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Abstract

We give a treatment of Kingman model for the balance between selection and mutation
[1] showcasing new proofs based on the recent developments around the model, in particular
by Yuan [7]; the main interest of these proofs, apart from being conceptually simpler, is to
be more robust to changes in the model, as we exemplify in a companion paper [1].

The interplay between selection and mutation is a major issue ([2], chapter 6.2) in population
genetics: mutations have the potential to increase genetic diversity, while selection tends to
concentrate the distribution of the genotypes around the fittest ones. Kingman model [1] is a
toy model designed to study the balance between the two effects, and a landmark property of
this model is the condensation effect, when a positive fraction of the population concentrates at
the highest possible fitness. The appeal of Kingman model is its great tractability that allows
one to precisely describe the analytical conditions under which this phenomenon to occur.

Precisely, we are given a probability measure g(dz) on the unit interval [0, 1], the mutation
measure, and a real number 5 € (0,1) quantifying the strength of the mutation with respect
to selection. For py(dx) another probability measure on the unit interval (assuming that g(dx)
and po(dx) are both distinct from dg), we define inductively a sequence of probability measures

(pn(dx))n>0 on the unit interval by :

1
Prt1(dx) = Be(dz) + (1 — B)M and w, = /0 xpy (dx) (1)

Wn,

Informally, p,(dz) should be thought of as the infinitesimal fraction of the population at time
n > 0 with fitness = € [0, 1]. Selection biases the fitness distribution towards its highest values,
whereas mutation drives back the fitness distribution towards a fixed, unaltered distribution
q(dx). The first summand describes the effect of mutation (a simple resampling), while the
second describes that of selection (that acts through size biasing), and the relative strength of

these effects is quantified by 5. The point of this model is that condensation may arise, namely
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the creation of an atom at the top fitness while nor pg(dx) neither g(dz) display such an atom,
and that the criterion to decide for condensation is explicit.

These lecture notes are based on the seminal article by Kingman [1], and a series of papers by
Yuan [5, 6, 7] on a more general version of the model focusing on the effect of a random parameter
B). The impetus of that work has been the realisation that the arguments developed by Yuan
[7] allow for a clean and conceptually straightforward derivation of Kingman’s theorem, without
the need of complex analysis and of the notion of completely monotone sequence, which were
the key technical (and almost magical) tools in the original proof by Kingman. The elements
showcased in this work are buried deep down in the work [7] and the aim of this work is to
promote this set of ideas by exemplifying their robustness in a companion paper [!].

Also and this is perhaps the main novelty in this article, we try to dissociate the question
of the convergence of the sequence (py(dx)) conditionally on the convergence of the sequence
of the fitnesses (wy) from that of the convergence of the sequence (w,), the two questions
being tackled by quite distinct methods and treatments. The convergence of the sequence
(wy) is done using some simple but clever monotonicity property hidden in the model and
uncovered by Yuan [0], while the conditional convergence of (p,(dz)) in total variation then
follows by standard quantitative bounds. By comparison, the convergence of (wy), in the
paper by Kingman was obtained separately in the two cases in Kingman : as the consequence
of explicit computations on generating functions in the case without condensation, and using
subtle properties of completely monotone sequences recently discovered again and independently

in [3]) in the case with condensation.

1 The invariant measures

Technically, we think there is an interest to offer a quick derivation of the invariant measures,
since they capture a lot of the complexity of the model. Also, this gives a very gentle starter for
our exposition. We shall say that a probability measure 7(dz) is invariant if it is a fixed point

of equation (1), namely:

xm(dx)

m(dz) = Bq(dz) + (1 - B)

1
and w —/0 a7 (dx) (2)

Notice that, with respect to (1), the only parameters of an invariant measure are 5 and ¢(dx).

We set 1, € [0,1] the max of the support of the measure ¢(dz), that is n, = sup{z € [0,1] :

q([, 1]) # 0}

Theorem 1. Set

xo = inf {x’ € [ng,00) : /an Bq(dz) < 1} : (3)

There is the following alternative:



(i) If xo < 1, the set of invariant probability measures is

d
() ma)
T1 116[930,1]

. _ nq Bq(dx)
with T = 1-— f()q ?
(ii) If zo > 1, the measure q (dix) s the unique invariant probability measure.
zQ
Remark. 1. For definiteness, in case ¢(dz) has an atom at 7, we take the convention that
nq Bg(dr) _

o G-z = oo. Then the map
7q

Mq
o [T 00
z’

is continuous decreasing on [ng,00), hence the set of which we take the infimum in the

RHS of (3) is a non-empty closed interval of the form [z, 00);

2. In case xg = 1, there is a unique invariant probability measure; this is in particular the

case when 7, = 1.
3. It is natural to distinguish the following cases.

