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I. PRELIMINARY: VARIATIONS OF HODGE STRUCTURES,
GRIFFITHS HEIGHTS, AND DELIGNE EXTENSIONS
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Variations of Hodge structures
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Variations of Hodge structures
If n is a non-negative integer, an (integral) variation of Hodge
structures of weight n on an analytic manifold S is the data V = (V7, F*),
where V7 is an integral local system, namely a locally trivial sheaf in free
Z-modules over S, and

F v=F'o. . >F">F" =0

is a filtration of the vector bundle V := V7 ®7 Og by holomorphic
sub-bundles, satisfying the following properties:
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Variations of Hodge structures
If n is a non-negative integer, an (integral) variation of Hodge
structures of weight n on an analytic manifold S is the data V = (V7, F*),
where V7 is an integral local system, namely a locally trivial sheaf in free
Z-modules over S, and

F Vv=F'o>. .OoF'>F" =0
is a filtration of the vector bundle V := V7 ®7 Og by holomorphic

sub-bundles, satisfying the following properties:
1. For every pair (p, q) of non-negative integers such that p + ¢ = n:

FPouFh =y,
where u is the complex conjugation on V induced by the local
system Vz;
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Variations of Hodge structures
If n is a non-negative integer, an (integral) variation of Hodge
structures of weight n on an analytic manifold S is the data V = (V7, F*),
where V7 is an integral local system, namely a locally trivial sheaf in free
Z-modules over S, and

F v=F'o. . >F">F" =0

is a filtration of the vector bundle V := V7 ®7 Og by holomorphic
sub-bundles, satisfying the following properties:
1. For every pair (p, q) of non-negative integers such that p + ¢ = n:

FPouFh =y,
where u is the complex conjugation on V induced by the local
system Vz;

2. The connection V on V whose local system of flat sections is
Ve := Vz ®z C satisfies that for every p:

V(FP) Cc FP ' ®o4 Q5.
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Variations of Hodge structures
If n is a non-negative integer, an (integral) variation of Hodge
structures of weight n on an analytic manifold S is the data V = (V7, F*),
where V7 is an integral local system, namely a locally trivial sheaf in free
Z-modules over S, and

F v=F'o. . >F">F" =0

is a filtration of the vector bundle V := V7 ®7 Og by holomorphic
sub-bundles, satisfying the following properties:
1. For every pair (p, q) of non-negative integers such that p + ¢ = n:

FPouFh =y,

where u is the complex conjugation on V induced by the local
system Vz;

2. The connection V on V whose local system of flat sections is
Ve := Vz ®z C satisfies that for every p:

V(FP) Cc FP ' ®o4 Q5.
In particular, for every pair (p, q) of non-negative integers such that
P+ g = n, we can define an R-analytic vector sub-bundle of V by
HP 9= FP Nu(F?), and we get the (R-analytic) Hodge decomposition of
the vector bundle V:
v= P n.

p,q>0,
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Griffiths line bundle and Griffiths height
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Griffiths line bundle and Griffiths height

To such a variation of Hodge structures, or more generally to a vector
bundle V endowed with a filtration by vector sub-bundles F*=°, can be
attached its Griffiths line bundle:

GKs(V, F*) := Q) det F* ~ (X)(det F"/F )=,
r=0

i=1
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Griffiths line bundle and Griffiths height

To such a variation of Hodge structures, or more generally to a vector
bundle V endowed with a filtration by vector sub-bundles F*=°, can be
attached its Griffiths line bundle:

GKs(V, F*) := Q) det F* ~ (X)(det F"/F )=,
r=0

i=1

If S is a connected smooth projective complex curve C, one can define
the Griffiths height htgx (V, F*) as the degree of this line bundle over C.

THOMAS MORDANT GRIFFITHS HEIGHTS OF PENC



Griffiths line bundle and Griffiths height

To such a variation of Hodge structures, or more generally to a vector
bundle V endowed with a filtration by vector sub-bundles F*=°, can be
attached its Griffiths line bundle:

GKs(V, F*) := Q) det F* ~ (X)(det F"/F )=,
r=0

i=1

If S is a connected smooth projective complex curve C, one can define
the Griffiths height htgx (V, F*) as the degree of this line bundle over C.

