ¢(w) which is null because ¢ € W¢ and therefore

ev(W?) C W+, Since these two spaces have the same dimension as established previously, this inclusion

is an equality.
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For (6), if w € W, and ¢ € WL, then ev(v)(p) = (p,v) = 0 so that W C WLL. As these two spaces

have the same dimension as established previously, this inclusion is an equality. O

Example(s) 7.5.0.2. If V is an euclidean space with scalar product (v,w) — v.w, the partial linear
map w — (v — v.aw) has zero kernel and is therefore an isomorphism V — V*. One checks that
this isomorphism identifies W+ with the usual Buclidean orthogonal {v € V|v.W = {0}} recovering
the classical dimension formula in Euclidean geometry dim(W+) = n — dim(W). Moreover, with this
identification, w € W N W+ satisfies w.w = 0 and therefore is zero ensuring in the FEuclidean space the

1
so called usual orthogonal decomposition W @& W+ = V.

Remark(s) 7.5.0.3. Note that orthogonality and polarity are strictly decreasing applications for inclu-

sion.

Corollary 7.5.0.4. Let ¢o; € V*, i = 1,--- ,m. Then, the rank of Vect{y;} is that of the evaluation
— k™

v (pi(v):

application

Proof. Tt suffices to observe that the kernel of the evaluation is the polar of Vect{p;} and then to invoke
the previous

proposition and the rank theorem. O

Exercise(s) 7.5.0.5. Let V be the real vector space of polynomial of degree < 3. Let a < ¢ < b be reals

and define 1 € V* by
b

(1, P) :J P(t)dt.

a
Compute dim Span(ev,, eve, evy, I) depending on the value of c. Deduce a formula for 1 depending only

on evaluation forms.

7.6 Biduality Conventions (Finite Dimension)

The previous paragraph allows, in finite dimension therefore, thanks to ev to identify V and its bidual,
polar W¢ of W, and orthogonal W3-, W and biorthogonal W++. We generally simply note Wi for W¢.
Generally, in finite dimension, we consider spaces and dual, but we do not dualize the dual thanks to ev

and we simply write W = W whether W is a subspace of V or of V*.
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As an illustration, let’s give the algebraic lemma, easy but important, which in real cases is the algebraic
content of the theorem of linked extrema in differential geometry (interpret the result in terms of tangent

spaces of submanifolds of R™ in the spirit of the example|7.1.0.2)).

Exercise(s) 7.6.0.1. Compare the orthogonal of a sum or intersection of sub vector spaces with the sum

or intersection of their orthogonals.

The following lemma is the algebraic part of the search of extrema through constraints equalities (see

for constraint inequalities).

Lemma 7.6.0.2. Let ¢ and p;, i € I be linear forms of V. Then, p is a linear combination of the p; if
and only if N;Ker (¢;) C Ker (p).

Proof. By strict decrease of the orthogonal, the condition
NiKer (¢;) = Vect(p;)t € Ker (@) = Vect(p)*
is equivalent to the inclusion
Vect(p) = Vect()tt € Vect(p;)*t = Vect(p;).
O

Exercise(s) 7.6.0.3. Les ¢;,i = 1,...,N linear forms on V and ¥ € Hom(V,kN) = (¢;). Prove that
the rank of W is the dimension of the span of the p;’s.

Remark(s) 7.6.0.4 (Farkas’ Lemma). If k = R, we have an analogous result for finite families of half-
spaces H*,Hj‘ defined by the inequalities f > 0, f; > 0. Indeed, ﬁiHj' C HT if and only if ¢ is a linear
combination with positive coefficients of the @;. See, for example, David Bart, "A short algebraic proof

of the Farkas lemma", Siam PublicationsSIAM journal on optimization, 2008, Vol.19 (1), p.284-259.

7.7 Contravariance

Let V;,¢ = 1,2, 3, be arbitrary vector spaces,

Definition 7.7.0.1. If f € Homy(Vy,Vs), we note 'f € Homy(V3, VY) the transpose of f defined by
tf(p2) = w20 f, in other words, (¢ f(p2),v1) = (pa, f(v1)) for every painVi, v1inVy.
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Let’s recall that a matrix and its transpose have the same rank: this is for instance an immediate
consequence of the fact that equivalent matrices have equivalent transpose and that equivalence classes
of matrices (with coefficients in a field) are classified by the rank).

We have the following (formal) proposition

Proposition 7.7.0.2. If f € Homy(V1,Vs) and B; are bases of V;.

1. The application f — tf is linear injective.

2. If f; € Homy(V;, Vit1), we have (contravariance of the transpose) ‘(fa o f1) ="tf1 0t fs.
Assuming further that the V;’s are finite dimensional, we have

3. We have Matgy s+ (*f) = "Mats, 3,(f).

4. rk(f) = k(' ).

5. With the identifications @, the transposition is involutive.

6. Im(*f) = Ker(f)* and Ker(*f) = Im(f)*.

7. If Vi = Vo =V, a subspace W of V is stable by f if and only if W+ is stable by tf.

Proof. Let’s just give an argument for 5)(the verification of the rest is left as an exercise). First, it suffices
to show one of the two formulas (change f to !f and use the involution of the transposition and of the
orthogonal). Then, Im(*f) and Ker(f)* having the same dimension according to 1) and[7.5.0.1} it suffices

to prove Im(*f) C Ker(f)*. Now, if f(v1) =0, then (! f(p2),v1) = (@2, f(v1)) = 0.
O

7.7.1 Review of Transvections

Proposition 7.7.1.1. Let 7 € Endy (V).
1. H(r) = Ker(r —Id) is a hyperplane of V containing D(7) = Im(7 — Id), which is a line in V.
2. There exist ¢ € V* and v € V, both nonzero, such that 7(z) = xz + ¢(z)v with ¢(v) = 0.

3. The restriction to the affine hyperplane defined by the equation (x) =1 is a translation by the vector

V.

4. The matrices of T are similar to Id,, +E; 2 = 0 1
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We say that T is a transvection of V of type (D(7),H(7)) € PV x PV*. If o, v are as above, let us define
™ (z) = x + Ap(x)v, A € k. Under these conditions, we have:

e H(7) = Ker(p), D(7) = (v),

o Transvections of type ((v), (¢)) are given by Tx, A € K*, and X\ — 7, is an injective group morphism

(k,+) = (SL(V), x),
e 7 is a transvection of V* of type (H(7),D(7)) € PV* x PV.

o D(GL(V)) = SL(V).

Proof. TBD O

7.8 Additional Exercises

Exercise(s) 7.8.0.1. Let X be any set and V a finite dimensional vector subspace of the R-vector space

of functions from X to R. Let n = dim(F).
1. Show that the family (ev,),x € X generates V*
2. Show that there exists f; € F,x; € X,i=1,...,n such that det(f;(x;)) # 0.

3. Assume that all the functions of V are bounded on X. Show that any pointwise convergent sequence

of elements of F is uniformly convergent on X.

4. Does the result previous remain true if one no longer with no boundeness assumption?



Chapter 8

Stable Subspaces

8.1 Perspective

As we will see, the existence of stable spaces strongly depend on the base field,
unlike everything that precedes essentially. This explains why this chapter will
partly deviate from our desire to provide concrete algorithmic proof through the

consideration of particular stable subspaces: the characteristic subspaces. They

/I

are indeed defined by the irreducible factor decomposition of the characteristic
polynomial of an endomorphism, which depends on the base field and generally

cannot be obtained concretely.

Even in the complex case, it is well known that it is not possible to explicitly compute the roots of a
polynomial. Nevertheless, even practically, this chapter remains important as there are significant cases
where we have access to eigenvalues. It allows, in particular, to understand the topology of matrix
similarity classes in the complex case. More generally, we will discuss the aspects of continuity of the

constructions in play to the extent that we can only approximate the roots of a polynomial in general.

111
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8.2 Generalities

We know that the stable subspaces by a € Endg (V) are its submodules (3.2.4). According to [3.2.3.1} if
a is cyclic, these are exactly the P(a)(V) with P being monic divisors of x. In particular, they are finite

in number. Remarkably, the converse is essentially true.

Proposition 8.2.0.1. Ifk is infinite, an endomorphism that has only a finite number of stable subspaces

18 cyclic.

Proof. Let a be such an endomorphism. We have to find some cyclic vector for a. The family of stable
strict subspaces) of V is a finite family of strict subspaces. Since k is infinite, their union is not the
entire V. Indeed, in the opposite case, their union would be the entire V. Let us then choose for each
of these strict subspaces W a non-zero linear form that vanishes on W. The product of these forms is
a polynomial functionwhich is identically zero. Since k is infinite, the ring of polynomial functions on
V = k" is isomorphic to the ring of polynomials in n variables, a ring that is integral. Thus, one of the

forms that is a factor of the product would be identically zero, a contradiction. O

Obviously, if k is finite the proposition is false since there is only a finite number of subspaces of V in

this case, stable or not.

Remark(s) 8.2.0.2. When k = C, any endomorphism a in dimension > 1 admits non-trivial stable
spaces (take proper lines). When k = R, either it admits stable lines (real eigenvalues) or stable planes
(take for example the plane defined by the real and imaginary parts of the coordinates of a non-zero
etgenvalue vector of the matrix of a in a base or, what comes to the same, consider an irreducible degree
2 polynomial characteristic factor). If k = Q and if P € Q[X] is irreducible of degree n (take for example
P(X) = X™ — 2), then the multiplication endomorphism by X on Q[X]/(P) has no non-trivial stable
subspaces since it is cyclic and its minimal does not have a strict divisor: the stable subspaces of an

endomorphism depend strongly on the arithmetic of the base field.

We might hope to treat the general case by reducing to the cyclic case thanks to the Frobenius decom-
position [5.13.3] The problem is that the cyclic subspaces that appear are not canonical and thus behave

poorly when intersected with a stable subspace. This is not the case for characteristic subspaces.

8.3 Characteristic Subspaces

Let a € End(V). We recall (5.6.0.1)) that p1, and x, have the same irreducible factors and that the module
V., is annihilated by its characteristic polynomial (Cayley-Hamilton).
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Definition 8.3.0.1. Let w € K[T] be an irreducible unitary factor of its characteristic polynomial xq(T).

The characteristic subspace of a associated with  is the w-primary submodule V,[r] of V,
Va[’]'r] =Ui>1 Annva [ﬂ'z] =U;>1 Ker(wi(a)).

This is a subspace stable by a.

We then have
According to the Chinese remainder theorem [3.7.0.6] and , we then have

Proposition 8.3.0.2. Let x = [[7*~X) be the decomposition of X = Xa into irreducible factors and
pra = [[ 70~ #a) that of .

1. We have vz (pha) < vx(X)-
2. There exist ur , € k[T| depending only on x such that Y ux ,(x/7"=x) = 1.

3. We have V, = @&V, [r] and the projection pr on Vu[r] parallel to @’ # wV,[r'] is the homothety of

ratio ex(a) = with e; = ur ,(x/7"*) € k[T].
4. The pr form an orthogonal family of spectral projectors of V4 1.€.> . pr =1d and pzprr = 6 x'Dr-
5. Each V,[r] is stable by a and V,[r] = Ker(7¥=() (a) = Ker(n=(#a).

6. If W is stable by a, we have W [pi] = Vo [r] "W : : any subspace stable by a is the direct sum of its

intersections with the characteristic subspaces.

7. We have dimy V4[] = deg(r~ X)) = v, (x) deg(r).

Proof. The first 6 points are a rewrite of the Chinese lemma [3.7.0.6] and the functoriality of primary
components. For (7), let’s recall that each characteristic subspace is stable by a. Since a power of 7
annuls Vg [7], the characteristic polynomial x,v,x of the restriction of a to V,[n] is a power 7~. But

since V,, is the direct sum of the V,[n], we have

HW|X(:, L Xa = HW\X@ Xal|Va[r] = HW\X@ ™

so that w,; = v, (x). But

dimy Vo [7] = deg Xa|v,[x] = wr deg(m) = vx(x) deg(m).
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Note that the spectral projectors are defined by er, € k[T]| which depends only on x,. This illustrates
the fact that p,, = exy(a) «varies continuously» when a varies continuously, i.e.when a is defined
by a continuous matrix function A : Q — M,(k), whenever the characteristic polynomial A (T) is
independent of w € €. This is also true for characteristic spaces. In particular, their dimension is (locally)
constant over 2 under this condition (very strong obviously). The reader will specify the meaning of this
statement when k = R or k = C or, for the learned reader, in the general case for the Zariski topology.
This point is crucial, even if it will be somewhat hidden, in the topological study of similarity classes (]§|
and .

The following lemma is important and follows immediately from the fact that a stable subspace is the
sum of its intersections with the characteristic subspaces. This type of result will allow us to reduce the
study of the topology of similarity classes to the case of the topology of similarity classes of nilpotent

matrices.

Lemma 8.3.0.3 (Invariance by field extension). Let A € My, (k) and xa = [ [, 7% its decomposition into
irreducible (unitary) factors. We denote by A, Ak the corresponding endomorphisms of k™, K"™. Then

Ker(m'=(X)(AK)) = @x(x Vax[7] where 7 describes the irreducible unitary divisors of m in K[T].

8.3.1 Topological properties in the complex case

Consider in this section a sequence of matrices A,, € My(C) (identified as endomorphisms of C%) whose
eventual convergence to a matrix denoted A, € My(C) for the topology defined by a norrrﬂ based on
their projections onto their spectral spaces. As we will focus (see chapter E[) on the case where the A,, are
all in the same similarity class (whose closure we seek to study), we further assume that the characteristic
polynomial of A, is a constant polynomial.

By the continuity of the characteristic polynomial in the matrix coefficients (which are polynomials in
the coefficients), the convergence of A,, to Ao, imposes xa__ (T) = det(TId —A) = xa, (T), a condition
that is therefore assumed to be fulfilled.

Let A be the spectrum of A, the set of complex roots of xa_ and vy their corresponding multiplicities.

As in[8.3.0.2] choose u)(T) € C[T] such that

x(T)
)%;\U'/\(T)(Xiik)“* =1

so that the polynomials

xA(T)

ex(T) = UA(T)W

L As mentioned above, the knowledgeable reader may usefully discuss the case of any infinite field with the matrix space
M, (k) on V = C% equipped for example with the Zariski topology, all essential closed sets being defined by polynomial

equations as will naturally appear.
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define the spectral projectors
(i) Pan =ex(Ay), n € N=NU {co}

associated with A,,. Since we have
> pam =1Idy
A

it follows that
(ii) An:ZAmneN
A

where A, \ = Anpxn neig 18 the restriction of A, on the characteristic space associated with A and 0

on the others so that A, » — AId is nilpotent. Another way to say is that the semi-simple part of A,, is

> Aea(Ay).

Proposition 8.3.1.1. With the previous notations and the assumption xa, (T) independent of n € N,
we have lim A, = A if and only if for every A € A, lim A, x = A x.

Proof. This is an immediate consequence of the formulas (fil) and . O

Lemma 8.3.1.2. Let P, 4| -+ |P,.1 be the similarity invariants of A,. Then, the similarity invariants

of Apx are 1,--- 1, (X = \)"Pni) j=d ... 1 where the 1s are repeated d — vz(x) times.

Proof. This is another way of writing remark[5.12.0.3] Recall the argument without explicitly invoking the
Jordan decomposition. For A = A,, of invariants P; = P,, ;, the module V5 is isomorphic to @k[T]/P,(T),
write the decomposition P; = [, (X — A\)"»(P4) (since P; divides x4) then invoke the Chinese lemma to
write

Va = @&; @ k[T]/(T — X)) Fo.

But A, acts by A on the (X — \)-primary component Va » = ex(T)Va and by 0 on the (X — A)-primary
components V, 5 = e;(T)Vy if A # \. The (T — A\)-primary component (of dimension the multiplicity
va(x) of the root A of x according to (8.3.0.2)) is then written as

Vax=Va[T— A ~@k[T]/(T - )\)UA(Pi)
and we conclude thanks to the uniqueness of similarity invariants. O

A slightly different form of the previous statement can also be given.



116 CHAPTER 8. STABLE SUBSPACES

Proposition 8.3.1.3. With the previous notations and the assumption xa,(T) independent of n € N,
we have im A,, = A, if and only if the semi-simple (resp. nilpotent) parts of the Jordan-Chevalley

decomposition converge to the semi-simple (resp. nilpotent) part of Ao x.

Proof. This is an immediate consequence of the fact that there exists P € k[T| depending only on y
such that the semi-simple and nilpotent parts of A,,,n € N are P(A,) (resp. A — P(A,)) according to

(6321). O

8.3.2 d-th roots in GL,,

If A e M,(k) with xa(T) = [T(X — X)"» split, we thus find the usual definition encountered in linear
algebra. If pry = ex(A) is as above, the spectral projector on V[T — A] = Ker(A — \)"®)), the Jordan-

Chevalley decomposition A = D + N is simply calculated by
d:Z)\eA(A) and N=A-D

as we have just seen. An immediate and useful application is the existence of polynomial d-th roots in

the algebraically closed case.

Proposition 8.3.2.1. Let d be an integer > 0 and assume k is algebraically closed with characteristic
prime to d. Let x be unitary of degree n. There exists Pq,, € k[T| such that for any matriz A € GL, (k)
with xa = x we have Py, (A)? = A.

Proof. Since x(0) # 0, the polynomials y and T are coprime and we can write a Bézout identity UT+Vy =
1 in k[T]. With the previous notations, since xp = xa = X, the matrix D is invertible with inverse U(D).
Since D and N commute,

A =DId+D"'N) = D(Id +U(D)N)

with D™IN being nilpotent. We can then write a d-th root of D as
Dl/d _ Z)\l/de)\(A)

which is therefore a polynomial depending only on x and d evaluated in A. Furthermore, the coefficients

1/d
are the generalized binomial coefficients / , © > 0 and thus are in
7

of the power series (1 4 z)/¢

Z[1/d]. Since d is invertible in k and (D7'N)" = 0, we have a d-th root

(Dle)l/d:Z 1/d

i<d G

(DIN)!
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which is indeed a polynomial depending only on x and d evaluated in A as are D~' and N, which is what

we wanted. O

We cannot hope for better. On one hand, the statement is clearly false in the general case of non-
algebraically closed fields, already in the case n = 1. On the other hand, a non-zero nilpotent matrix N
does not admit a d-th root. Indeed, it would be nilpotent so that its n-th power would be zero but also

equal to n!
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Chapter 9

Topology of Similarity Classes™

Hasse Diagram of GLg

9.1 Perspective

Here we provide a perspective on the geometry of similarity classes through
their topology. To avoid formalism, we restrict ourselves to the usual topology

on complex matrices even though the so called Zariski topology whose closed

/NN

sets are defined by families of polynomial equations would have been more

naturaﬂ

9.2 Introduction

L As mentioned above, in the case of a general infinite field, the Zariski topology should be considered, which adds no
real difficulty once its definition is known. In fact, the topology must be finer than that of Zariski, the usual operations on
matrices must be continuous, and the points of k must not be open, ensuring that the closure of k* is k. This is where the

infinitude of the field comes into play in the case of the Zariski topology.

119
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Definition 9.2.0.1. An n-type is a sequence P = (P,|Pp_1|---P1) of monic polynomials of k[T] such
that > deg(P;) = n. We denote O(R) the set of matrices in My (k) similar to the companion matriz
C(P).

Thus, O(P) is the orbit of C(P) under the action of GL, (k) by conjugation. The theory of similarity
invariants tells us that O(P) consists of matrices with similarity invariants P and that Mg(k) is the

disjoint union of O(P) as P covers all the n-types (5.9.0.2).

Our goal is to study the closure O(P) of the orbits O(P). We will therefore assume in the remainder
of this chapter that k is the field of complex numbers C, with matrix spaces equipped with some norm
(let’s recall that all matrix norms are equivalent).

We then define a (topological) relation on complex n-types by

P < Q if and only if O(P) is contained in the closure O(Q).

It is clearly a order. Since O(Q) is invariant by conjugation, it is a union of orbits and we have O(Q) =
Up=qO(P). We will characterize this order in a combinatorial manner as follows.

We define a (combinatoriaﬂ relation on complex n-types by
P < Q if and only if and only if we have the divisibility ]_[j<i Pl Hj<i Qj for everyi=1,--- n.

It is also a (partial) order. Note that necessarily then [\, P; = [, Q; for degree reasons.

Theorem 9.2.0.2. Let P,Q be two complex n-types. Then, P X Q if and only P < Q. In other words,

the topological and combinatorial orders on n-types coincide.

Remark(s) 9.2.0.3. This theorem is a reformulation, more transparent in my opinion, of Theorem
4 from [16]. Indeed, to my knowledge, it was Gerstenhaber who fully elaborated the structure of orbit

closures, although I have not been able to find this statement stricto sensu.

We will proceed by reduction to the nilpotent case using topological results from Let’s start with

the crucial case.

9.3 Closure of a Nilpotent Orbit

Thus, we have again a topological order on the partitions of n defined by

2Compare with cf.
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Nilpotent orbits are classified by partitions d of n (5.12.0.2), the dictionary
between type and partition being given by d ++ T¢ = (Ty, , ..., T%). We then
denote O(d) the orbit O(T4) accordingly.

d =< ¢ if and only if O(d) is contained within the closure O(9)
and a combinatorial order
d < ¢ if and only if for every i = 1,--- ,n we have the inequality ngidj < 2jgi5j-

In the nilpotent case, the theorem [9.2.0.2 then becomes

Theorem 9.3.0.1 (Nilpotent Case). Let d,d be two partitions of n. Then, d <X ¢ if and only if d < 4.

Thus, we aim to show that the topological order < and the combinatorial order < on the partitions

coincide.

Remark(s) 9.3.0.2. A partition is always defined by indicating the number of times an integer is re-
peated, often in ascending order. For n = 6, for example, the partition (3,1,1,1,0,0) is then denoted
(13,3) while the partition (6,0,0,0,0,0) is noted as (6). The diagram describing the order is then called

a Hasse diagram. We will not use these notations except in the picture at the beginning of this chapter.

9.3.1 Order and Duality on Partitions

We use notations and results on nilpotent matrices from We
will demonstrate that the duality of partitions is decreasing for the
combinatorial order <. For this, and what follows, the key is the

classic lemma of disassembling whose proof I reproduce from .

We say that d < 4 (d elementarily inferior to ) if there are indices ¢ < j such that
]
(01,..-,0p) =(d1,...,dic1,di +1,...,d; — 1,...,dp).

Obviously
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Lemma 9.3.1.1. Let d,d be two partitions of n. Then, d < 6 if and only if there exists a series of

elementary inequalities d = vy < vy < ... <yn_; <vyy =09.
e e e e

e

the process (which stops when vy = d.) We thus seek i < j such that v < § with
V= (dl,...7di,1,di+1,...,dj—1,...,dn).

If v = 6, we are done. Otherwise, v < §.

There exists therefore k£ such that
(1) di+ - +dpg <01+ -+ 0

Let ¢ be the smallest integer k satisfying (1)
Furthermore, as > dy = Y d, there must exist k& > ¢ such that

(2). dy+ - +dp >0 4+ 6

Let j be the smallest integer k > i satisfying (2).

We have

(3) di+- 4 dy+1<8 +--+0 forall k € [i,j — 1]
and

(4) di+-+d;j =64+

With these values of ¢ and j, we demonstrate that v is a partition, i.e. d;—1 > d; (or i = 1) on one hand
and d; > d;41 on the other.

By construction, i is the smallest integer such that d; < §; and thus d; < §; < §;—1 = d;—1 (or i =1).
Furthermore, since dy + -+ +dj—1 <61 +---+dj—1and dy +---+dj = 61 +---+d; d;j > J; ; since
furthermore and dy + --- 4+ dj41 < 01 + -+ + 641 we also have dj11 < §;41. Combining both, we get
djy1 < 0j+1 < §; < dj;, which is what we wanted.

We then observe that the inequality v < ¢ is equivalent to (3). O

Corollary 9.3.1.2. The duality of partitions is strictly decreasing.

Proof. Tt suffices to show the decrease in the elementary case d < §. For this, we observe that §* satisfies
dy, if kK # d;, d;
0p=19q dp—1 ifk=d;
dp+1 ifk=d;

so that §* < d*. To see this, we note that d; > d; and consider the following table
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k d" " comparison Card(0*) — Card(d")
[1Li-1] | dr >« di, >« same 0

i dip > a | dp > a+1 | same except if a = d; -1
[i-1,j-1] | dp > « dr, > o same 0

j di, > o | dp > a—1 | same except if a = d; +1
[+1n] | di >« dp, > « same 0

using the formula for calculating the dual partition df, = Card{k|d; > a} (5.12.2.2)). The proof also
provides strict decrease (even though the strict character follows from the fact that duality is involutive)

O

9.3.2 Rank and Nilpotent Orbits

*
*

*
* |k |k

Let M be a nilpotent matrix with associated partition d. According to the formula from 5.12.2

we have for all n — rk(M?) = qu d;. However, the rank is lower semi-continuous: there exists a

neighborhood U of M where all matrices N € U satisfies rk(N) > rk(M). If M is in the closure of O(9),
this neighborhood intersects O(d): thus, let N € UN O(d). Then n — rk(N?) < n — rk(M?) for all i,
e

meaning 6 < d* and therefore § < d.

Corollary 9.3.2.1. Let d,d be partitions of n. Then,

d=2d=>d<4.

Let us demonstrate the reciprocal implication.

9.3.3 A Nilpotent Matrix Deformation

Following Lemma [9.3.1.1} we simply need to demonstrate the implication in the elementary case. Thus,

let d < ¢ and let us show that d < §. It therefore exists indices ¢ < j such that

e

(61,...,5n):(dl,...,di_l,di+1,...,dj*1,...,dn).

We consider J4 which we want to show is in the closure of O(d), therefore, we want to demonstrate that

Jq is a limit of matrices from O(J).
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Robin Hartshorne

Deformation

As d and § only differ at indices ¢ and j, we can assume without loss of generality that we have only
two indices. We must therefore show that J4, 4;) is in the closure of O((d; — 1,d; + 1)). Let us set for
example N(z) = J(di,dj) +xEqg, 14, 4;- This is a triangular block matrix of size d; +d; and rank d; +d; —2
with d; > d;. Its type is characterized by its nilpotency index which is d; — 1 for non-zero = so
that N(z) is of type d; — 1,d; + 1. Thus, N(0) = lim,_,o N(z) € O(8) and d < §. Hence, recalling

d=20<=d<9

We have therefore proved the theorem [9.3.0.1] in the nilpotent case.

Remark(s) 9.3.3.1. It is for this argument sequence (and the one in the following paragraph) that the
knowledgeable reader wanting to generalize to the Zariski topology of general fields will use the assumption

that the field is infinite.

Let us move to the general case.

9.4 Closure of an Arbitrary Orbit

All work has been done to reduce the general case to the nilpotent case. Let’s

explain. We consider two n-types P, Q and study the inclusion O(P) C O(Q).

In other words, we consider a sequence of matrices A, in O(Q) converging

towards A, € O(P). We then freely use the notations and results from [8.3.1]

By the continuity of the characteristic polynomial, it already ensures that ya, ,m € N is a constant
polynomial y whose set of complex roots we denote by A. It follows that the characteristic spaces of A,

have a constant dimension dy: the multiplicity order of the root A of x.

Then (8.3.1.1), we have
limA,, = Ay if and only if for all X € A, Hm A, » =Axa
But, for each A, the matrix A,, x — AId € M,, ¢ is nilpotent and its n-type is (8.3.1.2) is

Oy=1,-,1,X=AN)™Q i=dy,---,1lifn<oo
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and

dy=1,--- ,1,(X—)\)”*(P), i=d,---,1 otherwise

where the 1s are repeated dy — vy (x) times in all cases. But according to the characterization of nilpotent

orbits - necessary condition - ((9.3.0.1]), the existence of this sequence of matrices leads to

(i) Forall A € A, d, <9,

Conversely, assuming this condition is satisfied. We denote py the spectral projectors of A, of type P.
Following the sufficient part of the characterization of nilpotent orbits , for every A there exist
nilpotent matrices N, » that converge to Noo x = A x — Apy. By setting A,, = Z)\(NmJ\ + Apy), we
have lim A,, = A,,. Thus,

PXQ«=forall A€ A, d, <4,.
Moreover, for two polynomials P, QQ whose roots are in A, we have
P|Q < for all vy(P) < ux(Q)
The condition (i) can therefore be rewritten as
foralli=1,---,n, we have ngi Pl ngi Q;

This concludes the proof of theorem [9.2.0.2

9.5 Additional Exercises

Exercise(s) 9.5.0.1. Let Q be an n-type and x = [ [ Qi the corresponding characteristic polynomial.

1. Show that O(x, ) (cf- |6.5.4.1) is the only closed orbit contained in O(Q). Deduce that closed orbits

are semi-simple orbits and that Xred) = (Xn,---,X1) @8 a minimal type for <.
2. Show that the closure of O(x, ,)) is the set of matrices A such that x1(A) =0 and xa = x.

3. Generally, show that minimal n-types are of the form X, ed for x monic of degree n. Can you prove

this result directly?

4. Conversely, show that mazimal n-types are of the form (1,...,1,x). Deduce that mazimal orbits are

those of companion matrices C(x).
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5. Show that the closure of O(C(x)) is the set of matrices A whose xa = X.

Exercise(s) 9.5.0.2. Let k be a subfield of C. Here we consider only n-types k-rational d, i.e. verifying
P, € k[T],i =1,...,n. We denote Ox(d) the conjugacy class of C(d) under GL,, (k). Show in this case
Ox(P) = Oc(P) N M, (k). Using and the main theorem 9.2.0.%, show Ox(Q) = Up<qOxk(P).
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Useful general algebra

127






Chapter 10

Finiteness Properties of Modules

David Hilbert Emmy Noether

10.1 Introduction

The notion of Noetherian ring inevitably leads back to Hilbert’s foundational paper from 1890 with
its three major theorems, the first being the Basis Theorem [10.3.3.1] in the case of polynomial rings.
However, as a student rightly pointed out to me, talking only about this (tremendous) paperﬂ is unfair.

Indeed, it was Emmy Noether who developed the general vision as early as 1920 (|25]).

10.2 Integrality

In addition to the importance of finite-dimensional vector spaces, let us show more generallythe impor-

tance of finitely generated modules through a few examples.

IThe other two theorems in the article are none other than the Nullstellensatz and the Syzygy Theorem!
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10.2.1 Principle of Extension of Algebraic Identities

This principle, extremely useful, is based on a tautology. Let P € Z[Ty,--- ,T,] and I;,1 =1,--- ,n be
infinite sets of a field of characteristic zero k. Then, if P is zero on [ ] I;, for any ring R and any (r;) € R™,
we have P(ry,- -+ ,7,) = 0. Indeed, we observe that we then have Z[Ty,---,T,] C k[T, - ,z,] and we
reduce by induction to the fact that a polynomial in one variable not identically zero has only a finite

number of roots.
Corollary 10.2.1.1. Let A € M,,(R) and xa(T) = det(TId — A). Then, xa(A) = 0.

Proof. The matrix equation xa(A) = 0 is a system of n? polynomial equations with integer coefficients
(the coefficients xa (A) = 0 where A is the generic matrix A = [T, ;]). But these polynomials are zero on
M,,(C) according to the usual Cayley-Hamilton theorem. We conclude by setting I; ; = C thanks to the

previous discussion. O

10.2.2 An Application of Cayley-Hamilton

Proposition 10.2.2.1 (Determinant Trick). Let f be an endomorphism of a finitely generated R-module
M. There exists a monic polynomial P € R[T| that annihilates f. If additionally f(M) C IM, it can be
assumed that the coefficients of f with index < deg(P) belongs to 1.

Proof. Let m;, 1 <i < n be a finite family of generators of M and consider a matrix A = [a;; of f,

i.e.for each j, write (in a non-unique way)
f(mj) = Zai,jmi~
i

Note that if f(M) C IM, we can assume a; ; € I. It is then enough to set P = det(TId — A) and invoke,

for example, Cayley-Hamilton ((10.2.1.1)) for A € M,,(R).
O

By applying the proposition to f = Idy;, we obtain the famous Nakayama Lemma which is very important

in advanced commutative algebra.

Corollary 10.2.2.2 (Nakayama). Let M be a finitely generated module and 1 an ideal such that M = IM.
Then, there exists i € 1 such that (144)M = 0. In particular, if 1 +1i is invertible (e.g., if i is nilpotent),
then M = 0.
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10.2.3 Rings of Integers

Let R’ be an R-algebra (in other words, consider a ring morphism R — R’). An element ' € R’ is said

to be integral over R if it is annihilated by a monic polynomial with coefficients in R.

Theorem 10.2.3.1. The subset of R/ of elements which integral over R forms a subring of R'.

Proof. 0 and 1 are integral. We must therefore prove that the difference and the product of two integral
elements 1’ and r” are integral. Let M = R[r’,7”] be the ring of polynomial expressions in ' and r”
with coefficients in R. If v/ and r” are annihilated by monic polynomials of degrees n’ and n”, the
family r"%r”71 < n/,j < n” generates M and contains 7 — r” and +'r”. But if p € M, the homothety of
ratio p defines an endomorphism h, of M and thus there exists a monic P € R[T] such that
P(h,) = hp(,) = 0. Applying to 1 € M, we obtain P(p) = 0 so that all elements of M are integral over R.

O

Corollary 10.2.3.2. Let k be a subfield of a field k'. Then the subset of elements of k' that are algebraic
over k forms a subfield of k'.

Proof. Following [10.2.3.1] applied to R = k, it suffices to show that the inverse of a non-null algebraic
element 7 € k' is still nonzero. Suppose therefore P is a unitary annihilator of 7. But then, T4#(®)P(1/T)

is a non-null annihilator of 1/r’. O

Remark(s) 10.2.3.3. With a slight abuse, one often simply say that a complex number which is alge-
braic over Q is algebraic, the non algebraic complex numbers being the transcendental ones. A simple
countability argument shows that a randomly chosen complex number is almost surely (for the Lebesgue
measure) transcendental. For instance, both e (due to C. Hermite, 1873) ans m (F. Lindemann, 1883)

are transcendental.

Exercise(s) 10.2.3.4. 1. Show that a rational number is integral over Z if and only if it is an integer.

211
n

2. Show that the minimal degree monic polynomial P € Q[T] that annihilates exp(£X) has integer

coefficients.

10.3 Noetherian Modules

The image of a family of generators of a module through a morphism generates the image module. Thus,

every quotient of a finitely generated module is still finitely generated. However, while a submodule of a
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finitely generated R module is still finitely generated when R is a field, this is generally not the case (cf

3.2.4). However, it is the case in a Noetherian setting.

Lemma 10.3.0.1. Let M be an R module. The following properties are equivalent.
1. Every submodule of M is finitely generated.
2. Bvery increasing sequence of submodules eventually stabilizes.

3. Every non-empty family of submodules of M has a mazimal element for inclusion.

Proof. 1 = 2. Let M; be an increasing sequence of submodules. Then, UM; is a submodule of M, thus
finitely generated. Choose a finite family of generators: for n large enough, they all belong to M,, and
therefore M; = M,, if ¢ > n.
2 = 3. Let F be a non-empty family of submodules M without any maximal element (proof by contra-
position). We construct a strictly increasing sequence of elements of F # & by induction by choosing My
one of its elements arbitrarily then by induction, assuming the sequence built for i < n, we observe that
M,, is not maximal thus there exists M,, 1 in F which strictly contains M,, .
3 = 1. Thus, let N be a submodule of M and let F be the family of its finitely generated submodules. As
{0} € 7, this family is non-empty. Let N’ be a maximal element. It is finitely generated contained in N
by construction. Conversely, let n € N. The module Rn + N’ is in F and contains the maximal element
N’: therefore, it is equal to it, so that n € N’. We thus have N’ = N and therefore N is finitely generated.
O

Definition 10.3.0.2. 1. A module that satisfies the previously mentioned equivalent conditions is said

to be Noetherian.

2. A ring that is Noetherian as a module over itself is said to be a Noetherian ring.

Thus, a ring R is Noetherian if it satisfies one of the following three equivalent propositions:
1. Every ideal is finitely generated.
2. Any increasing sequence of ideals eventually stabilizes.

3. Every non-empty family of ideals has a maximal element for inclusion.

Example(s) 10.3.0.3. Submodules of Noetherian modules are Noetherian (tautological), as are the quo-

tients of Noetherian modules (easy exercise). Fields, principal rings, and quotient rings of Noetherian
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rings are Noetherian. However, a subring of a Noetherian ring is generally not Noetherian (for example,
a polynomial ring over a field with an infinity of variables is not Noetherian, whereas it is a subring of

its field of fractions which is!).

10.3.1 Stability under exact sequences

Proposition 10.3.1.1. Consider an exact sequence of modules
0—)M1L>M2£)M3—>0

Then My is Noetherian if and only if My and M3 are.

Proof. The direct part has already been observed in the previous example. Conversely, assume M; and

M3 are Noetherian, and let M5 be a submodule of My. We have an exact sequence
0 — jH(M)) — M) — p(M5) — 0.

But j~(Mj) and p(M}) are finitely generated as submodules of M; and Ms. Therefore, one can choose a
finite family of generators for p(Mj) of the form p(g5 ;) and a finite family of generators gy 5 for j~*(Mj5).
The finite family j(g1,x), g5, of M5 generates it. O

In particular, if R is Noetherian, then R”™ is a Noetherian module, and thus so is any quotient. This leads

to the following important corollary.

Corollary 10.3.1.2. The Noetherian modules over a Noetherian ring are exactly the finitely generated

modules.

10.3.2 Existence of Decomposition into Irreducibles in Noetherian Domains

We assume in this section that R is a domain. Recall that » € R is called irreducible if it is non-zero and
non-invertible and its only divisors are either invertible or associated with it. In other words, »r € R* is

irreducible if the equation r = ryry implies 1 or 79 is invertible.

Lemma 10.3.2.1. FEvery nonzero and non-invertible element in a Noetherian domain R is a product of

irreducible elements.
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Proof. Note that whether r is irreducible only depends on (r), i.e., it is invariant by multiplication by an
invertible. Then, let F be the set of proper and non-null principal ideals of R whose one of the generators
is not a product of irreducibles. If F were non-empty, it would have a maximal element (r) for inclusion.
But 7 is not irreducible because otherwise (r) & F, so r is written ry7r9 with r; and ry non-invertible.
Thus (r) € (r;). By maximality, (r;) ¢ F so that each r; is a product of irreducibles, and so is their

product r. A contradiction. O

Thus, the existence of decomposition into irreducibles is trivial. It is the uniqueness up to multiplication
by an invertible (and order aside) that is important (as we will see, this is exactly the content of Euclid’s
lemma in factorial rings). For example, according to the above, the ring R[T,Y]/(T? —Y?) is Noetherian,
obviously integral (exercise). Yet, the element T? = Y3 of the quotient has two decompositions (non-

equivalent) because both T and Y are irreducible in the quotient and not associated (exercise).

10.3.3 Hilbert’s Basis Theorem

Theorem 10.3.3.1. Let R be a Noetherian ring.
1. The polynomial ring R[T]| is Noetherian.

2. Ewvery finitely generated R-algebra is a Noetherian ring.

Proof. The second point is an immediate consequence of the first (by induction, any polynomial ring over
R with n variables is Noetherian, and thus so is any quotient). Let’s consider the first point.