(a) In case f Ta Bl‘i(dx) > 1, we have xg > nq; this is the case in particular when ¢(dz) has
an atom at nq.nq

(b) In case [, g B q(dx) = 1, we have xg = 7, and the invariant measure associated with

1 = xo has no atom at .

(c¢) In case f(;“ ’ﬁqfi? < 1, we have g = 71, again but the invariant measure associated

q
with 1 = x¢ has an atom at xg.

4. mp is the atom at z; of the invariant measure indexed by z; in case (i) : indeed the only
case that would prevent this from being true is when z; = 7, and ¢(dx) has an atom at
fnq Ba(dz)

q

g, but in such a case, = oo hence 1 > xg > 1,4, a contradiction.

5. We have f e 5 q(dj) =1iff f na 5 q(dm) > 1, and in this case the invariant probability measure
g

associated with acl = 1z in case (i) has no atom at x.

6. In case n; < xg < 1, the max of the support of the measure associated with z; is 7, if
x1 = xo (because m; = 0) and z; if 1 > xo (because then m; # 0); as a consequence, the

max of the support describes the set

{nq} U (20, 1]

as 1 describes [xg, x1], which displays a "hole”.



Lemma 1. Let w(dz) be an invariant measure. Then the mean w = intxw(dx) of w(dx) satisfies:

w = (11— B)ng.

Proof 1. Assume by contradiction that (1 — )1, > w then choose € > 0 small enough such that
(1—p)(ng—e) > w. Then we observe that if w(dx) solves (2), then the support of 7(dz) contains
that of ¢(dz). This implies the strict inequality:

/77:; ! Z_Uﬁmr(dx) > /77:; m(dz)

Then we integrate equation (2), m(dz) = pq(dx) + xm(dx), on [ng — €,1n,] and find that
0> j;Zq_a Bq(dx), which is absurd. O

Proof 2. By induction, one can expand 7(dz) a solution of (2) for any integer n > 0 as follows:
dxr) = —_— d — ntlr(d 4
(d) kzo(w)wqu(w " (d) (@

Assume now by contradiction that w < (1 — 8)n, and choose ¢ > 0 small enough such that

w < (1—7)(ng—e¢). Then one may lower bound the n-th term in the sum on the RHS as follows:

/n"q (1_wﬁ)n:cn5Q(dx) 5 (0—/3)5%—5))5 A eon) o, 51 o0

q—¢€

which is absurd since 7(dx) is a probability measure and all term in the decomposition (4) are

non-negative measures. O

Proof of Theorem 1. First, on [0,n,), using that w > (1 — 3)n,, we can divide and write :
o,n) (d7) =

If furthermore w > (1 — )7, then we have the reinforcement o, (dx) = 15 Q(di) Second, on

w

(ng, 1], the equation for the invariant measure m(dx) simplifies to:

| (ng,1] (d2) = (

and a moment of thought gives that this equation has Ad,,/(1-g), 0 < A < 1, as a unique solution

6) T (5,1] (d22)

w

on the set of sub-probability measures. Altogether,

1. if (1 = B)ng < w, setting x1 = &, the invariant measure has to take the form:

Bq(d )

1_ =~ + 06%1
2
which is indeed an invariant measure for every z; € (1, 1] such that [ 15 q;jm < 1, setting
then mp=1— [ 1,3(13(51; this the case zog > 7.




2. if (1 — B)ny = w, the only possibility is
Baq(d )
1-—

77q

+ 7T0(517

which is indeed an invariant measure iff [ 16_(];67;7) 1, setting then my =1 — [ 16 qxﬁ this

is the case xg =14 .

2 Convergence of the sequence (p,)

2.1 Kingman’s theorem

We now turn to our main topic, namely the convergence of the fitness distributions in Kingman
model. It will be assumed throughout that 17y = sup{z € [0,1] : po([x,1]) # 0} the max of
the support of py(dx) satisfies the property : 19 > 7. This is no loss of generality since one
may start the recursion with p;(dx) instead of po(dz), without changing the convergence issues.

Recall the mean fitness w,, is defined by w, = [ zp,(dx).

Theorem 2 (Kingman, 1987). Set
Naq d
w=int { € f.oc) s [ H1) <1} 6
0

X
1=

The sequence of probability measures (pp(dx)), defined in (1) converges in total variation on

[0,&] for each & < ng, and weakly on [0,1n0], to :

Bq(dx)

1 - =
Yo

W(d:ﬂ) = + 7 05170, (6)

where my 1= 1— f"q Balds) . The convergence also holds in total variation on [0,m0] in case my = 0.
yo

Furthermore, the sequence of mean fitnesses (wy)n>0 converges to (1 — )yo.