Let V be a variation of Hodge structures of weight n. A polarization is
a bilinear form @) on Vz which is symmetric (resp. antisymmetric) if n is
even (resp. odd), such that, denoting also by @ the induced form on V, for
every p, the orthogonal of F? is " P*! and for every (p, q) with p+q =n,
and for every non-zero v in H?9, Q(i"~%v,u(v)) is a positive real number.
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Griffiths line bundle and Griffiths height

To such a variation of Hodge structures, or more generally to a vector
bundle V endowed with a filtration by vector sub-bundles F*=°, can be
attached its Griffiths line bundle:

GKs(V, F*) := Q) det F* ~ (X)(det F"/F )=,
r=0

i=1

If S is a connected smooth projective complex curve C, one can define
the Griffiths height htgx (V, F*) as the degree of this line bundle over C.

Let V be a variation of Hodge structures of weight n. A polarization is
a bilinear form @) on Vz which is symmetric (resp. antisymmetric) if n is
even (resp. odd), such that, denoting also by @ the induced form on V, for
every p, the orthogonal of F? is " P*! and for every (p, q) with p+q =n,
and for every non-zero v in H?9, Q(i"~%v,u(v)) is a positive real number.

THEOREM (Griffiths, 1970): The Griffiths height of a polarized variation of
Hodge structures is non-negative, and vanishes if and only if for every p,
the sub-bundle F? of V is flat relatively to the connection V.
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Logarithmic connections and residues
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Logarithmic connections and residues
Let C be a complex smooth projective curve, A a finite subset of C,
and C' its complement in C.
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Logarithmic connections and residues
Let C be a complex smooth projective curve, A a finite subset of C,
and C its complement in C. We define a line bundle on C by:

Q& (log A) == Q& @0 Oc(A).
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Logarithmic connections and residues
Let C be a complex smooth projective curve, A a finite subset of C,
and C its complement in C. We define a line bundle on C by:

Q& (log A) == Q& @0 Oc(A).

For every x in A, there is a canonical isomorphism of vector spaces:

res, : Q¢ (log A), — C.
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Logarithmic connections and residues
Let C be a complex smooth projective curve, A a finite subset of C,
and C its complement in C. We define a line bundle on C by:

Q& (log A) == Q& @0 Oc(A).

For every x in A, there is a canonical isomorphism of vector spaces:
resy : Qlc(log A), — C.

If z is a local coordinate at x, it maps % to 1.
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Logarithmic connections and residues

Let C be a complex smooth projective curve, A a finite subset of C,
and C its complement in C. We define a line bundle on C by:

Q& (log A) == Q& @0 Oc(A).

For every x in A, there is a canonical isomorphism of vector spaces:
resy : Qlc(log A), — C.

If z is a local coordinate at x, it maps % to 1.
If V is a vector bundle on C, a logarithmic connection on V is a
C-linear morphism of sheaves:

V:V— Vo, Q(logA),

which satisfies Leibniz’ rule.
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Logarithmic connections and residues

Let C be a complex smooth projective curve, A a finite subset of C,
and C its complement in C. We define a line bundle on C by:

Q& (log A) == Q& @0 Oc(A).

For every x in A, there is a canonical isomorphism of vector spaces:
resy : Qlc(log A), — C.

If z is a local coordinate at x, it maps % to 1.
If V is a vector bundle on C, a logarithmic connection on V is a
C-linear morphism of sheaves:

V:V— Vo, Q(logA),

which satisfies Leibniz’ rule. For every x in A, the residue of V at x is the
endomorphism of V, defined by:

Res, (V) := (Idy, ®res;) o Va : Vo — Vi @c Q6 (log A)y — V.
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Logarithmic connections and residues
Let C be a complex smooth projective curve, A a finite subset of C,
and C its complement in C. We define a line bundle on C by:

Q& (log A) == Q& @0 Oc(A).