Let T be an ideal of R[T| and Ix = I — {0}. If P is a non-null polynomial, denote dom(P) its highest
degree non-null coefficient. The formula dom(T"P) = dom(P) ensures that {0} Udom(I*) is an ideal of R
(exercise). It thus has a finite number of generators of the form dom(P;),P; € I* which can be assumed
to be of the same degree d > 0 according to the previous formula. An immediate induction then shows
IN Rx>4[T] = (P;). But 1N R<y[T] is a sub-R-module of R4[T] ~ R?: therefore, it is a Noetherian
module like R? . One can thus take a finite number of generators Q; (as an R-module) and the
finite family (P;, Q;) generates I. O

We have in fact reused the argument of Euclidean division used to show that k[T] is principal, the problem
being that one can only divide in k[T] if the leading coefficient of the polynomial is an invertible of R*.

This is the reason for introducing the ideals of leading coefficients of 1.

10.4 Additional Exercises

Exercise(s) 10.4.0.1. Let G be a finite group operating (on the left) on a ring R. Assume that the
cardinality n of G is invertible in R and denote RG the subring of R of elements invariant by G. Denote

m: R — R the application x — %deG gz.
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1. Show that p is a projector of image RG.
2. Show that p is R linear.
3. Show that if R is Noetherian, RG is Noetherian.

Exercise(s) 10.4.0.2. Let P be a polynomial with integer coefficients P without rational root, d its degree

and x € R a real root of P. Let (p,q) € Z x N*.
1. Showd>1.
p 1
2. Show [P(£)[ = -5.

3. Show there exists C > 0 such that if b € [x — 1,z + 1] then

4. Show that ¢ = Z 10™™ is transcendental [Hint : what can you say about the periodicity of a decimal
n>0
expansion of a rational number ?|.

Exercise(s) 10.4.0.3. Let G be an abelian group which is of finite type.
e Prove that there exists an exact sequence Z™ — Z™ — F — 0.

e Using the method of chapter[J and4.3.2.6, deduce that G is isomorphic to a grou of the form Z" &
" Z/d;Z with dn|...|d;.

e Prove that a finite subgroup of k* (where k is a field) is cyclic.

Exercise(s) 10.4.0.4. TBD
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Chapter 11

Reminder on Unique Factorization

Domains

/" Euclidean Domains

11.1 Introduction

In this chapter, R denotes a domain, i.e.an integral ring (commutative with unity as usual). Let k be its
field of fractions. Thus, we have a notion of divisibility defining a partial order relation on R* = R — {0}.
We are interested in rings where a decomposition irreducible factors exists and is reasonably unique. We
will constantly use the fact that two elements a,b € R are equal up to an invertible multiple v € R* if
and only if the ideals they generate are equal: they are then said to be associated and we write a ~ b.
This defines an equivalence relation on R compatible with multiplication so that R/ ~ is equipped with
an associative multiplication with a unit, the class of 1: this is what is called a monoid (commutative with
unit). We observe (and use) that the divisbilty relation is well defined on the quotient R/ ~. Finally,
even the traditional notion of GCD (in principal ideal domain) is only defined up to this equivalence
relation, we’ll often write equality in this context : for instance, we write GCD(a, b) = 1 for coprime a, b

instead wring GCD ~ 1.

137
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11.2 Characterization

Recall that r € R is said to be irreducible if it is non-zero and non-invertible and if the equation r = 717
implies r; or ro is invertible. In other words, » € R is said to be irreducible if it is non-zero and

non-invertible and if its only divisors are either invertible or associated with it.

11.2.1 Uniqueness Criterion

We know that positive irreducible integers are precisely prime numbers. Generally, we only have one

implicationhave

Lemma 11.2.1.1. Let r € R*. If the ideal () is prime then r is irreducible.

Proof. If r = ryra, the product 179 is zero in R/(r) which by definition is integral. Hence, the class (71

mod r) for example is zero so that r = pyr and r = pyrre. Simplifying by r (integrity), o is invertible. [

The converse is the the so called Euclid, which in a certain sense is true only in unique factorization

domains (see [11.2.1.5|for a precise statement).

Definition 11.2.1.2 (Euclid’s Property). We say (by abuse) that Euclid’s lemma is true in R if the
ideal generated by an irreducible is prime, that is if any irreducible dividing a product divides one of the

factors.

The following lemma is well known

Lemma 11.2.1.3. Let r,r1,7r9 be non zero elements of a principal ideal domain R.
1. (Gauss lemma) If r|rirs and GCD(r,r1) = 1, then r|ry.

2. (Euclid Property) If v is irreducible and r|rire then r|ry or rlrs.

Proof. For the first point, write (Bézout’s theorem) ur + vr; = 1 for some u,v € R. We get ry =
urrg + vrire and therefore r|ry because r divides each summand.

For the second point, let d = GCD(r,r1). Because d|r and r irreducible, d invertible or d ~ r. In the
second case, we have have done because r ~ d|r; by definition. In the first case, we apply Gauss lemma

and we get 7|rs. O
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Definition 11.2.1.4. Let R be a domain and r,r’ € R.

1. We will say a decomposition
n
r=u Hi:l Di

with uw € R* and p; irreducible is unique if for any other such decomposition

7
n
/ /
T:ull pia
=1

we have r =n' and, with renumbering, p; ~ p} for every i. We also say that the (classes of ) the p;’s

are unique up to order.

2. A domain is said to be a unique factorization domain (UFD) if every non-zero element has a unique

decomposition into irreducible elements in the preceding sense.
The link with what precedes is

Lemma 11.2.1.5 (Uniqueness Lemma). Assume every non-invertible element of R admits a decompo-
sition into irreducible elements. Then, these decompositions are unique if and only if Fuclid’s lemma is

true in R.

Proof. Assume we have uniqueness and let r be irreducible (thus non-zero) with a decomposition r =

r_r4. Let’s write the decompositions into irreducibles

Ne
Te = Ue Hps,j
=1
getting
v = u [pes
€,J

with e = + say. Thus, we have two decompositions of r into irreducibles, one having of length 1, the
other of length n_ +n,. Thus, by uniqueness, 1 = n_ +ny and r is (associated to) one of the p. ; (and
even the only one) so that it divides r..

Conversely, if Euclid’s lemma is true, we prove the uniqueness by n straightforward recursion on the sum

of the lengths of two possible decompositions of the same non-zero element. O

By invoking the existence of decompositions in the Noetherian case (|10.3.2.1f and Euclid Property for
principal ideal domain (|11.2.1.3)), we get
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Corollary 11.2.1.6. An integral Noetherian domain is UFD if and only if it satisfies Euclid’s Property.

In particular, principal ideal domain are UFD.

11.3 Transfer

We will demonstrate the transfer theorem from the factorality to polynomial rings
Theorem 11.3.0.1. If R is UFD, then R|T] is UFD.

We must therefore demonstrate the uniqueness of decompositions (thus Euclid’s lemma) and their unique-
ness. For this, we will compare the notion of irreducibles in R[X] and k[X] using the notion of content
(due to Gauss). We will use the equality (R[T])* = R* which is true for any domain R (just because in
this case we have deg(PQ) = deg(P) + deg(Q), see exercise for the general case).

11.3.1 GCD, LCM in UFD

Let (r;) be a finite family of elements of R which we will assume are not identically zero. Recall that an
element r € R* is a GCD of the r; if it is maximal among the common divisors to the r;. Two GCDs of the
same family, when they exist, are of course associated, which is why we speak of the GCD. Therefore, we
can consider the GCD,LCM as elements of the monoid R/ ~. Considering maximal common multiples,

we obtain the notion of LCM. As with integers, we have

Lemma 11.3.1.1. If R is UFD, the GCD and the LCM of the (r;) exist.

Proof. Consider decompositions into irreducible factors of each of the r; # 0 and let ¢; be a family of
irreducibles not associated with each other so that all these factors are associated with exactly one of the

p;. We can then write uniquely
r; = Hj q;)”, v;,j>0 and u; € R*.
We then define

aen(r) =, g/ and GCD(ry) = [ g™

j ;1
which are verified to be suitable. O

Note that GCD and LCM are homogeneous of weight 1 for multiplication by R*.

Exercise(s) 11.3.1.2. Show that if R is principal, the GCD(r;) is a generator of the ideal generated by

the (r;). Provide a characterization of the LCM in terms of ideals.
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11.3.2 Content

In the remainder of this chapter section, R denotes an UFD domain.

Definition 11.3.2.1. Let P € R[T] be nonzero. We define he content c¢(P) of P as the GCD € (R/ ~)
of its coeﬂ?cientfﬂ A polynomial with content ¢(P) ~ 1 is said to be primitive.

For example, monic polynomials of R[T] are primitive. The content is homogeneous of weight 1 under

multiplication by nonzero element like the GCD.

Theorem 11.3.2.2 (Gauss). Let P,Q be be nonzero polynomials of R[T]. Then, ¢c(PQ) ~ ¢(P)c(Q).

Proof. By homogeneity, we may assume P, Q are primitive and we must demonstrate that PQ is primitive.
Otherwise, let p be an irreducible of R dividing ¢(PQ). Since R is UFD, it satisfies Euclid’s lemma and
the quotient R = R/(p) is integral. The coefficient reduction morphism R — R induces a ring morphism
R[T] — R/(p) such that 0 = PQ = P - Q. Since R[T] is integral like R, for example P = 0, i.e.p|c(P), a

contradiction because ¢(P) ~ 1. O

Corollary 11.3.2.3. The irreducibles of R[T| are
1. The irreducibles of R;

2. Primitive polynomials of R[T| that are irreducible in k[X].

Proof. Recall the equality (R[T])* = R*. The first point follows immediately for reasons of degree.
If P is irreducible in R[T] of degree > 0, it is certainly primitive according to the first point.
Suppose it is the product of two polynomials P.,P,y € k[T]. By reducing to a common denominator

d; € R* for the coefficients of P;, we can write P; = P,/d; with P; € R[X]. We then have
(*) d1d2P = P1P2

so that dids = dydac(P) = ¢(P1)c(P2) (homogeneity and multiplicativity of content). Replacing in (*),
we get

P =P1/c(P1)Pa/c(P2)
with P;/c(P;) € R[T] by definition of content. As P is irreducible in R[T], we deduce for example
Py /c(Pq) is invertible, thus of degree zero, and therefore the same for P; which is proportional to it by
a scalar Hence the irreducibility in k[T].

The converse is tautological (who can do more can do less) O

ILet’s emphasize that c(P) belongs to R/ ~, i.e.is only defined up to multiplication by a unit.
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11.3.3 The Transfer Theorem

Theorem 11.3.3.1. If R is UFD, then so is R[T].

Proof. Because the defining properties of UFD are invariant under multiplication by a unit of R*, for

simplicity we simply write by an equality an equality up to R*.

Existence of decomposition. Let P € R[X] be non-zero. If P is a constant r» € R*, we write the
decomposition r = [ ] p; into irreducible factors in R and invoke .

If P is of degree > 0, by factoring out a GCD of its coefficients, we can assume P is primitive. As in
the proof of a common denominator argument then allows us to write its decomposition in the
principal therefore UFD k[X]

P =]][Pi/d
with P; € R[T] irreducible in k[T] and d; € R*. By taking the contents, we have ¢(P) = [[d; and
P =J]P;/c(P;) which is the sought decomposition .

Uniqueness of decomposition in R[T]. Let’s demonstrate that R[T] satisfies Euclid’s lemma (11.2.1.2).
Suppose then P irreducible divides the product of Py, Py € R[T]. If P is of degree > 0, it is primitive and
irreducible in k[T] according to (11.3.2.3). As k[T] is UFD since principal, P|P; for example (in k[T] )
and a common denominator argument allows once more to write dP; = Q; - P with d € R*,Q; € R[T].
By taking the contents we again have de(P1) = ¢(Q1) and therefore P; = ¢(P1)Q1/¢(Q1)P and thus P
divides Py in R[T]. O

For example, a polynomial ring in n variables over a field, a principal ring more generally, is UFD. But
beware, this remarkable stability of factorality does not pass to quotients as does the property of being

Noetherian. The knowledgeable reader will relate this to the notion of non-singularity in geometry.

Exercise(s) 11.3.3.2. Show that the ring R[X,Y]/(X? — Y3) is integral, Noetherian but not UFD.

11.4 Irreducibility of the Cyclotomic Polynomial Over Q

From now on, in the rest of this chapter, k = Q and 2 = C.

We can take here ¢, = exp (%) so that the primitive n-th roots of unity (in C) are the complex

numbers of the form (" = exp (2197™)  where m € (Z/nZ)*.

Definition 11.4.0.1. We define the n-th cyclotomic polynomial

2Idm™m
®,(X) = HmG(Z/nZ)* (X — exp ( - )) .
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We will show that ®,, is irreducible and has integer coefficients.
Lemma 11.4.0.2. We have @,,(X) € Z[X].

Proof. Then, every n-th root of unity has an order d that divides n: it is a primitive d-th root of 1.
Conversely, if ¢ is a primitive d-th root of 1 with d|n, it is an n-th root of 1. We deduce that the set of

n-th roots of 1 is the disjoint union parameterized by the divisors d of n of the primitive d-th roots. As

X" —-1= X — (),
IL.. x-90

we deduce the formula

(i) X" —1= Hd‘n Bq(X).

Starting from ®1(X) = X — 1 € Z[X], we assume by induction on d that ®; has integer coefficients
according to whatever d < n. We just have to recall that the quotient of an integer coefficient polynomial
by a monic integer coefficients polynomial is an integer coefficient polynomial ([5.2.0.1)) to conclude his is

also true for d = n. O

But we have in our case the transfert theorem

Lemma 11.4.0.3 (Gauss). Let P € Z[X] be a non-constant polynomial.
i) If P is irreducible in Z[X], it is irreducible in Q[X].

it) If P is monic, then the monic irreducible factors of the factorization of P in Q[X] have

integer coefficients.
Proof. 1t is just an immediate consequence of (11.3.3.1)) with R = Z. O

Definition 11.4.0.4. A complex number is said to be an algebraic integer if it is the root of a monic

polynomial with integer coefficients.

When the context is clear, we will simply say “integer” instead of algebraic integer.

For example, (, is an integer, but 1/2 is not (cf. Exercise [11.4.0.5)).

The consistency of the terminology is ensured by the following result.

Exercise(s) 11.4.0.5. Show that x € Q is an integer over Z if and only if it is in Z.
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Gauss’s Lemma [T1.4.0.3] immediately gives the following result.

Corollary 11.4.0.6. The minimal polynomial of an integer element has integer coefficients.

Then:

Theorem 11.4.0.7. The cyclotomic polynomial ®,, is irreducible over Q.

The proof, due to Gauss, is very clever.

Proof. Let P be the minimal polynomial of (,. It suffices to prove ®,|P, or that all primitive roots of
unity cancel P.
Let p be a prime not dividing n and let ¢ be a root of P. Then ( is necessarily a primitive root because

P|®,,. The key is the following lemma.

Lemma 11.4.0.8. ¢? is a root of P.

Proof. Suppose, by contradiction, the opposite. Write
X" —1=P(X)S(X)

with S(X) € Q[X]. Since ¢, is an integer, we have P(X) € Z[X] according to Corollary P(X)
being moreover monic, S(X) € Z[X]. Since P((P) is assumed to be non-zero, we have S(¢?) = 0. Thus,
the polynomials P(X) and Q(X) = S(X?) have a common complex root. Their GCD (calculated over Q)
is therefore non-constant, so that P divides Q in Q[X] (irreducibility of P) and also in Z[X] since P is

moreover monic. Reduce modulo p. We obtain
Q(X) =5(X7) = (S(X))”

using the Frobenius morphism. Since by hypothesis n # 0 in F,,, X” — 1 and its derivative nX"~! have
no common root in F, so that X® — 1 and P have no common factor in F,[X]. Let IT be an irreducible
factor of P. As it divides S', it divides S, so that TI>|X" — 1 in F,[X]. We obtain a contradiction since P

is separable. O

We can now finish the proof of Theorem [11.4.0.7]

Let then ¢ be a root of P and ¢’ be any root of ®,,. We write ¢’ = (" with GCD(m,n) = 1 (because ¢’
is primitive). By decomposing m into a product of prime factors, a repeated application of the lemma

gives that ¢’ is a root of P and therefore ®,,|P. O
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11.5 Additional exercises
Exercise(s) 11.5.0.1. Let R be a ring.

1. If r is nilpotent, show that 1 4+ r € R*.

2. Show that a nilpotent element belongs to any prime ideal of R.

Let r be a non nilpotent element and define the equivalence relation on R by r1 = ro if an only if there

exist n > 0 such that r™ry = ro. R[1/r] denote the quotient space and Ry,;; the set of nilpotent elments of

R.
3. Show that there exists a unique ring structure such that the quotient map R — R[1/r] is a morphisme.
4. Prove that R[1/r] is nonzero.
5. Prove that there exists a prime ideal not containing r.
6. Prove that the intersection of prime ideals of R is the set of nilpotent elements of R.
7. Prove (R[T])* = R* + TR,4[T].

Exercise(s) 11.5.0.2. Let n be a positive integer and z1, ..., z, be complex numbers. Define P, (T) =
[L(T—=2™) form >0 and let V= C[T]/(P1(T)). Finally, let a € Endc(V) be the homothety with ratio
T defined by a(Q) = TQ for all Q € V and let x,(X) = det(XId —a) be its characteristic polynomial.

~

. Show the formula x(X) = P1(X).
2. Show that the z; are the eigenvalues of a.
3. Show that the dimension of each eigenspace is 1.
4. Show that a is diagonalizable if and only if the z; are pairwise distinct.
5. Show for all m > 0 the formula xom(X) = P, (X).
Now suppose that 0 < |z;| <1 for all i and that Py € Z[T).
6. Show that the P,,(T) have integer coefficients.
7. Show that the set {P,, m > 0} is finite.

8. Conclude that the z; are roots of unity.
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Chapter 12

Euclidean Spaces

Euclid by Raphael

12.1 Perspective

In this section we generalize the warm-up results of chapter [2] to a general
Euclidean space emphasizing that most of the results come from this dimension

< 2 case. This is consistent with the spatial elementary geometry taught in

/I\N

highschool where most of the time proving theorem needs to reduce to suitable

planes or to project to them.

In this chapter, (E, (.,.)) will denote an Euclidean space (2.2.0.1). A usual, we write v? for (v,v) and we

have by simple bilinearity

(v 4 w)? = v* + 2(v,w) + w?

proving the usual Pythagoras theorem: (v + w)? = v? + w? if and only if v and w are orthogonal.

149
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12.2 Basics on Euclidean Geometry

Most of this section consists in reminders (orthogonality, Gram-Schmidt algorithm, orthogonal and sup-
plementary spaces). Proofs are included for convenience and reference but can certainly be skipped by
most of the readers. As announced in §[2] the proof will use two tools: the orthogonal decomposition
allowing to reduce to the dimension < 2 case which either trivial (dimension 1) or elementary as

explained in the warm-up chapter

12.2.1 Examples

Let us first give some examples even we know (and will recall) that two Euclidean spaces of the same

dimension are isometric.

Example(s) 12.2.1.1. e The restriction of a scalar product E, (.,.) to a subspace is a scalar product:
any such finite dimensional vector subspace has the canonical structure of a Fuclidean space, with

which it is implicitly equipped.
o If (X, ) is a (positively) measured space, then a scalar product on L?(X, u; R) is defined by
(f,9) = Jfgdu-
Therefore, any of its finite dimensional subspace is an Fuclidean space.

e If M € M, ,(R), then (M,N) = tr(MN) is a scalar product. For this, consider M = (a;;) and
compute the diagonal terms of ™MM = (b;;) :

_ . R 2
bjj = E :ak]ak] = E :akj
k k

and

tr(MM) =) " aZ;
i,

hence (M, M) > 0 unless M = 0.

12.2.2 Euclidean Norm

Theorem 12.2.2.1. The mapping v — ||v|| is a norm called the Euclidean norm.

Proof. As in (2.2.1.1)), the proof is a consequence of the general Cauchy-Schwartz lemma [12.2.2.2[ below.
O
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Proposition 12.2.2.2 (Cauchy-Schwartz). Let v,w € E.
1. One has (v,w) < ||v||||w|| with equality if and only if v,w are positively colinear.

2. One has |(v,w)| < ||v||||w|| with equality if and only if v,w are colinear.

Proof. This is trivial if dim(E) < 1. If not, v, w always belong to a dimension Euclidean 2 to which we

apply the Cauchy-Schwartz inequality in dimension 2 ([2.2.1.1]). O

This norms benefits the median equalityﬂ or Apollonius theorem

. 2 2
(i) Va,y € E, llz+yl” + o -yl = 2(l=l” + Iyl

The Euclidean norm is in fact characterized by the identity of the median:

Exercise(s) 12.2.2.3. Show that a normed space of finite dimension is Euclidean if and only if for all
z,y € E, we have
2 2
lz +ylI" + ll = ylI” = 2([l2]1* + [|y[*)-

12.2.3 Dual of an Euclidean space, Orthogonal

Proposition 12.2.3.1. Let F be a subspace of E.
1. E admits orthonormal basis.

2. The dual of an FEuclidean space E is canonically isomorphic to its dual thanks to the isomorphism

v = (w = (v, w)).

3. This isomorphism identifies FX C E* with the usual Euclidean orthogonal {v € E|(v.F) = {0}}, still
denoted F+.

i
4. One has the orthogonal decomposition F & FL+ =E.

Proof. The proof of (1) is a simple induction, strating in dimension 1 where v/|v|| is an orthonormal

basis for any v # 0. In dimension n > 1, choose a unite vector e, and observe that the linear form

IExercise: Explain the denomination "median equality".
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w: w— (w— {e,,w)) is not zero (because it is positive on e,). Then, by induction there exists an
orthonormal basis on the Euclidean hyperplane Ker (¢) whose together with e,, is an orthonormal basis
of E.

The morphism of (2) is an injection E < E* and therefore an isomorphism for dimension reasons.

A form w +— (v, w) belongs to FL if and only if (v,F) = {0} proving (3) and therefore the dimension
formula dim F+ + dim F = dim E.

If v € FNF, one has ||v]|2 = (v,v) = 0 and therefore v = 0. Together ith the dimension formula, this
gives (4). O

Example(s) 12.2.3.2. In the case of the standard Euclidean R™, the identification between R™ = (R™)*
allows the definition of the gradient V. (f) € R™ of a function f : R™ — R differentiable at a point x by

the relation

Yo e R™, (v, V. (f)) = df(z).v.

Definition 12.2.3.3. For any subspace F of E, we define the orthogonal projection to F (resp. the
1L 1
orthogonal symmetry) with respect to F) as Idp © O0p. (resp. Idp &(—Idps) ).

Exercise(s) 12.2.3.4. Let u € R™. The Householder matriz is defined as the n x n matriz H,, given by

t

uu
H,=T-2——,
[Jul]?

if u#0,

and Hy, =1 if u is the zero vector. Prove that H,, is the orthogonal symmetry of the standard Eucldidean

R™ with —1 eigenspace u'.

Rotation of Angle —r/3

Orthogonal Symmet w

ViV

v
w

Exercise(s) 12.2.8.5. Show that the matriz norm of a linear projection in an Fuclidean space is < 1.

Show that this norm is equal to 1 if and only if the projection is an orthogonal projection.
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12.2.4 Cross product in an oriented Euclidean space

Let E be an oriented Euclidean vector space. Let B be an orthonormal basis defining the orientation of E
(choose for any orthonormal basis and if it is non direct, change one of its vector to its opposite). If B’ is
another positively oriented orthonormal basis, the the base change matrix Mat(B, B’) is of determinant
1.

In particular, for any vectors vy, ...,v, € E, one has detg (v, ...,v,) = detg/(v1,...,v,) and this value

does not depend on B but on the orientation.

Definition 12.2.4.1. For any v1,...,v, € E, we denote by det(vy,...,v,) the determinant

detg (v, ...,v,) where B is an arbitrary positively oriented orthonormal basis of E.

Proposition 12.2.4.2. Let vy,...,v,—1 € E.

1. There exists a unique unique vector (the cross product of the v;’s) v1 X -+ X v,—1 € E such that

Yo € E, (vg X -+ X vp_1,v) = det(v1, - ,Up_1,0).

2. The cross-product map (v;) — v1 X -+ X 1 18 skew-linear and vy X - -+ X v,,_1 is orthogonal to the

7

V;’S.
3. If (v1,...,un_1) is free, then (vi,...,vy,) is positively oriented. If moreover (vi,...,v,_1) is or-
thonormal, so is (vy,...,vy).

Proof. Recall (12.2) that the dual of an Euclidean space E is canonically isomorphic to its dual thanks
to the isomorphism v — (w +— (v.w)) which proves (1).
The skew-linearity of the cross product follows from the skew linearity of the determinant. Moreover, if

1 < n, one has

0= (vy X+ Xvp_1,v;) =det(vy, -+ ,vp-1,0;) =0
proving (2).
If (v1,...,v,—1) is free, the linear form
v det(vy, -+, Up_1,0;)
is nonzero and therefore vy X --- X v,_1 is nonzero. In particular
det(vy,++ yUp—1,01 X -+ X Up_1) = (U1 X+ X Up1,01 X ==+ X Up_1) >0
proving that (v1,...,vp—1,v1 X -+ X v,_1) is a positively oriented basis. If moreover (vi,...,v,-1) is

orthonormal, let v,, be the unique normed vector such that B = (v1,...,v,—1,v,) is a positively oriented
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orthonormal basis. By construction, det(vq, - ,v,_1,v) is the last coordinate (v,,v) of v with respect

to B, and, by definition, so is (v; X -+ X vy_1,v) proving vy X -+ X Up_1 = v, and (3). O

12.2.5 Orthogonalization

The following algorithm is the genralization of (2.2.3)).

Proposition 12.2.5.1 (Gram-Schmidt Algorithm.). Let vq,---vq be a free family in the Euclidean space

E. Then, there exists a unique orthonormal family e1,--- ,eq such that
1. Span(vh...vi) = Span<€17... 751') fO’I"i = 17 ,d.

2. (vi,g;) >0 fori=1,---,d.

We'll give two ways of thinking the proof.

Proof. Let us observe that the independence of the v; implies that each H; = Span (vy,---v;) is of
dimension i and therefore is an hyperplane in H;y; and that v;y; ¢ H; which moreover carries the
natural orientation of its defining basis (v1,...,v;) .

Geometrical proof. By assumption, one has £ is the only normed vector positively colinear to v; € H;.
Assuming ¢4, ... ,&; have been (uniquely) constructed, they from an orthonormal basis of H;. Up to sign,
there is a unique normed vector in H; ;1 to the hyperplane H; (use either the general dimension formula of
an orthogonal, or more simply the canonical isomorphism from H;;; to its dual induced by its Euclidean
structure). Let e;41 one of the two. Because v;+1 ¢ H;, one has (v;11,€;41) # 0 and it remains to define
Eit1 = sign((vi+1,€i41))eit1.

In other words, (g;) is characterized by the fact that each (e1,...,¢;) is the (unique) a positively oriented
orthonormal basis of H;.

Computational algorithm. Let us recall that v;11 € H; for i < d (with Hy = {0}).

Existence. We first define

u
=01 £0, & =,
[ ]
Assuming that wuq,...,u; and an orthonormal suitable system e, ...,e; of H; have been defined, one
defines inductively for i < d
Ui+1
Uiyl = Vip1 — (Vig1 - €1)€1 — - — (Vi1 €)& # 0, €41 = Taeall
it+1
By construction, the family (¢;);<q4 is orthonormal and v;41 € Span (e1,...,&;41) for all i < d. We get
Hi+1 C Span (61, Ce 75i+1) hence
H;11 = Span (e1,...,€i+1)

for dimension reasons. Finally,

W
(€it1,Vit1) = (Eit1, Ui1) = <|L1

sUit1) = [[uiga| >0
lwiva|
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hence our recursive algorithm (which is unfortunately numerically unstable).

O

Gram-Schmidt orthogonalization also implies that any subspace F of E has an orthonormal basis whose
first dim F vectors form a basis of F. It could have been used earlier to prove for instance the dimension

formula for the orthogonal of a subspace F.

Corollary 12.2.5.2 (Iwasawa or QR Decomposition). FEvery matriz M € GL,(R) uniquely decomposes
into a product M = QR of square matrices with Q orthogonal and R upper triangular with positive diagonal

coefficients.

Proof. Existence. For j =1,...,n, let
v; = (Mij)i<n € R"
be the (independent) column vectors of M and let
gj = (¢ij)i<n €R"
the Gram-Schmidt orthonormalization of (v;). Finally, let us define
115 = (vj,€1)
By construction Q = (¢, ;) is orthogonal. Moreover, because
vj € Span(eq,...,¢&5)

one has

v; = Z<’Uj,€l>51 = Zrl,jfl with ry; =0if [ > j
I<j !

or R upper triangular and m; j = >, ¢;;7,; meaning precisely M = QR. Moreover, r;; = (v;,&;) > 0,
hence the existence.

Uniqueness. With obvious notations, if QR = Q'R/, we get T = R'R™! both triangular and orthogonal.
In particular T~' =* T implying that T is both upper and lower triangular hence diagonal. Because it
is orthogonal, its coefficients are equal to £1. But the diagonal coefficients are r;I /7ii > 0 and therefore

are equal to 1 proving T = Id hence the uniqueness. O

Remark(s) 12.2.5.3. Transposing the QR decomposition, we get the so called LU decomposition of an
(invertible) matriz as a product of a lower triangular matriz by an orthogonal one (unitary in the complex
case, cf. (17.2.4.2)). This provides another numerical algorithm to invert a matriz, unfortunately numer-

ically unstable like the Gram-Schmidt algorithm. We strongly encourage to implement this decomposition
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in a computer, for example using the SAGE software. One can refine this algorithm using the so-called

Householder’s matrices (12.7.0.10).

Exercise(s) 12.2.5.4. Wit the notations above, show that the map M — (Q,R) is continuous. De-

n(n+1)

duce that GL,,(R) is homeomorphic (not isomorphic as a group!) to O,(R) x R™ =z  (see the polar

decomposition above for another such homeomorphism,).

Corollary 12.2.5.5 (Hadamard Inequality). The Euclidean volume
h
of a parallelepiped is less than the product of the lengths of its sides
b
Area =b.h with equality if and only if it is rectangular.
Proof. Let vy,--- ,v, be a family of n free vectors of R™ and M the matrix [vq, - ,v,]. We want to show

| det(M)| < []llvill- Keeping the previous notations, we have

Cauchy—Schwarz

| det(M)| = | det(R)| = | ] J(vi, ) < [ Tlvillleilt =TT osll-

In case of equality, equality in Cauchy-Schwarz implies that each v; is (positively) proportional to ;. O

12.2.6 Gram matrices

The Gram matrix of a finite family v; € E is the symmetric real matrix Gram(v;) = ((v;,v;)). We'll
denote its s determinant by gram(z;). Its important to keep in mind that Gram(v;) = Id if and only if

v; is orthonormal. We'll repeteadly use the straightforward formula

where X, Y are the column vector of coordinates x;, y; respectively. The following corollary is well-known

and is here for reference (compare with [17.2.5.3| and more generally §.

Corollary 12.2.6.1. Let v;,w; € E be finite families and assume there exists relations wj =Y, p; ;v;.
Let P = (p; ;) be the corresponding (possibly rectangular) matriz. Finally, let x =) x;v;,y = > y;v; € E

and X,Y the column vectors of the x;,y;’s. Then, one has
1. (x,y) =X Gram(v;)Y
2. Gram(w;) = 'P Gram(v;)P.

3. gram(v;) = 0 if the v;’s are not independent and is > 0 else.
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Proof. The first item is a straightforward consequence of

The second is a direct consequence of the first item.

For the third, assume first that ). y;v; = 0 with at least one nonzero y;. Thanks to the first point, we
get "X Gram(v;)Y for any column X and Y # 0 the column of the y;’s. Therefore Y € Ker (Gram(v;))
proving that gram(v;) = 0. If the v;’s are independant, let w; be it’s Gram-Schmidt orthonormalization
and P be the corresponding (invertible) base change matrix whose Gram matrix is the identity. Thanks

to the first item, we get 1 = gram(v;) det(P)?2. O

12.2.7 Minimization of distance

It’s a highschool result that the distance from a point M to a line ¢ is the length MH where H is the

orthogonal projection of M on /.

Proposition 12.2.7.1. Let f;, i = 1,...,d is a basis of a subspace F of F and x € E. Let pr be the

orthogonal projection to F and d(x,F) = inf cr ||z — y|| the distance form x to F.
1. The projection pr(x) is the only point y € F such that d (x,F) = ||z — y||.
2. d(z,F)? = o — 2 gram(z, f;)
(@ F)? = Iz — pr(a) 2 = EE2mlr.

Proof. By definition, z — pp(z) € F*. Therefore, for any y € F, one has
lz = ylI* = llz = p@)|* = |z — p(2)[|* + Ip(z) - ylI®

proving that y = p(x) is the unique solution of the first inequality.
For the second item, observe that gram(z, f;) is linear in  and zero if € F (because the first column of

the Gram matrix is then a linear combination of the others). Therefore,

gram(z, f;) = gram(z — pr(x), fi)
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But, x — pp(z) € F+ implying that the the first row of the Gram matrix is

(H:L‘ —pF(:L‘)||2,0, . '70)'

Expanding the Gram determinant along this line gives

gram(z, f;) = d(z, F)? gram(f;)
thanks to the first item. We conclude using [12:2.6.1] O

The proposition above can be generalized for F only assumed to be closed and convex (|16.4.0.1]).

Remark(s) 12.2.7.2. With the notation of the proof of [12.2.5.1, we have the formula for the Gram-

Schmidt process
Uj+1

Uit1 = Vigy1 — PH; (Vig1) Eit1 = m
i+

for any i < d.

Exercise(s) 12.2.7.3. Give at least two different ways to compute iglfR jé (t> + at + b)%dt.
a,be

12.3 Geodesic distance on the Euclidean sphere

Let S, € R"*! be the Euclidean sphere of unit vectors and let =,y € S,,. We are interested in length
of "smooth paths" v : [a,b] — S, E| drawn on the Euclidean sphere between x,y and we define 0, =
arccos(x, y).

If n = 1, we identify the plane to the complex plane and write thanks to the lifting theorem ~(t) =
exp(if(t)). We have

exp(i6(a)) = o, exp(i0(b)) = y, () = Re(®y) = cos(8(b) — 0(a))

The length of v is therefore

b
J 0] > 16(b) — 6(a)]

a

whose class (up to sign and mod 27) is the non oriented angle between z and y. It follows that the
smallest possible length is arccos(z,y) with equality if and only if + is the usual parametrization of the
smallest arc of circle (the red part of the figure below) between 2 and y (of course, if © = —y they are

two such arcs.)

Exercise(s) 12.3.0.1. Using that exp is a group morphism that we have the triangle inequality 0, . <

Oz, + 0y, for any points x,y, z in the unit plane circle. Deduce that (x,y) — 05, is a distance.

2At least piecewise C! alowing to define the length of v by [ |7/ ()]
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Proposition 12.3.0.2. For any n > 1, the map (z,y) — 6, , = arccos (z,y) is a distance.

Proof. The triangle inequality is the only point to check. If we knew that suitable arc of great circle are
shortest paths (see[12.7.0.11)), the result would follow from the above computation formally. Let us give
a (classicaﬂ) direct proof.

\'. /f

P
.
-
\ s
- _/
S

1 cosfy, cosl,,
We know that the Gram determinant gram(xz,y,z) = det | cos6,, 1 cosf,, | is > 0 meaning
cosf,, cosby, 1

precisely (by direct computation of the determinant) that
1 — cos? Oy — cos? 0y — cos? 0, + 2 cos 0y cos by, cosly, > 0.

Adding cos? 8, — cos® 8,, > 0 we get

(1 — cos? Oy) (1 — cos? 0,,,) — (cos O, cos B, — cos0,,)? >0,

or equivalently:

sin? Oy sin? 0y~ > (cos by, cosb,, — cos 0..)%

Because 0, 0,. € [0, 7], their sinus are > 0.

30ur exposition is the one of https://math.stackexchange.com/q/1925049


https://math.stackexchange.com/q/1925049
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Taking square roots of the last inequality we get

sin @, sin @, > | cos by cos b, — cosby,| > cos by, cosb,, — cosb,,
sin 6, sin 0y, > cos Oy, cos 6, — cos .,

Using the trigonometrical identity:
c08(0zy + 0,.) = cos Oy, cos b, — sin b, sin b,

we obtain

cos by, > cos(Oyy + 6,2)

hence the triangle identity because arccos is a decreasing function.

exz < gty + 0yz~

12.4 Adjoint morphism

Proposition 12.4.0.1. Let B = (e;) be a basis of E and f be an endomorphism of E . There exists a

unique endomorphism f* of E, called the adjoint of f such that

1. For all z,y € E,
(f(@),y) = (=, [*(y))-

2. One has
Mat(B, f*) = Gram(e;) ™" (* Mat(B, f)) Gram(e;)

In particular, f and f* have the same rank

3. If moreover B is orthonormal, we have

Mat(B, f*) = * Mat(B, f).

Proof. Let us denote G = Gram(e;) and A = Mat(B, f). We write the sought identity in terms of
matrice,s taking into account (x,y) = 'XGY (12.2.6.1)
HAX)GY = 'XTAGY = 'XGG YAGY = *XG(G'AG)Y

which allow to defines f* by the equality Mat(B, f*) = G1*AG. All the items follow immediately. [

For instance, isometries f of E are isomorphisms such that f~! = f*. Usual properties of transposition

give the usual formulas (linearity of adjunction, (f o g)* = g* o f*, Id* = Id. Note that, like in this
Euclidean case, f and f* are similar ([5.5.0.3)).
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12.5 Comparison

Starting with some endomorphism f of E, we would like to compare f* with f, f=!, —f. We would like

to understand when we have an equality between two of these morphisms, giving 6 case.

1. f*= f_1 or f is an isometry (see[12.6.2.3)).
2. f* = f or f self-adjoint (see[12.6.3.1]).
3. f*=—f or f skew-adjoint (see|12.6.5.1]).

In all these case, f commutes with f*.

12.6 Real Normal Endomorphisms

We want to give a nice form of normal real endomorphisms in a
suitable orthonormal basis. Let us recall (12.4.0.1f) that the matrix

Cost Reduction in an orthonormal basis of the adjoint of an endomorphism is its
e el

ﬂF transpose. Be aware, this is not true if the basis is not assumed to

be orthonormal.

Definition 12.6.0.1. An endomorphism f € End(E) (resp. a matrix M € M,,(C)) is normal if fo f* =
f*of (resp. if M!M = ‘MM).

12.6.1 Reduction of Normal Real endomorphisms

Therefore, after the choice of some orthonormal basis, we will be in interested in normal matrices. This

problem relies on two statements :

1. The orthogonal of a stable subspace of a normal endomorphism f is stable by fand its restriction to

each of these spaces is normal (|12.6.1.1)). This wil allow to reduce to the dimension 2 case.
2. The computation of normal matrices in My(R).

This illustrate, once again, that everything boils down to plane geometry!