Remark. 1. Observe that mg # 0 iff fonq % < 1, and in such a case, yg = 19. Also, yo = 1o
M
iff fnq Ba( d;c ’

2. In case mp # 0 but po({m}) = ¢({mo}) = 0, and in this case only, see Proposition 4, the
limiting distribution is not absolutely continuous with respect to g(dz) (in particular, the
convergence does not hold in total variation); this phenomenon where an atom builds up

at the max of the support of pg(dzx) is sometimes coined "condensation”.

3. Of course, my coincides with 7({n}) when n, < n9. However, there exists cases where
mo does not coincide with 7({no}): for instance, if n, = 1o and ¢ has an atom at 7y,

then [ 'quf(ii%n) = oo and 7y = 0 by the previous remark, whereas, from (6), 7({no}) >
B1g/ (1 = nq/y0) > 0.



4. (Domain of attraction) Let po(dx) be a given probability measure, with limit probability
measure m(dx); what is the set of probability measures p(,(dz) (with max of the support
n, such that the limit 7’(dz) concides with 7(dz) ? The simple answer depends as follows
on 7mop:

(a) if mo = 0, then the set is {p}(dz) : nj < yo A 1}.
(b) if my # 0, then the set is {p(,(dx) : ny = no}-

Of course, Theorem 1 follows from Theorem 2: it is easy, using the continuity of the operator
po(dz) — p1(dx), to check that any limit probability measure is invariant, and that the set of
limiting measures coincides with the set of invariant probability measures as given by Theorem
1. We nonetheless chose to present Theorem 1 first because it allows to grasp the intuition of

the model quickly, and because it admits a simple and autonomous proof.

2.2 Outline of the proof of Theorem 2

The general line of the proof is that, conditionally given the convergence of the sequence of mean
fitnesses (wp,)n, the convergence of the sequence (p,(dz)) of fitness distribution is easy. This
section details the general startegy of the proofs, that are presented hereafter in Section 2.4. We

start as Kingman did by expanding p,,(dz).
Lemma 2 (Expanded form of p,). We have for every integer n > 1:

(=B gy o =B

Wp—1 -+ . Wp— Wn—1...-W
0<k<n—1 n—1 n—k n—1 0

pn(dz) = x"po(dz). (7)

We take the convention that the product over an empty set is 1, so that the term associated
with £ = 0 in the sum on the RHS is Sq(dz). The proof, by induction, is left to the reader. We

deduce the following a-priori bound. Recall our standing assumption that ng > 7.
Corollary 1. Assume w, — w. Then w = (1 — B)np.

Proof. The proof follows from inspection of the second term of the sum in the RHS of (7),

proceeding as in proof 2 of Lemma 1. O
The next step is to prove, starting from (7), the following key Proposition.
Proposition 1. Assume w, — w.

e In the general case where w > (1 — B)no, the sequence (pp(dx))n>0 converges towards the

sub-probability measure ﬁql(‘igg) in total variation on [0,£] for every & < ng, hence also

weakly on [0, 1], towards the probability measure

Bq(dx) T Bq(dx)
1_q1w%+ (1 —/0 14’1> G- (8)

5
T Tw ¥
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o [If furthermore w > (1 — B)no, the sequence (pp(dx))n>0 converges towards :
( x)
5

1 - —£

w

nq _Bq(dz) =1
0 118, — ™

w

in total variation on [0,ng] this time, in particular,

The proof of Proposition 1 (given in the next section) is technical but quite standard; intu-
itively it justifies one can pass to the limit "under the sum” in (7). In a nutshell, the key idea
to get bounds in total variation is to put some space between (1 — 3)x/w and 1 for every z in
the support of pg(dz) (which includes the support of ¢(dz) under our assumption). In general
however, we only have (1 — 8)no/w < 1, and in the equality case, we will need to localize to
[0,&], where (1 — 5)¢/w < 1, which explains that Proposition 1 takes a different form in the two
regimes. Theorem 2 then readily follows, had we proved the sequence (w,,) converge, as we now

show.