For every x in A, there is a canonical isomorphism of vector spaces:
resy : Qlc(log A), — C.

If z is a local coordinate at x, it maps % to 1.
If V is a vector bundle on C, a logarithmic connection on V is a
C-linear morphism of sheaves:

V:V— Vo, Q(logA),

which satisfies Leibniz’ rule. For every x in A, the residue of V at x is the
endomorphism of V, defined by:

Res, (V) := (Idy, ®res;) o Va : Vo — Vi @c Q6 (log A)y — V.

Fact: If T, is the local monodromy of the vector bundle with connection
v, V)‘é on a neigborhood of x where V is trivialized, the following equality
holds, up to conjugation:

T, = ¢~ 2imResa (V)
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Deligne extensions of a vector bundle with connection
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Deligne extensions of a vector bundle with connection

Let (V, V) be a vector bundle with connection on C, and for every x in
A, T, the local monodromy of (V, V) at z and (as,;); its eigenvalues.
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Deligne extensions of a vector bundle with connection

Let (V, V) be a vector bundle with connection on C, and for every x in
A, T, the local monodromy of (V,V) at z and (aa,;); its eigenvalues.

THEOREM (Deligne): For every choice of logarithms (log(cus,;))z,;, there is
a unique (up to isomorphism) vector bundle with logarithmic connection
(V, V) on C, whose restriction to C is isomorphic to (V, V), such that for
every x in A, the eigenvalues of the residue Res, (V) are (— 5 log(cw ;));-
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Deligne extensions of a vector bundle with connection

Let (V, V) be a vector bundle with connection on C, and for every x in
A, T, the local monodromy of (V,V) at z and (aa,;); its eigenvalues.

THEOREM (Deligne): For every choice of logarithms (log(cus,;))z,;, there is
a unique (up to isomorphism) vector bundle with logarithmic connection
(V, V) on C, whose restriction to C is isomorphic to (V, V), such that for
every x in A, the eigenvalues of the residue Res, (V) are (— 5 log(cw ;));-

Example: if for every x, T is unipotent, namely T, — Id is nilpotent,
then it is natural to choose log(aw,;) := 0 for every z, j, so that the residues
are nilpotent. This defines the canonical Deligne extension.
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Deligne extensions of a vector bundle with connection

Let (V, V) be a vector bundle with connection on C, and for every x in
A, T, the local monodromy of (V,V) at z and (aa,;); its eigenvalues.

THEOREM (Deligne): For every choice of logarithms (log(cus,;))z,;, there is
a unique (up to isomorphism) vector bundle with logarithmic connection
(V, V) on C, whose restriction to C is isomorphic to (V, V), such that for
every x in A, the eigenvalues of the residue Res, (V) are (— 5 log(cw ;));-

Example: if for every x, T is unipotent, namely T, — Id is nilpotent,
then it is natural to choose log(aw,;) := 0 for every z, j, so that the residues
are nilpotent. This defines the canonical Deligne extension.

In general, there are two natural choices: taking the only logarithms
whose imaginary parts are in [0, 27[ (resp. | — 27, 0]).
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Deligne extensions of a vector bundle with connection

Let (V, V) be a vector bundle with connection on C, and for every x in
A, T, the local monodromy of (V,V) at z and (aa,;); its eigenvalues.

THEOREM (Deligne): For every choice of logarithms (log(cus,;))z,;, there is
a unique (up to isomorphism) vector bundle with logarithmic connection
(V, V) on C, whose restriction to C is isomorphic to (V, V), such that for
every x in A, the eigenvalues of the residue Res, (V) are (— 5 log(cw ;));-

Example: if for every x, T is unipotent, namely T, — Id is nilpotent,
then it is natural to choose log(aw,;) := 0 for every z, j, so that the residues
are nilpotent. This defines the canonical Deligne extension.