The tool to reduce to dimension < 2 is the behavior of orthogonals with respect to normal endomorphisms:

Proposition 12.6.1.1. Let M = be a real block square matrixz that commutes with its transpose.
0 B

Then, C = 0. In other words, the orthogonal of a space stable by a normal endomorphism is stable.
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Proof. The second point is an immediate consequence of the first by writing the (symmetric) matrix of u
in an orthonormal basis union of an orthonormal basis of the stable space in question and its orthogonal.
For the first point, the (1,1) block of the zero matrix M‘M —*MM is equal to C*C + A*A —*AA by direct
computation. Taking its trace, we get tr(C*C) = 3 ¢} ; = 0 and thus C = 0 (this is where the real nature

of the coefficients is used). O

Proposition 12.6.1.2. Let u be an endomorphism of the Euclidean plane and M € My(R).

a
1. M commutes with its transpose if and only if it is either symmetric or of the form = pRy
b
with a + ib = pexp(ih), p > 0.

2. M commutes with its transpose and is diagonalizable if and only if M is symmetric. In this case, it

is orthogonally diagonalizable.

3. w s either self-adjoint or a direct similarity. The direct and self-adjoint similarities of the Fuclidean

plane are are the homotheties.

4. u is normal and diagonalizable if and only if it is self-adjoint; it is then diagonalizable in an or-

thonormal basis.

Proof. The last two items are just the base free translation of the first two by considering the matrix of

u in an orthonormal basis.

Thanks to (2.2.6.1)), we already almost know everything except that a normal non symmetric matrix
a

c
M= is of the form pRy and is not diagonalizable.
b d

Finally, we must show that the direct similarity rRy is diagonalizable only if it is symmetric. Its eigenval-

ues are 7 exp(=£i#), which are real only if # mod m = 0, hence M = +r Id which is indeed symmetric! O

A straightforward induction joined with the propositions [12.6.1.1} and [12.6.1.2] yields

Theorem 12.6.1.3 (Reduction of Real Normal endomorphisms). Normal endomorphisms f are en-
domorphisms such that there exists an orthonormal basis, reals aq,...op, pr > 0,...,p4 > 0 and

01,...,0; € R —7Z such that

251

Mat(f) = .
P1 - g,y

,Dq ’ qu
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The oy, pj, (£0; mod 2m) are unique up to 0Td67E|.

Proof. Let us prove the existence part by induction on dimension. The cases of dimension 1 and 2 are
known thanks to the previous result. We assume that the theorem is true up to dimension n and we
suppose that E is of dimension n + 1. According to the remark f fixes a line or a plane F. In
this space, we know find an orthonormal basis which will give the desired form for f|r. Then,
we know that f preserves F with moreover f|pi normal. We then just have to apply the
induction hypothesis.

For the existence, let us observe that the characteristic polynomial of the above matrix is

P q
T —a) T ((T = pj exp(i6;)(T — p; exp(—if;))
i=1 j=1

and therefore defines uniquely a;, pj, (6; mod 7) up to order. O

From a matrix viewpoint, this rewrites to say

Corollary 12.6.1.4. If M € M, (R) is normal, namely if it commutes with its transpose, there exists

reals o, ...0p, p1 > 0,...,pq >0, a matriz O such that

aq

t00 =1d and O~'MO =*OMO =

pq - R,

The o, pj, (£0; mod 2m) are unique up to order.

12.6.2 Reduction of Orthogonal Morphisms

We have the following easy characterization of orthogonal morphisms (check!).

Lemma 12.6.2.1. Let u be an endomorphism of E. The following properties are equivalent.

e ucO(E);

4The ambiguity on the signe of 0; is just due to orientation question of the relevant planes (see chapter .
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for all zx € E, ||u(z)|| = ||z|| ;

e you*=1Id;

e yrou=1d;

e Mat(u,B) -‘Mat(u,B) =1;

o ‘Mat(u, B) - Mat(u,B) =1;

o the columns of Mat(u, B) form an orthonormal basis ;

o the rows of Mat(u, B) form an orthonormal basis ;

u transforms an orthonormal basis into an orthonormal basis.

Corollary 12.6.2.2. If u € O(E), then detu = +1 and thus SO(E) = det™'{1} N O(E) is a normal
supbgroup.

From the lemma and the reduction theorem

Theorem 12.6.2.3 (Reduction of Real Isometries). The isometries of an Euclidean space are the endo-

morphisms whose matrix in a suitable orthonormal basis is block diagonal of the form
Id,

—1d,,
Ry,

Ry

q

with p,m € N and 01,...,0, € R —7Z. Moreover the ; mod 2m’s are uniquely determined up to order.

Proof. With the notations from theorem [12.6.1.3] of the reduction of normal endomorphisms, it suffices

to observe that the condition of preserving the norm is equivalent to a; = £1 and p; = 1. O

Remark(s) 12.6.2.4. If E is of odd dimension, the orthogonal matrices as above satisfy m even so that
—Id;, = diag,,/s(Rx) and n odd so that 1d, = diag(1, diag,_1y/2(Ro)). Thus, the matriz of a positive

isometry in odd dimension is of the form diag(1l,diag Réi) with 0; real, generalizing the usual form in
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three-dimensional Euclidean space. Similarly, in even dimension, it is of the form diagR; , hence without

necessarily an invariant ‘axis’ as in odd dimension.

Corollary 12.6.2.5. The continuous exp : Ap(R) — SO, (R) is surjective, where A, (R) denotes the

set of skew-symmetric matrices. In particular, SO, (R) is path-connected.

Proof. If A is skew-symmetric, then

(exp(A)) = exp("A) = exp(—A) = (exp(A)) ™",

thus exp(A) € O,(R). Because tr(A) = tr(*A) = —tr(A), one has moreover tr(A) = 0. Therefore,
det(exp(A)) = exp(tr A) = 1 proving exp(A,(R)) C SO, (R).

Because exp(O~1AO) = O~ ltexp(A)O, the reduction theorem shows that the surjectivity
statement is equivalent to prove that for any # € R, one has Ry € exp(Ag(R)). Once again we are

reduced to the dimension 2 statement.

~ 0o - -
Let J = . We have J? = —I and therefore
1 0
_ k92k k02k+1 _ ) B
exp(61) = Y (-1) WI‘”Z(_” ) = cos(6) - 1d +sin(9) - J = Ry,
k>0 k>0

Remark(s) 12.6.2.6. The previous theorem is a generalization of the usual reduction of rotations in
an Euclidean 3-space : for any rotation r, there exists an orthonormal basis such where its matriz is
diag(1,Ry) where 8 mod frm—en is defined up to sign and is characterized by tr(r) = 1 + 2cos(0).
Like in the plane situation, to get a well-defined 6 mod frm—emw, we need some orientation. If r = 1d,
there is no ambiguity. Assume further that E is oriented and r # Id. In this case, the azis
Ker(r — Id) is a line. We orient this axis by (arbitrary) changing one of its two unit vector as the first
vector e of our basis. Then, there is a unique orientation of the orthogonal plane ei compatible with the

chosen orientation of E. The restriction of v to this invariant plane is Ry where & mod 27 is well-defined

2.2.]).

12.6.3 Application to Real Self-adjoint endomorphisms
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Theorem 12.6.3.1 (Self-adjoint endomorphisms Reduction: The Spectral theorem). The self-adjoint
endomorphisms of a Fuclidean space are the endomorphisms whose matrix in a suitable orthonormal basis
is diagonal. Matricially, real symmetric matrices M are the orthogonally diagonalizable matrices: there
exists an orthogonal matriz O and a real diagonal matriz A such that tO0 =Id and O~'MO = ‘OMO =
A,

Proof. As u is normal, we can apply theorem [12.6.1.3|and reduce to showing that a real symmetric matrix

of the form
aq
0
Qp
pP1 - R91
0
pq - R,
with a1,...ap, p1 >0,...,p, > 0and 6y,...,0, € R —7Z is diagonal. But in this case, m = 0 because
the similarity matrices p;Rg, are not symmetric since 6; € R — 7Z. [

Remark(s) 12.6.3.2. Let us emphasize that complex symmetric matrices are generally not diagonaliz-

1 4
able, even over C. For example, is symmetric and nilpotent!
i -1

We define (compare with chapter

Definition 12.6.3.3. Let S be symmetric real matriz. We define the associated symmetric bilinear form
of S on R™ = M,, 1 (R) by the formula (X,Y)s = *XSY. We say that S is positive definite this form is a
scalar product and therefore X — /(X, X)s = [|X||s is a norm.

Corollary 12.6.3.4. A symmetric real matrix S is positive definite if and only if its eigenvalues are > 0.

Proof. Let us write S = O"'AO = *OAO with § = diag()\;). Then, for any X € R"

(X, X)s = 'XSX = 'X'OAOX = ) " \;&?



12.6. REAL NORMAL ENDOMORPHISMS 167

where £(¢;) = OX

Assume ); > 0 for all i. Then, (X, X)s > inf(\;) > &2 > 0 and (X, X)s = 0 only if Y. &2 = 0, that is to
say of OX = 0 and therefore X = 0 because O is invertible being orthogonal.

Conversely, assume that S is positive definite and define X; = O~le;. Then, (X;,X;)s = A\; > 0. O

Notice that another way to understand the proof is that the bilinear form is simply given by the formula

> Xi€? in the coordinates &; of an orthonormal basis of eigenvectors of S.

Exercise(s) 12.6.3.5. Let A, B two positive symmetric matrices. Prove 0 < tr(AB) < tr(A) tr(B).

Corollary 12.6.3.6 (Simultaneous Reduction). Let S;S" € M,,(R) be two real symmetric matrices with
S positive definite. Then, there exists an invertible matriz I € GL,(R) and a diagonal matriz A €
Diag,(R) such that

TSI = Id and "TIS'T = A.

Proof. We define an Euclidean structure Choose an orthonormal basis of R"™ for the Euclidean form ¢g.
If P is the matrix changing its coordinates, we have ‘PSP = Id. According to the theorem of reduction
applied to the symmetric matrix *PS’P, hence defining a normal endomorphism for the canonical
scalar product of R", there exists O € O, (R) such that

tO'PSPO = A and hence 00 =1d.

It suffices to define IT = PO. O

Remark(s) 12.6.3.7. Note, A has nothing to do with the eigenvalues of S'!.

Exercise(s) 12.6.3.8. Let S1,S2 be symmetric positive definite matrices.

1. Prove det(Id +S1) < 1+ det(Sy).
2. Prove det(Sy + S2) < det(S1) + det(Ss).

3. Generalize the precedent inequality if S1,S2 are only assumed to be symmetric positive.

12.6.4 Ellipsoid

Let us give a useful consequence of [12.6.3.4

Definition 12.6.4.1. Let S be a positive definitive of M,,(R). The ellipsoid associated to S is the (convex
compact) unit ball Eg = {X € R"|||X||s < 1}. The (orthogonal) lines generated by the eigenvalues of S
are called the aziflof €.
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Lemma 12.6.4.2. Let & = {X € R", XSX < 1} where S € 8T (R). Then volE€s = u(S)vol&; > 0
where 1 : S € 8§ (R) ~ (det S)~/2 wher vol is the Euclidean volume (defined by the Lebesgue measure

for instance).

Proof. Let us first observe that vol €14 > 0 because its interior in nonempty. Then according to the
reduction theorem, there exists O € O, (R) such that ‘OSO = D is a diagonal matrix whose diagonal
coefficients A1, ..., A, are all strictly positive. Consider D’ the diagonal matrix whose diagonal terms are
1/ \/Z , and denote R = OD’O~!, which is invertible and symmetric. Therefore, we have RSR = Id,,.

Moreover
s ={XeR", XR?X <1} ={XeR", (R'X)(R'X) <1} = {X e R", R"}(X) € &4} = R(&1q).
By the change of variables formula, we obtain the desired result:

vol &g = det Rvol E1g = p(S) vol Exq .

Remark(s) 12.6.4.3. Notice that E1q is the standard Euclidean ball. The interested reader will easily

prove the well-known volume formula vol 14 = F(”:fl) where T is the Euler T' function (exercise).
B

12.6.5 Application to Real Skew-adjoint Endomorphisms

Theorem 12.6.5.1 (Skew-adjoint morphisms Reduction). The skew-adjoint endomorphisms of an Eu-

clidean space are the endomorphisms u whose matriz in a suitable orthonormal basis is block diagonal

0 —
where the non-zero blocks are of the form r , 7 € R*. Moreover, the scaling coefficients r are
1 0

uniquely defined up to order.

50 course, this notion is really meaningful only when all the eigenvalues are distinct
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Proof. Proceed as in the self-adjoint case by observing that the matrix

aq

Qp

pP1- R91

pq - R,

is skew-symmetric if and only if o; = 0 and 6; = /2. The uniqueness follows from the computation of

the characteristic polynomial x, as in the normal case. O

12.7 Additional Exercises

Exercise(s) 12.7.0.1. Let M in M,,(R) and p(*MM) be the largest eigenvalue of *“MM. Prove

IMX]|

- VP

def
M| = sup
X#£0

Exercise(s) 12.7.0.2. Let S € M,,(R) be a (real) symmetric matriz. We denote by
AL =A1(S) < A2 = A2(S) < - < A = Au(S)

its eigenvalues and v; a corresponding orthonormal eigenvector basis (for the canonical symmetric inner

product on R"™). Let S = {z € R™ | 'zx = 1} be the unit sphere.
1. Show the equality \,, = max,cg ‘zSx.
2. Show the inequality inf 4imF)—r MaXzesnF xS < \j.

3. Show the equality mingy,F)= MaXzesnr ‘vz = A,. [You may consider F N Span{vy,--- ,v,} for

dim(F) = k/.
4. Show the equality MaXgim(F)=n—k+1 Milgesnr ‘@Sz = A, [Consider —S].
These last two equalities are called the Courant—Fischer—Weyl min-maz or mazx-min principle.

5. Let F,F',F" be three subspaces of R"™. Show that if the sum of their dimensions is > 2n, then
dim(FNF' NF”) > 0.

6. Let S' be another symmetric matriz. Let 1,5 > 1 such that i +j = n + k. Show the inequality

Ai(S)+X;(S) > Ap(S+S'). [Use the min-maz / maz-min characterization and the previous question)/.
7. Ifi,j > 1 such that i+ j = 1 + k, show the inequality X;(S) + A;(S") < Ax(S+ ).

The two last inequalities are called Weyl inequalities.
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8. Show the inequality A1 (S —S') < Mg (S) — Ak (S) < A (S—9').

9. Deduce that the functions S — Mg (S) are 1-Lipschitz, with the space of symmetric matrices equipped

with the operator norm.

Exercise(s) 12.7.0.3. Let A € M,(R) be a symmetric matriz with eigenvalues oy < -+ < «, and
P € M,,,,, the matriz of an orthognal projection onto a subspace of dimension m. Let B be the induced
matriz B = PA'P with eigenvalues f1 < --- < B; < -+ < B,,. Using the results of (12.7.0.4), prove the

Cauchy interlacing theorem states: for all j <m, o; < B < p—mej-

Exercise(s) 12.7.0.4. Compute the dimension of the space of symmetric matrices in M, (R). Deduce
(n=1)

that the mazximal dimension of a linear subspace M,,(R) whose all matrices are nilpotent is nT

A B
Exercise(s) 12.7.0.5. Let M = be a symmetric positive definite matriz (B € M, 4(R) is

‘B C
eventually rectangular). We want to prove det(M) < det(A) det(B) with equality if and only if B = 0.
1. Prove that A, B are positive definite and det(M) > 0.

2. Assume that A =1d,, B =1d, and let N = M — Idp4,. Prove that if X is an eigenvalue of N, so is
N and that the corresponding eigenspaces have the same dimension. Deduce the required statement

in this case.
3. Prove the required statement in the general case.

Exercise(s) 12.7.0.6. Let S1,Sy be positive definite symmetric matrices and real oy, s > 0 such that

a1 + ag = 1. After justifying the existence of the integral, prove the formula

J _exp(—{r z)s) da = <de:-(3)) 3

Using Holder inequality, prove det(a1S1 +aaSa) > det(S1)* det(S2)*2 with equality if and only if ayas =

0. Can you generalize if the matrices are only symmetric.

Exercise(s) 12.7.0.7. Let \; be a strict increasing sequence of positive real numbers. We recall that the
Stone- Weierstrass theorem implies that real polynomial functions are dense in (€, |-||2) = L2([0,1],d A\, R)

where d A is the Lebesque measure. Let 11, = Span(t?°,--- [ t*) C & and q any non negative integer.

1. Prove that d(t4,11,)% = Dlg o dn) ppope D(ajy...,a,) = det(

Do) is the Cauchy determinant

%)
1+a;+a;

of the positive numbers ay, ..., a, .

2. Prove that []}_, H;‘L:1(ai +b;)D(as,...,an) is a polynomial in aq,...,ay.

a ) = Hi>j(al aj)
b) n HTL (a,. + 0 + 1)
ig=1" "

3. Prove the formula D(aq, ...

4. Prove
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For all ¢ € N, lim,, d(t9,11,,)? = 0 if and only if > )\i = 0.

What density theorem do we have we proved (L?-Miintz theorem)?

For more advanced versions, see @ or
Exercise(s) 12.7.0.8. projection convexe fermé Hilbert. TBD.
Exercise(s) 12.7.0.9. QR rectangle. TBD.

Exercise(s) 12.7.0.10. Let M € GL,(R). Prove by induction on n, that there exists Housholder matri-
ces Hy, € M,,—;11(R) (cf. such that H,H,,_1 ... HiM is upper triangular with positive diagonal
coefficients and H; = diag(Id;_1,H,_;+1). Write a corresponding SAGE code and look at its numerical
stability. Write a SAGE code for the QR decomposition using Gram-Schmidt algorithm and

experimentally compare these two algorithms in terms of speed and numerical stability.

Exercise(s) 12.7.0.11. Let S be the the sphere of unit vector in the Euclidean space R3. By path from
a to b we mean any piecewise C' map from a compact interval 1 to R? with image in the sphere starting
from a and finishing to b. Recall that the length of v is £(y) = [;||/|l. We fix two such points and we
chose coordinates to have a = (0,0,1) (the north pole) and b = (sin 3,0, cos B) where § € [0, 7].

1. v is defined (spherical coordinates) by
t €— (sind(t) cos @(t),sin 6(¢) sin ¢(t), cos 6(t))

with (t) € [0, 7], ¢(t) € [0,27]. Prove that £(y) > [ \/(0'(t))? > B = arccos (a,b). What can be said

in case of equality ?

2. Prove that £(y) = 0 if and only if v is constant.

5Namely continous, differentiable at all but a finite number points where the derivative is never vanishing and has finite

right and left limits.
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3. If v is non injective, prove that there exists a path ¥ from a to b such that £(v) > £(7).

4. Prove that £(~y) > arccos (a,b) with equality if and only if v is a an injective parametrization of a

some arc of great circle joining a and b.
5. Can we release the non vanishing hypothesis of the derivatives ?

6. How to generalize to higher dimensional spheres?



Chapter 13

Fuclidean Geometry

Postula I1.5 of Euclid’s

ElementdT]

13.1 Perspective

We focus our attention to the properties of the orthogonal group and its links

/I

with properties of the general linear group.

LIf a straight line be cut into equal and unequal segments, the rectangle contained by the unequal segments of the whole
together with the square on the straight line between the points of section is equal to the square on the half. from a papyrus

around 75 A.D.founded in Oxyrhynchus, Egypt

173
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13.2 Topological Properties of the Orthogonal Group

Proposition 13.2.0.1. The group O(E) is compact and has exactly two connected components that are

homeomorphic: SO(E) and O(E)~ = O(E) \ SO(E) = {u € SO(E)| det(u) = —1}.

Proof. Consider the map f : M € M,(R) —! MM. We have O,(R) = f~(I,), therefore O,(R) is
closed in M,,(R). To show that O(n) is bounded, consider the norm induced by tr(MM). We have
0,(R) C (0, +/n), proving compactness.
We know that SO(E) is path-connected (12.6.2.5). Moreover, because det is continuous, we have a
partition

O(E) =SO(E)u O™ (E)
in two closed sets. If s is any element of O™ (E), the multiplication by s induces an homeorphism

SO(E) ~ O(E) showing that these closed sets are moreover connected. O

13.3 Study of S

We denote 8,, (resp. 8,7 1) as the set of real symmetric matrices (resp. positive definite).
Lemma 13.3.0.1. The spaces 8} and 8} are convex and therefore are path connected).

Proof. We handle the case of 8§+. Let So,S1 € 8;/F. We denote, for s € [0,1], S; = (1 — s)So + sS1. We
have S; € §,,, and, for all X € R™\ {0},

XS X = (1 — 8)("XSpX) + s("XS;X) > 0.

Proposition 13.3.0.2. The volume application S € 8T — vol Eg is strictly conver.

Proof. By we have to prove that S + u(S) = (det S)~'/2 is strictly convex. Let Sy,S; € 8i+
be distinct. We denote, for s € [0,1], Ss = (1 — 5)Sg + $S1. According to the reduction theorem, there
exists P € GL, (R) such that PSP = I,, and PS;P = D is a diagonal matrix with diagonal coefficients
A, ..oy A, If D =1, then we would have PPSyP = PS;P and Sy = S, which contradicts the assumption.
Therefore, D # 1,,, and we can assume A; # 1.

Thus,

1 1 1
det S, = P det(PS,P) = —5— det((1 — s)I,, + sD) = H[(l —5) + s\

det” P det’ P
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Let A;(s) = (1 —s) + sA; and u(s) = p(Ss)/| det P|. This application is differentiable, and

L1 N —1 1 -1 "1
u'(s) = — = —u(s J
R P v e I LA D vy

j=1

and

" 1 - )\j_l 1 - )‘j_l ’ 1 M1 :
B Rl POb vimy I X (3m) 220 (Gm) >0
m

Exercise(s) 13.3.0.3. Give another proof of the proposition using the strict concavity of the logarithm.

Compare also with (12.7.0.0)).

Proposition 13.3.0.4. The application exp : 8, — 81 is a homeomorphism compatible with the

transposition.

Proof. The application exp is continuous, and if M € §,,, then there exists O € O(n) such that O~!MO
is diagonal. We deduce that expM = O(exp O~*MO)O~! € §+. Conversely, if M € 8§}, there exists
O € O(n) such that O~'MO is diagonal with strictly positive eigenvalues (12.6.3.1). We can then consider
the diagonal matrix N formed by the logarithms of the eigenvalues of M. We have ONO~! € §,, and
exp(ONO~1) = M.

It remains to see that the map is injective (with a continuous inverse). First, the theorem of reduction
allows us to diagonalize a matrix M € §,,. In this form, exp M is also diagonal and M and exp M have
the same decomposition into eigenspaces, and the eigenvalues are linked via the numerical exponential.
Therefore, if exp M = exp N, the decomposition into eigenspaces allows us to conclude that M = N.
Finally, to see that the inverse application is continuous, it suffices to show that exp is proper. For
this, we equip 8,, with the Euclidean norm |[M| = /tr('MM). This norm is obviously invariant under
conjugation through conjugation by orthogonal matrices. But, again, real symmetric matrices are or-
thogonally diagonalizable and therefore ||[M||? = tr M? is nothing but the sum of the squares of
the eigenvalues of M. Consequently, if exp M stays within a compact set of 8T, the eigenvalues of exp M
remain within a compact set of R, thus the eigenvalues remain within a compact set of R, and it follows
that M also remains within a compact set of §,,. Hence, we deduce that exp is continuous, proper, and
injective, thus a homeomorphism onto its image.

The last item is just rewriting the formula *(exp(S)) = exp(*S). O

Corollary 13.3.0.5. The map Sq : 8+ — 8+* defined by Sq(S) = S? is a homeomorphism whose
inverse is denoted by S > V'S. Moreover VIS =t VS.
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Proof. Thanks to the preceding result, we can identify Sq to the double map S — 2S of §,, which is

obviously an homeomorphism compatible with the transposition. O

13.4 Loewner Ellipsoid

Karel Loewner

Theorem 13.4.0.1 (Loewner’s Theorem). If K is a compact subset of R™ whose interior contains the
origin O, then there exists a unique S € 871 such Eg is the ellipsoid (with center O) of minimal volume

containing K.

Remark(s) 13.4.0.2. From this, one can formally deduce by polar duality (cf. (16.6.0.5) the John’s
theorem which asserts the existence of an ellipsoid of mazximal volume contained within K. Notice also
that the Loewner ellipsoid heavily depends on the interior point O as shown by the example of a plain

square as illustrated below.

Before demonstrating the theorem, we establish some lemmas.
We can now proceed to the demonstration of the Loewner ellipsoid theorem.
Proof. By assumption, there exist p1, pa > 0 such that (0, p1) C K C (0, p2).

Consider

C={Se 8" K C &g and vol(Es) < vol((0,p2))}
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Loewner ellipsoids

is convex (as the volume application is convex (cf. also[12.6.3.6)). [13.3.0.2)), non-empty (as p, ' Id € €).

Let’s show that € is compact. The closure of € in 8,, is evident since: indeed, to say
S € 8" and vol(Es) < vol((0, p2)),
is to say
S € 8F and v/det(S) > p; "

which are closed conditions in §8,. Furthermore, if x of norm 1, p1Sz € €g i.e. gs(z) < pfz thus S is
bounded which gives compactness. By continuity the volume application reaches a minimum at at least

one point. By strict convexity, this point is unique. OJ

13.5 Compact subgroups of GL,(R)

Proposition 13.5.0.1. SO,(R) (resp. O,(R)) is a mazimal compact subgroup of SL,(R) (resp. of
GLn(R))-

Proof. Let G C SL,(R) be a compact subgroup that contains SO,,(R), and let g € G \ SO, (R). We
have g = OS where O € SO, (R) since det g > 0 and S # I since g &€ SO, (R). Therefore, S € G. But if v
is an eigenvector associated with an eigenvalue A of S different from 1, then Log||S™z|| tends to infinity,

which contradicts the compactness of G. O

We show that we can improve this result as follows.
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Theorem 13.5.0.2. A compact subgroup G of GL,(R) is conjugate to a subgroup of O,(R).

Proof. First note that if & is an ellipsoid and if M € GL,,(R), then ME is also an ellipsoid. Indeed, if
& ={XSX =1} with S € 8§, then

ME = {{(M™'X)SM™'X = 1} = {X(M'SM™HX = 1}

And M~1SM~! is also positive definite since it is just a change of variables, so ME is also an ellipsoid.
Let B be the closed unit ball in R™. Denote K = Uzeqg(B). Then K is compact since G and B are
compact, K is invariant by definition, and 0 is an interior point of K since K contains I(B) = B. According
to Loewner’s theorem, there exists a unique ellipsoid g that contains K with minimal volume.

Since G is compact, for every g € G, | det g| = 1. Therefore, vol g(€s) = vol £g, and as K = ¢g(K) C ¢(&g),
we obtain g(€s) = €s. Thus, &g is invariant under G. Let T be a square root of S™!. Then &g = T(B),
and TGT~! c O,(R). O

Remark(s) 13.5.0.3. It is easy to see that O2(C) is not compact, hence neither is O, (C).

13.6 Polar Decomposition.

Theorem 13.6.0.1. The map ® : O(n) x 8+ — GL,,(R) defined by ®(0,S) = OS is a homeomorphism
of inverse ¥ : M — ¥(M) = (M(vtMM) ™1 vVtMM).

Proof. One has *v!MM = /t(*MM) = v*MM and therefore
(M(VEMM) ~H (M(VIMM) ™) = M(VIMM) L WEMM) ~HM = M(PMM) ™M = MM~ (!M) M = Id

proving M(vVIMM)~! € O, (R) and (M) € 8§} — GL,(R). O

From this, we deduce some results.

Proposition 13.6.0.2. GL,(R) has exactly two connected components.
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Proof. By polar decomposition, we have a partition of GL,(R) in two closed subset

GL,(R) ~ 0, (R) x 87+ = (SO.(R) x 831) U (07 (R) x 87+)

each one being connected by (12.6.2.5)) and [13.3.0.4] for instance. O

Exercise(s) 13.6.0.3. Let D(t) be the dilation Id+(t — 1)E1 1. Show that the map (t,M) — D(t)M is
a homeomorphism from R* x SL,(R) onto GL,(R). Using Gaussian elimination, show that SL,(R)
is generated by products of at most n? transvections. Conclude that SL,(R) is connected and then that

GL,(R) has two connected components. What happens over C ¢

Proposition 13.6.0.4. The spaces GL,(R) and SL,(R) are respectively homeomorphic to O, (R) X
R and SO, (R) x R™5

n(n+1)
2

Proof. The application exp : 8,, — 8T is a homeomorphism and §,, ~ an’zﬂ)7 thus

n(n+1)
2

GL,(R) ~ O,(R) x 8" ~ 0, (R) xR

Similarly, SL,(R) ~ SO, (R) x (8§;* NSL,(R)) and the map exp : 8, Ntr=1{0} — 8§ T NSL,(R) is a

homeomorphism. O

13.7 Algebraic Properties of O,(R)

Definition 13.7.0.1. Let us recall than an isometry whose fixed point subspace H is of dimension n — 1
s called a reflection: it is the orthogonal symmetry with respect to H. A rotation whose orthogonaly

conjugate to diag(—1,—1,1,--- 1) is called a inversion.

Theorem 13.7.0.2. O(E) is generated by reflections. More precisely, if u € O(E), then u is the product
of at most dim E — dim Ker (Id —u) reflections.

Proof. We first observe that the product of 2 reflections in R? with respect to lines e; and e, is a rotation
by twice the angle between e; and e;. Therefore, if we write the reduced form of u, each block Ry accounts

for two reflections, while each (—1) counts as one. O

Exercise(s) 13.7.0.3. Show that SO(E) is generated by inversions.
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Let us recall that the center Z(G) of a group is the (commutative normal) subgroup consisting of elements

commuting with all elements of G.

Theorem 13.7.0.4. Z(O(E)) = {£Id} and, Z(SO(E)) = {Id} if dimE is odd, Z(SO(E)) = {x1d} if
dimE is even and dimE > 4, and Z(SO(E)) = SO(E) if dimE = 2.

Proof. Let x be of norm 1. Complete it to an orthonormal basis. The symmetry with respect to x is

written
1 0

0 -I

Mat(s,, B) =

If u € O(E), then us,u™! = Su(z), 80 if u € Z(O(E)), then s; = s,(,), hence there exists A, € R such
that u(xz) = Ayz. Since u € O(E), we have A, = £1. This implies that u is a homothety of ratio A = +1.

Indeed, for x,y independent,
u(x + y) = )‘eryx + )\eryy =M+ )\yy

Regarding the center of SO(E), we reason in the same way. O

Theorem 13.7.0.5. 1. D(O(E)) = SO(E).

2. D(SO(E)) = SO(E) if imE > 3 and D(SO(E)) = {Id} if dimE = 2.

and,

Proof. If u,v € O(E) then detuvu=tv~=! = 1, thus D(O(E)) C SO(E). Moreover, even products of
reflections generate SO(E). Let’s show that products of two reflections are commutators: let x,y be unit

vectors. There exists u € O(E) such that u(z) = y. We have s, = 5,,(,) = uo s, ou™ ", therefore

szosyzsmouoszou_l:szouosglou_l.

Theorem 13.7.0.6. SO(E) is simple if dimE = 3 (compare with (13.9.0.2) and (14.3.4.1)).

Proof. Let G be a non-trivial normal subgroup of SO(E). To show that G = SO(E), it suffices to show
that G contains a half-turn (angle 7 rotation). At that point, we will know it contains all by conjugation,
and thus that G = SO(E).

If & = 7, then we are done.
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Let g € G be non-trivial. As g € SO(E), it is a rotation about axis « and angle 6 €]0,7[. If 8 €]0,7/2],
let N be the first positive integer such that N > 7/2. Then, Nf € [r/2, [ and cos(N#) < 0. Changing
g to g, one can assume —1 < cos(f) < 0.

Observe that, for v € SO(E), we have vgv~'g~! € G. In particular, if v = s,,, where y € E \ {0}, then
5ygsyg " = 8y 0 84(y) € G.

If y and g(y) are orthogonal, then s, 0s,(,y would be a half-turn. To see this, just consider an orthonormal
basis containing y and g(y).

To conclude, we therefore look for y # 0 such that g(y) L y. Let (z,e2,e3) be an orthonormal basis. We

have
1 0 0

Mat(g) = | 0 cosf —sind
0 sinf cosf

thus if y = y12 + yoe2 + yse3, we seek to solve
Y3 + y2(ya cos 0 — yzsin ) + ys(ya sin 6 + yz cos ) = 0,

which means
yi + (y3 +v3) cos6 = 0.

Thus, a solution exists because cos(f) < 0. O

13.8 Euclidean Similitude

Euclidean similitudes, or similitudes for short, are endomorphisms u such that there exists a scalar
A = A(u) € R* (the similitude ration) such that (u(z),u(y)) = A-{(z,y) (compare with[22.5.0.1). Observe
that necessarely A(u) > 0.

Matrix-wise, if B is an orthonormal basis of E, we obtain the following identity:
‘Mat(u, B) Mat(u, B) = A1d .

Thus, det® uw = \". In particular, if u € O(E) and A > 0, then A2/" > 0 and the similitude ratio of A\2/"u
is A.

In particular, we have the exact sequence

1— O(E) — GO(E) = R*" — 1.
We have the following characterization of Euclidean similarities.
Proposition 13.8.0.1. Let u € GL(E). Then, u is a similitude if and only if u preserves orthogonality,

that is

Ve,yeE, z Ly < u(x) Luy).
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Proof. Tt is straightforward to verify that an FEuclidean similitude preserves orthogonality. Conversely,
consider an orthonormal basis B = (ey,...,e,) of E. Let &; = u(e;), ¢ = 1,...,n, which an orthogonal
basis by assumption.

Let A; = ||&i||. It suffices to show that \; is independent of i to conclude that v is a similitude. For i # j,
the vectors e; +e; and e; —e; are orthogonal. Consequently, u(e; +e;) =¢; +¢; and u(e; —ej) =¢; —¢;

are also orthogonal and, evaluating their scalar product, we deduce

0= (ei+ej,e —e5) = lleil® = llesll® = AF = A2

13.9 Additional Exercises

Exercise(s) 13.9.0.1. Let E be an Euclidean space and recall the definition of the norm operator ||ul| =

> w20 Hqﬁ(ﬁ”)” foru € End(E). A point x of a convex set C is called extremal if it cannot be written as the
midpoint of two distinct points of this convex set. Define B = {u € End(E), ||uf| < 1} and G = SO(n)

for simplicity. We seek to show that G is the set of extremal point ext(B). of B

1. Show by contradiction that every isometry u is extremal in B.

Let us prove the reverse inclusion by contradiction. Let u € B such that u ¢ G, and let B be an
orthonormal basis of E. By the polar decomposition, we can write Mat(B,u) = QS with Q € O,(R)
and S € 8§ T(R).

2. What can be said about the eigenvalues of S?
3. Write S as the average of two other well-chosen symmetric matrices and conclude.

Exercise(s) 13.9.0.2. Let n > 5, and let N be a normal subgroup of SO, (R) strictly containing
Z(SO,(R)). We aim to prove Z = SO,(R) : in other words, like SO3(R), the group PSO,(R) =
SO, (R)/Z(SO,(R)) is simple if n > 5 (compare with(13.7.0.6) and (14.3.4.1]).

1. Let U be a vector subspace of dimension 3 of R™. Define an embedding vy : O(U) — O,(R)

preserving the determinant.

2. Show that it is sufficient to find an element of N different from the identity whose fized-point space
has dimension > n — 3. Explain why the sought element is then of the form s = TyT. with T, 7, two

orthogonal reflections.

3. Letb € E. Ezplain why it would be tempting to consider s = prpflrb_l with p € N and ¢ = p(b) but

not conclusive.

4. Consider a € E and let 0 = 1,7,. Decsribe the geometric nature of s = pop~to~1? Show that it is

sufficient to find a p € N different from £1d having a fired point.
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5. Let v € N different from +Id and u an inversion with P equal to the plane Ker(u — Id). Show that

p=vuv tu~"t fizes PX No(P)*. Conclude.
6. Can you give a simpler proof of the last item in the odd dimension case?

Exercise(s) 13.9.0.3. TBD If C is a convex subset of E, we define its polar dual C* = {x € E|Ve €
C, {z,¢) <1}.

Exercise(s) 13.9.0.4. TBD Simplicité SO3(R) et Iwasawa.

Exercise(s) 13.9.0.5. SO3(Q) n’est pas simple (regarder les rotations de la forme Id +2"M avec M a
coeffs dans Zs)).
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Chapter 14

Quaternion Algebra and Euclidean

Geometry in dimension < 4

William Hamilton Arthur Cayley

14.1 Perspective
Although it would has been possible to avoid the use of quaternions, we intro-

0<\‘ duce this important notion to give a geometrical study of orthogonal groups of

small dimension.

14.2 Construction

Let H be the real vector subsace of M3(C) of matrices of the following form

185
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a —b
q(a,b) = , a,be C
b @

Writing a =t +ity, b =t + itk, t,t; € R we get
q=t1+t;I1+t3J+tx K

with
0 -1 i 0 0 ¢
1=1d,I= J= , K=
1 0 0 —i i 0
It follows that these four matrices define a R-basis of H which is therefore od dimension 4.

We finally define
a
qg = q= _ =q=t1—-t11-t;3J—-tx K
b

and

lgll = v/lal? + b]? = \/det(q) € R.

In the following, we will identify R with R1 which is clearly in the center of H and therefore will write

t for t1 for any ¢t € R. By construction, ¢ € R if and only if ¢ = ¢*.

Proposition 14.2.0.1. With the above notations, we have

1. H is a four dimension R-subalgebra of Ms(C) which is a skew-field with neutral element 1: H a

non-commutative field.
2. One has q¢* = q¢*q = ||q||* and the inverse of ¢ € H \ {0} is ¢*/||q||*.

3. || - || is an Euclidean norm on H which is compatible with the product. Moreover, the scalar product

is given by (q1,q2) = %(qlqg + q¢ig2) € R.

4. The conjugation map q — q* is an anti-involution of skew-fields, i.e.a linear symmetry switching the

order of product (q1q2)* = ¢5q5 -

5. The center of H is R.

Proof. The formula
q(a,b)q(c,d) = q(ac — bd, bc + ad) € H, Va,b,c,d € C

proves that H is a subalgebra. A direct computation gives
(i) P=)=K=IJK=-1

which implies for instance IJ = K = —JI (and tha analogous expressions by cyclic permutations of the

indices). More generally, we get
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Al1] 1|3 K
11| 1 |3J|K
I |1 -1|K|-3J
J|J|-K|-1]| I
K| K| J |-1]-1

Quaternion Multiplication Table

By direct computation (or Cramer’s formula in dimension 2), we get q¢* = ¢*¢ = N(g). Remembering
the polarization formula for scalar products, we have proved the first two items.

The formula ||(a,b)|| = \/]a|? + [b]2 is the definition of the standard norm on C? and the formula ||g||? =
det(q) gives the product compatibility, hence the third item

The fourth item is the usual property of adjoint complex matrices.

For the last one, if ¢ commutes in I, because I, J, K anti-commutes pairwise, one gets t1,t3,tx =0. [

14.3 Imaginary Quaternions

By analogy to the complex case, there is two equivalent ways to define a real quaternion ¢ : aither ¢ € R. 1,
either ¢ is invariant by conjugation. Pursuing this analogy, we’ll say that ¢ is imaginary if ¢* = —gq.
Because ¢ is a linear symmetry, one therefore has a canonical eignespace decomposition ¢ = ¢yq_ into
a sum of a real quaternion ¢y € R1 and an imaginary g_. Notice that the conjugation is an isometry

because ||¢*|| = Va*¢** = v/q*q = ||q|| proving that we indeed have an orhogona decomposition
i
H=R1¢oH_.