Proof of Theorem 2 conditionally on the convergence of the sequence (wy,). Assume that w, —
w. Based on Proposition 1, we only have to identify the limiting probability measures (8) or (9)

with the ones given in the statement of Theorem 2. We shall distinguish two cases:

o If % = n , the measure ﬂ Q( )x is only a sub-probability measure in general, that is:
Mg d
/ /i’q( i’) <1,
0 o
which implies that yo defined by (5) satisfies yo = 79 hence y% = % as expected.

o If % < 17%’ the measure lﬁ ql(i?r is a probability measure, which implies by (strict)

monotonicity
Mg d:L‘
/ Ba( x) -1
0 Cm
hence % = L again holds.
Yo
Also, in both cases, we have that the limit w of (wy,)n>0 satisfies % = y% Last, from Lemma

B q dm)x = 1, the convergence stated in Proposition 1 also holds

8, in case w = (1 — fB)no and [

w

in total variation on [0, 7). O

We now turn to the meat of the proof, namely the convergence of the sequence of mean
fitnesses (wp)n>0, building on Yuan [7]. We start with the easy cases, then show how to build

on them to catch the remaining and more difficult cases.
Lemma 3. It holds

. (pn")(A))n>0 is non-decreasing for every A € [0,n), and ( ({n}))n>o is non-increasing.



I ol (62) : : .
e In particular, (wn " )n>0 S a non-increasing sequence.

e In particular, (p,(f" ))n>0 converges in total variation, and if 7% denotes its limit, it holds:
1) [
17 = 7O v 0. = PRV ({0}) = 70 ({n}) — 0.

Relying on this special case, we now come back to the general case of an arbitrary initial
measure po(dx), whose support has maximal element 7. The following is the key to the novel

approach pioneered by Yuan. Let us set

n—1
(Jng) (Jng)
Wy = T wp™.
k=0

Lemma 4. Let py(dz) be a probability measure and no be the max of its support. Assume that
lim, (1= B)o)" /W™ = 0.

e [t holds
(1= B)mo)"

(3ng)
[Pn — P " v 0m0] < S

e The sequence of probability measures (pn)n>0 converges in total variation towards (%0,

In the remaining cases, we have no direct access to convergence in total variation, but we
can still compare the fitnesses. We denote by w(m) the limit of the non-increasing sequence
1
(w1(1 ) )n}O .
Proposition 2. Let po(dx) be a probability measure and ng be the maz of its support. The sequence
(wn)ns0 converges towards wn).

In case py = dy,, the proposition is proved in Lemma 3. If pg # d,,, the idea is to compare

P, with pﬁf"o). Since the sequence wﬁf"‘)) is non-increasing with limit > (1 — 3)ng, by point 2 of

Lemma 3 and Corollary 1, we get that wﬁf”o) > (1 — B)no holds for each n, hence the sequence
((1=B)no)™/ Wéé”o) is non-increasing and has a limit; we shall then distinguish according to the

following cases':

A= limy (1= B)no) /Wi = 0,
B— lim,((1 — B)no)™ /W™ > 0 and po({no}) # 0.

C— lim,((1 — 5)"70)"/qu6"°) >0 and po({no}) = 0.

Lfor the existence of the limit :




2.3 Proof of Proposition 2

We introduce two partial orders between probability measures, the second one (introduced by

Yuan in [0]) being taylor-made to fit Kingman’s recursion.
Definition 1. For two probability measures p(dz) and g(dz) on [0,1], and n € (0, 1],we write:
p < q if p([0,z]) = q([0,z]) for any z € [0,1] (standard stochastic order)
o p <, q if p(A) < q(A) for any A C [0,n) Borel.
Let us collect in a Lemma a few facts :
Lemma 5. (i) p <,— q iff for any non-negative h : [0,1] — R such that h(z) = 0 for x > n,
fol h(z)p(dx) < f01 h(x
(i1) p < q iff for any non-negative non-decreasing h : [0,1] — RT, fol h(z)p(dz) < fol h(x)q(dx).
(#i) p <1- q implies q < p.
(iv) p < q implies fol xp(dz) < fol zq(dz),
(v) p <n,— q implies fol xp(dz) > fol xq(dx).

Notice the inequality is reversed in fact (v) with respect to fact (i7). Fact (v ) perhaps

requires a justification: applying (i) with h(z) = (1 — —)]lx<nq7 we find [*(1 — Z)p(da) <
01— nlq)q(dac) hence

Mg Mg 1
/0 rqde) < /0 2p(d) + 1 - p((ng, 1]) < /0 £p(dz),

using Markov inequality at the last inequality.

Lemma 6. Let py and p, be two probability measures, and let n, be the max of the support of py;
if po <pp— Dy, then the probability measures p1 and py obtained from py and py after one step of

Kingman recursion satisfy:
P1Spy— D1 (10)

Proof of Lemma 6. We apply fact (ii) with h(z) = 21 4(x), and use the inequality on the mean,
fact (v), to get the inequality:

Jyzmide) [y

PA) =) = (1 ) (o O = e

O]

Lemma 6 has two direct corollaries. We denote by (pg"o)(dx))n}g the fitness distribution

sequence started at d,,, and by wﬁf"o) = a:pgno)(dx) its fitness.