In general, there are two natural choices: taking the only logarithms
whose imaginary parts are in [0, 27| (resp. | — 2m,0]). The real parts of the
eigenvalues of the residues are then in | — 1, 0] (resp. [0, 1]).
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Deligne extensions of a vector bundle with connection

Let (V, V) be a vector bundle with connection on C, and for every x in
A, T, the local monodromy of (V,V) at z and (aa,;); its eigenvalues.

THEOREM (Deligne): For every choice of logarithms (log(cus,;))z,;, there is
a unique (up to isomorphism) vector bundle with logarithmic connection
(V, V) on C, whose restriction to C is isomorphic to (V, V), such that for
every x in A, the eigenvalues of the residue Res, (V) are (— 5 log(cw ;));-

Example: if for every x, T is unipotent, namely T, — Id is nilpotent,
then it is natural to choose log(aw,;) := 0 for every z, j, so that the residues
are nilpotent. This defines the canonical Deligne extension.

In general, there are two natural choices: taking the only logarithms
whose imaginary parts are in [0, 27| (resp. | — 2m,0]). The real parts of the
eigenvalues of the residues are then in ] — 1, 0] (resp. [0, 1[). This defines the
upper (resp. lower) Deligne extension (V+, V) (resp. (V_,V_)).
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Deligne extensions of a vector bundle with connection

Let (V, V) be a vector bundle with connection on C, and for every x in
A, T, the local monodromy of (V,V) at z and (aa,;); its eigenvalues.

THEOREM (Deligne): For every choice of logarithms (log(cus,;))z,;, there is
a unique (up to isomorphism) vector bundle with logarithmic connection
(V, V) on C, whose restriction to C is isomorphic to (V, V), such that for
every x in A, the eigenvalues of the residue Res, (V) are (— 5 log(cw ;));-

Example: if for every x, T is unipotent, namely T, — Id is nilpotent,
then it is natural to choose log(aw,;) := 0 for every z, j, so that the residues
are nilpotent. This defines the canonical Deligne extension.

In general, there are two natural choices: taking the only logarithms
whose imaginary parts are in [0, 27| (resp. | — 2m,0]). The real parts of the
eigenvalues of the residues are then in ] — 1, 0] (resp. [0, 1[). This defines the
upper (resp. lower) Deligne extension (V+, V) (resp. (V_,V_)).

Observe that if for every x, the monodromy T, is quasi-unipotent with
order a multiple of r > 1, namely if T, — Id is nilpotent, then the
eigenvalues of the residues of the upper (resp. lower) Deligne extension can
be written as —* (resp. %) where k is an integer such that 0 <k < r.
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Peters’ construction; the heights htgx +(V), htgx, — (V)

MORDANT GRIFFITHS HEIGH 0 OF HYPER;



Peters’ construction; the heights htgx +(V), htgx, — (V)

Let V = (Vz, F*) be a variation of Hodge structures on C.
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Peters’ construction; the heights htgx +(V), htgx, — (V)

Let V = (Vz, F*) be a variation of Hodge structures on C.

Facr (Griffiths, Schmid): The sub-bundles F* of V on C can be extended
into sub-bundles FPy of the Deligne extension Vi.
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Peters’ construction; the heights htgx +(V), htgx, — (V)

Let V = (Vz, F*) be a variation of Hodge structures on C.

Facr (Griffiths, Schmid): The sub-bundles F* of V on C can be extended
into sub-bundles FPy of the Deligne extension Vi.

Therefore we can extend the filtration F° of V into a filtration f’i of
the Deligne extension Vi, and define the upper and lower Griffiths-Kato
heights:

htar,+(V) := htex (Vi?;)
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Peters’ construction; the heights htgx +(V), htgx, — (V)

Let V = (Vz, F*) be a variation of Hodge structures on C.

Facr (Griffiths, Schmid): The sub-bundles F* of V on C can be extended
into sub-bundles FPy of the Deligne extension Vi.