Of course, the space of imaginary quaternions is the 3-dimensional vector space H_ = Span(I, J,K). It
is not completely obvious however that this decomposition is canonical, namely depends only of the field

structure. This indeed the case.

Lemma 14.3.0.1. One has H_ = {g e H|¢> e R_1}.

Proof. With the notations above, one computes
=1 —t3 —t3) 1+ (tta T +tt3 I+t K).

Ifge H ,thent=0and ¢> = (-t —t3 —t4)1eR_1.
Conversely, ¢ ¢ H_, then t # 0. But, if moreover ¢? is real, we have tt; = 0 for i > 0 and therefore

t; = 0. This would imply ¢? = ¢?>1 €]0, 00[1, a contradiction. O
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Corollary 14.3.0.2. The conjugation is the unique anti-involution o of the skew-field H such that
Ker (o0 — Id) = R1. In particular, the norm defined on H in |14.2.0.1) does only depend on the field

structure.

Proof. By assumption, o induces the identity on the real numbers. Therefore, o is a linear symmetry
fixing the line R 1.

But, if ¢ € H_, we have ¢? real and therefore o(q?) = ¢?. Because ¢ € H_, one has moreover ¢> € R_ 1
hence 0(¢?) = ¢> € R_1 . But ¢ is an anti-morphism, therefore o(¢?) = (¢q)> € R_ 1 hence o(q) € H_
by . We have proved o(H_) C H_. If ¢ is not the conjugation, the restriction of o to H_
is not —Id. Because it is still a symmetry, this restriction would have a nonzero fixed point in H —,

contradicting Ker (o0 — Id) = R 1. O

14.3.1 Quaternions and SO3(R)

Let us recall that H has a canonical structure of four dimensionial space Euclidean space (14.3.0.2)) and
let S3 = {q € H|||g|| = 1} Dbe its unit sphere of our Euclidean. Because the norm is compatible with
the product, It subgroup of the multiplicative group H* which is is a compact connected like any non

Euclidean sphere (in dimension > 1). We keep in mind that ¢* = ¢~! for ¢ € S3.

Proposition 14.3.1.1 (Hamilton, 1844). Let ¢ = q4 + q— € Ss.

1

1. The map x — qrq~ ' = qxq* induces a rotation p(q) € SO(H_).

2. p defines a morphism Sz — SO(H_) of kernel {+1}.
3. If ¢ #£ £ 1, the rotation p(q) has azis Rq_ and angleEP = +2arccos(qy ).

4. p is onto and defines an isomorphism S3/{£1} ~ SO(H_) = SO3(R).

Proof. We have ||gzg*|| = ||g|lll=]lllg*|| = ||z|| because ||g|| = ||¢*|| = 1 and therefore z — qzq* is a (liner)
isometry of H. Because R 1 is invariant, so is its orthogonal H_ implying that it induces an isometry
p(q) € O(H_). The composite of p with the determinant defines a continuous map S3 — {£1} which is
constant by connectedness of S3. Because p(1) = 1, all the p(q) are of determinant 1 hence are rotations.
For the second item, p being defined by an interior homomorphism, p is a morphism. An element ¢ in

the kernel of p in the kernel commutes with any imaginary element and therefor with any quaternion

IRecall that & mod 27 is defined up to sign because we do not have chosen an orientation of H_ (12.6.2.6). The

interested reader will compute 0 as oriented angle for instance orienting H by B_ = (I,J, K) and the axis by g— (exercise).
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because 1 is central. It follows that ¢ is real and therefore ¢ = 1 because it is of norm 1.

For the third item, we first notice that p(q) # Id and therefore the axis is well defined. Because, ¢; is in
the center, ¢ = ¢ — ¢+ commutes with ¢ and p(q)(¢—) = g—gq™ = q—. Moreover, ¢_ is non zero because
q # +1 and ¢_ is a basis of the axis.

Let us compute the trace tr(p(q)) = 1+ 2cos(d) (12.6.2.6). In the basis (I,J,K), the (I,I) coefficient is
the real factor of I in qI¢* which is t# — 2 — t3 — %, the other two coeffecients being obtained by cyclic

permutation (cf/ []). Summing the three terms, we get
1+2cos(0) = (8 —1* —t5 —ti +13) + (2 —t§ — 1] + 1) =2t =4a® — 1

using 1 = ||¢||*> = t? + t} + t3 + t& or equivalently cos?(6/2) = a?.
For the last item, let r # +id be a rotation of H_ of angle 6 (defined up to sign). Let e_ be one of two
unit vector of its axis and ¢ = cos(6/2) +sin(6/2)e_ € Ss. Then, the preceding computation shows that

p(g) and r have same (non oriented) angle and axis and therefore p(q) = r or p(g*) = r- O
14.3.2 Cross product and Rodrigues formula, tbd
14.3.3 Quaternions and SUy(R)
By the very definition of H we have chosen , we have
Ss = {g(a,b)| det(g(a,b) = 1, a,b € C}
a —B

which is an equality of groups. Because ¢(a,b) = , a,b € C we have S3 = SU,(C).
b a

Corollary 14.3.3.1. We have the equality of groups Sz = SU3(C) and a canonical continuous isomor-

phism of compact groups SU3(C)/{£1d} ~ SO3(R).

Exercise(s) 14.3.3.2. SUs et représentation adjointe. TBD.

14.3.4 Quaternions and SO4(R)

Proposition 14.3.4.1 (Cayley, 1855). Let (q1,q2) €3 XSs.
1. The map x — q1xqs induces a rotation p(q) € SO(H).
2. p defines a morphism Sz x Sz — SO(H) of kernel {£(1,1)}.

3. p is onto and defines an isomorphism (S3z x S3)/{£(1,1)} ~ SO(H) = SO4(R). In particular,
SO(4,R) is not simple (compare with (13.7.0.6) and (15.9.0.9)).
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Proof. The proof of the first two items goes exactly as the analogous assertions in (12.6.2.6)) and the
identity

p((G1,G2)) © p((q1,92))(q) = p((q1,G2))(91993) = 19199535 = (4191)9(G292)" = p((q141, G2q2))(q)-

The only remaining point is the surjectivity of 5. Let r € SO(H) and ¢ = r(1). Because r is an isometry,
g€ Sand (5((¢g7!,1))or)(1) = 1. The image of p being a subgroup of SO3(R.), one can assume r(1) = 1

which implies r(11) = 11 = H_. The restriction 7 of » to H_ is an isometry and its determinant is 1

because det(r) = 1 and r(1) = 1. In other words, 7 = p(q) for some ¢ € S3 implying r = (g, ). O
14.4 Spin
TBD.

14.5 Additionnal Exercises

Exercise(s) 14.5.0.1. Frobenius TBD
Exercise(s) 14.5.0.2. Groupe d’ordres 8. TBD
Exercise(s) 14.5.0.3. Rotations isoclines. TBD
Exercise(s) 14.5.0.4. Flip SO4 non intérieur.

Exercise(s) 14.5.0.5.

Roty ¢(x) = cosfx + (1 —cosf)(u-x)u+sinb (uAx).



Chapter 15

Finite Groups of Euclidean Isometries

in Dimension < 3

sl €

Tetrahedron Cube Octahedron

Dodecahedron  Icosahedron

The five Platonic Solids

15.1 Perspective

We are interested in classifying the finite subgroups of O2(R) and O3(R) and

S

their relationships with regular polytopes.

15.2 Subgroups of Os(R)

We first consider O2(R) before passing to SO3(R).

191
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Proposition 15.2.0.1. Let G be a non-trivial finite subgroup of Oz(R). Then G preserves a regular
n-gon. If G consists only of rotations, then G is isomorphic to Z/nZ. Otherwise, G is isomorphic to a

dihedral group D,,.

DQ D3
D4 i ]\/[T D6 Sz M=
; | ;

Dihedral group

Proof. Tt G consists only of rotations, then G identifies as a finite subgroup of R/Z. We denote p : R —
R/Z as the canonical projection. Then p~1(G) is a subgroup of R containing the integers. Since G is
finite, p~1(G) is discrete, hence it is (1/n)Z for some integer n > 1. Therefore, G is isomorphic to Z/nZ.
We deduce that G preserves a regular n-gon inscribed in the unit disk.

Otherwise, let SG = GNSO2(R). As stated below, SG is isomorphic to Z/nZ. Moreover, we have the
short exact sequence

1-SG—-G—=Z/2Z—1.

Thus, G has order 2n.

Let o be a symmetry in G. It fixes two opposite points = and —x on the unit circle S'. We then write
o =0, = 0_,. We denote X as the set of fixed points of all the symmetries in G \ SG. We have n
symmetries thus 2n fixed points.

Furthermore, for g € G,

hence

gooy Og_1 = Og(x)
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and G operates on X. The stabilizer of each point in X is of order two, so each orbit is of cardinality n.
Thus, we have two orbits under the action of SG.

We deduce that G is isomorphic to D,,. O

TRIANGLE SQUARE PENTAGON HEXAGON

N oo

1) e
A
HEPTAGON OCTAGON NONAGON DODECAGON
projection

15.3 Subgroups of SO3(R)

Let G be a subgroup of SO3(R) of order N. Each non-trivial element is a rotation, thus fixes two opposite
points on the sphere S2. We denote X = X¢ as the set of these points. As above, G operates on X.
The stabilizer of each point z in X fixes the orthogonal plane . Its restriction is a finite subgroup of
SO5(R), hence isomorphic to Z/r,Z. Its orbit is thus of order n, = N/r,. Each point z is the fixed
point of (r, — 1) rotations, being different for all other points except its opposite. Thus, we have
IN-2=> (r,—1)= > ni(r;—1).
zeX JEX/G
We deduce that
2-2/N= Y (1-1/r)).

jinX/G
Since 7; > 2 by definition, hence
2>2-2/N= Y (1-1/rj)>[X/G|/2.
jinX/G
Consequently, there are at most three orbits. Moreover, the group G does not operate transitively on X.

Indeed, we would have 2 —2/N =1—1/r, thus 1 =2/N —1/r < 1/N, since r < N !
Proposition 15.3.0.1. If there are two orbits, then G is a group of plane rotations, isomorphic to Z /NZ.

Proof. We have 2 —2/N =2 — (1/r1 +1/r3) hence 2/N = 1/r1 + 1/ro. If N = ry then ro = N. Thus, X
has two elements, and G fixes their orthogonal. Consequently, it operates as a subgroup of SO2(R) and

it is isomorphic to Z/NZ.
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Otherwise, we have 2r; <N, hence (1/r;) > 2/Nsory <0!! O

The case of three orbits involves several cases. Our equation becomes

1 1 1 2
—+—+==1+z,
1 T2 T3 N

where we choose 1 < 1y < r3.
If vy > 3, then the left term is smaller than 1 while the second is strictly greater. Thus r; = 2.
If ro = 2, then 1/r3 = 2/N, thus N = 2r3. We then have r; = (2,2,N/2) and n; = (N/2,N/2,2).
Ifro >3 then 1/r3 =1/24+2/N—1/ry >1/2—1/3,s0 r3 < 6.

o If r; =(2,3,3) then N =12 and n; = (6,4, 4).

o If r; = (2,3,4) then N =24 and n; = (12,8,6).

o If r; =(2,3,5) then N = 60 and n; = (30,20, 12).

If ro > 4, then

1 1 1 2
— 4 —+ —<1<1+4 =,
T T2 T3 N

thus we have the complete list.

Proposition 15.3.0.2. G is a dihedral group D, in the case

N=2r r;=(2,2,7) n;=(rr2).

Proof. Opposite points behave the same so the third orbit consists of two opposite points. Consequently,
G fixes their orthogonal, and the isometries that do not fix these points are symmetries on this plane.

Thus, it is the dihedral group. O

If we are not in one of the previous cases, then no orbit is planar. Indeed, restricting to the plane would

bring us back to the already treated cases.

Proposition 15.3.0.3. If N =12, r; = (2,3,3), and n; = (6,4,4) then G is the group of isometries of

a tetrahedron, and is isomorphic to ay.

Proof. Let © € o(2). Its stabilizer is a group of rotations that operates on its orbit, thus on three
points. These points form an equilateral triangle. This implies a tetrahedron. Moreover, G operates on
these vertices: it is identified as a subgroup of the permutation group of 4 elements &,4. Since the only
endomorphism that fixes these four non-coplanar points is the identity. Thus, G is a subgroup of index

2: it is ay4. O
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Proposition 15.3.0.4. If N =24, r; = (2,3,4), and nj = (12,8,6) then G is the group of isometries of

a cube and an octahedron, and is isomorphic to &4.

Proof. The stabilizer of a point = € o(3) operates on 0(2), in two orbits. Each forms a square, and these
two squares cannot be coplanar. Changing the point of o(3), we see that o(2) are the vertices of a cube
whose faces are in the direction of the points of 0(3) and the edges of o(1).

Moreover, G operates on the pairs of opposite vertices, hence we have a morphism ¢ : G — &4. If ¢(g)

is the identity, and g exchanges two vertices, then, since there are only two fixed points, g exchanges

at least two other pairs. Consequently, g = —1Id, but ¢ is a rotation, hence this is impossible, and ¢ is
injective.
By duality, the convex hull of 0(3) is an octahedron with faces centered on o(2). O

We note that the cube contains two “opposite” tetrahedra, considering as edges the diagonals of the faces.
The group either preserves these tetrahedra or exchanges them. From this, we can deduce that a4 is a

subgroup of index 2 in G, thus normal.

Proposition 15.3.0.5. If N =60, r; = (2,3,5), and n; = (30,20,12) then G is the group of isometries

of a dodecahedron and an icosahedron, and is isomorphic to as.

Y
=he)
a8
fege
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The 60 rotations of an icosaedror[l]

Proof. The three orbits are organized in pairs.

The stabilizer of a point = € o(3) operates on 0(2), in four orbits of five elements each. The closest points
in 0(2) to = form a pentagon (we cannot have two orbits on the same plane considering another point of
0(3)). Operating across the entire orbit of x, one can envision a dodecahedron with 20 vertices and 30

edges. By duality, an icosahedron is obtained.

IWe denote the identity by g1, then we highlight one edge, and show how each rotation g; € G transforms the highlighted
edge, cf. C. Esteves, Y. Xu, C. Allec-Blanchette and K. Daniilidis, , 2019 IEEE/CVF International Conference on Computer
Vision (ICCV), Seoul, Korea (South), 2019, doi: 10.1109/ICCV.2019.00165.
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We fix a vertex x € 0(2). It corresponds to a common vertex of three pentagons. The stabilizer of x
permutes them, as well as the common edges. It also operates on the other vertices of these pentagons,

in two orbits. The three segments joining x to one of these orbits intersect at right angles.

This suggests a cube if we consider (—z). The centers of the faces correspond to points of o(1), namely
the centers of the edges. It can be seen that each edge is of the same length, and that there are indeed 8

vertices.

For each pair of vertices corresponds two cubes, and each cube admits 8 vertices, thus 4 diagonals.
Therefore, we obtain 10 x 2/4 = 5 cubes. Equivalently, each edge corresponds to a face of a cube, which

has 6 such faces. This gives us 30/6 = 5 cubes.

Our group G operates on these cubes by permutation. Suppose an element g € G fixes all these cubes
globally. If it is non-trivial, then it must fix its axis of rotation. If its order is 2, it fixes an edge of
the dodecahedron, thus a face of a cube. It cannot fix the other cubes then. If its order is 3, then its
axis passes through the vertices of two cubes. The cubes induced by contiguous vertices must also be
preserved by g, which is impossible. The order cannot be 5 since no element that preserves a cube is of

an order multiple of 5.

Therefore, g = Id. Our group is thus a subgroup of &5 with index 2 (for a question of order), it is a5. O

15.3.1 Normal Subgroups

If G is a finite subgroup of SO3(R), and if H is a subgroup of G, then Xy C Xg. If z € Xy, g € G, then
there exists h € H such that h(z) = z, and ghg~'(gr) = gx. Thus, the action of G induced by inner

automorphisms on H corresponds with the action of G on the images of Xy.

Furthermore, if H is normal, then Xy is preserved. Thus, G operates on Xy, and each point of Xy has an
orbit by H which is a sub-orbit for G. In other words, oy (z) divides og(z), and Xy is a union of orbits
of G. Thus, the orbits within Xy of G are decomposed into orbits of H. This easily demonstrates that

a5 is simple.

Remark(s) 15.3.1.1. A convez polytope is an intersection of half-spaces with non-empty interiors. If
P is a convex polytope, it can be assumed that the origin is within its interior. If we project the edge of
P onto S2, then a triangulation of the sphere in vertices, edges, and faces is obtained. If we denote s as
the number of vertices, a as the number of edges, and f as the number of faces, then s —a+ f = 2.

Indeed, each time a vertexr with the edges containing it is removed, as many faces as edges are removed,
except that the vertex turns into a face: s —a + f remains constant as the number of vertices decreases.

When only 4 vertices remain, then the formula can be verified.
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15.4 Appendix: Local Extrema and the Position of a Hypersur-
face Relative to Its Tangent Plane

If f: R® — R is a class €2 function, then Schwarz’s theorem implies that the matrix of second partial

derivatives is symmetric. This allows us to apply the preceding discussion to the calculus of variations.

Morse Lemma. — Let f : R® — R be a class C* function, k > 2 such that f(0) = Dof = 0 and DZf

is invertible. Then there exists a neighborhood V of the origin and class C*=2 functions yi,...,y, and
21, .-.,2s defined on 'V such that r + s =n and, for x € V, one has
=¥ - ¥ 4
1<j<r 1<j<s

PrOOF. — Cousider the integral remainder development of f near the origin. We have

1 1

flz) = J (1 —t)D7, f(z,2)dt =X J (1 —t)D7, fdt - X.
0 0

We denote

Jl(l—t) 0°f (tm)dt) and  Ag = A(0).

0 (“)xzaxj i

A(z) = (

Then we use the following lemma.

Lemma 15.4.0.1. If Ay € §,,(R)NGL,,(R), there exists a neighborhood U of Ag in 8,(R) and a smooth
function ¢ : U — M, (R) such that 1(Ag) =1 and, for any A € U,

W(A)- Ao -p(A) = A.

Thus, if z is sufficiently close to the origin, then f(x) = ‘2% (A(z)) Aoy (A(x))z. We set 11 (z) = ¢ (A(x))x,
and we obtain

f(x) =1 (x) Ao (2) .

There exists a basis P in which Ag is diagonal with r values on the diagonal equal to 1 and s equal to
—1. We denote J this matrix and set 9o = P -1y. It follows f(z) = 4o(z)Jie(z). If we call y1,...,y,
and z1,...,zs the coordinates of ¥3, we obtain the sought form.

This establishes the Morse lemma modulo Lemma [[5.4.0.11

PROOF OF LEMMA [15.4.0.1] — We consider the function h : M,(R) — §,(R) defined by A(M) =
MAGM. We compute the differential at the identity of h.

RI4+M) = T+ M)Ag(I+M) = Ag + ("MAg + AgM) + MAGM = Ag + ("MA, + AgM) + O(||M||?) .
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Thus Dih(M) = MA( + AgM. This function is not invertible since dim8,,(R) < dim M,,(R). However,
the kernel consists of the matrices M for which AgM is antisymmetric. We consider the space E of
matrices M for which AgM is symmetric. This space is complementary to Ker Drh, and the restriction of
Dih to E now becomes invertible (injective since Ag is invertible and source and target spaces are of the
same dimension).

The local inversion theorem applied to h|g shows that there exist neighborhoods U of Ag and V of T and

a smooth diffeomorphism v : U — V that inverses h|g.

Corollary 15.4.0.2. Under these assumptions, 0 is a strict local mazimum of f if and only if D2f is

negatively defined, and is a strict local minimum of f if and only if D2f is positively defined.

Corollary 15.4.0.3. In R"*! we study the hypersurface 8 defined by x,+1 = F(x1,...,2,) where F is a
class CK(R™) function, k > 2, and D?F is non-degenerate. The tangent plane at the point p = (zo, F(x))
locally separates 8 from a half-space if and only if DiOF s defined.

Proof. We consider the function g(z) = F(z) — (F(x0) + Dy F(x — 2¢)). This function satisfies the
conditions of the Morse lemma. We deduce that
F(z) = F(zo) + Doy Flz — o) + > 52— > 2.
1<5<r 1<5<s
By a change of variables (by translation), we may assume that @ = F(z) = 0. We consider a basis of
Ker DoF which we complete into a basis of R**!. In this basis, DgF = 0. The Morse lemma allows us to

conclude. ]



Chapter 16

Convexity in Euclidean Spaces

Convex Non - convex

16.1 Perspective

In this chapter, E will denote a dimension d < co real vector space. The reader
will check that results with a co label, like all results of section [16.2] remain
valid even if d = co. We have chosen to give most of the proofs in the Euclidean
case even they are not dependent of any scalar product in order to have a more
geometrical intuition. The interested reader will give alternative proofs not

using any scalar product in these cases.

16.2 Generalities

16.2.1 Definitions

Definition 16.2.1.1. A subset of E is convez if for any ¢, ¢’ € C the line segment [c, ¢'] = {tc+(1—t), t €

[0,1]} is contained in C.

199
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An alternative equivalent way to phrase convexity would be to demand that for every line £ C E the

intersection C N ¢ be connected.

Remark(s) 16.2.1.2. An immediate consequence of the definition is the following. For any family

(Ci)ier of convex sets, the intersection (;c; C; is convex.

Proposition 16.2.1.3 (). A set C C E is conver if and only if for allm > 1,¢1,...,¢, €
Cand M,..., Ay >0 with Y7 | X\; = 1. one has Y i, \ic; € C.

Proof. “<”": Obvious with n = 2.
“=" Induction on n. For n = 1 the statement is trivial. For n > 2 let ¢; € C for all i. (Simply omit

those points whose coefficient is zero.) We need to show that

i ¢ € C.
1=1

Define A = ZZL:_II A and for 1 <4 < n—1set u; = A\;/A. Observe that u; > 0 and Z?:_ll uw; = 1. By
the inductive hypothesis, ¢’ := Z?:_ll uic; € C and thus by convexity of C also A\d’ + (1 — A)¢, € P. We
conclude by noting that Ad’ + (1 — X)e,, = D00 Nicie O

16.2.2 Convex hull

Definition 16.2.2.1. Let P be a subset of E.
1. The convez hull conv(P) of P is the intersection of all convexr supersets of P.

2. A convex combinations (of length < n) of P is any element of E of the form >\, \ip; with n >
1, pi € P, A € RT such thaty ! | A\ =1.

By (16.2.1.2)), conv(P) is the smallest convex subset of E containing P. Hopefully, it can be computed
quite explicitly thanks the following result.

Proposition 16.2.2.2 (c0). For any P C E, the convex hull conv(P) is the set of all conver combinations

of P.
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Proof. “C” Consider a convex set C O P. By Proposition 3.3 (only-if direction) the right-hand side is
contained in C. As C was arbitrary, the claim follows.

“2” Denote the set on the right-hand side by R. Clearly R O P. We show that R forms a convex set.
Let p= 1" \pi and ¢ = > 1| p;p; be two convex combinations. (We may suppose that both p and
q are expressed over the same p; by possibly adding some terms with a coefficient of zero.) Then for
A€ 1[0,1] we have Ap+ (1 — N)g = >0 (AN + (1= Npi)pi € Ras A\ + (1= N)p; >0forall 1 <i<n
and Y (A + (1= A)w) =A+(1-X)=1. O

Theorem 16.2.2.3 (Carathéodory). Let P be a subset of P. Then, conv(P) is the set of convexr combi-

nation of P of length at most d+ 1. In particular, if P is compact, then so is conv(P).

Proof. If the assertion is false, there exists n > d+ 1 and an convex combination ¢ of P of length <n+1
which is not a convex combination of length < d + 1. Let us chose such an element with n > d + 2

minimal. By minimality, ¢ can be written

n
c= Z AiDi
i=0

with p; € P, A; > 0and >~ A\; = 1. But, the n-vectors p;—po, @ > 0 are linked because n > d = dim(E) = d:
there exists real numbers (p;, ¢ > 0 such that ), ui(ps —po) = 0 with positive coefficient p;, or, setting

fo = — Y ;w0 M1, such that
n
Z,Uipz' =0.
i=0

For any non negative real ¢, one gets
n

c= Z(/\i — tpi)p;-

i=0

If ¢ is small enough, all coefficients \; — tu; are positive like A;. Let 7 be the largest real number such
that all the \; —tu; are > 0 for t € [0, 7]. Because \; —tu; < 0if ¢ is large enough, 7 is well-defined (and
7 > 0 by the remark above). By construction, we have A\; — 7u; > 0 for all 4, > (A\; — 7u;) = 1 and there
exists k such that A\ — 7 = 0 implying that

n

c= Z (Xi = Tpi)pi

i=0,i#k

is a convex combination of length < n, a contradiction. If P is compact, let A C [0,1]%*! be the
compact of elements with sum equal to 1. Then, conv(P) is the continuous image of the application

A x P41 — conv(P) defined by ((\;), (pi)) = Y. Aip; and is therefore compact. O

Exercise(s) 16.2.2.4. Let L2(N) be the vector space of sequence (uy) such that Y u2 < oo with the usual
L2-norm ||(un)|| = /D u2. Letey € £y be the sequence (ex)n = Og.n. Show that {e,/(n+1)},n > 0}U{0}

but that its convex hull is non closed in L?(N).
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16.2.3 Topology of a convex set

In this section, E can be any normed space, no matter its dimension.

Unit balTfor | - ||,

Let U be a neighborhood of 0 in E which is contained in C and let « € E. If « is large enough, z/a €C C.

We can therefore define the gauge function of C as follows.

Definition 16.2.3.1 (Gauge function). Let C be a closed convexr bounded set with 0 EéofE. The gauge
function of C is the map pc : E — R defined by pc(x) = inf{a > 0| z/a € C}.

Remark(s) 16.2.3.2.

- If pc(x) = 0 then x = 0. In this case, one can chose a sequence (a,) with 0 limit x/a, € C. But C

being bounded, this forces x to be 0.
- If ¢ # 0, the inf is a min because C is closed: x/pc(x) € C. Moreover, if t > pc(x), one has x/t =
pc(x)/t(x/pc(x)) + (1 —t)0 € C. Hence, x/t € C if and only if t > pc(z).
- In particular, if 1 > pc(x), we get x € C. The converse is obvious : C ={zx € E | pc(z) < 1}.

- Fort > 0, one has tx/ta = x/a proving that pc is positively homogeneous: Vx € E,Vt > 0, po(tx) =
tpc(x).

- The convex closed set C =B(0,7),r > 0 is bounded (compact if dim(E)oo) and 0 is an interior port. In

this case, we have pc(x) = ||z||/7.

1See by " Graphing the p-Norm Unit Ball in 8 Dimensions" by Kayden Mimmack, 2019.

2A convex body if dim(E) < oo, see (16.6.0.1)).
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Proposition 16.2.3.3 (0c0). The gauge function pg satisfies the following properties:

1. Va,y € E, pc(z +y) < po(@) + pc(y).
2. pc is Lipschitz hence continuous.

3. {z € E| pc(z) <1} =C and {x €E | pc(z) =1} = 9C.

Proof. One can assume x and y are nonzero and let T = pci(x), y= p%(y).
By homogeneity of the gauge function, one gets pc(Z) = pc(y) = 1 hence 7,5 € C (16.2.3.2)).
o= __pol@) zZ=aT+ (1 —-a)7y.

 pcl@) +paly)’
By convexity, Z € C implying pc(Z) <1 (16.2.3.2). Reducing to the same denominator, we get

_ Tty
pc(@) + pcly)
and by homogeneity we obtain pc(z + y) < pc(x) + pc(y) wanted in (1).

Let 7 > 0 such that B(0,7) C Cis included in C and 0 # y € E. Then r7r € C and therefore po(y) < @
by (16.2.3.2)) giving the continuity at the origin.

Moreover, by (1), as the usual trick to prove the continuity of a norm, we get

Z =

pc(z+y) < po(x) + pcly), pc(z) < pc(z+y) + pc(—y),

hence

Ipele+9) — pel)] < max(po(y), po(—y) < 121
and (2) is proved.
The continuity of pc that {z € E | pc(x) < 1} is open in E. If eC pc(z) =1 with pco(x) would exist,
for 0 < e << 1, we would have /(1 +¢)~! = z+ex € C hence 1 = pc(z) < (14+¢)~! < 1, a contradiction
proving

C={z € E | polz) < 1}

hence (3) because C is closed in E. O

Remark(s) 16.2.3.4. If C is moreover symmetrical, i.e.is invariant by —Id, one has p(x) = p(—x) and

the gauge function is a norm.

Corollary 16.2.3.5 (00). Let C be a bounded convex set with a non-empty interior in a normed vector

space E. Then there exists a homeomorphism [ : E — E that maps C° to the open ball B(0,1) and C to

the closed ball B(0,1). In particular, in finite dimension, all convex bodies are homeomorphic.
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Proof. We define a map f: E — E by

0 if 7 =0,

|E4] ;
el otherwise.
po(@) ¥

One has f(é: B(0,1) by (16.2.3.3) and f(C) = B(0,1) by (16.2.3.2)). The function f is clearly continuous

at all z # 0. By assumption, there exists R > 0 such that C C B(0,R) and therefore Vz € E, pc(x) > @
(116.2.3.2)) giving the continuity at 0. But the map g : E — E defined by

fz) =

0 if x =0,
g(z) =
pc(z)

T otherwise.

is set-theoritically the inverse of f. Just as for f, g is continuous away from 0 and it is continuous at 0

because pc is Lipschitz ((16.2.3.3)). O
p=1 p=2 2<p<oo p= oo

Unit disks for || - |,

Exercise(s) 16.2.3.6. Show that in general, one cannot find a differentiable homeomorphisms of E

mapping a convex into another one.

16.3 The Farkas Lemma

Let E be a vector space (with no further assumption for instance on its dimension or topology). For any
non negative integer mand a = (aq,..., ) € (E*)™, let us define C(a) C E the cone of vertex the
origin 0 by

Cla)={z€E|la1(z) <0 amy(z) <0}
Let us give the very elegant proof by David Bartl (|2|) of the Farkas Lemma, a key result in linear
programming, a counterpart in this context of the duality result of [7.6.0.2}

Theorem 16.3.0.1 (c0). For any linear form any linear form v € E*, one has

(1) C(a) c C(v)
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if and only if

(2 I, tm ERY| Y=ty + -+ + tam

Proof. (2) = (1) is trivial. We prove the (2) = (1) part by induction on m. If m = 0, one has
C(a) = E = C(v) implying v = 0 which is indeed a non negative (empty!) combination of the a;’s.

Let us assume that the assertion has been proved for m > 0 and assume that C(a) C C(y) for o €
(E*)m+t,

If C((aq,-+ ,am)) C C(y)we are done by induction hypothesis.

If not, there exists

(3) §eClar, - am))[~(§) >0

In particular, £ ¢ C(a) and therefore ay,+1(§) > 0. Changing £ into £/a,,+1&, we may and do assume

am+1(€) = 1. For any ¢ € E*, we set
P(x) = (= = ami1 (2)S).
We have by construction &,,11 = 0 and therefore
x€C(ay,  Qm) = = — apr1(x)€ € Cla) C C(y).

In other words,

C(an, -+ am) C C(H)
implying by induction hypothesis
3ty .oty €ERTF =161 + -+t

or

y=t100 + - Flnr10mi

with ¢,,41 = ’Y(f) —tion (f) — tmam(g) >7(§) >0 by (3)

Remark(s) 16.3.0.2. There exists numerous versions and generalizations of Farkas’ lemma which are

discussed in [2]. The proof given in this paper is general enough to recover all the principal versions!
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Corollary 16.3.0.3. With the notations above, assume further that E is finite dimensional (or more E
is a topological vector space and a € (E*)™ is made of continuous linear forms). Then, the space of non
negative combination of the ;’s is closed in E* (in the infinite dimensional case, in the topological dual

with the weak point-wise convergence topology).

16.4 Projection to a Closed Convex Set

In this section E is an Euclidean spaceE] and C is a nonempty closed convex subset.
Recall that the distance of a point to C is defined by

d(x, C) := inf{[lx —y|| [y € C}

For closed convex sets, an important consequence is the following projection property.

Theorem 16.4.0.1. With the notations above

1. For each x € E there exists a unique w € C such that
| —wl| = d(z,C)
w 1s called the projection of x to C and is denoted by pc(x).
2. We have the obtuse angleEl property : w = pc(z) if and only if

(x —w,u—w) <0 YueC

3. If x ¢ C, the affine hyperplane H, through pc(x) and orthogonal to e = x — pc(x) is a supporting
hyperplane , i.e.such C is contained in one of the of two half-spaces delimited by H. In this case,

each point of CNH is in the boundary 0C = C\ (O] of C in E.

4. The projection pc is 1-Lipschitz and is therefore continuous.

Proof. Uniqueness. The mediane equality for x = x — w1, y = x — wy reads

W + wo ”2

4
o — 2

+llwr = w2 |* = 2l — wi|* + 2l|lz — wa|* = 4d(z, C)*.

Since C is convex, “152 € C we have 4[|z — 2322 > 4d(z, C)? and therefore |[wy — wa||* < 0, namely

w1 = Wa.

30r, more generally, a real Hilbert space.

4More geometrically, w = pc(z) if and only (z — w,u — w > 5 in the plane Span(z — w,u — w).
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Existence. By definition of d(z, C), there exists wy € C such that
1
d(z,C) < ||z — wg|| < d(z,C) + z

The same mediane equality argument with z = — w,,, y =z — w, gives

4d(w, C)? + [lwg — wp||* < 4w — =522 + fJwg — wp|®
= 2]z — wp|* + 2||z — w,|?
<4d(z,C)* + 5+ 3
hence ||w, — wp||? < z% + q%: the sequence (w,) is a Cauchy sequence and then converges to w € C

because C is closed in a complete space. Considering the limit of
1
d(z,C) < ||z — wg|| < d(z,C) + Z
we have d(z, C) = ||z — wl||. Now suppose wy # wy € C satisfy
[z — w1 = ||z — w2 = d(z, C)

Then we have
T

lwr = wa* = 2w — wi|* = 2]le — —;

Since C is convex, w € C. This gives

-

2P < o = wi]? = d(a, €Y

[z

But since C is convex, ﬂl%a € C. This is a contradiction.

Suppose w = pc(x). Let u € C, A € (0,1). Since C is convex, A\u 4 (1 — A)w € C. Then
o —wl? = d(z,C)* < |lz — Au+ (1 = Nw)|* = [l = w]* = 2\ (z — w,u — w) + N|ju — w|/?
That is
2z — w,u— w) < Nu— w]?

Letting A — 0™ we have

(x —w,u—w) <0

Conversely suppose

(x —w,u—w) <0 YueC
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Then

lz = ull® = llz — wl* + 2(z — w,w —u) + |lw —ul* 2 |z - w||?

Hence ||z — w|| < ||z — u|| for all u € C and w = pc(x).
The obtuse angle property says precisely that the affine {u € E|(z — pc(z),u — pc(z)} is an hyperplane
(x — pc(x) # 0 because x ¢ C and this hyperplane is precisely H,.
Let H be a supporting hyperplane of C of equation (¢,e) = ¢ for some nonzero e. If {(¢,e) > ¢ for any
¢ € Cand ¢y ¢ 9C, then for ¢ > 0 small enough ¢y — ce € C and therefore, (cop — ce,e > 0 implying
(co,e) > 0 and therefore ¢y ¢ H.
For the last item (where the convex assumption is non necessary), we simply write for 2,y € E and ¢ € C
the triangle inequality

[z = pe(@)]] <[l —cl <z =yl +lly =l

With ¢ = po(y), we get [z — po(@) | — [z — po)ll < | — yl| and by symmetry of ,y, we get

[z = pe(@)]| = [lz = pc@)ll < llz -yl

Corollary 16.4.0.2 (Separation lemma). Let K be a compact closed subset of E disjoint from C.

1. There exists e € E\ {0}, € R such that for any (c,k) € C x K, one has {(c,e) > § and (k,e) < 4.
Geometrically, each of two half-spaces delimited by the affine hyperplane H = {z|(x,e) = 6} contains

exactly one of the convex set C or K.

2. FEach point of the boundary OC belongs to some supporting hyperplane.

Proof. The map
K — 10, o[
ko d(k,C) = ||k —pc(k)|
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is continuous on the compact K : let us chose a minimizing point ky € K and denote ¢y = pc(ko). By

construction, one also has pk(cp) = kg. By the obtuse angle property of both pc and pk, one has
<I<i0—Co,C—Co> S 0 and <Co —k‘o,k—k}o> SO
i.e.
(k,co — ko) < (ko,co — ko) = aand 8 = (cop, co — ko) < (¢, co — ko).

But 8 —a = (co — ko,co — ko,) = |lco — ko||? > 0 because CNK = @ and e = ¢q — ko # 0 for the
same reason. One can chose for instance § = O‘—;B (corresponding to the normal hyperplane to e passing
through the middle of [cg, ko]) proving (1).

O

16.5 Krein-Milman Theorem

In this section, K denotes a compact convex subset of an Euclidean space E of dimension d.

Definition 16.5.0.1. A point of a convex set is extremal if it is not an interior point of any of its line

segments.

For instance, the boundary sphere of an Euclidean ball is the set of its extremal points , the extremal

points of a plain convex polygon are its vertices (exercise). ..

Exercise(s) 16.5.0.2. Let A, the standard d-simplex, convex hull of the elements of the standard basis
of B of R? and the origin 0. Prove that the set of extremal points of Ag is {0} U B.

In all these cases, the convex hull of the extremal points is precisely the convex itself. This is a general
fact.

Let us start with a useful lemma.

Lemma 16.5.0.3. Let k € K.
1. If x € OK, then x belongs to some supporting hyperplane H.

2. Conversely, let H be a supporting hyperplane of K containing k. Then k is an extremal point of KNH

is an extremal point of K.

Proof. Let us chose a sequence z; ¢ K such that lima; = k. Let be the sequence of unit vectors

o = Ti— Pr(®i)
"l — x|
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and H; the hyperplane orthogonal to e; passing through pk(x;). Extracting a subsequence if necessary,
one can assume that e; converges to some unit vector e (compactness of a sphere). By continuity of
pK, one has lim pa(z;) = k and the normal hyperplane to e passing throug k& is the sought supporting
hyperplane (check!).

After a translation if necessary, one can assume that k = 0.Let ¢ € H* be a (linear) equation of the (linear)
hyperplane H. One has for instance ¢(K) C R because H is a supporting hyperplane. If 0 €]ko, k1[C K,
there exists t €]0, 1] such that 0 = tko+(1—¢)k1. Applying o, we get 0 = tpko+(1—t)p(k1) with moreover
(ko) > 0 and (k1) > 0. Because t(1 —t) > 0, this implies ¢(ko) = ¢(k1) = 0 hence 0 €]ko, k1[C KNH,

a contradiction because 0 is extremal in K N H. O

Observe that the converse is false (draw an example).

Theorem 16.5.0.4 (Krein-Milman). Any compact convex K of an Euclidean space is the convex hull of

its extremal points.