Corollary 2. Let po(dz) be a probability measure on [0,1] and ny be the mazx of its support
(no = ngq). For each integer n > 0, it holds,

d. )
pgl o) <po— Pn, hence w7(l o) > wy,.

Corollary 3. Let ng € (0,1] be such that ng > nq. For each integer n > 0, it holds

1) 6 1 1)
P o P hence w0 > w).

The proof of both corollaries is by induction and follows from Lemma 6, noting for the

initialisation that the assumption py <;,— p1 is satisfied since po(A4) = d,,(A) = 0 for any

A C [0,m0), and noting for the induction that 7y is the max of the support of the measures p,

and pgﬂ) . The fact that (wf{’o ) is non-increasing then follows from fact (v).

Proof of Lemma 3. For the bound in total variation, observe that for any A C [0,7), pg”)(A) <
pgjr’)l (A) hence pg")(A) < p)(A), and a moment of thought then gives :

P8 = 7o = sup (p(4) =7 (A)) = pi ({n}) = = ({n}).
AcC[o,n]

O

Proof of Lemma 4. Let py have max of its support 79, we wish to compare p, started from pg

and pSf"O) We decompose as before :

pn(dz) = gn(dz) + po n(dz)
pff"o)(d:v) = q£L5”°)(dx) + péﬁo)(dac)

Applying Corollary 2, we get w,, < wﬁf"o) implies ¢, (A4) > qff”o)(A) for any A € [0,m0] (we stress

the interval [0, ] is closed here), hence :

s b 1—8)mo)"
Pu(A) = 4u(A) + pon(A) > ¢ (4) = plo) () - (LB o)
Wé no)
which implies :
(3np) _ (3np) (1~ B)mo)"
n — Dn = su n(A) —pp " (A)) < ————— =0
‘p Pr lleviom) ~ aciom) ( (4) = pn ™ )) o)
Recalling from Lemma 3 that ‘ p$f"0> — 7 (0ng) S — 0 we deduce that (p,(dz),>o converges
»(Us70
to m(%0) (dx) in total variation, which implies in particular, w, — w(©). O

Proof of Proposition 2, case A. This is a consequence of Lemma 4 since convergence in total
variation of the sequence (p,,(dz)), towards p(®) (dz) implies convergence of the fitness sequence

(wy)y towards w®). O

10



Proof of Proposition 2, case B. Observe that the atom of p,(dx) at 79 has mass :

n—1 W, (1 ,B)n
n—k - n
palmol) = >0 = 1= Ba((mo}) + P itpo o).
k=0 n n
Let v > 0 be arbitrary, and set K, := Card {0 <k<n:wy<(1- 'y)w,(f”o)} . Applying Corol-

lary 2, we have wl(f’m) > wy, for k =0,...,n— 1, which implies quéno) > W,,. Combining these

two elements, we get the lower bound :

— B)mo)

12 pullm)) > CZD0 gy > o (G0

(L= o)

po({mo});
hence
(1= B)mo)"
W7(l5no)

which ensures that the sequence (K,,), = (K,(7)), remains bounded. This is valid for every

liminf(1 — )% > po({no}) lim >0

v > 0, therefore the limit w(®m0) of (,wff"o))n satisfies w(®n) < liminf w,. Since we already knew
. . é . . .
lim sup w,, < limsup w,(L m) _ w®n), we deduce that lim w,, exists and is equal to w(®m).

O]

Definition 2. Let p(dz) be a probability measure on [0,1] and p € [0, 1], let us call "rabot” at p of
p(dx) the probability measure R,(p) given by :

Ry(p)(dz) = p(dx) Lz, + p([p; 1])0,.

Let us now single out another corollary of Lemma 6. Choose 7, < no and define a sequence
pl,(dz) by using for initial distribution the rabot at p of po(dz), and for mutation measure the

rabot at p of ¢(dx), precisely:

po(dz) = Ry (po)(dz)
zpy, (dz)

P (dw) = SRy (¢)(dz) + (1 = B) ="

n

Corollary 4. It holds that
P oy s forn 30,

Proof. We prove the lemma by induction. It holds for n = 0, since po <,y R,y (po) (indeed,
both measures coincide on [0,7()). Then assume that p,, <l pl,, observe that p/, is supported
on [0,75], apply Lemma 6 to get p,+1 <y 61(pl,), where 61(p),) is the probability measure
obtained by one step of Kingman’s recursion using p), as starting measure. But 61 (p/,) coincides

with p;, 1 on [0,75) (in fact, we have Ry, (61(p},)) = pj,41), hence ppi1 <y pl iy 0

Proof of Proposition 2, case C. The assumption lim,((1 — 5)no)"/ W,Eé"o) > 0 implies w(®n) =
(1 — B)no. Using Corollaries 2 and 4 now, we have:

5
w), < wy, < widm),

11



Since R, (po) has an atom at 7, the sequence (p;,) now falls in one of the two cases A and B
of Prop081t10n 2 already discussed, hence the sequence (w},), converges. Furthermore, its limit

w' = w'(ng) satisfies (1 — f)n}, < w’ by Lemma 1. Therefore:

(1 - B)n} < liminf w, < limsupw, < (1 — B)no,

(6

and 7, being arbitrary we conclude that limw, = (1 — 8)ny = w m) . as expected. O

2.4 Proof of Proposition 1

Proof of Proposition 1, first item, local convergence in total variation on [0,19), and w = (1 — )no.

Let £ < ng. We want to compare:

S BF =p" .
Z w, ” Bq(dz) + ml‘ po(dz)  =: Z Gn,k(dz) + pon(d)
k=0 el k=0

=3 ( ) «* Bq(dz) =3 gooilda)
k=0 k>0

in the sense we wish to establish the convergence in total variation of p,(dx) towards u(dz) on

[0,&]. We point out that 7(dx) is a sub-probability measure by Fatou lemma. First,

(1—B)F 1—B\F| ¢ . wk
n dx)— o d = —( > d = |7 -1 0o 07 )
()=t @rvgoe = |0 (L)) [ = | 1] gl 6)
hence, for any ko:
ko—1 ko—1 ’I,Uk
nk(dx) — qoo (dx < .k (|0, —1
D lns(d) ~ ts(@)lrving < 2 al D)oo |
wk
< max —1’ (11)
0<k<ko | Wp—1 - .- Wyp—k

since Y p 5 qook([0,€]) < 1, and ko being fixed, the last term goes to 0 as n — oo, using our
assumption that w, — w.

Second,

3 anal0:6) /0 > ( )kx’“ﬂqwx)
ko
<(‘w> S g ([0,€))

using that m(dz) is a subprobability measure at the last line; also we point out that % is

such that (l;ﬁ)g < (175)770 < 1 by assumption.

12



Third, choosing § > 0 small enough such that ((11:5))5 < 1, and then ng large enough such
that wy, > (1 — d)w for n = ng, we find, for n such that n > kg + no:

-BF
gkjoan 0.€) /0 Y )
(1= Be\* "~
ok ([0,€])
<<1— >w> ;) ko
a
(1

1)
( f)s) "

Jw
Fourth, the term implying pg is dealt with similarly, and we find, for n > ko + ng:

2" po(dx)
Wp—-1..-Wo

) AN A ()
1-— (5)%[)) /0 Wp—ky—1 - - .wox po(dl’)

ko
0] e (0.6)

(14)

The sum of the four terms in (11),(12), (13) and (14) now give an upper bound for ||p, —7||7v;[0.¢-
We choose the parameters in this order : we choose kg large enough such that the expression in
(13),(14) (hence (12)) is small and then n large enough, such that n > ng+ ko and (11) is small.

0

Proof of Proposition 1, first item, weak convergence on [0,19], case w = (1 — B)ng. This is abstract
non-sense : the set of probability measures on [0, 79] is compact for the topology of weak conver-
gence; now take any subsequence of (p,(dz)),>0; it admits a converging subsubsequence, which
should agree with the limit in total variation on [0, 70), that is with B q$ - ), and be supported on
[0,70]: the only possibility left is then given by (8) on [0,70]. The set of accumulation points
of (pn(dz))n>0 therefore consists in the singleton given by (8): in other words, the sequence

(Pn)n>0 has weak limit given by (8) on [0, 7] O

Proof of Proposition 1, second item, convergence in total variation on [0,10], and w > (1 — B)no.
The proof is similar, even easier, and consists in replacing £ by the larger quantity ng in those

bounds involving &; precisely, (11) is unaffected, then choosing ¢ such that ((11 g))no < 1 (and ng
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as before), we get the following substitutes for (12) (13) (14):

1— ko
D Gooi(d) < ((f)??o)
k>ko TV,[0,70]
n—1 k
1—B)no\"™
Z qu(dx) < <((1_5§u?)
k=ko TV,[0,m0]

1= B)mo\ ™
200 (d2)]| 7y 0,1 < <((1—5;Z?> 7

3 Miscellaneous

We first look at a monotonicity property satisfied by (pgo)(da:))n;o; if the size-bias of Jp(dx) is
not formally defined, it is reasonable to define it to be do(dz) which leads to define pl(so) = fBq+
(1 — B)po, while the rest of the terms of the sequence (pgo)(dx))nw are defined unambiguously.