Proof. We make an induction on d = dim(E), starting with the trivial case d = 0.Assume d > 0 and the
theorem proved in dimension d — 1 and let £ € K which can be assumed not extremal. If k& € 0K, we
apply induction hypothesis to K N H for H a supporting hyperplane of K passing through k using the
above lemma [16.5.0.3] If not, & is an interior point because K is closed in E. Then k is an interior point
of some small line segment I contained in K. Because K is compact, KN Rl is a line segment [k, k1] and

ko, k1 € OK by construction. And we apply the previous argument. O

Remark(s) 16.5.0.5 (c0). The Krein-Milman theorem is true in a much more general context. One
can show, using Zorn’s lemma however, that the convex hull of the extremal points of a compact subset is

dense in any compact of a locally convex topological vector space (for instance any metric vector space),

Cf. [1 0/

16.6 Polar Dual of a Convex Body

Here, E is again a d-dimensional Euclidean space (see remark [16.6.0.6| below).

Definition 16.6.0.1. A convez body K of E is a compact conver K such that 0 is an interior poinﬂ,
The polar dual of a compact body K is K* = {y € E|Vz € K(z,y) < 1}.

50f course, the choice of the interior point is not so crucial. Choosing 0 is just convenient for the duality result[16.6.0.3
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Example(s) 16.6.0.2. The ellipsoid defined by S € 8T is a conver body (it is the (closed) unit ball for

the associated Euclidean norm |||s).

Notice that the assertion "0 is a nonempty interior of C in E" is very mild for any convex subset C in the
following sense. Let E' = C. 1 claim that 0 belongs to the interior of C in E’. Indeed, if ¢y, -+ ,¢, € E
is a basis of E’ defining a linear homeomorphism ¢ : R™ ~ E’, the image of ¢(]0, 1[") is an open subset

neighborhood of 0 contained in C because 0 € C and ¢ is open.

Lemma 16.6.0.3. The polar dual define a decreasing involution of the of conver bodies.

Proof. The polar dual of a convex body K is obviously closed, convex and contains 0. Let us chose r > 0

such that B(0,r) C K. Then, if 0 # = € K*, we have rz/||z| € K and (rz/||z|,z)1 or ||z|| < 1/r: the

polar dual K* is closed, bounded in finite dimension and therefore compact.

Let K C K’ and y in the polar dual of K’. Therefore, for any z € K’, we have (z,y) < 1 and therefore
this true for any =z € K, i.e.y € (K')*.

Assume now z € K and let y € K*. By definition, for any £ € K, we have (£{,y) < 1 and therefore for
& =z, we get by symmetry of the scalar product Vy € K*(y, z) < 1 meaning z € (K*)* or K C (K*)*.
Assume finally z ¢ K. By the separation lemma there exists e € E\ {0}, € R such that
(x,e) > 6 and for any k € K, (k,e) < d. But 6 > 0 because 0 € K allowing to define y = e¢/§ which
belongs to K* because for any k € K, (k,y) < 1. Because (x,y) > 1, this implies = ¢ (K*)*. O

Example(s) 16.6.0.4. Let us give a few examples of computation of dual polar.

1. For any S € Sfr, the polar dual of the ellipsoid (12.6.4}) Es of R is Eg—1. Indeed, using the polar
involution, one just has to prove Eg—1 C (Eg)*. Let X € Eg-1, i.e.||X||g-1 < 1. The Cauchy-Schwartz

12.2.2.2) inequality for the Fuclidean norm || ||S gives for any Y € Eg
(X, Y) < |IX[ls—[Y]ls <1
hence X € (Eg)*.

2. The set of Platonic solids is self-dual (up to rescaling) according o the picture below (16.7.0.1)).

The computation of the polar dual of an ellipsoid and the formal properties of polar duality give imme-

diately
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.

Cube/Octahedron

Dodecahedron/Icosahedron

Tetrahedron

Duality of Platonic Solids

Corollary 16.6.0.5 (John’s ellipsoid). Let K be a convex body. Then, the polar dual of the Loewner
ellipsoid of K* (13.4.0.1) is the unique ellipsoid of minimal volume contained in K. By duality,

Remark(s) 16.6.0.6. The lemma [16.6.0.9 is valid in a much more general setting but the polar dual
has to be defined in the topological dual endowed with the so called x-weak topology (,@/) With these

appropriate definitions, the proofs of the statements are analogous to the previous one.

16.7 Additional Exercises
Exercise(s) 16.7.0.1. TBD

Exercise(s) 16.7.0.2. Let n be an integer. We denote S,, the set of permutations of {1,...,n}. For
o €S, we define the permutation matriz My, = (a;;) € My (R) by

aij = Oo(i);-
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A matriz M = (a;;) € My (R) is called bistochastic if a;; > 0 for all i,j and

n n
E aij:E ajiil VZ:L,H
j=1 i=1

We denote B,, the set of bistochastic matrices of M, (R.).

~

. Show that B,, is compact and conver.

Show that a permutation matriz is an extreme point of B, .

Let F,, be the vector space of matrices M = (a;;) € M, (R) such that
> ai =) aji=0.
j=1 i=1

Show that dimF,, = (n — 1)2.

. Let M be an extreme point of B,,. Show that M has at most 2n — 1 non-zero entries.

Deduce that M is a permutation matriz.

Let M € B,, be a bistochastic matriz. Show that there exist A1, ..., A\ > 0 and permutation matrices

My, ..., My such that

k
Z)\i =1 and M= Z)\iMi and k< (n—1)2+1.
i=1 i=1
Let H be a subgroup of finite index n of G. Let L; be the elements of the set G/H (left translates of
H and R; the elements of H\ G (right translats of H). Proves that there exists n elements g; € G
and o € S, such that L; = g;H and R; = Hg,(;) [Consider the matriz Card(G; N Hy)/.

Exercise(s) 16.7.0.3. Helly TBD

Exercise(s) 16.7.0.4. Dualité des cones TBD

Exercise(s) 16.7.0.5. Polytopes TBD
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Chapter 17

Complex Hermitian Spaces

Charles Hermite

17.1 Perspective

/N

We give basics results on Hermitian Geometry by analogy with the Real Eu-
clidean Geometry. To emphasize the analogy, we will keep the same plan like
the one of the Euclidean case and give the statements in their suitable adapted
form. But we will only give detailed proofs for statements requiring new ideas
or different calculations letting to the reader to verify that the other proofs are
straightforward adaptations of those in the Real case. We should have give a
unified and short presentation but we think that repetition, self mathematical
practice and progressive generalizations are often at the earth of mathematical

education.

215
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17.2 Basics on Hermitian Geometry

Definition 17.2.0.1. Let V be a a finite-dimensional C-vector space of dimension d.

o A sesquilinear map on 'V is a map

VxV — C

(v,w) — (v,w)
on V is a map which is
1. additive in each variable
2. skew-linear in the first variable: (Av,w) = M\v,w)

8. linear in the second

e An Hermitian map on V is a sesquilinear map on V which is skew-symmetric: (w,v) = (v,w). In

particular (v,v) € R.

e An Hermitian scalar product on V is a Hermitian map which is positive definite: (Av,v) € R*T

unless v =0. We will then simply say that V is an Hermitian space.

In this chapter, (V,(.,.)) will denote an Hermitian space ((17.2.0.1)).

17.2.1 Examples

Example(s) 17.2.1.1. e The restriction of an Hermitian scalar product V,{.,.) to a (complex) sub-
space is a scalar product: any such finite dimensional vector subspace has the canonical structure of
an Hermitian space, with which it is implicitly equipped. In particular, C™ has a standard Hermitian

structure defined by

o, d) =" 74 = ZZZ;
o If (X, ) is a measured space, then a scalar product on L?(X, u; C) is defined by
{f.9) = Jfgdu-
Therefore, any of its finite dimensional subspace is an Hermitian space.

e IfMeM,,(C), then (M,N) = tr(MN) is a Hermitian scalar product. For this, consider M = (a;;)
and compute the diagonal terms of MM = (b;;) :

bij =D Tjar; = Y laxy[*
k k
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and

tr(tl\_/IM) = Z |aij|2

]
hence (M, M) > 0 unless M = 0.
17.2.2 Hermitian Norm
The following remark is obvious but important and we set |Jv|| = v/v2.

Lemma 17.2.2.1. The real part of a Hermitian inner product is an inner product on the underlying R-

vector space. In particular, it is a normed vector space with a norm satisfying | Mv|| = [A|||v|| = [Al\/ (v, v).

A usual, we write v? for (v,v) and we have by simple bilinearity

‘Q (v +w)? = v* + 2Re(v, w) + w?

DANGER proving the usual Pythagoras theorem: if and only Re(v,w) = 0, the latter

condition being formally different from the Euclidean case.

By [12.2.2.2] we deduce the complex Cauchy-Schwarz inequality :

Proposition 17.2.2.2 (Complex Cauchy-Schwarz Inequality). Let V be an Hermitian vector space. We

have Re(v, w) < |[v||||lw|| with equality if and only if v,w are positively linked. In particular ||| is a norm.

Remark(s) 17.2.2.3. The previous bilinearity relation immediately give the median formula
(i) ¥o,w €V, o +wl® + o wl® = 2(|v]]® + ||w]?).

With this underlying Euclidean structure, the unit sphere is {z € C"|>_|z]|*> = 1} and the distance on

the sphere (12.5.0.3) reads in this case d(z,2") = arccos Re(z, 2’).

17.2.3 Dual of an Hermitian space, Orthogonal

The skew symmetry needs to be a little bit carefully for adapting (12.2.3)). Let us denote by V the abelian

group V with twisted vector space structure (X, v) = Axv = \v. Of course, a basis of V defines a basis of
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V and therefore an isomorphism between V and V: these two spaces have the same dimension. But with
such a generality, the reader will convince himself that there is note any canonical isomorphism V ~ V.

The partial map

vV — A

v o= (we (v,w))
is a linear isomorphism identifying the dual V* with V. Like in the Euclidean case, for every subspace F
of V. this isomorphism identifies F+ with the usual Hermitian orthogonal F+ = {v € V|(v.F) = {0}} and

we get as before dimension formula and the orthogonal (Hermitian) decomposition
L x ol
dim(F~) =d — dim(F) and F@F— =V.

In particular, the orthogonal projection pr onto F is well defined (and C-linear).

17.2.4 Orthogonalization

Like in [12.2.5.1] we have

Proposition 17.2.4.1 (Gram-Schmidt Algorithm.). Let ey, - --eq be a free family in the Euclidean space

E. Then, there exists a unique orthonormal family e1,--- ,eq such that
e Span (e1,---€;) = Span (e1,--- ,&) fori=1,--- ,d.
o (ei,6i) ER*™ fori=1,--- ,d.

In particular, V admits an orthonormal basis.
And, like in the Euclidean case, we get

Corollary 17.2.4.2. FEvery real matrix M € GL, (C) uniquely decomposes into a product M = QR with

Q unitary and R upper triangular with diagonal coefficients > 0.
and its corollary (see [12.2.5.5)

Corollary 17.2.4.3 (Complex Hadamard Inequality). Let A; be the columns of a complex square matriz
A. Then, det(A) < [TI|A:l] with equality if and only the columns are perpendicular.

17.2.5 Gram matrice, Minimization of distances

Let us first adapt the notion of symmetric matrix in this Hermitian context.
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Definition 17.2.5.1. A complex matriz H is said to be Hermitian if ‘H = H.

Exercise(s) 17.2.5.2. Prove that the space of dimension n Hermitian matriz is a real vector space but

not a complex vector space and give its dimension.

The Gram matrix of a finite family v; € V is the Hermitian matrix Gram(v;) = ((v;,v;)). We’ll denote
again its determinant by gram(x;). Like in [12.2.6.1] we get the matrix computation of the Hermitian
product

(ii) (z,y) = "X Gram(v;)Y

where X,Y are the (complex) column vector of the x;,y; respectively. The determinant of an Hermitian
matrix being real because it is its own conjugate, gram(z;) is a real number. The following corollary is

the straightforward adaptation of (12.2.6.1)) in the Euclidean case (compare also with § and §.

Corollary 17.2.5.3. Let v;,w; € V be finite families and assume there exists relations w; =Y, p; ;;.
Let P = (p; ;) be the corresponding (possibly rectangular) complex matriz. Finally, let x = Y x;,y =
S yiv; €V and X, Y the column vectors of the x;,y;’s. Then, one has

1. {z,y) = ‘X Gram(v;)Y

2. Gram(w;) = ‘P Gram(v;)P.

3. gram(v;) = 0 if the v;’s are not independent and is > 0 else.

and we get complex version of ((12.2.7.1))

Proposition 17.2.5.4. Let f;, i = 1,...,d is a basis of a subspace F of F and x € E. Let pr be the

orthogonal projection to F and d(x,F) = inf e ||z — y|| the distance form x to F.
1. The projection pr(x) is the only point y € F such that d (x,F) = ||z — y||.

2. d(z,F)? = ||z — prp(=)|]® = grgz;;nT(?}f)i).

17.3 Adjoint morphism
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Proposition 17.3.0.1. Let B = (e;) be a basis of V and f be an endomorphism of V . There ezists a

unique endomorphism f* of V, called the adjoint of f such that

1. Forallx,y €V,

2. One has

Mat(B, f*) = Gram(e;) 1tMat(B, f) Gram(e;)
In particular, f and f* have the same rank

3. If moreover B is orthonormal, we have

Mat(B, f*) = ‘Mat(B, f).

Proof. Let us denote G = Gram(e;) and A = Mat(B, f). We write the sought identity in terms of
matrices taking into account (x,y) = *XGY (17.2.5.3)

HAX)GY = 'X'AGY = 'XGG 'AGY = 'XG(G AG)Y
which allow to defines f* by the equality Mat(B, f*) = G "*AG. All the items follow immediately. O

For instance, isometries f of V are isomorphisms such that f~! = f*. Usual properties of transposition

give the usual formulas (linearity of adjunction, (f o g)* = g* o f*, Id* = Id. Note that in this Euclidean

case, f and f* are similar ([5.5.0.3)).

17.4 Complex Normal endomorphisms

Definition 17.4.0.1. We say that f € End(V) is Hermitian if f = f*, skew-Hermitian if f = —f* and
unitary if fo f* =1d or, equivalently, if f~' = f*, normal if fo f* = f*o f. The subgrou;ﬂU(V) (resp.
SU(V)) of GL(V) of unitary morphisms (resp. of SL(V) of determinant 1 unitary matrices) is called the
unitary group (resp. the special unitary group SU(V)). If V is C™ with its standard hermitian form, we
simply denote U(V) (resp. SU(V)) by U,, (resp. by SU,, ). Replacing f, f* by the complex square matrices

M, *M, we get the corresponding notions on matrices.

17.4.1 Reduction of Complex Normal endomorphisms

Due to the fact that any complex endomorphism has at least one eigenvalue, it has always at least one

stable line. Therefore, the reduction theorem of complex endomorphism is simpler that in the real case

[(2.6.1.3):
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Theorem 17.4.1.1 (Reduction of Complex Normal endomorphisms). Complex normal endomorphisms
f € End(V) are endomorphisms such that there exists an orthonormal basis B such that Mat(cB, f) is

diagonal.

Like in the Euclidean case, the theorem follows directly by induction from the following key lemma,

complex variant of the key lemma (12.6.1.1)

Proposition 17.4.1.2. The orthogonal of a stable subspace of a normal endomorphism f is stable by

fand its restriction to each of these spaces is normal.

Proof. We proceed like in ((12.6.1.1]): after chosing a suitable orthonormal basis, we are reduced to prove

that if the complex matrix

normal, then C = 0 because both A and B are obviously normal. We copy the proof

the(1,1) block of MM — *MM is C'C + A*A — *AA and is zero. Taking its trace, we have
tr(C'C) = 3" |e; 4% = 0 and thus C = 0. O
17.4.2 Reduction of Unitarian endomorphisms

We assume that E is a Hermitian space equipped with an orthonormal basis B.

Lemma 17.4.2.1. Let u be an endomorphism of E. The following properties are equivalent.
e ucUE);
o for any x € E, we have |Ju(x)| = ||z| ;
e you*=1d;
e yrou=1Id;
e Mat(u, B) *Mat(u, B) =1;
o Mat(u, B) - Mat(u,B) =1;
e the columns of Mat(u, B) form an orthonormal basis;

o the rows of Mat(u,B) form an orthonormal basis;

u transforms an orthonormal basis into an orthonormal basis.

Moreover, the modulus of any eigenvalue of u is 1



222 CHAPTER 17. COMPLEX HERMITIAN SPACES

Proof. Only the last assertion is specific to the unitary case. Let z be a nonzero eigenvector of u with

eigenvalue A. One gets

0# (z,2) = (z,u"u(z)) = (u(z),u(@)) = |A*(z,2)

and therefore |\| = 1. O

Corollary 17.4.2.2. If u € U(E), then |detu| = 1 and thus SU(E) = det *{1} N U(E) is a normal

supbgroup.

From the lemma end the reduction theorem [17.4.1.1] we get

Corollary 17.4.2.3 (Reduction of Isometries). A morphism u of V is unitary if and only there exists an

orthonormal basis B of V, real numbers 6; (well defined ( mod 2m) up to order) such that Mat(u, B) =

diag(exp(if,)).

Observing that diag(if;) is skew-Hermitian, we get (compare with [12.6.2.5))

Corollary 17.4.2.4. The continuous map exp : A,(C) — U, (C) (resp. exp : A, 0(C) — SU,(C)) is
surjective, where A, (C) (resp. Ano(C)) denotes the R-vector space of skew-Hermitian matrices (resp.

traceless skew-Hermitian matrices). In particular, U, (C) (resp. SU,(C)) is path-connected.

17.4.3 Reduction of Hermitian endomorphisms

Lemma 17.4.3.1. The eigenvalues of an Hermitian matrixz endomrohism u are real.

Proof. Let x be a nonzero eigenvector of u with eigenvalue A. One gets
Mz, z) = (u(z), z) = (z, v u(z)) = (z,u(z)) = Az, 7)
and therefore A = \ because (z, ) # 0. O

From the lemma and the general reduction theorem we get
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Theorem 17.4.3.2 (The Spectral theorem for Hermitian endomorphisms). The Hermitians endomor-
phisms are the endomorphisms whose matriz in a suitable orthonormal basis is real diagonal. Matricially,
Hermitianmatrices H are the orthogonally real diagonalizable matrices: there exists an unitary matriz U

and a real diagonal matriz A such that *UU =1d and U~'MU = tUMU = A.

We define (compare with chapter [19|and (12.6.3.4))

Definition 17.4.3.3. Let H be an Hermitian matriz. We define the associated Hermitian bilinear form
of S on C™ = M,,1(C) by the formula (X,Y)y = 'XHY. We say that H is positive definite if this form

is an Hermitian scalar product.

Corollary 17.4.3.4. A Hermitian matriz H is positive definite if and only if its eigenvalues are > 0.

Proof. Let us write H=U"'AU = ‘OAO with § = diag();) real diagonal. Then, for any X € C"

(X, X)n = 'XHX = X'TAUX = > A&/
i

where £(¢;) = UX
Assume \; > 0 for all i. Then, (X, X)uS > inf()\;) > |&]> > 0 and (X, X)g = 0 only if > |&|? = 0, that
is to say of UX = 0 and therefore X = 0 because U is invertible being unitary.

Conversely, assume that H is positive definite and define X; = U~te;. Then, (X;, X;)g = A; > 0. O

Notice that another way to understand the proof is that the Hermitian scalar product is simply given by

the formula >_ \;|&|? in the coordinates &; of an orthonormal basis of eigenvectors of H.

Exercise(s) 17.4.3.5. Prove that the set of Hermitian positive definite matrices is convex and therefore

connected.

Exercise(s) 17.4.3.6 (Simultaneous Reduction). Let H,H' € M,,(C) be two Hermitian matrices with H

positive definite. Prove, there exists an invertible matriz II € GL,,(C) and a real diagonal matriz A such

that 'TIHIT = Id and 'TIH'TL = A [Adapt the proof of (12.6.3.6])].

Exercise(s) 17.4.3.7. Let Hy,Hy be Hermitian positive matrices. Prove det(H; + Hy) < det(H;) +
det(Hg).
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17.5 Topological Properties of the Unitary Group

Proposition 17.5.0.1. The groups U(E) and SU(E) are compact and path connected.

Proo¥r. We already know the connectedness .

We then consider the map f : M € M,,(C) —!MM. We have U, (C) = f~1(1,,), thus U,(C) is closed
in M,,(C). To show that U(n) is bounded, we consider the norm induced by trt'MM. We have U, (C) C
B(0,+/n) proving the compacness of U, (C). The determinant map being continuous (it is polynomial),
the compactness of SU,, (C) follows.

17.5.1 Study of H 't

We denote H,, (resp. H;T) as the set of Hermitian matrices (resp. positive definite). Like in the real

symmetric case (|13.3.0.4), we straightforwardly , we immediately get

Proposition 17.5.1.1. With the notations above, we have
1. H,, and HIT are convex.
2. The exponential map exp : H,, — HI T is a homeomorphism compatible with the transposition.

3. The map Sq : H T (R) — H}T(R) defined by Sq(H) = H2S is a homeomorphism whose inverse is
denoted by H — vH. Moreover tH =t /H.

4. For any H € Ht™, the complex ellipsoid €€y = {Z € C™|(Z,Z)u < 1} is convex compact of volume

(det S)~1/2volCEry = %
5. The volum map H*T —]0,00[ is strictly conver.

6. IfK is a compact subset of C™ whose interior contains the origin, then there exists a unique H € 8T+

such that X is the complex ellipsoid of minimal volume containing K.

17.6 Compact supgroups of GL,(C)

From proposition [17.5.1.1] we get exactly like in the real case ((13.5.0.2))

Theorem 17.6.0.1. SU,(C) (resp. U,(C)) is a maximal compact subgroup of SL,(C) (resp. of
GL,(C)). Moreover, any compact subgroup GL,(C) is conjugate to a subgroup of U, (C).
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17.6.1 Complex Polar Decomposition.

Finally, from proposition [17.5.1.1} we get like in (13.6.0.1)) using that *MM is Hermitian positive definite,

Theorem 17.6.1.1. The map ® : U(n) x H T — GL,(C) defined by ®(U,S) = US is a homeomorphism
of inverse W : M W(M) = (M(VIMM)~!, VIMM). In particular, GL,,(C) is path connected.

17.7 Additional Exercises

Exercise(s) 17.7.0.1. Let H be an Hermitian finite dimensionnal space and f € End(H) such that for
every x € H, (f(z),z) =0.

1. Prove that for all x,y € H, (f(x),y) =0.
2. Deduce f = 0.

3. Does the analogous result still remain true for Euclidean space?
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18.1 Perspective

In this chapter, V will denote a k-vector space of dimension n + 1 > 0 and
PV the set of the vector lines of V: the n-dimensional projective space (of
V). We will give basics on projective geometry considered as a powerful and
natural compactification of affine geometry?] as we will see in the rest of the
book. The main goal of this chapter is to understand homographies in terms

of collinearity of points (18.5.1.3) and (??). It will be crucial to understand

I\

the automorphism group of the general group. Moreover, we will see that the
main points are in dimension < 2 but with a big difference between dimension
1 and dimension 2. This is not surprising because the notion of collinear points

is empty in dimension 1!

“For basic notions of affine geometry, see W

18.2 Introduction

Definition 18.2.0.1. A projective subspace of dimension d (or codimension n — d) of PV is the set of
lines of W for some (d + 1)-dimensional vector subspace W of V. If p € PV, the notation T will refer to
some nonzero vector in the line p = kpP. The bijection f: PV = PV’ induced by a linear isomorphism
7 VSV (by f(p) = k?(f)’)) is called an homography which in turn determines ? up to multiplication
by a nonzero scalar (exercice). If (p;) s a family of points of PV, we set < p; >= P Span(7p;) C PV.

We therefore have the notion of projective line, plane, hyperplane, collinear points (points lying in the
same line) and so on. The projection 7 : p +— k7 induces a canonical identification (V —{0})/k* = PV:
we will use freely these two points of view.

For V = k"t we write P} or P" for P(k"*!) and (Xo : -+ : X,,) for p = (X, -+ ,X,): these X;’s,
well defined up to multiplication by the same nonzero scalar are called the homogeneous coordinates of

p. One has
VA#A0, (Xg:--:Xp) = (AXp -0 AX,).
This formula shows that any family (P;); of homogeneous polynomial equations in the Xi’sﬂ (for instance

linear forms) defines a subset of Py:
V((P;);) = A{(Xo - : Xp) V5, P (Xo, -+, X)) = 0}

This is the case for linear subspaces PW as above: take the linear forms in Wt C V*.
Q Note that any nonzero value of an homogeneous function f at p does not make any

sense because its value depends on the choice of P over p (unless k = Fy!).
DANGER

1Or more generally homogeneous functions on k™11,
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The dimension formula of intersection in linear algebra immediately gives the inequality
dim(PV; NPVy) > dim(PV;) — codim(PVy)

proving that in projective geometry lines and hyperplanes always meet! In particular, two lines in the

projective plane always intersect.

18.3 Topology of real or complex projective space

Lemma 18.3.0.1. Let G be a group acting (on the left) isometrically on a metric space (X,d). Assume
that for all z,xz’ € X, the real (d/G)(z mod G,2’ mod G) = infgxqg d(gz,g'x’) is reached. Then,
(d/G) is a distance on the quotient G \ X. This is the case for instance if G is a compact group acting

continuously on X.

Proof. If (d/G)(x mod G,2’ mod G) = 0, then for some g,¢" € G one has
0=(d/G)(z,2") = d(gz,g'x")

hence gz = ¢’2’ implying £ mod G = 2’ mod G.
For the triangle inequality, let us consider x1,x9,z3 € X such that (d/G)(z; mod G,z;41 mod G) =

d(x;, x;41), which is possible because G acts isometrically. For any g; € G, one has

(d/G)(x1 mod G,z3 mod G) < d(g171,9373) < d(g171, go2) + d(g2T2, g3T3)
Let g1, g2 € G such that

(d/G)(x1 mod G,z2 mod G) = d(g121,g222)
Then, choose 2,73 € G such that
(d/G)(z2 mod G,z3 mod G) = (d/G)(gexz2 mod G,z3 mod G)

Because,

(d/G)(gox2 mod G,z3 mod G) = d(v2(9222),133) = d(V2(92%2), 75 ' 733)

and set g3 = 75 '3, we get the triangle inequality for (d/G).
The last point is due to the fact that the map (g,¢9') — d(gz,¢'z’) is continuous on a compact and

therefore that its infimum is a minimum. O
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Corollary 18.3.0.2. Let S be the Euclidean sphere in k"™ with k= R or k = C. We endow S with
its geodesic distance d(z,y) = arccosRe(z,y) (12.5.0.9). Let G be the multiplicative group of module 1
elements of k" acting diagonally on X and denote P"™(k) the quotient G\ S.

1. The group G acts by isometry.
2. (d/G)(x mod G,y mod G) = arccos |(z,y)|.

3. (x,y) — arccos |(x,y)| defines a distance on P"(k).

Proof. For item (1), observe that for any z in the sphere and any X, Y € k™! one has
Re(*(2X)(2Y)) = Re(|z[*"(X)(Y)) = Re("(X)(Y))
For item (2) in the complex case, let us write (z,y) = rexp(if) with » > 0 and 6 real. Then,
Re(ci®z, ¢ y) = rReexp(i(d — o+ o) = rcos(d — a + o)

whose supremum is » = |[(x,y)| (obtained for § — @ + o' = 0). Because arccos is decreasing, item (2)
follows for the complex case, the real case being analogous (and simpler).

The two first items together with the previous proposition gives (3). O

Exercise(s) 18.3.0.3. TBD Définir la topo quotient, mettre que projection ouverte ssi saturé ouvert.
Critere séparation. En déduire directement la compacité du projectif et que la topologie métrique est la

topo quotient.

18.4 Algebraic and Geometric descriptions

18.4.1 Homogeneous coordinates

Definition 18.4.1.1. Let S be a set (or a family) of points of an n > 0-dimensional projective space. We

say that S is in linear general position if any subset (or subfamily) of k < n points spans a (k —1)-plane.

Remark(s) 18.4.1.2.

e Note that if S has at least n + 1 points, then S is in linear general position if every subset of n + 1

points spans PV.
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e c=[1:0:---:0], eg=[0:1:---:0], ..., €,=[0:0:---:1], epp1=[1:1:---:1]} are

in general position in Py.

o Ifn =1, any family of distinct points is in general position.

Lemma 18.4.1.3. Let ¢ : S — S’ be a bijection between projective frames of n-dimensional spaces

PV,PV'. There exists a unique homography f : PV — PV’ induced by .

Proof. Let us choose 5, 5%, i <n+1in V,V’ projecting onto S, S’and a linear map inducing the sought

79

f. The n + 1-first elements form a basis of V, V' and we have

— — —>/ 1 —>!
Snt1 = E Aisiand 5, = E A S

i<n i<n

with JTA\i\i # 0 because the points of S, S’ are in general position. The equality ¢(s;) = 3 forces
?(sz) = 11; 5" and therefore for i = n + 1

Z Ailli 8§ = Pt Z Vs

i<n i<n

’

.. AL
giving p; = fint15k- O

Definition 18.4.1.4. A family p; € PV of (n+2) points in general positions is called a projective frame,
g; being called the standard projective frame of Py (18.4.1.2). The image w(p) of any p € PV by the

unique homography m: PV — P} mapping p; to €; is called the homogeneous coordinates of p.

Exercise(s) 18.4.1.5. If k = R, C, prove that homogeneous coordinates define a continuous open map

V — {0} — P} with the above topology of P}, , Deduce that P%{ is homeomorphic to a circle.

18.4.2 Affine charts

Let p € V and ¢ € V* a linear form non vanishing at p. As before, the equation ¢(p) = 0 makes sense

because the vanishing of ¢(7) depends only on p. One certainly have the partition

PV = ((¢#0) = {p € PV|p(F) # 0}) U ((¢ = 0) = {p € PV|p(F) = 0}).

One has the straightforward lemma
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Lemma 18.4.2.1. Let A, be the n-dimensional affine hyperplane of V of (affine) equation ¢ = 1. Then,
the map a — ka is a bijection A, = (¢ # 0) C PV of inverse p— 7 /p(D).

In particular, p is contained in the n-dimensional affine space A, with complement the n —1 dimensional

projective hyperplane P Ker(y), called the hyperplane at infinity.

Example(s) 18.4.2.2. Ifn = 1, an hyperplane is just a point and Py, = AjL{co}. If ¢ is (Xo, X1) — X1,
one has oo = (0;1) and (Xo;X1) = Xo/X1 = k = AL. Geometrically, it "looks like a circle". With this
point of view, any family of three distinct points is a projective frameof P}, the family is 0,1, 00 being the

standard one (18.4.1.2).

Proposition 18.4.2.3. With the above notations, one has
e The affine lines of A, identify with projective lines on PV not contained in P Ker(yp).

o Two affine lines of A, are parallel if and only if they meet in (one) point of P Ker(p) (ones says
that they mette at infinity).

o The notions of affine and projective collinearity of points of A, coincide.

Proof. Left to the reader. O
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Affine lines Projective lines

The above plane picture illustrate the fact that parallel lines intersect in the horizon line, except a priori
if these lines are parallel to the horizon (their meeting point is the infinite point of the (unique) horizon
projective line).

Explicitely if V = k™! and X;,i < n the standard coordinates, P} is covered by the n + 1 affine spaces

(X; # 0), each having (affine) coordinates X, /X;, j # i in the sense where the map
(Xi#£0) 3 Ap
Ko i Xp) = (X;/Xi)ji
is bijective.
Exercise(s) 18.4.2.4. Ifk =R, C, prove that (¢ # 0) is open and dense in P} with the above topology

18. 51

18.4.3 Lifting of affine isomorphisms, tbd

Compare with [18.6.1.2] and [18.4.2.3]
We will

18.5 The Fundamental theorem of Projective Geometry

18.5.1 Statement of the main theorem

Definition 18.5.1.1. Let A, A’ be two affine spaces over two fields k, k' with underlying vector spaces
V,V'. Leta: A= A’ and k: PV S PV’ be bijective maps.

1. « is a skew-affine isomorphism if there exists a field isomorphism o : k — k' and a o-linear isomor-

phism @ such that for any a,b € A a(a)a(b) = & (ab).

2. k is skew-homography if there exists a field isomorphism o : k = k' and a o-linear isomorphism

®: V5 V' such that for any p € PV, one has k(p) = (< p >).

3. Kk is a collineation of dimension n if k preserves collinearity.

2The savant reader will check that the above open covering defines a variety structure in the real or complex case.
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Of course, if k = F)p, Q, any skew-homography is an homography, simplifying the preceding definitions.
But it is also the case for the real field.

Lemma 18.5.1.2. The identity is the only field endomorphism of R.

Proof. Let f be any field endomorphism of R. The kernel of f is an ideal of the field R which cannot be
R because f(1) = 1: thisis {0} and f is injective. By additivity, f is the identity on Z and therefore on Q
by multiplicativity and injectivity. Because any positive number is a square, f maps positive numbers on
positive nummbers (multiplicativity) and therefore is increasing (additivity). By density of the rationnal,

one concludes f = Id. O

Of course, a skew-homography is a collineation. We would like to prove the reverse statement in dimension

> 1 (in dimension < 1 any bijective map is a collineation!).

Theorem 18.5.1.3. Any collineation of dimension n > 1 is a skew-homography.

As often in [2] the key argument lies in dimension 2. Even it is not necessary, we have therefore chosen
to split the proof in two parts (dimension 2 and reduction to the dimension 2 case. We think that the

elementary nature of the arguments are more transparent this way.

18.5.2 The dimension 2 case

Let’s assume n = 2 and let x be a collineation of projective planes. We will prove a few lemmas to reduce
to an affine plane statement which will be solved by elementary geometric arguments.
Let p # q be two points of PV ant let p’ = k(p),¢ = x(q). By assumption, x(< p,q >) C< p',q >.

Because n > 1, one has < p,q ># PV.

Lemma 18.5.2.1. Let z ¢< p,q >.
1. 2 =k(z) €< p',q >.
2. The images of points in general positions are in general positions.

3. k(< p,q>)=<p,¢ >.

Proof. Assume 2z’ €< p’, ¢’ > and let’s prove that this should imply that x(PV) C< p’, ¢’ > contradicting
the surjectivity. Let x # z and £ the point of < z,2 > N < p,q >. Then k(§) €< p’q’ > and therefore

k(z) €< 2',k(€) >=<p', ¢ > because 2’ €< p’, ¢’ >, proving the first point.
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The second point is a reformulation of the fist one.

Assume that 2’ = k(z) €< p’, ¢ > (k is surjective). The first point implies z €< p,q > as wanted. O

Let D be a projective line of PV and D’ = k(D). Let A, A’ be the affine planes complement of the
lines at infinity D, D’ in PV, PV’ respectively. Because parallel affine lines identify with projective lines
intersecting at infinity, the lemma shows that & induces a bijective map o : A = A’ mapping
affine lines onto lines and preserving parallelism.

Lets us first show that it’s enough to study « to determine .

Lemma 18.5.2.2. Ifa: A — A’ is skew-affine, then k is a skew-homography.

Proof. Let us choose homogeneous coordinates X;, X}, =0,1,2 on PV and PV’ such that the equation
of D,D > are X3 = 0 and X}, = 0 respectively. The affine coordinates on A are x; = X;/Xs, 2, =

X!/X%,i=0,1. By construction, o can be matricially written as
— A +B

for A € GLy(K'),B € k2. Let h : PV — PV’ be the skew-homography defined by the c-isomorphism
matricially defined by

Xo A o(Xo) + o(Xa)B
X]_ = O'(Xl)
X2 o(X2)

Then, § = ko h™! is a collineation which is the identity on A = PV —D. Let us chose O € A and ¢ € D.
Then,

(< 0,£>)=<0,0(§) > and (D) =D

thanks to lemma [18.5.2.1} Taking the intersubsection with D we get 6(£) = £ and k = h. O

The proof of the main theorem [I8:5.1.3| in our dimension 2 situation will directly follow from
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Lemma 18.5.2.3. Any bijective map a: A = A’ of affine planes mapping affine lines onto affine lines

and preserving parallelism is a skew-affine isomorphism.

Proof. Choosing an origin O € A and f(O) in A’, one can assume that A = X,A’ = A are vector
planes.

Let x,y be two non-zero collinear vectors. Then < 0,z >||< y,z+y > and < 0,y >||< z,z +y > implies
<0,a(x) >|I< aly),a(z +y) > and < 0, a(y) >||< a(x), a(z + y) > meaning o maps the parallelogram
(O, z,x+y,y) to the parallelogram (O, a(x), a(x +vy), a(y) implying a(x +y) = a(z) + a(y) in this case.
If they are collinear, choose z non colinear to x,y and therefore not colinear to z + y. By the previous
obsrvation, we get a((x +y) + 2) = a(z + y) + a(z). But z is also not collinear to y + z and y is not
collinar to z. Therefore a(x + (y+2)) = a(z) + a(y+2) = a(x) + a(y) + a(y + z) implying the additivity
of a.

Let A € k and z € A — {0}. We have a(x) # 0. Because 0,z, \x and therefore so are 0, a(z), a(Azx)
are collinear, there exists o(\,2) € &k’ such that a(\,x2) = o(\,z)a(x). One sets a(\,0) = 0 (nptice
that the previous equality remains valid). Let’s first check that o(z,A) dos note on = # 0. As before,
let first consider x,y two nonzero points. One has a(A(z + y)) = (A, z + y)(z + y) and (additivity)
a(AMz +y)) = oA @)z + o(A,y)y implying o(\, z) = o(A,y) in this case. If x,y are colinear (and non
zero) chose z €< x,y > and observe o(\,x) = o(\, z) = o(\,y) by the previous result. Let us therefore

20 # 0 and define o(\) = (), 29). For any x, including zero, one has a(A\x) = o(A)z. The formulas
a((A+ p)z0) = a(Az0) + aluzo), a((A)zo0) = a(M(pz0)), o(k)a(z) = a(< 20 >) =< a(z0) >= K a(z)

shows that o is a field isomorphism as wanted. O

Remark(s) 18.5.2.4. The condition of preserving parallelism is superfluous for a bijection of affine

planes that sends lines surjectively onto lines (exercice).

18.5.3 The general case

Let us assume n > 2 and let s be a collineation a above. We will show how to adapt or use the dimension
2 results and strategy.

The first step to reduce to the affine case was lemma [18.5.2.1| which we generalize to

Lemma 18.5.3.1. Let d < n and py, . ..,pq points in general positions.

1. The images p; = k(p}) are in general positions.
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2. K(< Poy.--yDd >) =< Dby Dl >

Proof. Let us chose pgt1,...,p, such that p;,i < n are in general position and let us first prove by
induction on ¢ that for any i <n k(< po,...,p; >) C< P, ..., p; > with p; = k(p;). The i = 0 statement
is clear! Assume k(< po,...,p; >) C< pp,...,p; > and let © €< py,...,pi+1 >. By induction, one can
assume z €< po, ...,p; >. The line < p;;41,x > is contained in the projective space < pg,...,p;+1 > and
therefore meets its hyperplane < po,...,p; > in £. By assumption, x(x) €< p;i11,& >C< po, .- ., Pi+1 >
proving the inclusion k(< po,...,piy1 >) C< Py, ..., Piyq >. For i = n, the surjectivity of x shows that

Dy, - - -, D), are in general position, and a fortiori so are py, ..., p); proving the first point.