With this definition, one can then state the:

Proposition 3. The sequence (pgo)(dx))nw is non-decreasing for the stochastic order, in partic-

ular the sequence (wﬁfo)) is non-decreasing.

This contrasts with the facts that (p,(1§1)(dx))n>o is non-increasing for the stochastic order,
(61)

and the sequence (wy, ') is non-increasing. A key tool will be the following (standard) lemma

on preservation of stochastic order.

Lemma 7. Let 11 X 73 < ... < 1 be an ordered sequence of probability measures on the set of
real numbers (for the stochastic order <), and o, ..., o4 and o, ..., a) be two finite sequences

of non-negative real numbers summing to 1, such that

J J
Zai<2a;, for each 0 < j < k—1. (15)
i=1 i=1

Then Ele a;r; and Zle alri are two probability measures satisfying: Zle ;T = Zle alri.
Intuitively, the first ponderation by the sequence («;); gives more weight to the largest
elements among (r;);, hence results in a stochastically larger probability measure.

Proof of Lemma 7. A moment of thought reveals that the result follows from the following claim:
"Let aq,...,04 and of,...,a) be two finite sequences of non-negative real numbers such
that > 7, oy < D7, of for each j € {1,...,k}, and let B1 > ... > By = 0 be a finite sequence

of of non-negative real numbers. It then holds:
k k
Z a;fBi < Z ;3.7
i=1 i=1
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The claim is proven by induction on k. Indeed to prove Zle a; B < Zle o} B;, it is enough

to have Zf;ll a;(Bi — Br) < Zl 71 af(Bi — Br), but this is a consequence of the claim at "step”
k—1.
O

Proof of Proposition 3. We prove that (wn)ﬁf‘))

is non-decreasing. First we observe that wy =
0< qu(d:r) = wy, which initialises the induction. Next we assume that wg < w; < ... < w,
and prove that this implies wy < wy < ... < wpy; (strong induction). For this we use the
expanded form (7) of p, (the last term of which vanishes because py = dy) to define a set of

non-negative real numbers (a,(gn))ogkgn,l as follows :

n—1 n—1
pu(dr) = O_ﬂlkwkﬁq(d:v) = Zalg”) M

= Wn 1. Wk = [ aFq(dz)
On the one hand, wy < w1 < ... < w, now implies: a,(cnﬂ) < a,gn), k=0,...,n—1, which in
particular glves Zk 0 ag”rl) < fg 0 041,(C ), j=0,...,n—1. On the other hand, we claim that,

for each k >
dhq(dz) | #*lg(da)
Jeq(da) ~ Ta*q(dn)

Indeed for any pair of functions f, g monotone, integrable, whose product fg is again in-

(16)

tegrable, with respect to a probability measure p on the Borel sets of R, we have the fol-
lowing standard correlation inequality : [ fgdu > [ fdu [ gdp %, apply that formula with
p(dz) = xkq(dz)/ [ x%q(dz) and f(z) = 1,5y and g(x) = x to get

1 1 1 1
/xk+1q(dx)/ :L‘kq(dw)>/ wkq(dw)/ mk+1q(dx),
Y 0 y 0
which gives (16).

We are now in position to apply Lemma 7 to get p, < pn+1 which in turn implies the desired

inequality wy, < wp41. O

Let us point out the following monotonicity property in the decomposition of pg”)({n})

starting from ¢,;:

n—1 1— k 1— n
" ({n}) = ( w((sn)%”k) Ba({n}) + . é(n) 51)11(%)77”’
k=0 “n—-1"""%Yn—k n—1-°""0

the LHS is non-increasing in n, while on the RHS, the first term is non-decreasing in n and

(6

the second term is non-increasing in n : this is a consequence of the fact that (wy,"” ))n is non-

increasing with limit w(©®n) > (1 — 8)n. One may then distinguish the two cases :

e ¢({n}) = 0 in which case Pl ({77}) (577)7%77" is non-increasing in n (the limit may
Wy —1-

be null or not).

*this is an application of Fubini considering [,. (f(z) — f(y))(9(z) — g(y))u(dzx)u(dy) >0
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e ¢({n}) > 0, in which case (wﬁ{s"))n converges towards w(®) > (1 — )5, hence the second

term on the RHS vanishes, and pg”)({n}) — % > 0.

Let us recall the definition of g, from Theorem 2, m9 = 1 — 870 ﬁ‘l_(@, and also recall that
Yo
d
7r0>01ff/iq_(f) <1.