<Pos-/Pi>

Conversely, let 2/ = k(2) €< pp,...,p,) > (k is surjective). We argue like in the dimension 2 case : if
z €< po,...,pa >, then z,pg,...,pq are in general position and by the first point so are 2, pj, ..., p}
proving 2z’ ¢< py,...,p} >, a contradiction, proving the subsecond point. O

The reduction to the affine case reads as follows. Let H be a projective hyperplane of PV. Thanks to the
preceding lemma, H' = x(H) is an hyperplane of PV’ and x maps lines onto lines. Let A, A’ be the affine
spaces complement of the hyperplanes at infinity H, H' in PV, PV’ respectively. Because parallel affine
lines identify with projective lines intersubsecting at infinity, the lemma [I8.5.3.1] shows that x induces a
bijective map o : A = A’ mapping affine lines onto lines and preserving parallelism.

With these notations, we have nothing to change to genralize lemma (except we are in higher

dimension)

Proposition 18.5.3.2. If a: A — A’ is skew-affine, then s is a skew-homography.

Proof. Same proof of the dimension 2 lemma replacing size 2 matrices by size n matrices. O

We conclude the proof of the main theorem as above by the proof of

Lemma 18.5.3.3. Any bijective map o : A = A’ of affine planes mapping affine lines onto affine lines

and preserving parallelism is a skew-affine isomorphism.
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Proof. One choose origins O, 0’ = k(0) and let z,y € P(V). Let P be a projective plane containg 0, x, y.
By k maps P to a projective plane P’. Moreover, dim(H N P) = 1 because P ¢ H (O € P)
and dim(H N P) > dim(P) — codim(H). Therefore HN P is a line D like its image x(D) = D’. We just
have to apply tokp: P — P and ap_p = kp_p : P—D — P’ — D’ to conclude that « is

skew-linear. O

18.5.4 The dimension 1 case

We assume in this section [[8.5.4n = 1.

Definition 18.5.4.1. Let a,b,c,d € PV avec a,b,c distinct and h : PV — Py be the unique homography
mapping the projective frame (a,b,c) of PV to the projective frame (0,1,00) of PL = kli{co}. The value

h(d) = [a, b, ¢,d] is called the cross-ratio of a,b,c,d. In other words, the cross-ration is characterized by

(h(a), h(b), h(c), h(d)) = (0, 1,00, [a, b, ¢, d])

In particular, one has

[0,1,00,d] =d.

Exercise(s) 18.5.4.2. If moreover a,b,c,d € k = Py — {00} are four distinct points, prove the formula

[a,b,c,d] = Z:‘Z/%. How many values does take the cross-ratio when you are permuting these entries?

The theorem [I8.5.1.3 becomes in the dimension 1 case:

Proposition 18.5.4.3.
1. Any homography preserves the cross-ratio.

2. Any bijection of projective lines preserving the cross-ratio is an homography.

Proof. We keep the notation above. Let h' be an homography and denote by (a’,¥,¢’,d’) the image of
any (a, b, ¢,d) with a, b, ¢ distinct. So are a’,b’, ¢’ because h' is injective. Moreover, the homography ho b/

maps (a’,¥,¢’) to (0,1, 00) showing
[, b, c,d] = (hoh')(d) = h(d) =[a,b,c,d] = [h(a"), (), (), h(d)].

Conversely, let f : PV — PV’ be a bijection of projective lines such that for any (a,b,c,d) with a,b,c
distinct

[a,b,c,d] = [h(a), h(b), h(c), h(d)].
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Fix (a,b,c) three distinct points, defining therefore a projective frame of PV. Because f is injective, so
does their images. Let h : PV — PV’ the unique homography mapping (a,b,c) to (f(a), f(b), f(c) and
t: PV — P| mapping (a,b,c) to (0,1,00). Because both f and homographies preserves the cross ratio,
so does the bijection ¢ = to foh™' o™ of PL. But, ¢ fixes the three points 0, 1, 00 and for any = € Py,

one has
z =[0,1,00,z] = [p(0), p(1), p(00), p(z)] = [0, 1,00, p(z)] = ¢(z)

proving ¢ = Id and f = h. O

Exercise(s) 18.5.4.4. More generally, characterize skew-homographies in terms of cross-ratio.

18.6 Reminder on Affine Geometry

For convenience of the reader, we recall some elementary basic facts about affine geometry.

An affine space is the data of a simply transitive (right) action of a vector space A (finite dimensional
for us) on a (nonempty) set A. For short, we say that A is an affine space. If a1,as € A, we denote by
as —ay = (Ta% the unique vector of A such that as = ai + m. By definition, the dimension of the

affine space is the dimension of the underlying vector space.

Example(s) 18.6.0.1.

o Any vector space E is an affine by its own action by translation. Conversely, the choice of a point

(an origin) in A identifies A and A.

e The space of solutions of a differential equation S a;y") = f is an affine space under the space of

solutions of the homogeneous equation > a;y™ =0.

o If ¢ € E* is any nonzero linear form, the set p=1(1) is an affine hyperplane of E (under the action
of the hyperplane ©~1(0)) but has no "natural” origin. We will see in a while that this exzample is

indeed universal.

o As we will see, the space of vector lines not contained in a given hyperplane of a vector space has a

natural structure of affine space (77).

An affine frame of A is a set of n+ 1 vectors a;, i = 0,...,n such that a; —ag, 7 > 0 is a basis of A. This
notion does not depend on the numbering of the a;’s : the dimension of A is by definition the dimension
nof A.

An affine map (or affine morphism) f : A — A’ is an application such that there exists 7 € Hom(z , _7)
satisfying

f(al)f(ag; = 7(@) for all ai,a0 € A
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Such an f is unique (hence the notation). Of course, linear affine maps exist and an affine morphism is
uniquely defined by the images of an affine frame like in the linear situation. Fixing an origin of O of A, we
get the usual formula f(a) = f(O) + ?(63) For instance, for A = R™ with its standard affine structure
and origin, we get the usual formula for (endo) affine maps f(X) = AX + B where A € M,,(R),B € R™.
An affine subspace B of A is a (nonempty) subset of A which is an affine space under some vector subspace
Bof A (through its induced action on B). In this case, we have simply, as a set, B= {b-=V, bb € B}.
The dimension theory of vector subspaces translate to the affine situation once we have verified that the
spaces we are looking at are nonempty allowing to reduce to the linear case. For instance, the intersection
of two affine spaces has codimension the sum of the two codimensions unless the intersection is empty:
the reader knows from it childhood that parallel lines exist in the affine plane! This lack of intersection

points is precisely why we will introduce projective spaces (18.2)).

18.6.1 Universal vector envelop of an affine space

We have seen in example that a non zero linear form ¢ the natural hyperplane space ¢~1(1).
Let us give two (equivalent) reverse constructions. Let A be an affine space. The geometrical intuition is
clear.

Extrinsic construction. Let us choose an origin O of A, identifying it with the vector space Z, and
consider the vector space A=Axk Then, the map (@, 1) — O + @ has inverse a + 0+ 0% ans is an
affine isomorphism from A to the affine hyperplane with equation z,1 = 1 (where x,,41 is the coordinate
on the k factor).

Intrinsic construction. The reader can skip this intrinsic version though it is not only completely formal.

Keeping the notations of example [I8.6.0.1 we have
E = Uxerdp™ ' (A) = ¢ H(0) Ulagop ™ (1) x {A}

where identify e € ¢ ~1(\) and (e/A, \) for any nonzero \. In particular, for any nonzero )\, we have the
quite "strange" formula for the scalar multiplication u(e, A) = (e, uA) if p # 0 and u(e,\) =0 if u = 0.
As a set, we define

A=A UUyz0A x {A}

Mapping A to zero and its complement thanks to the second projection defines a map of sets ¢ : A= k.
Of course, we make the identifications thanks to the first projection ¢ =1(1) = A.

We define a scalar multiplication on each ¢~!(\) by analogy to our previous example: if A = 0, it is the
scalar multiplication of A= 0~ 1(0) and if X # 0, we define u® (a,\) = (a, u)\) if u # 0 and p® (a, \) =0
if p=0.

Let us define the sum & of two elements a,a’ € A.

If p(a) = p(a’) = 0, the sum is given by the vector space structure on ¢~1(0).

If (@) = X #0, ¢(a’) =0 we have necessarily

aoa = (aA)@a':)\@((a,l)@%a/)
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and we define

1 1
(a,l)@xa’:a—i—xa’eﬂ

as the right action of %a’ﬁ onac€ A.
If p(a) =0 p(a’) # 0, we define

adad =d da
If p(a)p(a’) # 0 because we have the necessary formula @ = %(a © a, one can assume further ¢(a) =
o) = 1.
If characteristic of k is not 2, we define

1 1
a@a’z?@(ia@ia’)

H
If the characteristic is 2, we must have a ® o' = (—a) ¢ a’ and we define a & o’ = aa’. By a both

straightforward and tedious computation®} we get

Proposition 18.6.1.1. With these two laws, A is a n+1 dimensional vector space, the map ¢ is linear
and A is canonically isomorphic to ¢~1(1). In particular, A is canonically embedded in its so called

projective completion PA as an affine chart.

Exercise(s) 18.6.1.2. Let f : A — A’ be an affine map. Prove that there exists a unique morphism
f: A=A lifting the natural inclusions of these affine spaces to their envelops. Deduce from the
uniqueness property the compatibility between composition and envelop. Prove that if f is moreover

bijective then it can be uniquely lifted to an homography PA = PA'.

3In fact, choosing an affine frame of A, the reader will observe that A is identified with R"*+! and that our two laws

®, @ become the the usual external product and sums of R"*! proving the assertion without two much calculations.
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19.1 Perspective

/N

We generalize the Euclidean or Hermitian scalar products to general sesquilin-
ear forms over some field k without assuming any symmetry a priori. We
will see that a lot of notions/methods are valid in this general case, notions
that will be crucial for our study of general quadratic forms (see chapter .
This generality is not "just for fun". General sesquilinear forms are strongly
related to projective geometry and even arise in quantum mechanics, at least

historically ([5], § 13 and 14)!
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19.2 Introduction

In the linear case, two equivalent perspectives -morphisms and matrices- complement each other fruitfully
giving rise naturally to an equivalence relation on square matrices, the similarity relation (see chapter
Like in the linear case, two equivalent perspectives -sesqulilinear forms and matrices- complement each
other fruitfully giving rise naturally to a new equivalence relation on square matrices, the congruence
relation. Unlike the linear case, we will see in this bilinear Contextﬂ that there is no hope of describing
the classes of congruences in a unified way over any field as in the case of similarity relations. Observe
it is already impossible in dimension 1: a bilinear form up to congruence is a scalar up to multiplication

by a non-zero square of k and that the quotient set heavily depend on the field k!

19.2.1 Notations and Reminders

e o is an automorphism of a of a field kEl

A o-linear map f : E — F between k vector space is an additive map such that f(Az) = o(\)f(x)
for any z € E, A € k.

In this chapter, E, E are k-vector space over k with the same finite dimension n (although most

formal definitions generalize without this assumption as the reader will easily convince themselves).
o We denote by B = (e;), B = (&) basis of E, E.

e We recall that if B = (e;) and B’ = (e}) are bases of E (of finite dimension), the columns of the base
change matrix P = Mats #/(Idg) are the coordinates of the vectors of € in the base B. If X = [z]3

(resp. X' = [z]s+) are the coordinates of x € E in B (resp. in B’), then X = PX'.

19.3 Sesquilinear Forms

Definition 19.3.0.1. We say that b, : E x E — k is sesquilinear if o is
e additive in each of the variables
o o-linear in the first variable: by(A\x, &) = o(Nby(z, ) for allz € B,z e E,X ek

o linear in the second variable: by (x,\&) = \by(2,Z) for all x € B, & € E,\ € k.

L Apart from the alternating case li
2The most important case for us being the case where o is an involution, in particular when k = R and ¢ = Id or k = C

with o being the complex conjugation.
3We have chosen E as in Euclid rather than V as in vector to distinguish the quadratic/Hermitian context from the

general vector context.
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If o =1d, a sesquilinear form is simply called a bilinear form. We define Mat(b,, B, B) = (b, (ei,€;))i; €
M, (k).

This introduces the notion of sesquilinear (resp. bilinear) space (a vector space equipped with a sesquilin-
ear form b,, a morphism between such spaces being a linear map that preserves the forms), a vector

subspace defining a (sub-)sesquilinear space by restriction of b,.

Remark(s) 19.3.0.2. A fundamental example is k = R,0 = Id,E = E,B =3 (resp. k = C,0 =
conjugation, E = E,B= @) and b, is a real (resp. complex hermitian) scalar product. In these cases, the

above matriz is nothing but its Gram matriz relative to B.

Like in the Euclidean or Complex Hermitian case (12.2.6) and (17.2.5)), we get for X = [z]s and X = [#]5

be (2, %) = !5(X) Mat(b,,B,B)-X

2 Mat(b,, B, B') = to(P) Mat(b,, B)P

where P, P’ are the base change matrices from B, B to basis B/, B’ of E,E. Thus, thanks to the
previous formulas (E[), the choice of basis B,B’ allows us to identify b, with its matrix

Mat(b,, B, @), which we will do freely. All properties of b, will have its matrix counterpart.

19.3.1 Non-degenerate Forms

We denote E, the vector space whose underlying group is E whose external multiplication ., is twisted
by o, i.e., A.;x = o(N)x. A basis B of E is still a basis noted B, of E, implying that E and E, have the
same dimension.

A o-linear application f : E — F is therefore a linear map f € Hom(E, F,).

In particular, the twisted dual EX = (E,)* = Homg(E,, k) of E is the space of o-linear forms with a
o-dual basis B} which is the dual basis of B,.

We can associate with b, the linear applications

. E — E} ~ E, — E*
(ii) by : and by :
z = (xeby(x,)) r = (2~ o1 (b,(x,7)))

We observe that Mat(b,, B, B) = Mat(b,, B, B%) and * Mat(by, B, B) = 0’1(Mat@a), By, BY)).

Definition 19.3.1.1. We define the left kernel Ker b, of b, as
Kerb, = Kerb, = {# € E, V& € E, b,(z,%) = 0}.

We say a bilinear form b, is non-degenerate if its kernel is null, i.e., if its matriz in a basis B is invertible.
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In particular, we have b, (E, Ker(b,)) = {0}.

A non-degenerate form thus identifies E with the twisted dual EX via .

Remark(s) 19.3.1.2. e If we identify E,E with k™ thanks to B,B, by (@) we have Ker(b,) =
Ker(Mat(b,, B, B)).

o If we had swapped the roles of x and z, i.e. used l;; to define the right kernel, it would have been the
kernel of the transpose * Mat(by, B, @) The notion of degeneracy would not have changed.

e In the non-degenerate case, tgg € Hom(E, EX) is an isomorphism: we then traditionally define the

asymmetry

B ="b;' 0b, € Endy(E%) = Endy(E)

of the non-degenerate form b,. It is the unique isomorphism verifying

ba(ya -77) = bo(ﬁ(x)v y)

o~

for all z,y € E. Its matris simply o(Mat(by), B», B*)~1) Mat(by,, B, BY).

If b, is degenerate, then the associated matrix in a basis adapted to the direct sum of the kernel and an

arbitrary complement has dim Ker b, zero columns.

19.4 (Left) Orthogonality

Definition 19.4.0.1. IfF C E is a subset, the left orthogonal of F is the vector subspace of E.

FLt ={z€E, Vz €F, b,(z,%) = 0}.

Thus we have b(F,F+) = {0}. But in this generality, we do not have in general b(F+,F) = {0} so that
usually we have F ¢ (F+)+ (Exercise find an example!).

We then have part of the usual properties of orthogonality (compare with [20.4.0.2))

Proposition 19.4.0.2. Suppose b, is non-degenerate and let F, G be subspaces of E.
1. dimF + dimF! = dimE,

2. (F+G): =F+nG,

4In the bilinear case (0 = Id), this matrix is called the co-square of Mat(b,, B).



19.4. (LEFT) ORTHOGONALITY 249

3. Orthogonality is decreasing.

PROOF. By definition, 3,, (F) is the orthogonal in duality of F in EX. The first formula follow from the
dimension calculation of the orthogonal in duality (7.5.0.1). The last two are formal (but useful).

Remark(s) 19.4.0.3. The notion of orthogonality for general sesquilinear forms without hermitian sym-
metry is delicate. We reserve the notion of orthogonal direct sum of two subspaces E1, Eo to the case where
the subspaces are both direct sums and orthogonal on the right and left, i.e., by (E1, Eq) = b, (E2, E1) = {0}.
We then write Eq ELB Es. Matriz-wise, in a basis adapted to the direct sum, this means that the matriz of

bs is block diagonal and the form is non-degenerate if and only if the blocks are.

19.4.1 Adjoint

The following proposition is just a formal generalization of the existence of adjoint in the complex her-

mitian context (|17.3.0.1}).

Proposition 19.4.1.1. Let b, : E x E — k be a non-degenerate sesquilinear form and f an endomor-
phism of E. There exists a unique endomorphism f* of E, called the adjoint of f (relative to by), such
that for all x € B,z € E,

We have
(i) Mat(f*, B) = Mat(by, B, B) ‘o (* Mat(f, B)) Mat(b,, B, B)
In particular, f and f* have the same rank and if B is orthonormal, we have

Mat (B, f*) = ‘o(Mat(B, f))

Proof. Let M = Mat(b,, B, B) be the matrix of b, A = Mat(f, B) that of f. We write the sought identity

matrix-wise taking into account the computation

We get
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Usual propositions of transposition give the usual formulas (linearity of adjunction, (f o g)* = g* o f*).

Note that in the bilinear case (o =1d), f and f* are similar (5.5.0.3)).

Exercise(s) 19.4.1.2. Show that the isomorphism b: E — E* defined by b, (cf. |19.3.1) identifies the
adjoint f* of f € Endy(E) with its (o-twisted transpose ' f € Endy(E%) = Endy (E) (cf. |7.7.0.1).



Chapter 20

e-Hermitian Forms

Taj Mahal

20.1 Perspective

° i\‘ TBD

Generalizing the usual Euclidean or Hermitian classical situation, we focus our attention to o-sesquilinear
forms where o is not only an automorphism but an involution of k with a suitable symmetry property. As
we will see, the first fundamental tool in their classification, which allows many problems to be reduced

to forms on lines or planes like in the Euclidean case.

20.2 Introduction

The theory of sesquilinear forms serves as the foundation for geometry: real symmetric bilinear forms lead

to Riemannian geometry, are ubiquitous in number theory, and complex Hermitian forms to complex and
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holomorphic geometry. Moreover, the imaginary part of a complex Hermitian form defines an alternating

form, which lies at the heart of symplectic geometry. These geometries are fundamental in classical physics

(Euclidean geometry), relativistic physics (Lorentzian geometry for special relativity, general Riemannian

geometry for general relativity), mechanics (symplectic geometry), and quantum mechanics (Hermitian

geometry).

20.3 Definitions

In this chapter, o is an involution of k and we fix ¢ € {£1}. By analogy with the complex conjugation,

for any A € k, we’ll often denote o(\) by
a(\) =\

We keep the notations of [19.2.1

Definition 20.3.0.1. We say that the sesquilinear form is

o Hermitian if for all z,y € E one has b, (y, z) = o(by(z,v)) = by (2, y),

o skew-Hermitian if if for all x,y € E one has by (y,x) = —0(bs(2,y)) = —bs(z,y),

o c-Hermitian if it is either Hermitian or skew-Hermitian.

If 0 =1d, an e-Hermitian form is called an e-symmetric form.

If E is of finite dimension and if B = {e;}1<i<n is a basis, we define Mat(b,, B) = (bo(ei,€5))i;. The

basis B is said to be orthogonal (resp. orthonormal) if Mat(by, B) is diagonal (resp. the identity).

Remark(s) 20.3.0.2. Let H = Mat(b,, B) and X,Y the columns of coordinates of x,y € V with respect

to B.

o The e-symmetry above forces o to be an involution and the equality ¢ = £1, at least if b, is non

degenerate.

e Like in the classical complex Hermitian case (17.2.5.8) or more generally in the sesquilinear case

[79:3[1, we get the formula
bo’(xay) ='X-H-Y.

e Notice that 'H = eH. Conversely, any such matriz H € M,,(k), e-Hermitian matriz say, defines an

e -Hermitian form on k™ by the formula b, (z,y) = ‘XHY.

o IfH' is the matrixz of by in another basis and P is the corresponding base change matriz, we also get

H' = 'PHP.
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In this chapter, we consider b, an e-Hermitian form. Thus we have
bo(2,y) = 0= bs(y,x) = 0.

We recall that a sesquilinear form b, which is e-Hermitian defines a non-degenerate form on
E/Ker(b,), or equivalently, on any complement of the kernel thus reducing their study to the non-
degenerate case. Sometimes this kernel is called the "radical" of b, or of (E,b,) or even the radical
rad(E) of E when no confusion is to be feared.

From the obvious property

by (Ker(b,),E) = b, (E, Ker(b,)) = {0},

one can straightforwardly reduce the study of Hermitian form to the non degenerate case.

Proposition 20.3.0.3. Let b, be an e-Hermitian form on E and F be a supplementary subspace of

Ker(b,).
1. There exists a unique form b, on E/Ker(b,) = E inducing by, i.e.such that the diagram

ExE2 sk

quotientl /
bo

ExE
commutes and b, is non degenerate (E is the associated non degenerate quotient space).

2. The direct sum E = Ker(b,) @ F is orthogonal and induces an isomorphism on (non degenerate)

e-Hermitian space F ~ E.

3. Two e-Hermitian spaces are isomorphic if and only if they have the same rank and their non degen-

erate quotient spaces are isomorphic.

20.4 Orthogonality

Definition 20.4.0.1. IfF C E is a subset, the left orthogonal of F is the vector subspace of E.

FL :{er, VyGF, ba‘(xvy) :0}

Thus we have b(F+,F) = {0} and therefore b(F,F*) = {0} so that F C (F+)*.
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Proposition 20.4.0.2. Suppose b, is non-degenerate and let F, G be subspaces of E.
1. dimF + dimF+ = dimE,
2. F = (F1Y),
3. (F+G)t =FtNnGt and (FNG)L =F+ + G
4. Orthogonality is decreasing.
5. The following conditions are equivalent

(a) FNF+ = {0}
(b) b, non-degenerate on F

(c) b, non-degenerate on F+

PRrOOF. By definition, 3,, (F) is the orthogonal in duality of F in EX. The first two formulas follow from
the dimension calculation of the orthogonal in duality (19.4.1.1). The last two are formal (but useful).
For 5), the equivalence of a) and b) is tautological. But by invoking this equivalence for F+, we conclude

the equivalence of a) and b) thanks to 2).

The proof justifies a posterior: the abuse of notation L for the orthogonal which generally does not lead

to confusion.

Definition 20.4.0.3. We say that a vector x is isotropic if b, (z,x) = 0. We denote by C(b,) the cone
of isotropic vectors; it contains Ker (by).
A wvector space F is isotropic if FNF+ # {0}, totally isotropic if F C FX. It is anisotropic if FNF+ = {0}

Finally, we say that F is totally isotropic if F C FL, in other words, if b,|pxr = 0.

Example(s) 20.4.0.4. IfE =R" and b(X,Y) = 21y + y122, then all vectors of the canonical basis are

1sotropic.

Remark(s) 20.4.0.5. If F is isotropic, then F NF+ is totally isotropic.
If b, is non-degenerate and F is totally isotropic, then dimF < dimE/2 (20.4.0.9); however, if F is

1
anisotropic, then we have E=F & F+.
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Note that in general, we obviously have rad(E; @ Eg) = rad(E;) @ rad(Es) = which will allow us to

systematically reduce to the non-degenerate case.

Proposition 20.4.0.6. Suppose b, is non-degenerate and let a € End(E) and a* its adjoint. Then we

have
1. Ker(a*) = Im(a)~.

2. ITm(a*) = Ker(a)*.

Proof. We can deduce it formally from the analogous property for the transpose. Here is a direct proof
(which is a copy of the proof by duality). First, it suffices to prove one of the two formulas (replace a by

a* and use the involutivity of adjunction and orthogonality). Then, Im(a*) = Ker(a)* having the same

dimension according to [7.7.0.2f and [20.4.0.2} it suffices to prove Im(a*) C Ker(a)*. Now, if a(z) = 0, we
have b, (z,a*(y) = b, (a(z),y) = 0 and therefore a*(y) € Ker(a)*. O

20.5 Alternating Forms

We will give in the alternating case a first illustration of the principle of the introduction: much of the

geometry is contained in dimensions < 2, with larger dimensions obtained by orthogonality.

20.5.1 Classification

So let b be an alternating bilinear form on V of finite dimension d.

Theorem 20.5.1.1. Alternating forms are classified by their rank. A non-degenerate form has even rank

2n and its matriz in a suitable basis is

0 1 0 1

W,, = diag( ye e
-1 0 -1 0

Proof. By restricting to a complement of the kernel, we can assume b is non-degenerate and dim(V) > 0.
Let 21 € V be non-zero. Since the kernel of b is null, we can choose y; such that b(x1,y;1) is non-zero, so
that IT = (xz1,y1) is a plane (if y; were collinear with x; we would have b(x1,y;) = 0). The dimension of
the orthogonal of IT is n — 2. If z = axy + By € I+, we have 0 = b(z,7;) = —3 and 0 = b(z,91) = —a,
so z = 0, and we have an orthogonal decomposition V = II é II+ where the restriction of b to IT+ is

non-degenerate (19.3.1.2)). We conclude by a straightforward recurrence. O
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In particular, non-degenerate alternating forms only exist in even dimensions.

Exercise(s) 20.5.1.2. Using the principle of extension of algebraic identities, show that the determinant

of any odd-sized alternating matriz with coefficients in a ring is zero.

Exercise(s) 20.5.1.3. State and prove a result analogous to|20.5.1.1] in the anti-Hermitian case.

20.5.2 Pfaffian

Johann Friedrich Pfaff

Theorem [20.5.1.1] proves that an invertible alternating matrix is of size 2n and is congruent to W,,. Since
its determinant is 1, the determinant of any alternating matrix is a square in k. This is universally
true. Let R = Z[T; ;],1 <14 < j < 2n be the ring of polynomials with integer coefficients in (n(2n — 1))
indeterminates. It is a unique factorization domain, and we denote K its field of fractions . Let
M € M, (K) be the matrix with coefficients sign(i — 5))T; ;. It is a polynomial alternating matrix and

therefore defines a matrix function on the alternating matrices of M, (k).

Proposition 20.5.2.1. There exists a unique polynomial Pf(M) € R with square det(M) and which
equals 1 when M =W, .

Proof. If we had a second polynomial Q satisfying the proposition, we would have Q? = Pf? and thus
Q = £ Pf by the integrality of R. But by looking at the value on W,,, we conclude Q = Pf. For existence,
observe that det(M) € K is non-zero (because it is true when M = W,,). So let P € GL3,(K) such that
‘PW,P = M (20.5.1.1). Then we have det(M) = (det(P))? with det(M) € and det(P) € K*. Write the
decomposition det(M) = [ p;* into irreducible factors in the unique factorization domain R, and similarly,

by writing those of the numerators and denominators of det(P), write det(P) = v [] p;

;- with u invertible

in R. Then we have v; > 0, w; € Z, and by uniqueness of the decomposition, 2w; = v; > 0, u? = 1.

Then we set Pf = tu ][ p;” € R choosing the sign to have Pf(W,,) = 1. O

Symplectic geometry is the study of properties that are invariant under the symplectic group Sps,, (k) of
matrices P preserving W, i.e., such that {PW,P = W,,. It is very rich, full of open questions but goes

beyond the chosen framework.



20.6. SUPPLEMENTARY EXERCICES

20.6 Supplementary exercices

Exercise(s) 20.6.0.1. Let A be an alternating matriz of size 2n. Prove the formula

]_ n
Pf(A) = Sl Z e(o) Hi:l Qo (2i—1),0(24)

oESan

where (o) is the sign of the permutation o € Sa,.
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Chapter 21

Quadratic Forms

OSRY

a.Sphere b.Ellipsoid c.Elliptic cylinder ~ d.Elliptic ¢.Parabolic
v paraboloid cylinder
f.Quadric cone g Hyperbolic h.Hyperboloid i.Hyperbolic J.Hyperboloid
cylinder of two sheets paraboloid of one sheet

Real quadrics

21.1 Perspective

Quadratic forms in finite dimension can be seen as homogeneous polynomials
of degree 2 in n variables OIEI as symmetric bilinear forms over K™ -or their

associated matrix-. The linear group acts on the former by variable change and

/N

on the latter by congruence. We will use both perspectives for their study, a

study that heavily depends on the field K unlike ordinary linear algebra.

We provide a general definition. If the theory of quadratic forms in characteristic 2 is useful and inter-

esting, it differs significantly from the case of characteristic # 2. Therefore,

IIn characteristic different from 2 at least.

259
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Unless otherwise stated, k denotes from a field of characteristic different from 2.

Definition 21.1.0.1. An map q : E — k is a quadratic form if

1. q is homogeneous of weight 2, i.e., for all x € E, X € k, q(Ar) = \2q(x) ;

ExE — k
2. the map 2b : is bilinear (symmetric).

(z,y) = qlx+y)—q=)—qy)

Example(s) 21.1.0.2. Let E = k™ and P € k[Xy,---,X,]| a homogeneous polynomial of degree 2 in n

variables. Then, P defines a quadratic form (x;) — P(x;) and conversely once a basis B of E is given.

Note that we have 2b(z, r) = 2¢(z). Thus,

1. If char(k) = 2, then by is both symmetric and alternating. Note that (z;) — 2% on k™ is a quadratic
form, as is any homogeneous polynomial of degree 2 in n variables. However, 2b(x,y) = (v1 +y1)? —

22 —y? =0, so ¢ and 0 have the same associated bilinear form!

2. If char(k) # 2, then g(z) = 12b(x,z) being given ¢ is equivalent to being given a symmetric bilinear

form or a symmetric matrix.

21.2 Polar Form

Definition 21.2.0.1. The polar form of q is the symmetric bilinear form on E x E defined by b(z,y) =
3°0(z,y) = 3(a(z +y) — a(z) — ().

The notions defined for a bilinear form extend to quadratic forms. Thus, we will say quadratic space,
quadratic space morphism, matrix of a quadratic form, etc., for bilinear space, matrix of a bilinear form,
etc. An isomorphism of quadratic spaces is often called an isometryE] by analogy with the usual Euclidean
case. If ¢ is the quadratic form on k™ defined by ¢(x;) = Zigg‘ a; ;%;%j, a;; €k, its matrix M(B,¢q) =S

in the canonical basis B is defined by S; ; = a; /2 if S; ; = a;; with the formula

b(X,Y) = 'XSY

2Sometimes in the literature the term isometry is used for a morphism of quadratic spaces. We will not use it in this
sense because in the degenerate case it can be confusing, such a morphism not necessarily being an isomorphism contrary

to the usual Euclidean case from which the terminology is derived.
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once E is identified with k™ through B. As before, a quadratic form ¢ with matrix M(B,q) = S can

therefore be seen as
1. a symmetric bilinear form b ;
2. a symmetric matrix S ;
3. a homogeneous polynomial of weight 2,

equivalent viewpoints that we will freely use. Recall (20.3.0.3)), that ¢ is invariant under « if and only if
YASA = S with A = Mat(B, a).

Example(s) 21.2.0.2. o If (X, u) is a measured space, then the formula
f) = | £
defines a quadratic form (in infinite dimension in general) on L?(X, u; R) — R with polar form
b(f.9) =.[fgdu-
o Ifv1,...,0. € E* and if (\;) € K", then the formula
g(@) = > Ai(ps(@)?

1<5<r

defines a quadratic form on E with polar form
b(my) = Y Aigi(@)ei(y)
1<5<r

The reader will verify (exercise) that its rank is v as soon as the \; are non-zero and the p; are

independent.
e If M € M, (k), then q(M) = tr("MM) defines a quadratic form with polar form b(M,N) = tr(‘MN)

o We define on My (k) the form q(M) = det M. We notice that q is a homogeneous quadratic polynomial

in the coefficients of M. Moreover, (direct verification or Cayley-Hamilton theorem), we have
M? — (tr M) - M + (det M) - I, = 0.

Taking the trace, we find
(tr M)? — tr M?

q(M) = 5

Therefore, the associated polar form is
(tr M) (tr N) — tr(MN)

b(M, N) = : .

o Ifk is a finite extension of Q, the multiplication by x € k defines a linear Q endomorphism and
therefore has a trace denoted tr) q(x). The map x — try) q(2?) is a bilinear form on the Q-vector

space k, which can be shown without too much difficulty to be non-degenerate.
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21.3 Orthogonal Bases

Recall (20.3.0.3)) that a basis B is orthogonal for ¢ if and only if its matrix is diagonal or if in the asso-
ciated coordinates we have g(x) = >_ A\;z?. This diagonal form is traditionally denoted by (A1,..., ).

Considering a diagonal congruence diag(t;) shows

<)\17'~'7)\n> = <t%)\1,...’t2

n

An)

and thus (\1,...,\,) depends only on the class of the \; in k*/(k*)?.

Theorem 21.3.0.1 (Gauss). Any quadratic spaceEkE,q) admits an orthogonal basis (e;). The rank of
q is then the number of indices i such that q(e;) # 0. Moreover, such a basis can be obtained by the

algorithm infra, called the Gauss algorithm.

Proof. We proceed by induction on n. We can assume n > 0 and g non-zero. If ¢ is degenerate, we
take a non-zero vector e, from the kernel and an orthogonal basis (by recursion) of the restriction of
q to a complementary (necessarily orthogonal) which form an orthogonal basis. If ¢ is non-degenerate,
we then choose e,;; € E such that g(e,i1) # 0 so that the orthogonal H = e} is a hyperplane not
containing e,, since it is non-isotropic . It suffices to complete e,, with an orthogonal basis of
(H, q) (recursively). O

Gauss Algorithm. We start with ¢(X) = >,.,<,<,, @;;*;z; which we will recursively transform by
changes of variables into Y \;? where the ¢ form a basis of E*.

At each step, the algorithm brings out a square and makes a coordinate disappear in the remaining form.
Initialization. We can assume n > 2 (in dimension < 1 we don’t really have a choice...) and ¢ not
identically zero (in this case we take for ¢; the coordinates associated to the canonical basis for example
and \; = 0).

Recursion.

o If there exists ¢ such that a;; # 0, we can assume, by permuting the variables, that a1 # 0, we

factor out z; in all possible monomials:

n
a1
_ 2 J
q(X) = a1l 1’1+ E afﬁL’ﬂBj + E Qi T4
j=2 M 2<i<j<n
2 2
n n
1 145 a aij
J 11 17
= a1 |21+ = E —=T; - — E —=T; + E Q4§ T;T 5
2 - ail 4 - a1 —
Jj=2 Jj=2 2<i<j<n
2
= anpi(x)? + E QT
2<i<j<n

3The proof is identical in the Hermitian case
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1 = a1
with ¢1(z) = z1 + 3 E aﬁxj independent of the n — 1 forms z;,j > 2 and we apply (recursively)
— a1
Jj=2

the algorithm to Z a;z;x; which has only n — 2 variables left.
2<i<j<n

e If all square terms are zero (aj; = 0), then, by permuting the variables, we can assume a; 2 # 0. We

write
2 . 2
1y — (z1+22)* = (21 — 72)
4
We then set
T+ o
p1(z) = B
T — X
pa(w) = - D) 2

so that q(x) = a1’2(p1(qj)2 — al,ZQPQ(x)Q + Z Qi TiT with ©1, P2, T4, ) > 3 independent and we

2<i<j<n
apply (recursively) the algorithm to ¢ which has only n — 2 variables left.

Once we have the ;, their ante-dual basis ((19.4.1.1) is the desired orthogonal basis.

Exercise(s) 21.3.0.2. Implement (in SAGE for example) the Gauss algorithm. Discuss its numerical

stability. Give a matriz version of the algorithm using only congruences by permutation matrices and

transvections.

Example(s) 21.3.0.3. We consider on R3 the form
q(z,y,2) =2y +yz +z2.

In the canonical basis B, we have

0 1/2 1/2
Mat(q, B) = 1/2 0 1/2
1/2 1/2 0
We then set
u = Tty
2
W= £~y
)

It follows that
q(z,y,2) = u? —v® + (u —v)z + (u +v)z = u® + 2uz — v*
thus,

q(z,y,2) = (u+2)* —v® = 2%.

)
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Let B denote the canonical basis, and

/2 1/2 0
P*=1| 1/2 —-1/2 0
1 0 1

QUADRATIC FORMS

the change-of-basis matriz from B* to a basis C* the dual base of an orthogonal basis C that we want to

determine. We compute P = ('P*)~1 and obtain

1 1 -1
P=]11 -1 -1
0 O 1

In this basis, q(z,y, 2) = 2% — y? — 22

21.4 Quadratic Spaces

In accordance with our strategy, let us study quadratic spaces.

Proposition 21.4.0.1. Let (E,q) be a quadratic space of dimension 2.

One of four possibilities:

1. q is anisotropic (— disc(q) & (k*)2);

2. there is exactly one isotropic line (disc(q) = 0), q is degenerate and in an appropriate basis, q(x,y) =

ax?, for a # 0;

3. there are exactly two isotropic lines (—disc(q) € (k*)?), in an appropriate basis q(z,y) = zy and in

this case, it is said that E is hyperbolic.

4. there are at least three isotropic lines (disc(q) = 0) and q is identically zero.

ProoOF. We may assume q is not identically zero.

By multiplying q by a non-zero scalar, q is then written in a suitable orthogonal basif] q(x,y) = 22 — My

If X\ is not a square (disc = (q) non-square) and q is anisotropic.

Otherwise, write A = p? and q(z,y) = 22 — p?y? = (z — \y)(z + \y).

If X\ is zero, we are in case 2) - the vertical axis x = 0 is the only isotropic line - if X is non-zero we are

in case 3) - the lines with equations © — Ay = 0 and x — \y = 0 being the only isotropic lines.

4Gauss’ algorithm then reduces to the canonical factorization of a polynomial of degree 2! Indeed, the statement amounts

to saying that a non-null second degree trinomial admits at most 2 roots. ..
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With the vocabulary of [20.4.0.3] we deduce the following characterization of hyperbolic planes.

Proposition 21.4.0.2. A quadratic plane is hyperbolic if and only if it is non-degenerate and isotropic

or if its discriminant is a non-zero square.

21.5 Anisotropic spaces

We can provide models of anisotropic spaces as follows. Let a € k* such that —« is not a square and
let K = k[v/—a] = k[T]/(T? + «). It is a space of dimension 2 over k with basis B = (1,+/—a) and the
endomorphism ¢ with matrix diag(1,—1) is a field morphism (as is complex conjugation...). Naturally,

2 — ay? for any

the elements fixed by o are exactly the elements of k. We then define N(z =) = z0(2) =«
z=x++—a € K: it is a quadratic form on K with values in k whose matrix in B is diag(1l, —«). We
will simply denote this quadratic plane as II,. According to [21.4.0.1] any anisotropic space is equivalent

to II_ disc(q)-

21.6 Invariants of Quadratic Forms

Definition 21.6.0.1. Two spaces (E,q) and (E',q") are equivalent (&) if there exists an isometry u :
(E,q) — (E,q'), i.e. an isomorphism u : E — E’ such that, for every x € E, we have ¢'(u(z)) = q(x), in
other words, if the matrices of q and q' are congruent. An invariant is an application on the corresponding

quotient {(E,q)}/ny-

We currently have two invariants by congruences of a quadratic form ¢ (or a symmetric matrix): the
rank tk(M) and the discriminant disc(q) = det(M) € k/k*2 of a matrix of q. We will see that if k
is algebraically closed, the rank classifies the quadratic forms . In this case, k/k*2 = {0,1} and
disc(q) = sign(r).

We will see that in the case of finite fields, rank and discriminant classify quadratic forms .
In general, these two invariants are not sufficient. For example, the real forms in four variables 22 — y2 —
22 —t? and 22 +y? — 22 — t? have the same rank but are not equivalent because their discriminants are —1
and 1 respectively, which are different in R/R*?{—1,0,1}. We will see (21.9.0.1) that a third invariant
is nonetheless necessary, the index , these three invariants being summarized in the signature
of the real quadratic form.

In all these cases, there are only a finite number of equivalence classes. This is not true in general.
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Let us give an example. We define, for every prime number p the quadratic form

qp(z) = Z x?+pxi
1<j<n

on Q". They are pairwise non-equivalent as soon as n > 0 and differ by their discriminant which is
p mod (Q*2) (cf. the exercise . It is possible to classify generally over Q but new invariants
related to the classification over finite fields, the Hilbert symbols (cf. the magnificent work [29]) are
necessary.

In general, classification is an extremely difficult problem. This can be seen in reverse: quadratic forms

allow defining subtle field invariants (cf. the exercise [21.14.0.2)).

21.7 Isotropy and Index

We will define a third invariant: the index.

Definition 21.7.0.1. The index v of a quadratic form q is the maximum dimension of totally isotropic

spaces. If v =0 ie., if ¢(x) =0 =z =0, it is said that q is anisotropic or defined.

For example, if k = R, a continuity argument assures if ¢ is defined, then, either for every x # 0 we have

q(x) > 0, or, for every x # 0 we have g(x) < 0.

We will deduce from this the general decomposition of a space (E, q). We start with a lemma.

Lemma 21.7.0.2. Let (E, q) be a non-degenerate quadratic plane.

1. If x is isotropic, there is a hyperbolic plane containing x.
. L .
2. The index v of ©1<j<rPj isT.

3. There are r hyperbolic planes P; and (F,q) is anisotropic such that

1 1
E = (®1<j<-Pj) ®F.

4. If such a decomposition exists, then r = v.
If q s arbitrary, we have a decomposition
11 1L
E = rad(E) @(@1§j§r Pj) @ F

with r + dim(rad(E)) = v.
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PROOF. There exists y such that b(z,y) # 0. Consequently, x and y indeed generate a quadratic plane
whose discriminant —b(z,y)? # 0. Since it has an isotropic line, it is a hyperbolic plane hence
1).

For 2), we may assume q is isotropic and n > 3 (according to . Let then P be a hyperbolic plane
contained within E. We show E = P é PL. Since q is non-degenerate, the dimensions are correct. If
v € PNPL then b(v, P) = {0} contradicting the non-degeneracy of isotropic spaces. This contradicts that
q is non-degenerate. Therefore E =P EJB Pt and we apply the recursion hypothesis to PL.

For 3), denote e;, €} a basis for the two isotropic lines of P;. Obviously, v > r since Span(e;) is totally
isotropic of dimension r. As Span(e; + €}) is anisotropic of codimension r, we also have v > r —1'.

For 4), let G be isotropic of dimension v and denote p the orthogonal projection onto F (parallel to
éélgjgr P;). The space p(G) is isotropically constructed therefore null since F is anisotropic. It follows
that G is included in élgjgr P; and thus v < r according to 8). Conversely, since Span(e;) is isotropic,
we have r < v.

The last point follows from the previous ones by the additivity of radicals by orthogonal direct sum.

Theorem 21.7.0.3 (Witt’s Simplification). Let (E,q) be a quadratic plane and
1 1
E = rad(E) D (@1§j§u Pj) e F
as in lemma|21.7.0.2.
1. The quadratic isomorphism class of F is well determined and r = v.

2. If there is an isomorphism of quadratic planes
1 1
EGFXEQF

then

3. If two families of non-zero scalars satisfy
(a,a1,...,an) & {(a,by,...,by)

then

<a1,...,an) N <b1,...,bn>

PROOF. We will show 3) then the two implications 3) = 2) and 2) = 1).
Proof of 3). We denote x;, 0 < i < n the coordinate linear forms on K"+ in other words, the dual basis

of the canonical basis (e;). Saying

(a,ar,...,an) & {(a,by,...,by)
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means the existence of independent linear forms ¢; € (K" ™1)* (the rows of the matriz defining the con-
gruence) such that
(%) axg + Z a;z? = apo(z)? + Z bip?
i>1 i>1
At least one of the two linear forms xoLp(xg) does not cancel eg : let e = £1 such that (xg+epo(x),e0) =

A # 0 so that xo + epo(x) is written as

xo +epo(x) = Azg — Mp(z1, -+, Tn)

with ¥ a linear form on K™. If we substitute xo = (1, ,x,) in (x), we therefore have
Z a’ing = Zbi%(lp(gfl; B mn)azlv s 7xn)2 = Zbigai(xh s 7$n)2
i>1 i>1 i>1

where ¢ are linear forms on k™. If U € M,(k) is the matriz they define, then we have diag(a;) =
Y diag(b;) ¥ ensuring the invertibility of U by taking the determinants and therefore

(al,...,an> & <b1,...,bn>

thus 3).

3) = 2) We note q,q' the associated quadratic forms, r the rank of the restriction of q to E, and p, p/
those of the restrictions of q,q' to F,F'. As the sums are orthogonal, we have rank(q) =r+p=1r+p
so that p = p' and of course dim(F) = dim(F’). The radicals of q and ¢’ being generated by the vectors
of the corresponding orthogonal bases with indices such as a; = b; = 0 and a; = b;» = 0, we can assume

by passing to the quotient by the radicals that the forms are non-degenerate. We thus have
(a1,...,ap,b1,...,b,) R (a1, ... ap, by, ..., b))
so that
(b1,...,b,) & <b'1,...,b;,>

according to 3) which proves 2).

2) = 1) As above, we reduce to the non-degenerate case by passage to the quotient. Assume that

1 1 N iR , 1 ,
(B1<j<r Pj) @ F R (1< P)) & F

with F,F’ anisotropic, the Pi,P;- hyperbolic and for example v’ < r. We have already seen in lemma

21.7.0.9r =v =1". Thanks to 2), we then deduce F & F’.

The key to this important result is thus point 3), the rest being quite formal. But ultimately it’s just a
very simple calculation but which to my knowledge only appeared recently (|11]). The classic proof is
proposed as an exercise below . Naturally, according to the previous discussion, every quadratic
plane (degenerate or not) decomposes into

1 1 L
E = Ker(q) ®(®1<j<, P;) @ F

with F well defined up to isometry (and anisotropic).

Thus, we have defined a fourth invariant: the anisotropic part (E, q)© = (F,q) mod % of (E,q).
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The character of Witt is controversial due in part, at a mini-
mum, to his active collaboration with the Nazi regime (a member
of the Nazi party from 1933 then SA). The complex character of

Witt however seems to somewhat mitigate his actions. See https:

//mathshistory.st-andrews.ac.uk/Biographies/Witt/ for a bi-

Ernst Witt ography.

21.8 Classification over an algebraically closed field

Given a basis B of E of dimension n, as always (x;) = [z]s denote the coordinates of x in B.

Theorem 21.8.0.1. If k is algebraically closed, then, for any q, there exists a basis B such that

1<j<rk(q)

There are exactly n + 1 classes of equivalences, which are differentiated by the rank of q.

PROOF. In an orthogonal basis B = (e1,...,e,), we have

q(x) = Z )\jacf,

1<j<rk(q)

with A\; € k*. Since k is algebraically closed, there exists j1; € k such that u? = \j. By setting f; =e;/u;

if i <rk(q) and f; = e; otherwise, we obtain

g(z) =3 Nt = (ua;)? => &

with (§; = pjx;) the coordinates of x in the base (f;)

Exercise(s) 21.8.0.2. Verify in this case the formulas v = dim(rad(q)) + [rk(q)/2] and E® = {0} or
DN (1) depending on the parity of the rank.

21.9 Classification over R

Theorem 21.9.0.1 (Sylvester’s Inertia Theorem). If k = R, then for every q, there exists a unique pair

of natural numbers (s,t) called the signature of q such that there exists a basis in which
2 2
q(I) = Z Lj— Z 5.
1<j<s s+1<j<rk(q)

We then have:


https://mathshistory.st-andrews.ac.uk/Biographies/Witt/
https://mathshistory.st-andrews.ac.uk/Biographies/Witt/
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1. s+t =rk(q).
2. 5+ dim(Ker(q)) = max{dim(F)|¢r > 0}.
3. t + dim(Ker(q)) = max{dim(F)|gp < 0}.

There are exactly (AimE + 1)(dimE + 2)/2 equivalence classes, which are distinguished by the signature

of q.
Proof. By separating the vectors into a suitable orthogonal basis B = (e, ...,e,), we have in an orthog-
onal basis B = (e1,...,en),

q(x) = Z )\jxf,

1<j<rk(q)

with A; € R*. We can assume that the first s scalars are positive and the last ¢ are negative. We then
set u; = +/|A\;| and f; = e;, otherwise we get
2 2
a@=> &= > g
1<5<s s+1<;j<rk(q)

with (§; = p;z,) being the coordinates of z in the basis (f;). It remains to show items 1), 2), and 3),
the rest follows immediately. Item 1) is clear and item 3) follows from 2) by changing ¢ to —gq.

Now, let ' = Span{es,...,es} @ Ker(q) and G = Span{es+1,...,e,}. Since n = dim(Ker(q)) + rk(q), we
have dim(G) = ¢. Since ¢ is > 0 on F’, we have s 4 dim(Ker(q)) < max{dim(F)|¢gp > 0}. Conversely, if
there exists F of dimension > s + dim(Ker(¢q)) = n — ¢, we would have dim(F N G) > 0 and thus a vector
x such that g(z) > 0 because = € F and ¢(z) < 0 because z € G — {0}. O

Exercise(s) 21.9.0.2. Verify in this case the formulas v = dim(rad(q)) +inf(p, ¢) and dim(E©) = |s—t]
with E9 = (signe(s — t),...,signe(s —t)) if s # t.

21.10 Conics and Quadrics in R? and R?, Ellipsoid

A conic is given by an equation of the form ¢(z,y) = 1, where ¢ is a homogeneous polynomial of degree 2.
In other words, ¢ is a quadratic form. According to theorem [12.6.3.1] there exists an orthonormal basis

of R? such that P has a canonical form, which gives us the notion of ellipse, hyperbola...

We define a quadric in R? as the set
Q= {(z,y,2) € R, g(z,y,2) = 1}

where ¢ is a non-degenerate quadratic form. We discuss according to the signature of ¢ the form of the

quadric.

sig(q)=(0,3) In an adapted basis of R3, we have q(z,y, 2) = —2? — y? — 22, thus Q = @.
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sig(a)=(1,2)

sig(q)=(2,1)

In an adapted basis of R?, we have ¢(z,y, z) = 2% — y? — 22. Thus Q has two connected components
depending on whether 2z > 1 or # < —1. The quadric intersects the plane {x = const}, for |z| > 1,

in a circle of radius z? — 1. We say that Q is a two-sheeted hyperboloid.

2

In an adapted basis of R?, we have ¢(z,y,2) = 2% + y?> — 22. Thus Q is connected. The quadric

intersects the plane {z = 0} in a circle. We say that Q is a one-sheeted hyperboloid.
An important property of this quadric is that it is exactly doubly ruled.

A point belongs to Q if (y — 2)(y + z) = (1 — z)(1 + ). We can guess the equation of two families

of lines included in Q.

—z=a(l—=z =—z
A, Y ( ) acR and Ay Y
(y+2)a=1+z z=1
and also
+z=0b1—-2x =z
D, { 7 =2 R andD. ! Y
(y—2)b=1+=z z=1

A simple calculation shows that these families are transverse, and that only one line per family passes

through a given point of Q.

ellipsoid one-sheeted hyperboloid two-sheeted hyperboloid

21.11 Classification over finite fields.

If k is a finite field (of characteristic different from 2), we know that its cardinality is of the form p? where

p # 2 is its characteristic -and thus is prime- (simply because it is a Fp-vector space). According to the

general strategy, let us see what happens in the crucial case of dimension < 2 starting with dimension 1,

namely understanding the discriminant.
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Lemma 21.11.0.1. The multiplicative group F;d/(k*)2 has two elements 1 # « so that the discriminant
of a quadratic form over k is valued in the set {0,1,a}. There are exactly two non-degenerate quadratic

planes equivalent to (1,1) and (1, «) distinguished by the discriminant.

PROOF. We have an exact sequence {1} — Ker(sq) — k* 5H— (k*)2 — {1} of multiplicative groups
where sq is the squaring morphism. As k is integral, the equation 2 = 1 has solutions +1. Since p # 2,
we have 1 # —1. We deduce Card((k+)?) = 4% and Card(k*/(k*)?) = 2 which proves the first point.

Then, consider a non-degenerate quadratic plane of form q. We may assume q(x1,z2) = ax? + br3 with

ab # 0. Thus, there are 1 + ‘1—;1 = % squares in k so that the cardinalities of {at®>, x € k|} and

{1 -0t y € k|} are % and therefore have at least one intersection point that defines e1 = (21, x2)

such that q(x1,22) = 1. Then, let ex be a basis of the orthogonal of e1. Writing q in this basis, we have

q & (1,disc(q)) (cf. [21.9 for invariance by congruence of the notation,).

Here is then.

Theorem 21.11.0.2. Ifk is finite with characteristic p # 2, then every non-degenerate form is (uniquely)

equivalent to either (1,...,1) or (1,...,1,a). These classes are distinguished by their discriminants.

PRrROOF. We proceed by induction on n. We may assume n > 3 and (e;) an orthogonal basis. As
the quadratic plane Span(ei,es) is non-degenerate, we can choose €1 in this plane q(e1) = 1. Then
E=kg Ggef‘ such that et is a hyperbolic plane to which we can apply the induction hypothesis. The
second point is clear.

Exercise(s) 21.11.0.3. Let k be finite with characteristic p # 2 and q non-degenerate on E.

1. Using Card(k*) = pdz—*l, show that —1 is a square if and only if p=1 mod (4).

2. Calculate v(E) and E® depending on n,disc(q) and p mod (4).

21.12 Witt’s Extension Theorem

Theorem 21.12.0.1 (de Witt). Let u : F — E be an injective morphism of quadratic planes with E

non-degenerate. Then, there exists & € O(q) such that Uy = u.

PROOF. The injectivity of the morphism u ensures F & w(F). We proceed by induction on codim(F).

We may assume codim(F) > 0.
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- If qp is non-degenerate, i.e K = FNF+ = {0}, then E = FEJI_BFL. If u(f) € u(F) Nu(F)*, we have
0 = b(u(f),u(FLt)) =b(f,FL) = {0} thus f = 0 and so uw(F) Nu(F)t = {0} such that

1 1L
FOF' = uwF)ou(F)t ¥ FouF)*
so that F+ & u(F)Y according to Witt’s Simplification Theorem |21.7.0.5. We can therefore choose
1L
isomorphisms of quadratic planes u* : F+ — u(F)* and a1 ©ut € O(q) fits.

- If qir 1is degenerate, choose x non-null in F N FL and an isotropic space P that contains it (21.7.0.9).
If y directs the second isotropic line of P, we have b(x,y) =1 so that y ¢ F and

codim(G = F @ ky) = codim(F) — 1
It suffices to extend u to G (preserving b). We then seek z € E such that

1. b(u(f),z) =b(f,y) forall f €F
2. b(u(z),z) =1
3. b(2,2)=0

which ensures that the extension of u defined by @(y) = z is an isometry (on its image). Note that 1) = 2)

and changing z by z + \u(x) does not change 1) because v € F+. Yet,

b(z + Mu(z), z + du(x)) = b(z, z) + 2Ab(u(x), z) = b(z, 2) + 2Xb(z,y) = b(z, 2) + 2\

so that by changing z by z — Mm, we will have the sought extension. It suffices therefore to find z

2
fulfilling 1).

Let then S be an arbitrary complement of u(F) in E and ¢ € E* the linear form null on S and equaling
u=L(t),y for any t € u(F) - recalling that u is assumed injective therefore bijective from F to u(F) -.

Since b is non-degenerate, there exists z € E such that ¢ = b(.,z) and z fulfills 1).

21.13 Appendix: Quadratic Pencils

The classification of quadratic forms allows for the study of quadrics as seen in the real case (or in the
complex case -cf. tutorial-). It is the first step towards understanding their arithmetic. Here, we focus on
the intersections of two quadrics, one of which is non-degenerate (a relatively mild assumption -why?-).
For another proof, see [V].

Let ¢1, g2 be two quadratic forms on a k-vector space V of finite dimension n with ¢; non-degenerate.
Denote by, bs as the associated bilinear forms and S; = (be(e;,e;))i ;£ = 1,2 the matrices in a basis
B = (e;) chosen arbitrarily. Thus S; € GL, (k).

If £ = R and ¢ is definite, the reduction theorem ensures that we can find a basis such that the

matrix of ¢; is the identity and that of g2 is diagonal, thus reducing to a «diagonal pencil»):

q(z) = fo and g2(z) = Z)\lx?
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Pencils

What about in the general case? Generally speaking, we will talk about a diagonal pencil for

q(r) = ZHNC? and go(z) = Z A -

Thus (g1, g2) is a diagonal pencil in a suitable basis if and only if there is a basis of co-orthogonalization.

Theorem 21.13.0.1. With the notations above, q1,qs is a diagonal pencil in a suitable basis if and only

if 8;182 is diagonalizable over k. This is particularly the case if

Card{\ € k|g2 + tq:1 is degenerate)} = n.

% As we have seen, generally, Sl_ng is not diagonalizable, even with S; = Id (cf. [12.6.3.2)). Note also
that if k is algebraically closed, we can take p; = 1 (changing e; to e;/,/f;), the eigenvalues of S'S, are

the quotients A;/ ;.

Proof. Let u be the endomorphism defined by S;*Sy: it is self-adjoint for ¢; (cf. [19.4.1.2).

Suppose u is diagonalizable. We proceed by induction on n, the case n = 1 being trivial. Assume n > 1
and the proposition true in dimension < n.

If w is a homothety p1d, then g2 = pgr and (g1, ¢2) is a diagonal pencil in any orthogonal basis of ¢;
Suppose then that u is not a homothety. The eigenspaces of u are orthogonal to each other for ¢;: if

z € Ker(u — A1Id), 2’ € Ker (y — XN Id) with A # X', we have
Nz, )1 = (@, u(@') = (u"(2),2)1 = (u(@), 2')1 = Mz, &)

and thus (x,2"); = 0. By taking for each eigenspace an orthogonal basis ¢;, we thus obtain an orthogonal

basis ¢1 B = (g;) of eigenvectors of u. Let P be the passage matrix from B to B (the columns of P are

the coordinates of the vectors of B relative to B). We have
Matg(u) = P~IST!S,P = (PISTP™1)('PS;P) = ('PS1P) "' ('PS;P) =5, 'S,.

with S, matrices of g, in B’. By construction, both S; and Matz(u) = §1_1§2 are diagonal and thus so is

S, which is their product.
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The converse is clear because if the pencil is diagonal considering B a basis B of diagonalization, both
S; and S, are diagonalized and thus the same for §1_1§2. which is similar to SIISQ as we just saw.

The last point means that u has n distinct eigenvalues: u is indeed diagonalizable. O

21.14 Supplementary Exercises

Exercise(s) 21.14.0.1. TBD
Exercise(s) 21.14.0.2. TBD

Exercise(s) 21.14.0.3. Let P be the set of prime numbers, v,(x) the exponent of p in the factorization
of ¥ € Q, and voo () € Z/2Z defined by sign(x) = (—1)"~®) . Show that the application x —— (v;(x))
defines a group isomorphism Q* /(Q*)? ~ (Z/2Z)T{}),
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Chapter 22

The orthogonal group of a

non-degenerate quadratic form

FORMIS AEQVATIONIBVSQVE INDETERMINATIS

SECVNDI GRADYVS,

153. In hac sectione imprimis de functionibus
duarum indeterminatarum x, y, huius formae, axx
-+ 2bxy < cyy,vbia, b, c suntintegri dari tractabi-
anus, quas formas secundi gradus, siue simpliciter for-
mas dicemus. Hulc disquisitioni superstruetur

Gauss’ Disquisitioned!]

22.1 Perspective

In this chapter, (E, ¢) denotes a non-degenerate quadratic space of dimension

n > 0 and S is the (invertible) matrix of ¢ in a given basis B.

/I

1On Forms and Indeterminate Equations of the Second Degree.//153. In this section, we will mainly discuss functions

of two indeterminates of the form ax? + 2bzy + cy?, where a, b, and c are given integers, functions that we will call second

degree forms, or simply forms...

277
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22.2 Definition

Note that an endomorphism u with matrix M = Mat(u, B) preserves ¢ if and only if “MSM = S so that
det(M) # 0. Thus, u is automatically an isometry (or an orthogonal endomorphism as preferred. The
set of isometries of (E, g) forms a subgroup O(q) of GL(E). It is noted that the orthogonal groups of two

equivalent quadratic forms are isomorphic (exercise).

Remark(s) 22.2.0.1. If b is Hermitian or alternating, we can still talk about isometries. In the Hermi-

tian case, we refer to the unitary group U(b) and in the alternating case to the symplectic group Sp(b)

Since u € O(q) if and only u* = u~!, that is if
‘Mat(u, B) - Mat(q, B) - Mat(u, B) = Mat(q, B).

we have (detu)? = 1. We then define the special orthogonal group SO(q) as the normal subgroup of

isometries with determinant 1, resulting in an exact sequence

{1} = 50(¢) = O(q) = {1} = {1}

22.3 The case of dimension 2

A non-degenerate quadratic plane is either hyperbolic or anisotropic (21.4.0.1) depending on whether

—disc(q) is a square or not. Let’s study SO(q) in each of these cases.

Proposition 22.3.0.1. The special orthogonal group of a hyperbolic plane is commutative and isomorphic

to k*. Explicitly q(x,y) = zy, we have SO(q) = {diag(a,a™t), a € k*} ~ k*.

PROOF. We choose coordinates such that q(x,y) = xy so that SO(q) identifies with matrices M =

a 1
of determinant 1 such that *MSM = S with S = . The corresponding equations are then
c d 1 0
2ac =0
bc+ad =1
20d =0

ad—bc =1
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From the second and fourth we deduce ad = 1 thus a and d are invertible. From the first and third we

then deduce b=c=0.

Let —a be a non-square in k* and ¢, with discriminant «. Recall (21.5) that an anisotropic plane
is isometric to the field K = k[y/—a] (isomorphic to k? as a k-vector field) equipped with the form

N(z) = zo(z) where o(z + /—ay) =z — V/—ay.

Proposition 22.3.0.2. The special orthogonal group of a hyperbolic plane is commutative and isomorphic
to the subgroup {z € K*| N(z) = 1} of K*, which acts by multiplication on K equipped with the quadratic
form N.

a b
PROOF. The matrix for multiplication by z = a+ ac in K in its natural basis (1,+/—a) is M =
c d
and the determinant of M is N(z). In this basis, q(x,y) = x® + ay?® so that we have well defined an
injective morphism of {zinK*| N(z) = 1} into SO(qa). For surjectivity, it’s a calculation analogous
a b
to the previous one with q(z,y) = x® + ay? so that SO(q) identifies with matrices M = of
c d

determinant 1 such that 'MSM = S with S =

As det(M) = 1, we have

d -b
©M) st =M =
a”'b d —c a

and thus a = d, ¢ = —b/a with det(M) = a® + ac® = 1 proving surjectivity.

The reader will recognize for k = R and a = 1 the isomorphism of the plane rotation group with the

unit circle of the complex plane.

22.4 Orthogonal Symmetries

A symmetry is an endomorphism u such that w o w = Id. In particular, they are invertible. Moreover,
the eigenvalues are £1, and there exists a decomposition of E into the direct sum E = E @ E_, where

E. is the eigenspace associated with the eigenvalue 1, and E_ with the eigenvalue —1.

Proposition 22.4.0.1. A symmetry is orthogonal if and only if the E4 and E_ are orthogonal. In this
case, these spaces are non-isotropic.
Conversely, if F is a non-isotropic subspace, then there exists a unique orthogonal symmetry such that F

is exactly the eigenspace associated with the eigenvalue 1.



280 CHAPTER 22. THE GENERAL ORTHOGONAL GROUP

PRrOOF. Ifu is orthogonal, then, for x € E4 and y € E_, we have

b(x,y) = blu(x), u(y)) = —b(x,y)

therefore b(x,y) = 0 because car k # 2.

Conversely, if these spaces are orthogonal, then, let x,y € E. We write

=z +z_, (vy,2_)€EL xE_
y=y++y-, (Y+,y-) €Ey xE_
It follows
b(u(x), u(y)) = blat, y+) + bz—,y-) = b(z,y).

I
Let F be non-isotropic. We denote H=F+. Thus, E=F @ H, and we can define u € O(q) by u|r = Id

and ulg = —1Id.

Definition 22.4.0.2. When dimE_ =1, w is called a reflection, and when dimE_ = 2, it is referred to

as a inversion (half-turn around azxis E; ).

Example(s) 22.4.0.3. Ify is anisotropic, the endomorphism s, defined by s,(z) =z — Z%y is the

reflection with B, = {y}* and E_ = ky. In particular, if q(z) = q(y) and x — y is anisotropic, then
Sp—y(x) = y. It should be noted that the previous formula proves that the restriction of a reflection sy to
a stable space containing x is still a reflection and that the opposite of a reflection in dimension 3 is a

reversal.

22.5 Orthogonal Similitude

As in the Euclidean case, orthogonal similitudes, or similitudes for short, are endomorphisms u such that
there exists a scalar A € k* such that b(u(x),u(y)) = A - b(z,y). They form a group GO(q) and we have
the exact sequence

1 — 0O(q) —» GO(q) — k*

where the last arrow is given by the scalar A\. For convenience of the reader, we adapt by copying the
Euclidean characterization below.

Matrix-wise, we obtain the following identity:
'Mat(u, B) - Mat(q, B) - Mat(u, B) = X - Mat(q, B) .

Thus, det? u = \™.



22.6. GENERATORS OF THE ORTHOGONAL GROUP 281

When k is algebraically closed, or when (k*)? = k*, we have the short exact sequence:
1—=0(g) - GO(q) = k* — 1.

Indeed, if 4 € k*, consider A € k such that A2 = p, and u = AL It follows that b(u(z), u(y)) = A\2-b(z,y) =

- b(x,y). Generally, it is not obvious to find a section that gives the square root of a scalar.

We have the following characterization of similarities.

Proposition 22.5.0.1. Let E be a finite-dimensional k-vector space equipped with a non-degenerate

quadratic form q. Let uw € GL(E). Then, u is a similitude if and only if u preserves orthogonality, that is

Ve,y€E, z Ly < u(z) L uy).

PROOF. [t is straightforward to verify that a similitude preserves orthogonality. Conversely, consider an
orthogonal basis B = (e1,...,e,) of E. Let e; = u(e;), i = 1,...,n, which also form an orthogonal basis
by assumption.

Since q is non-degenerate, q(e;), q(g;) are non-zero, hence there exists \; € k* such that q(&;) = Nig(e;).
It suffices to show that X\; is independent of i to conclude that u is a similitude. We take two indices i # j

and set A = —q(e;)/q(e;). It follows
ble; +ej,e; + Aej) = qe;) + Agle;) =0

therefore these vectors are orthogonal. Consequently, u(e; +e;) = &; +¢€; and u(e; + Aej) = €; + Ae; are

also orthogonal and we deduce

This clearly shows that \; is a constant function of i.

22.6 Generators of the orthogonal group

We will demonstrate that reflections (resp. reversals) generate O(q) (resp SO(g).) Let’s start with a
simple case.

Lemma 22.6.0.1. If q is anisotropic, any isometry u is the product of at most rk(u — Id) reflections.

PROOF. We use induction on

d=r1k(u—1d) =n —dimKer(u —Id) <n
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If d = 0, the identity is indeed a product of 0 symmetries. Assume 0 < d < n and the theorem proven for
any isometry v such that tk(v —Id) < d — 1.
As d > 0, we can choose z not belonging to Ker(u — 1d), that is, not fized by u. Let y = u(x) # x. We

have q(x) = q(y) and y — x is anisotropic since it is non-null. We have s,_,(x) =y according to|22.4.0.
and thus v(xz) = ¢ with v = s;_y o u. But if z € Ker(u — Id), then

b(z,x —y) = b(z,z) — b(z,u(x)) = b(z,z) — b(u(z),u(x)) = b(z,z) — b(z,2) =0

thus Ker(u — Id) C {z — y}* = Ker(sy—, — Id). Hence, kz ® Ker(u — Id) C Ker(v — Id) and thus the

codimension of tk(v —Id) < d — 1. We conclude by applying the induction hypothesis to v.

Proposition 22.6.0.2. If ¢ is non-degenerate, any isometry is a product of at most 2n hyperplane

symmetries.

PROOF. We proceed by induction on n and let u € O(q). Suppose x is non-isotropic such that v = u(x)
1s also. One of the vectors x —y or x + ¥y is thus non-isotropic according to the polarization formula.

If © — y is non-isotropic, v = Sg_y o u fizes x. As x is non-isotropic, the hyperplane H = zt is a
complement of kx which is stable by v. We then apply the induction hypothesis to the restriction of v to
H noting that (H, q) is non-degenerate.

If x 4y is non-isotropic, we define v = 5y © Sy4y o u and conclude as above.

Remark(s) 22.6.0.3. It can be proven that n symmetries suffice (Cartan-Dieudonné).

Proposition 22.6.0.4. Ifn > 3, every element of SO(q) is the product of at most n reversals.

PROOF. Every element of SO(q) is the product of an even number of reflections such that it is a matter
of demonstrating that the product u = s, o sy of two reflections is a composite of reversals.

We may assume that x,y are non-collinear so that they generate a plane P. As qpp is non-null (x and y
anisotropic by definition), its kernel P N\ P+ is at most of dimension 1. Note that the restriction of v to
Pt =zt Nyt is the identity and that P is stable by v.

If PNP+ = {0}, then E =P @ P+ and P is non-degenerate as E so we can take z € P+ non-isotropic.
Then, W = Span(z,y, ) is non-degenerate such that we have a decomposition E = W & W+ which is
stable by v and we conclude by induction.

If PNPL is aline D, let 2 ¢ D+ and W = Span(z,y,2). As D C PL, we have P C Dt such that z ¢ P

and W is dimension 3. Let’s show that W is non-degenerate. Suppose thus w € WNW non-null. Since
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w € 2+, we have w € D C P. But W+ C P+ thus w € PNPL =D and D = kw. But b(w, z) = 0, thus
z € DY, a contradiction. Then, E =W @ WL. As u acts on the identity on P+ C W=, it also acts on
the identity on W and thus leaves stable W. But the restrictions of —s, and —s, to W are reversals

22.4.0.5 ) as well as their extensions ry,r, by the identity on W-. And we have y = ry or,.

Exercise(s) 22.6.0.5. Show that the conjugate of a reflection by an isometry is an isometry, specifying

its characteristic elements. Deduce from this the centers of the orthogonal and special orthogonal groups.
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Chapter 23

Automorphisms of classical groups

23.0.1 Perspective

/N

We first explain how the consideration of involutions in the orthogonal groups
allows to intrinsically recover the projective space of R™ in O, (R)/{x1d}
with is combinatorial collinearity structure and how this allows to compute

its automorphism group. We adapt the method to the general linear group

(see (23.1.2.3) and [Dieu-1951] for a vast but difficult to read generalization).

285
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23.1 Automorphisms of O,(R)

Our goal in this section is to prove that the inner automorphism

O.(R) — 0,.(R)
g+~ Ad(g)(9) = 90995 '

are the only automorphisms of the orthogonal group in dimension > 3! The key point is the study of

involutions.

23.1.1 Involutions

Lemma 23.1.1.1. Let S be a commuting family of involutions of O4(R),d > 1. For s € S, let us define
p(s) = min{dim Fix(s), dim Fix(s)*} € [0, ...,n/2].

1. s is conjugate under SO4(R) to £ diag(Id,(s), — Id,—p(s))-
2. Fix(s') = Fix(s) if and only if s = £s.
3. s,8" are conjugate if and only if p(s) = p(s’).
4. p(s) =0 if and only if s € Z(G) = {£1d}..
5. +s is an orthogonal reflection if and only if p(s) = 1 : we will call them extremal involutions.
6. The restrictions to Fix(s) and Fix(s)* defines an isomorphism
C(s) = O(Fix(s)) x O(Fix(s)1).
In particular, two different reflections commutes if and only if their skew lines are orthogonal.

7. There exists g € SO4(R) such that gSg~" is a family of diagonal matrices with +1 entriesﬂ

B

Proof.

1
1. Recall that V = Fix(s) ® Fix(s)* and Fix(s)t = Ker(s + Id) for an orthogonal symmetry. Then,
changing the sign of one of the eigenvectors of a corresponding orthormormal basis of eigenvectors,

we get the first three points.

5. p(s) = 0 means either dim Fix(s) = n and s = Id or dimFix(s)* = n and s = —Id (which is the

only non trivial central element of O, (R)).

2Compare with [5.7.0.4
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6. An matrix is in the centralizer of a diagonalizable matrix if and only if it leaves globally invariant
its eigenspaces. It is moreover orthogonal if and only the corresponding restrictions are orthogonal,

proving the item.

7. Induction on d, the case d = 1 being trivial. One can assume than one involution s of the family is
# Id. Both F; = Fix(s) and its orthogonal F_ are dimension < d and are stable by all members s’
of the family because they are its +1 eigenspaces of s which commutes with all s’ . Let B4
be othornormal basis of F1. Changing one vector to this opposite if necessary, one can assume that
B, LUB_ is a direct orthogonal basis of R? which identifies V4 to standard Euclidean of dimension
< d. With this identification, by induction there exists g+ in the special orthogonal group such that

giSigf is a family of diagonal matrices with +1 entries and we set g = diag(g+, g—).

Corollary 23.1.1.2. Letd,d’ > 1. Then O4(R) = O (R) or SO4(R) = SO (R) if and only if d = d'.

Proof. By the above lemma, the maximal numbers of commuting involution of O4(R) is 2¢ (247! for

SO4(R)), number which is invariant through group isomorhism. O
Exercise(s) 23.1.1.3. Let d,d’ > 1. Prove that SO4(R) and Og (R) are never isomorphic.

Let G = O,(R),n > 3 acting naturally on the left on. V.= R". We denote by C(S) the centralizer of a
subset S C G and by D(H) the derived subgroup H C G.

Proposition 23.1.1.4.

1. The mazimal cardinality of a family S of pairwise permuting involutions s’ conjugate to a given
n
involution s of O (R) is
p(s)
2. The involution s of O,(R) is extremal if and only if the maximal number of commuting family of

involutions in the conjugacy class of s is n. In this case, there a unique line D = D(s) of V such

that s = £sp.

3. Let D; be lines of V. One has
D(C(SDN ey SDi)) :—> SO(D1 S ooo=F Di)l

where the second member acts trivially on Dy + --- + D;.
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Proof. 1. By lemma [23.1.1.1] one can assume that all matrices are diagonal with +1 entries with
+ diag(Id,(s), —Id,—p(s)) € S. A matrix in £8S is diagonal with d coefficients equal to 1,the other

n
one being equal to —1 because it is conjugate to s. There is at least such matrices and the

p(s)
maximal set is obtained by choosing an arbitrary subset of cardinality p(s) in the indices {1,...,n}
where the coefficients of matrices of +S will be equal to 1.
n
2. The formula = n gives the first point. Because, +s is conjugate to diag(1l, —Id,_1), the
1
existence of D follows. If we had two such different lines D, D’, we would have sp = —sp, which is

only possible for n = 2.

3. As in the above lemma, because V = DGLBDL, one has g € C(sp) if and only if gp = +1 and
gp+ € O(D*). More generally, g € C(sp,,...,sp,) if and only g(D;) C D; meaning that its
restriction to (D1 +- - -+D;) acts by £1 on each generating lines and that its orthogonal is stable (with
an orthogonal restriction of g). If G is the (finite abelian) group of all orthogonal transformations

acting by £1 on each D;’s, this means that, up to the obvious diagonal embedding, one has
{Id} x O(Dy + -+ +D;)*) € C(sp,,---,8p,) C G x O(Dy +--- +D;)*)

which gives the item because Z(G) is trivial and D(O4(R) = D(SO4(R)) (13.7).

23.1.2 The main theorem

Theorem 23.1.2.1. Any automorphism ® of O,(R),n > 3 is inner.

Proof. ® maps the center {+1d} onto itself and therefore non central involutions to non central involu-

tions. Because extremal involutions (23.1.1.1)) are purely characterized in group theory terms by (23.1.1.4
and [23.1.1.1] the image of the extremal involution Sp is an extremal involution

®(sp) = £(D)s,(D)

for some line ®(D) and sign (D) € {£1}. Let ®' be the inverse of ® and ¢’ the correponding map at the
line levels. One has sp = £8,/0,). Because the defining of an extremal involution is line is uniquely
defined, one has ¢’ o ¢ = Id and analogously ¢ o ¢’ = Id showing that ® is a bijection.

If D1, Do, D3 are distinct collinear points of P%, then, as subvector spaces of V, the dimension of Dy +

Dy + D3 is 2 and thanks to (23.1.1.4))

Z(C(SDUSDza SDg)) = Son72(R)
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Because @ is a morphism, it induces an isomorphism
Z(C(SDI »SDa> SDs)) = Z(C(‘S«p(D1)a Sp(Da2)s Sgﬂ(Dg))) = Son*?)(R)

and therefore SO,,_2(R) = SO,,_3(R). This is impossible if n > 4 by . If n = 3, one observes
that g € C(sp,, Sp,, Sp,) if and only g leaves the plane Dy +D2+D3 invariant, giving an infinite centralizer
and that v € C(84(D,)s Sp(Ds)» Sp(Ds) if and only if v leaves the independant lines ¢(D;) invariant, showing
that this group is finite (at most of order 23). In all situation, the bijection ¢ preserves collinearity.

By and the fundamental theorem of projective geometry , there exists an homography
defined by some A € GL,(R) such that VD € P%, ¢(D) = A(D). If D,D’ are orthogonal, sp and sp
commute, so does there image £s,(p) and £s,p/) implying ¢(D) and ¢(D’) orthogonal by We
deduce that A is an Euclidean similitude (13.8) We can therefore assume A € O,(R). The formula
Ad(A)(sp) = sa(p) shows that the automorphism ¥ = Ad(A~!) o ® satisfies ¥(sp) = +sp for any line
D. Because reflections generates the orthogonal group , we have

V(g) =£(9)9,9 € On(R)

where ¢ has values in {£1} and is a morphism of groups like ¥. But ¢ is trivial on the derived group
which is SO, (R) (13.7.0.5)) and is accordingly induced by a endomorphism of the group with 2 elements
proving e(g) = 1 for all g. This proves ¥ = Id and ® = Ad(A) as wanted. O

Exercise(s) 23.1.2.2. Prove that the surjective morphism Ad : O,(R) — Aut(O,(R)) has kernel
{£1d}.