70

We have seen that (p,(dz)),>o converges in total variation on [0, 7] if 7 is null, we now give

the converse statement :

Proposition 4. The sequence (py(dx))n=0 converges in total variation on [0, 1] towards the prob-

ability measure w(dx) given in Theorem 2 iff

mo =0 or po({mo}) # 0

The main ingredient of the proof will be the following result focusing on initial distributions
po(dx) such that po({mo}) # 0.

Proposition 5. Let po(dx) be such that po({no}) # 0 and m # 0.
e It holds

(L= B)mo)"
Wi

po({mo}) = mo:=1— /no Ba(dx)

o -3

for yo as defined in Theorem 2.
o There is convergence of (pn(dx))n=0 towards p(dz) in total variation on [0, np].

Proof of Proposition 5, first item. We start again from the decomposition:
n—1
_ (1 — 5 i k 1-— B)n n
pn(d.l') - <§ 577} - 5) T 5Q(d$) + (6 ' (5n)$ pg(dx)

Using the characterization of weak convergence (ensured by Theorem 2) given in Portmanteau

theorem, we get for the weak limit p(dz) of p,(dz) the following lower bound at 7g:

lim sup 7«1 — B)mo)"”

i ., Polimo}) < lmsuppn({io}) < 7({mo})

and the following upper bound:

m({no}) < 7((no — &,m0]) < liminf py,((no — €, n0])

Now we claim there is a finite constant C' independent of € and n, to be defined later, such that:

lim inf py, ((no — €, m0]) < C " ﬁfq_(da;) + lim inf ((1_WWZPO({%D
No—¢ 10 n
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no 1
no—e 1—

Bq(dr) may be rendered as small as we wish,

choosing € small enough, we deduce that the limit of the sequence (ng({no})rgg exists

If this holds true, since the quantity

z
Yo

and equals 7({no}) =m =1— [} 1_'Bi ¢(dx), which finishes the proof.
Yo

— (A=p)m)"
Wn

We now check our claim. For short, let us set v, , and similarly for UT(;S"O). We

start from the following bound on v,, deduced from Corollary 2 :

,U((S'I]()) < ]‘ (6770) (17)

n < vy < Un

po({mo})

then we rewrite the canonical decomposition (7) in term of the sequence (vy,):

pn(dz) = (S et (;;)k> By(dz) + v, (;)npo(dw)

U
k=0 "

then bound v’jj—;k by C' in virtue of (17) to deduce that

liminf p, ((no —&,m0]) < C Bq(dﬁ) + lim inf (vn/ <m> po(da:)> .
[no—&,mo]

[n0—¢,m0] B 70 7o

Now the sequence of functions (n%)” is dominated by 1, and converges pointwise to 1, hence
Lebesgue dominated convergence theorem applies to give that the limit of f[no—a 7m]( n%)”pg(dac)
exists and is po({no}), hence the last term on the RHS is the one given in our claim. O

We now state and prove Lemma 8, that is the last building block necessary to conclude our

proofs.
Lemma 8. Let (fin)n>0, 1t be probability measures on [0,7], such that :

o for each & < n, (un) converges in total variation on [0,&]| towards p .

o un({n}) = pn({n})-

Then (pn)n>0 converges in total variation on [0,n] towards p.

Proof of Lemma 8. Let € > 0. Since p is a probability measure, there exists £ = £, < n such
that: u([0,&) U{n}) > 1 —e. Also, we deduce from the assumptions that there exists ng such
that for n > no, un([0,€) U{n}) > 1 — 2¢. Then,

Asg(?m |[pn (A)—p(A)] < AS&&] |1 (AN[0, §1) —p(AN[0, ED) |+ ({1 }) — ({0 )| +10 ((§, 1)) +1((€, M)

By the first assumption, there exists n; such that for n > np, the first term on the RHS is < ¢,
and ng such that for n > no, the second term on the RHS is < € Taking n > ng V ny V ng, the
RHS is < 4, which gives our claim. O

Proof of Proposition 5, second item. Combine the first item of Proposition 5, Theorem 2 and

Lemma 8. O
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Proof of Proposition /. The convergence under the assumption my = 0 is Theorem 2, and under

the assumption po({n0}) # 0 is Proposition 5. To get the converse, let us consider cases where
7o # 0 and po({no}) = 0. Then we claim that ¢({no}) = 0. Otherwise indeed, we would need

Tq

= no, but ¢({ng}) # 0 implies [ Bq(dz)/(1 — x/ng) = oo, hence yo > no, which entails

7o = 0, a contradiction. Now, from po({n0}) = ¢({no}) = 0 and (7), we have that p,({no}) =0,

whereas m({no}) = mo # 0 : hence there is no convergence in total variation on [0, o] O
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