Remark(s) 23.1.2.3. The key geometric observation is that there if V is Euclidean, the projective space

1. PV can be intrinsically defined in purely group theoretic terms in O(V)/Z(O(V)) = O(V)/{£1d} as
{extremal involutions}/Z(O(V))

2. the incidence relation defined by collinearity is also canonically defined in purely group theoretic

terms.

Therefore, an automorphism preserves this combinatorial datum and therefore is induced by an homog-
raphy: this is exactly the startegy we have used. In the next section[23.9, we will keep the same general
strategy: defining a combinatorial object in purely group theoretic terms related with projective geome-
try which will be therefore invariant by any automorphism and then apply the fundamental theorem of
projective geometry.

The reader will easily check that this argument works without modification for SO(2n+1)(R) but fails for
SO(2n)(R). The reason is that reflections never belong to SO and that non central extremal involutions

are up to sign Fuclidean inversions. Therefore we have to study the so-called Grassmannian of planes
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rather that the projective space of planes. This can be done (in an analogous but more complicated way see

25.2.6.2)) but only for n > 4. Indeed, we have already seen (see chapter that in this case (14.3.4.1

SO4(R) = SO3(R) x SO3(R)/{+1d}

and that the morphism flipping both factors is not inner (14.5.0.4).!

23.2 Automorphisms of GL(V)

Let k be a (commutative) field of characteristic # 2 and V a k-vector space of dimension n > 2. We
identify V with its bidual: a hyperplane in the dual defines a line D € PV, specifically H*. Symmetrically,
a line D in V defines a hyperplane H € PV*, specifically H*. The hypothesis ensures that a hyperplane

H of V is never a line D of V, and vice versa.

23.2.1 Involutions

We adapt the results[23.1.1] As in the orthogonal case, we define for any symmetry s of a vector space,
Ei(s) = Ker(s £ 1d) and p(s) = ming{dimEy} € [0,...,n/2]. Involutions with p(s) = 1 are called

extremal involutions.

Lemma 23.2.1.1. Let s, s’ involutions of GLy4(k)
1. s is conjugate under SLq(k) to & diag(Id,s), —Id,—p(s))-
2. 5,8 are congugate if and only if p(s) = p(s').
3. p(s) =0 if and only if s is central, i.e. s = £1d.
4. The restrictions to B4 and E_ defines an isomorphism C(s) — GL(E;) x GL(E_).

5. For any commuting family S of involutions, there exists g € SL(V) such that gSg=* is a family of

diagonal matrices with +1 entries.

6. Let d,d’ > 1. Prove that GL4(k) and GLg (k) are never isomorphic.

| n
Stwith s is . In particular, s is extremal if

p(s)

7. The mazximal number of commuting symmetries

and only if s is non central and this maximal number is n.

3 Another group theoretic characterization of extremal symmetries follows from the fact that p(s) > 1 if and only if

D(C(s)) = SLy(sy(k) X SLy,_p(s) (k) has a non central proper normal subgroup.
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Proof. Straightforward adaptation of the proof of 23.1.1.1] and 23.1.1.4]

O

We will denote by & C GL(V) the set of extremal involutions and for any s € & by D(s) € PV its
dimension 1 eigenspace and by H(s) € PV* its dimension n — 1 eigenspace (they are well defined because

1#n —1). Finally, for any subset S C €, we define this ad-hoc version of the commutant of S by
S®={s"€€|VseS, sos =5 os}.

Let us observe that S — S¢ is decreasing and S C S°°.

23.2.2 Pairs of extremal involutions

Definition 23.2.2.1. A pair of involutions {o1, 02} is minimal if the following conditions hold
1. 01,09 € E.
2. 01 # *o9 (i.e. 0109 non central)

3. 01 and o9 have a common eigenspace.

Lemma 23.2.2.2. Let 01,09 € E. Then,
1. o1 and oo commute if and only

e cither D1 = Dy and Hy = Hy (or equivalently o109 is central)

e or Dy C Hy and Dy, C Hy.
Assume o1 and oy do not commute.
2. {o1,02}° ={s € &|D(s) C H; NHz and Dy + Dy C H(s)}.
3. If H NHy C Dy + Do, then {01,02}° = &,{01,02}°° = & and n = 3.
4. If Hy NHy ¢ Dy + Do then {01,02}°° = {s’ € E[H; NHy C H(s') and D(s") C Dy + Da}.

5. {o1,09} is minimal if and only if for any of,04 € {o1,02}°° such that o] # =+ob, one has

{017 02}00 = {Ullv 0—/2}00'

Proof.
Proof of (1).
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Assume first o7 and o9 commute. Changing sign if necessary, in a suitable basis o has matrix —Id +2E; ;
and o9 = Id +2E; ; for some ¢ = 1,...,n. Then Dy =<e; >, H; =<e;,j #1 > and Dy =< ¢; >, Hy =<
ej,j # % > proving the direct implication of the first item.

Conversely, assume D; C Hs and Dy, C H;. Changing signs if necessary, we can assume that H; are
the space of fixed points of o;. Then Hy # Hy because Dy N H; = {0}. The intersection H; N Hy is
therefore an hyperplane of H; and H; = Dy & H; N Hs and by symmetry Ho = Dy @ Hy N H;y. Therefore
V =D; & Dy ® H; NHs. It follows that o1 o 05 is the identity on H; N Hy and —Id on Dy, D45 and so is
09 0 01 by symmetry proving that o; and oy commute.

Proof of (2).

Let s € {01,02}°. Because 01 and o3 does not commute, s = not = +0;,7 = 1,2. By (1), we get therefore

D(s) C H; and D; C H(s) hence the inclusion
{0'1,0'2}<> C {8 S E‘D(S) CHiNHy and D; + Dy C H(S)}

The reverse inclusion is obvious from (1).
Proof of (3).
If s € {o1,02}°, we have in our case D(s) C H(s) which is impossible. Therefore, {01, 02}° = &, {01, 02}°° =
€. Looking at dimensions in the inclusion Hy " Hy C Dy + Do, we get n — 2 < 2. If n = 4, we get
H; NHy = Dy + Dy hence Dy C Hy which is impossible.
Proof of (4). We have H; N Hy ¢ Dy + Do.
Let
s' € {s' € &H; NHy C H(s') and D(s") C Dy + Dy}

and let

se{o1,000° 2 (s € &D(s) € Hy N Hy and D; + Dy C H(s)}

One has therefore D(s) € Hy NHy € H(s') and D(s’) € Dy + Dy C H(s) and therefore s, s’ commute
thanks to (1) proving s’ € {01, 02}°°.

Conversely, assume that s ¢ {s’ € E|[H; NHy C H(s") and D(s") C Dy + D2} with for instanceﬂ HiNHy ¢
H(s'). But H; + Hy ¢ Dy N Dy by assumption and therefore, both the intersections of H(s") and Dy + Ds
with H; N Hy are proper subspaces of H; N Hy whose union cannot be the whole H; N Hy (??7). Let us

chose a line D =< d > with d in the complement :

D Cc Hi N"Hy and D ¢H(Sl),D ¢D1 + Ds.

Let S be any supplement of D @ (D + D2) in V and the hyperplane H = (D; + D) @ S and let s € & the
involution (d,h) € D@ H — (—d, h). By construction,

D(S):DCHlﬂHQ andD1—|—D2CH:H(s)

proving s € & using (a) and D(s) ¢ H(s') proving that s and s’ do not commute thanks to the first point.

4The case D(s’) ¢ D1 + D2 being reduced to this one by duality.
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Proof of (5).

For the direct implication, assume that {01, 02} is minimal with for instance D; = Dy = D and therefore
H; # Hs because o1 # +o0s5. If we had H N Hy C Dy + Dy = D, we would have Hi N Hy = D and
D; = H;NH, C Hy, a contradiction. Therefore, we have Hy NHy ¢ Dy + Dy = D. Let 0}, 05 € {01,02}°°
such that ojof # +1d. We will denote the eigenspaces of o} by D), H, with dim(D}) = 1. One has

o' € {01,001 Y {5 € &|H, NH, ¢ H(s) and D(s) = D}.

In particular, we D} = D and H; N Hy € Hj N H,. But H} # H) because o] # +o} and therefore
HyNHy; = H) NnH) ¢ D] + D, = D. We conclude the wanted equality {o1,02}°° = {c],05}°° by (4)
applied to of, o).

For the converse implication, assume now {01,032} not minimal, that is H;y # Hy and Dy # Dy. If
H; + Hy € Dy + Do, we have {o1,02}°° ® & and n = 3. We just have to give one example of non
commuting involutions of k3 with produce two {01, 02}°° C € : take for instance the permutation matrices
of two transpositions of S3. Assume now H; + Hs ¢ Dy 4+ Ds. Let v € V such v mod H; N Hy does not
not belong to the two lines images of D1, H; in the plane V/H; OHQ and let H =< v > ®&H; NHs.
By construction, D; ¢ H and H # H;. Let s be the reflection associated to Dy, H. The involutions o7 and
s do not commute (because Hy # H) and H; N H = H; N Hy for dimension reasons. If Hy NH C D; + D,
we have {0y, s}°° ® e and E#{sigmay, 02}°° because any symmetry s’ with D(s") ¢ Dy + D3 is not in

{01,02}°° by (4). Assume finally that Hy NH ¢ D; + D. We have
o0 & {s' € E[H; NH C H(s') and D(s') = D1} & {0, 5}°

and certainly o9 € {01, 02}°°. O

Lemma 23.2.2.3. Up to sign,any transvection is a product of a minimal pair of involutions and con-

versely any such product is a transvection.

Proof. The formula
11 1 -1 1 0

0 1 0 -1 0 1
shows that a transvection is the product of two extreme involutions with a common eigenspace (here
key).
Conversely, by transposing if necessary, we can consider two extreme involutions with a common fixed

line. In a suitable basis, the matrices of these involutions are necessarily

L
+diag(l,—1,...,—1) and +
0 —1Id
1 L
where L = (L;,7 > 2) # 0. Their product, up to sign, is , which maps © = (z1,...,z,) € k" to
0 Id

CH‘Z?:Q L;z;. This is a transvection of k™ with hyperplane H defined by Z?:z L;x; and line ke; C H. O
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Lemma 23.2.2.4. For two transvections 1,Te of respective types (D1,H;) and (D2, Hs), their product
s again a transvection or the identity if and only if D1 = Dy or Hy = Hy and they commute if and only

ZfDl = D2 and H1 = HQ

Proof. Let 7;(x) = 2 + p;(x)v;, where @;, v; are nonzero and ;(v;) = 0. Then:
T172(2) = T + @2(2)v2 + 1(x + p2()v2)v1 = T + P2(2)V2 + (P1(7) + P2 (2)P1(v2))v1
If Hy = Ha, then 2 = Apy with A # 0, so ¢1(v2) = 0. Thus:
T172(x) = = + @1(x)(v1 + Ava),

which is a transvection or the identity, depending on whether v; + Avy # 0.

If D; = Dg, then vy = Av; with A # 0, so:
T172(z) = + (Ap2 + 1) (x)v1,

which is a transvection or the identity, depending on whether (Aps + ¢1) # 0.
Conversely, suppose 717 is a transvection, so D = Im(7;72 — Id).

If Dy # Da, the pair (v1,v9) is linearly independent. For every z, the vector:

p2(x)v2 + (p1(2) + p2(2)P1(v2))01
is collinear to a direction vector of D, necessarily of the form av; + bvy. Therefore:

ot <p2;x) o1(z) + p2()p1(v2) = (a — by1(v2))a(z) — by (z) = 0,

which establishes a non-trivial linear relation between ¢; and o, implying H; = Hs.
Thus, D; = Dy or H; = H; is a necessary and sufficient condition. The commutation statement fol-
lows from the previous computation (sufficient condition) and the fact that commuting endomorphisms

preserve eigenspaces (necessary condition). O

We call a subgroup of SL(V) a t-group if, up to sign, all its non-identity elements are transvections.

Corollary 23.2.2.5. Let ¥ be a t-group in SL(V). Then:
o Either there exists a line D such that for every transvection +7 € 3, D(7) = D,
o Or there exists a hyperplane H such that for every transvection £7 € ¥, H(7) = H.

In particular, the mazimal t-subgroups of ¥ C SL(V) are the non commutative subgroups:
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1. ¥p = Hom(V/D, D), whose non-central elements are, up to sign, the transvections T with D(1) = D

for a given line D depending only on X.

2. ¥y — Hom(V/H, H), whose non-central elements, up to sign are the transvections T with H(t) = H

for a given hyperplane H depending only on X.

Remark(s) 23.2.2.6. Non central elements of ¥p N Xy are up to sign transvections of type (D, H) if

D C H and £1d else, proving that ¥p N Xy is commutative. In particular, we never have ¥p = Xy.

Exercise(s) 23.2.2.7. Prove that ¥p N Xy is equal to {£1d} if D ¢ H and isomorphic to the additive
group Z/27Z x k, if D C H.

23.2.3 Proof of the theorem

Proposition 23.2.3.1. Let ¥ be an automorphism of GL(V). Then:
1. U(SL(V) = SL(V).
2. Up to sign, ¥ transforms transvections into transvections.

3. Either there exists a semi-linear bijection f of V such that for every transvection T,

(D (7)), H(¥(7))) = (f(D(r)), f(H(7))), and we set (V) =1,

4. Or there exists a semi-linear bijection f of V to V* such that for every transvection T,

(D(¥(7)), H(¥(7))) = (f(H(7)), f(D(7))), and we set e(¥) = —1.

Proof. ¥ maps commutators to 1 and item 1 follows from lemma [7.7.1.1]

Lemmas 23.2.1.1], 23.2.2.2] and [23.2.2.3] provide a theoretic characterization of transvections giving item
2.

For any line D and hyperplane H, by there exists a unique line (resp. hyperplane) f(D) and a

unique hyperplane (resp. line) f(H)
\I/(ED) = Ef(D) and \I/(EH) = Ef(H)

and f is bijective because so is V.

Let Dy, Dy be two lines and g € GL(V)|g(D1) = Da. Then, g¥p,¢g~ ! = ¥p, implying

Sy(r0) = V25007 = Zpa)
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with v = ¥(g). By (23.2.2.6)), we have v(f(D1)) = f(g(D1) proving that f is always a line -we set

e(¥) =1 in this case- or always a hyperplane -we set ¢(¥) = —1 in this case-.

Moreover, by lemma [23.2.2.5] this formula shows
(i) fo¥(g)=go f for any g € GL(V)
with

o f e Map(PV,PV)ifif () = 1 satisfying g(< d >) =< g(d) > for any < d >€ PV and D(¥(7)) =

f(D(7)) for any transvection 7.

o f € Map(PV,PV*) if if £(¥) = —1 with g(Ker(¢)) = Ker(*g~!(p)) for any Ker(p) € PV* and
H(¥(7)) = f(D(7)) if e(¥) = —1 for any transvection .

Lemma 23.2.3.2. The restriction of f to PV presreves collinearity.

Proof. Let first observe that f preserves the incidence relation D C H. Preciseley, let D C H and
7 € ¥p N ¥y a transvection of type (D, H). Then, ¥(7) is a non central and belongs to oy Nosm) : it
is a transvection of type (f(D), f(H)) if e(7) =1 and (f(H), f(D)) if e(7) = —1. Therefore, f(D) C f(H)
or f(H) C f(H) depending on the value of £(¥) : f preserves incidence of pairs (D, H).

Let Dy, D5 two distinct points of PV. Then, by duality D €< D1, D5 > if and only if all hyperplanes H
containing Dy and Ds contain also D. If £(¥) = 1, let H = f(H) an hyperplane of V containing f(D;)
and f(Dsg). Then, H contains D; and Ds and therefore D by assumption. Because f preserves incidence,
H' contains f(D) and f preserves collinearity. Dually, if e(¥) = —1, let D’ = f(D) a line contained in
both f(D1) and f(D3). Then, D’ is collinear with D; and Dy and, because f preserves incidence, D’ is
contained in f(D). By the fundamental theorem of projective geometry, f is induced by some sesquilinear

bijection of V=5 V if £(¥) = 1 and some sesquilinear bijection of V.= V*, abusively denoted by f. [

O

Theorem 23.2.3.3. Let ¥ be an automorphism of GL(V).

1. Then, there exists a group isomorphism x : k* — Kk* such that U is either of the form g >
x(det(g))fgf~—1, where f is a semi-linear isomorphism V — V, or g — x(det(g))flg=1f~t, where f

is a semi-linear isomorphism V — V*.

2. Conwversely, such morphism is an automorphism if and only if x™.1d is a semi-linear automorphism

of k* compatible to V.
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Proof. With the notation of the above proposition, let us define ® € Aut(GL(V)) by ®: g+ fogo f~!
if e(U) =1land ®: g folgloflife(l¥) =—1. Then, § = ¥od ! € Aut(GL(V)) and
thanks (i) shows forall g € GL(V) and for all line D, one has 6(g)(D) = D proving that §(g) is a scalar
matrix x(¢)Id for some group morphism x : GL(V) — k*. Then item 1 follows from the equality
Ker(det) = SL(V) = D(GL(V)).

Conversely, such a morphism induces a commutative diagram

0 — SL(V) —— GL(V) &% k* — 0

N l\p lx 1d

0 — SL(V) —— GL(V) -5 k* — 0

with vertical isomorphisms if and only if ¥ is an isomorphism. O

23.2.4 Automorphisms of k*

We will illustrate that the automorphism group Aut(k*) can be very diverse and in general is huge. This

drammatically changes if one makes some continuity assumption.

Proposition 23.2.4.1.

1. There is a canonical group isomorphis* 5 {£1} x ZO) ddentifying Aut(Q*) with GLzZ ™). In
particular, it contains the uncountable groups Bij(P) and (Z/2Z)”.

2. There is a canonical contnous group isomorphism R* = {£1} x R identifying Aut(R*) with GLq(R)

In particular, Aut(R*) is uncountable.

3. Any group continuous automorphisms of R* is of the form t — signe(t)|t|X for x € R* defining an

isomorphism Aut.(R*) = R.

4. If k is finite of cardinality q, the group Aut(k*) is cyclic of order ¢(q — 1) where ¢ is the Euler

totient function.

Proof. We we’ll denote by ¥ an element of Aut(k*).

Proof of (1). The unique decomposition of an integer into a finite number of powers of prime numbers
define an isomorphism Q* = {£1} x Z(*). Because —1 is the unique order 2 element, ¥(—1) = —1
proving the two first assertions. Let X be a subset of N ~ P and let us chose ox some fixed point free
bijection of X. We lift ox to a bijection of N by the identity on the complement of X. Then X — ox is
a set injection P(N) — Bij(N). But the map 2-adic expansion X — > :° (1x(i) + 1)27" is a surjection
P(N) — [0,2] hence the uncountability. Finally, the mapX + 1x is a bijection P(P) — (Z/2Z)” (with

inverse (x,) — {p|z, = 0} giving the second uncountability statement.

5P is the set of prime number
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Proof of (2). The continuous morphism (+1,z) — +e® has inverse y — (sign(y), In|y|) and is the wanted
isomorphism. Any additive morphism of R is Q-linear giving the second point. The last one follows from
the fact that a Q-basis of R is uncountable.

Proof of (3). By (2), an continuous isomorphism of R* is defined by a continuous isomorphism f of R.
If F(z) = [ f(t)dt, we get from f(z +y) = f(z) + f(y) the formula F(z 4 y) — F(y) = F(z) + zf(y)
proving that f is C! on R as linear combination of C' functions. Differentiating the previous relation,
we get f'(z+y) = f'(x) proving that f’ is a constant y € R and f(z) = xz + f(0) = xz. The condition
x # 0 ensures that W is bijective.

Proof of (4). This a direct consequence of the well-known fact (??) that for any field k, a supgroup of k*

is cyclic. In particular, so is k* if k is finite. O

23.2.5 Normal subgroups of GL(V)

We will explain the so-called Iwasawa to study normal subgroups of perfect groups G, or equivalenetly

we will give a criterium of simplicity of G/Z(G) where Z(G) is the centrum of G.

Definition 23.2.5.1. Let G be a group acting on a set X.
1. We say G acts primitively on X if:

(a) The action of G on X is transitive;

(b) The stabilizer G,, of a point x € X is a mazimal subgroup of G.

2. We say G acts 2-transitively on X if for all x1,x2,y1,y2 € X, 21 # X2, Y1 7# Y2, there exists g € G
such that g - x1 = y1 and g - T3 = yo.

For instance, SL(V) and GL(V) act 2-transitively on PV if dim(V) > 2.

Proposition 23.2.5.2 (Iwasawa criterium). Suppose the group G acts primitively on X. If, for each

x € X, we are given a subgroup T, C G such that:
1. T, s abelian;
2. Typ=9gTyg7 ! forallg € G and x € X;
3. Uzex Tz generates G.

Then any nontrivial normal subgroup of G acting on X contains D(G).
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Corollary 23.2.5.3. If dim(V) > 2, any normal nontrivial normal subgroup of GL(V) (or SL(V))
contains SL(V) unless k is a field with 2 (or 8) elements.

Proof. Take X = P(V) and T, = k be the group o O

The action of PSL(n,K) on X = KP" ! is 2-transitive, hence primitive. We apply Theorem 2.1.10 using
for x € X the group of transvections with vector x. It satisfies the hypotheses of the theorem, so a normal

subgroup of PSL(n, K), not reduced to {Id}, must contain D(PSL(n,K)) = PSL(n, K) by Theorem 2.1.9.

23.2.6 Additional exercices

Exercise(s) 23.2.6.1. E| Let k be a field of characteristic different from 2, and m > 3. Let V = k™,
equipped with the standard alternating bilinear form b and Sps,, (k) the corresponding symplectic group.
Let s,t € Spy,, (k) be two involutions.

1. Prove that one can write a decomposition
i
V=E.(s) 5E_(s),

where B4 (s) and E_(s) are the eigenspaces of s corresponding to the eigenvalues 1 and —1, respec-

tively.
2. Deduce a bijection between the set of involutions of Spy,, (k) and the set of non-degenerate subspaces
of V.

Define the type of an involution s as (2r,2m — 2r) if the dimension of E,(s) is 2r. An involution of
type (2,2m —2) or (2m —2,2) is called extremal. In this case, denote by Eo(s) the eigenspace EL(s)

of dimension 2.

3. Considering mazimal commutative families of conjugate involutions in Sp,,,(K), prove that any au-

tomorphism of Sp,,, (k) maps an extremal involution to an extremal involution.

As for the general linear group, we define for such a minimal pair of involutions {s,t} the "commu-

tant"” {s,t}° as the set of extremal involutions of Spa,, (k) commuting with both s and t.
4. Show that s and t form a minimal pair if and only if:

(a) st #ts, and

(b) for all ', t' € {s,t}°° with s't' #t's’, it holds that

{s’t}oo _ {s/’t/}oo'

6Thanks to O. Debarre for this exercice
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5. Determine the mazimal sets 1 of extremal involutions such that every pair of elements in 1 either forms
a minimal pair or commutes. [If £s, +t, +u distincts elements of 1, observe Eo(s) NEa(t) N Eg(u)
is a line V1 or is zero and we define in this case V3 = Ea(u) C Eo(s) + Eo(t) =: V5. Show that I is
of of the form 11 (V1) := {v extremal involution | Vi C Ea(v)} or I35(Vs) := {v extremal involution |

Ea(v) C V3/.

6. Prove that every automorphism of Sps,, (k) is of the form

x> axa !

for some semi-linear transformations of k™ preserving b.

Exercise(s) 23.2.6.2. Adapt the arguments of (23.2.6.1)) to prove that automorphisms of SOa, (R),n > 3

are inner automorphisms.

Exercise(s) 23.2.6.3. Show that the continuous isomorphisms of C* are given by z — |z[X(z/|z])*!

with x € C*.
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Chapter 24

Bilinear forms without symmetries

Herbert Westren Turnbull

24.1 Perspective

We chose this theme, beyond its mathematical importance, to demonstrate a
somewhat unexpected link between the congruence of invertible matrices M
and similarities of their co-squares ‘M~1M which is evidently hidden
in the case of e-symmetric forms. This subject has a long history (see ) for

/I

a history.

24.2 Introduction

We are interested in the congruence A — ‘PAP with P € GL, (k) and A € M, (k). For example, if J4

is a Jordan block, J4 and tJ, are congruent via a diagonal congruence as long as t is non-zero. If P is a
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permutation matrix, ‘PAP is deduced from A by permuting the rows and then the columns of the same
index. Similarly, if P = T; ;(\) is a matrix of transvection, we deduce ‘PAP from A by adding A times
the i-th column to the j-th column and then adding A times the i-th row to the j-th row. We will talk
about permitted congruences =.

In particular, if X is a non-zero element of the kernel of A, we can reduce by permitted congruences
to a first null column (write X = > x;e; with £ = x; # 0, make the congruence associated with the
transpositions (1,¢) if ¢ > 1 then the permitted operations associated with Tq ;(—a1 ;/€),7 > 1).

The complete classiﬁcatiorﬂ in the algebraically closed case is obtained in We know that we
cannot hope for a result on any field, even in dimension 1! As we will see, the existence of square roots
is key to this classification, as in the complex symmetric case or real . But as soon as
they exist, classification is possible.

There is no difficulty in adapting to the sesquilinear case. We leave that to the interested reader. Ad-

dressing the bilinear case simply has the advantage of simplifying the notations.

24.3 Existence of a Decomposition

The following result on matrix decomposition allows us to reduce the study of bilinear forms to that of
non-degenerate forms. Strangely, it is quite recent, due to P. Gabriel [15]. We give a simplified version
essentially derived from [21] (for the existence part) and [14] (for the uniqueness part). This lemma is
obvious in the 4-symmetric (or hermitian) case because of the coincidence of the kernels of M and M.

The intersection Ker(M) N Ker(*M) clearly appears in the proof of the following result.

Lemma 24.3.0.1. Every matriz is (algorithmically) congruent to a block diagonal matriz diag(A, Jq)
where A € GL,(k), r = rank(A) and J4 = diag(Ja,) is the block diagonal Jordan matriz of size d;

associated with a partition d = (d;) of n —r.

PROOF. [t is sufficient to show that every matriz is (algorithmically) congruent to a block diagonal
matriz diag(A, J(8)) where A € GL,(k), r = rank(A),d € (k — {0})"™", and J(8) = diag(d;Jq,) is the
block diagonal Jordan matriz of size d; associated with a partition d = (d;) of n — r. Indeed, a diagonal
congruence leads to the desired form.

We proceed by induction on r = rank(M). We can assume 0 < r < n and the theorem proven at rank
r—1. From the previous remark, we can therefore assume after permitted operations that the first column

of M is null (e; € Ker(M)):

0 Linp-
M =
0 M;L—l,n—l

IWith the system of representatives of Turnbull and Aitken
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If 1 € Ker("M) ie. if Ly -1 = 0, then M = diag(0,M’) with M’ of rank r — 1 and we conclude by
induction. Otherwise, a coefficient 01 = Li;,7 > 1 is non-null. Since the first column is null and
therefore tnvariant by row operations, we can reduce by permitted congruences to j = 2. Using §1 as a

pivot, we reduce by permitted congruences first to

0 01 01,n—2
M = 0 Y L/l,n72
0 Cpo21 M 5, o

The permitted congruence subtracting from the 2-nd row ~v/d; times the first does not change the second
column since the first column is nulll. Likewise for rows with index > n — 1. Thus, we have a permitted

congruence

0 0 01,n—2
M=10 0 le_g
0 Op—21 M7_5, 5

If Ly n—2 = 0, we apply the induction hypothesis to M;LQ,”?Q,
If Lin—2 # 0, one of the coefficients do of L1 n—2 = 0 is non-null: it is found in a column of M with
index j > 3. By permitted operation, we can assume j = 3 without changing the first two columns of M

so that we have

0 4 0 01,n-3
M=]0 0 02 L s
0 0 Ch_31 Mp_3n-3
As before, by permitted operations on the rows with indices > 2, we can assume that the coefficient of

index (2,3) is the only non-null coefficient in its column and therefore

0 51 0 01,n73
M=1]0 0 P Lins
0 0 Op-sy My 3,3

If L1 -3 = 0, we apply the induction hypothesis to M,/riis’nig. Otherwise, we iterate the process which
is clearly finite thus completing the sought existence. Subject to multiplying by a diagonal matriz on the

right and left, the §s can be modified by multiplication by non-null squares hence the second point.

Remark(s) 24.3.0.2. Note that in the usual symmetric (or alternating, or Hermitian) case, considering
a basis obtained by completing a basis of the kernel of M immediately gives the lemma, with A being
congruent to the matriz of the form ¥ induced by M on k™/Ker (V). This easily yields a statement of
uniqueness in this case. Even replacing, for example, the kernel by the left kernel L(V) of V = (k™, W), the
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problem in the general case, as we shall see, is that U only factorizes over a certain subspace L2(V)/L(V)

of the quotient V/L(V).

24.4 The Typical Bilinear Space

Note that at this stage, it is not clear that neither d nor the congruence class of A are determined by the
congruence class of M.

We simply denote Vy; as the bilinear space k™ equipped with the bilinear form (X,Y) — !XMY (with
matrix M in the canonical basis)

We simply note V as the space Vj, = k[T]/(T9) associated with the standard Jordan block of size d > 1
seen as the matrix of multiplication by T in the base of monomials as usual. Hence, (T%, T7) = §;41 ;.
Vg4 = {0} if d < 0 because J; is the empty matrix.

We have (for example) the right kernel

R(V) = {v € V|T(V,v) = {0}

and the left kernel
L(V) ={v e V|¥(v,V) = {0}

. which is an invariant by isomorphism of bilinear spaces. We then immediately have,
R(Vum) = Ker(M) and R(Vy) = Ker("M).

We also define
R*(V) = {v € V[T(R(V),v) = {0}.

This is a subspace that contains R(V) and ¥ induces a form on R?(V)/R(V) making it a bilinear space.

Exercise(s) 24.4.0.1. Show that R*(V)/R(V) is the largest subspace of V/R(V) over which ¥ is quo-

tiented.

For M = J; and any d > 1, we have

><rlefd

e R(Vy) = (T 1Y) "~ V;and L(Vy) = (1)~V;
e dimR(Vy) NL(Vy) = 01,d
e R%(Vy) = (1,T,..., T3 Td-1)

xT ™2
~

* R?(Vy)/R(Vq) = T?k[T]/(T") K[T]/(T"?%) = Va_o.

For A invertible, we have

e R(Va) = {0}
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e R?(Va) =Va
e R%(VA)/R(Va) = Va.

We say that two subspaces V7, Vs of a bilinear space V are in orthogonal direct sum if they are in direct

L
sum and if (V1,Vy) = (V3,Vy) = {0}, and we then write V.=V; & V. Then

1 1 9 1 9 1 9
R(V1 D Vg) = R(Vl) D R(Vg) and R (Vl S5 Vg) =R (Vl) ® R (Vg)

24.5 Uniqueness

With the previous notations, the lemma leads to the existence of an isomorphism of bilinear spaces
11
VM ~ VA ©Bged Va-

Ultimately, we want to recover the isomorphism classes of Vo (thus of congruence of A) and of Vs and

even the partition d. Specifically, with obvious notations, we want to show

Lemma 24.5.0.1. If there are isomorphisms of bilinear spaces

11 11 ,
VA ©Dacd Va = Var DOgeq Vy

with A and A’ invertible, then A and A’ are congruent and d = d'.

PROOF. To do this, we will proceed by induction on n+ max(d) simply by calculating the bilinear spaces
R(Vy) and R%2(Vy)/R(Va) (which are invariants by isomorphisms of bilinear spaces, let’s recall). We

apply the formulas from the previous section that give

€L
1. R(VM> Z@deg V1
d>1

11
2. R*(Va)/R(Vm) = Va @@(;g% Va2
We thus have R ~ R’ and R2/R ~ R? /R’.

e If dim(R%/R) < n, the induction hypothesis ensures A and A’ are congruent and d,d’ coincide on
their elements d,d’ > 3. But then dimRNL = Card{d € d|d = 1} and dimR(V4) = Card{d € d|d >
1} show that the values 1 and 2 appear with the same weight in d and d' such that in fine d = d’.

o Assume dim(R?/R) = n.

o If max(d) > 3, we can also apply the induction hypothesis and conclude as before.

o Otherwise, if max(d) < 2 then R*/R = Va = V/y showing that A and A’ are congruent in this
case. But in this case also, considering R and R N L shows as before d = d' since there are no

elements d € dUd' such that d > 2.
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From lemmas [24.3.0.1] and [24.5.0.1] we immediately deduce

Theorem 24.5.0.2. Every matrix M € M,,(k) is (algorithmically) congruent to a block diagonal matrix
diag(A, J4) where A € GL,(k), r = rank(A) and J4 = diag(Ja,) is the block diagonal Jordan matriz of
size d; associated with a partition d = (d;) of n — r. Furthermore, the congruence class of A and d are

uniquely determined by the congruence class of M.

Remark(s) 24.5.0.3. The reader will adapt these results without any difficulty to the sesquilinear case.

24.6 Classification: Algebraically Closed Case

Here we assume k is algebraically closed (or simply that every element is a square). The following result

is old, probably due to Turnbull as early as 1936 ([30]). Here I revisit the approach from [19].

Proposition 24.6.0.1. Two invertible matrices A, B are congruent if and only if the asymmetrieﬂA‘lA

and 'B™'B of the associated forms are similar, i.e., have the same similarity invariants.

Note that this is consistent with the classification of quadratic forms, alternating (or Hermitian, cf.

remark supra) in the algebraically closed case.

PROOF. If M is invertible, we set M’ = *M~*M (called the cosquare in the literature).

If 'PAP = B with P invertible, we have P~'A’AP and B'B, hence the direct sense.

Conversely, suppose that A’A and B'B are similar. Then considering the pencils A +'AT and B + BT,
there exist according to P, Q invertible such that

PAQ = B and P'AQ = 'B and thus ‘QA'P = B.
We deduce

PAQ = 'QA'P
XA = B'X with X = Q'P and thus

EA = B'E for any = € k[X]

As X is invertible and k algebraically closed, we then choose = € k[X] such that 2% = X . We

then have
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Exercise(s) 24.6.0.2. Retrace the result|21.15.0.1)

We now need to find a family of matrices not congruent pairwise that describes the possible similarity
invariants of cosquares. There are inevitably restrictions since the determinant of a cosquare is 1. If P is

a unitary polynomial such that P(0) # 0, we denote

TdeP)p(1/T
P(0)
its polynomial (unitary) of inverses. If A is invertible with similarity invariants P = (P;), we note

P = (P}).

Lemma 24.6.0.3. Let P be the invariants of A invertible.
1. The family of similarity invariants of A~ s P*.
2. If A is a cosquare, then P = P*.

3. The invariants

PROOF. Let P be a similarity invariant of A. As A is invertible, T is invertible in V. = k[T]/(P)
(with inverse (P(T) — P(0)/(TP(0)). But V-1 is a cyclic k|T~1] module (generated by any monomial)
annihilated by P* which is therefore its minimal for dimension reasons, hence (1). As we have already
noted, BT — B is equivalent to Id —'B~'B such that the similarity invariants of A = *B7'B are the
invariant factors of 'BT — B, thus coincide with those of its transpose TB—tB therefore with the similarity

invariants of B™1'B = A~1.

Designate by Ay the set of (unordered) pairs A = {\, A~} -thus with A # +1. The similarity invariants

of a cosquare with spectrum are therefore
X = _ YR (T — 1)Vt V=
Pi(T) HAJ(T AT = A7) (T = 1)+ (T + 1)
so that the associated Jordan blocks are (with a minor abuse of notation)

—1Id,, )

Vi, +

diag(AId +J, , A7 Id 4], ,Id
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In other words, the Jordan reduction of a cosquare has two blocks +1d of possibly different sizesﬁ and

blocks of type

(i) diag(ATd +J4, A" Id +J4) with A # +1

Remark(s) 24.6.0.4. If 8 is the asymmetry of the bilinear space V and A, p are eigenvalues, it is easily
verified that the (sums of) characteristic spaces V|T — N+ V[T — A~ and V[T — u] are orthogonal as long
as N &€ {\, X1}, This is a general phenomenon, even if the field is not algebraically closed, by replacing
characteristic spaces with primary components associated with unitary irreducibles P,P* on one hand and
Q ¢ {P,P*} on the other. Thus, the Jordan decomposition, with blocks suitably grouped, corresponds to

an orthogonal decomposition!

It remains to exhibit a family of matrices whose cosquares are as in [ We will look at the representatives

of [19] (other classical choices exist, see for example [20]).

Lemma 24.6.0.5. Let d > 0,V = T %k<54[T]/k.1 and A # £1. Let a € Endy (V) be defined by

a(T) = T 'ifi<0

= AT P4+ T Flifi>o0.

Then, the Jordan reduction of the cocarré of a is diag(AId +Jg, A"t Id +Jy4).

PROOF. Let A be the matriz of a in the basis T¢,0 < |i| < d and P the permutation matriz i — —i. We

then notice that the matriz of (T*A — A)P is equal to
diag((T — A Id +J4, AT — 1) Id +TJ4) ~ diag((T — A\) Id4+Jg, (T — A~ Id +TJy).

Let us consider the principal ring k[T, T~t]. As the subdiagonal of each of the two blocks is 1 or T, the
first principal minor of order d—1 obtained by deleting the first row and column is 1 or T and is therefore
invertible. We deduce that the invariant factors of these matrices in k[T~ T, defined up to an invertible/
is (1,...,(T)N9) or (1,...,(T — A~1)?). The invariant factors of these matrices in k[T] are the same
as in K[T7L,T], up to an invertible of K|[T~1,T] of the form Tt. But since they are coprime with T by
hypothesis, they are therefore indeed (1,...,(TM)9) or (1,..., (T — A~H)9).

Of course, the matrix of the standard non-degenerate alternating bilinear form (20.5) of rank 2d has

cocarré — Idsy,. To distinguish 1 from —1, we consider the characteristic different from 2.

3The size of the block —Id is necessarily even in characteristics different from 2: this is the non-degenerate alternating

case!
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Theorem 24.6.0.6. Let k be algebraically closed of characteristic different from 2 and V any bilinear
space, v the rank of the bilinear form. Then, there exists a unique partition d of dim(V) — r, there exists
an orthogonal decomposition V.= W é Vg with W non-degenerate, unique up to bilinear isomorphism.
Moreover, W decomposes into a direct orthogonal sum of its symmetric part, its antisymmetric part and
non-degenerate spaces of matrices diag(AId +J4, A" Id +J4), A\ # £1. This decomposition is unique up

to bilinear isomorphism.
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Pythagoras theorem,
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reduction,
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real isometries, [164] 222]

complex quadratic pencil, 274]
Frobenius, [7§]

Hermitians,

INDEX

of complex normal endomorphisms,

of real normal endomorphisms,



INDEX

real self-adjoints, [166]
real skew-adjoints, [L68
reflection,
Euclidean, [T79]
orthogonal, [280]
ring,
Noetherian,
Noetherian UFD, [140]
UFD or factorial,

semi-simple,
module, [94]
semisimple,
endomorphism, [97]
sesquilinear, [210]
signature, [269]
similarity invariants, [73] [74]
similitude,
orthogonal, [280]
Euclidean, [181
simplicity of SO(3,R),
skew-field, [I80]
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sesquilinear, 247]
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supporting hyperplane, [206]
Sylvester’s inertia, [269)

symplectic group,

theorem,
of Krein-Milman, [210]
of Sylvester, [269

spectral, [I66]

spectral for Hermitian endomorphisms, 223
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