Therefore we can extend the filtration F° of V into a filtration f’i of
the Deligne extension Vi, and define the upper and lower Griffiths-Kato
heights:

htar,+(V) := htex (Vi?;)

THEOREM (Peters, 1984): If the variation of Hodge structures V is polarized,
then the height htax,+(V) is non-negative, and it vanishes if and only if the
FP are flat for the connection V and if the local monodromy is unipotent.
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The height htgr stan(V)
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The height htgr stan(V)

Fact (Borel, Schmid): For every x in A, the local monodromy Ty at x of
the vector bundle with connection (V,V) defined by the variation of Hodge
structures V is quasi-unipotent.
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The height htgr stan(V)
Fact (Borel, Schmid): For every x in A, the local monodromy Ty at x of
the vector bundle with connection (V,V) defined by the variation of Hodge
structures V is quasi-unipotent.
For every x in A, let 7, > 1 be an integer such that T, — Id is
nilpotent.
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The height htgr stan(V)

Fact (Borel, Schmid): For every x in A, the local monodromy Ty at x of
the vector bundle with connection (V,V) defined by the variation of Hodge
structures V is quasi-unipotent.

For every x in A, let 7, > 1 be an integer such that T, — Id is
nilpotent.

Let C’ be a connected smooth projective complex curve and
o : C" — C a finite morphism such that for every z’ in C’ with image z in
A, the morphism o has an expression in local coordinates of the form:

s .1
)

ottt

where s,/ > 1 is a multiple of r,.
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The height htgr stan(V)

Fact (Borel, Schmid): For every x in A, the local monodromy Ty at x of
the vector bundle with connection (V,V) defined by the variation of Hodge
structures V is quasi-unipotent.

For every x in A, let 7, > 1 be an integer such that T, — Id is
nilpotent.

Let C’ be a connected smooth projective complex curve and
o : C" — C a finite morphism such that for every z’ in C’ with image z in
A, the morphism o has an expression in local coordinates of the form:

s .1
)

ottt

where s,/ > 1 is a multiple of r,. In particular, the local monodromy of
(6*V,5*V) at every point of ¢~ (A) is unipotent.
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The height htgr stan(V)
Fact (Borel, Schmid): For every x in A, the local monodromy Ty at x of
the vector bundle with connection (V,V) defined by the variation of Hodge
structures V is quasi-unipotent.
For every x in A, let 7, > 1 be an integer such that T, — Id is
nilpotent.
Let C’ be a connected smooth projective complex curve and
o : C" — C a finite morphism such that for every z’ in C’ with image z in
A, the morphism o has an expression in local coordinates of the form:
ot et
where s,/ > 1 is a multiple of r,. In particular, the local monodromy of
(0*V,0*V) at every point of ¢~ !(A) is unipotent. We define the stable
Griffiths-Kato height of V:

htGK,stab(V) : htGKd,(O'*V).

B deg(o)

It does not depend on the choice of C" and o.
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The height htgr stan(V)
Fact (Borel, Schmid): For every x in A, the local monodromy Ty at x of
the vector bundle with connection (V,V) defined by the variation of Hodge
structures V is quasi-unipotent.
For every x in A, let 7, > 1 be an integer such that T, — Id is
nilpotent.
Let C’ be a connected smooth projective complex curve and
o : C" — C a finite morphism such that for every z’ in C’ with image z in
A, the morphism o has an expression in local coordinates of the form:
ot et
where s,/ > 1 is a multiple of r,. In particular, the local monodromy of
(0*V,0*V) at every point of ¢~ !(A) is unipotent. We define the stable
Griffiths-Kato height of V:

htGK,stab(V) : htGKd,(O'*V).

" deg(o)

It does not depend on the choice of C" and o.
The three heights satisfy the following inequalities:

htar,— (V) < htak stan (V) < htar 4+ (V),

and equalities hold if the local monodromy of (V, V) at every point of A is
unipotent.
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Example: ordinary double points and Picard-Lefschetz theorem I
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Example: ordinary double points and Picard-Lefschetz theorem I

Let H be a smooth N-dimensional analytic manifold, 3 a finite subset
of H, and f: H — C' a morphism which is smooth outside 3.
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Example: ordinary double points and Picard-Lefschetz theorem I

Let H be a smooth N-dimensional analytic manifold, 3 a finite subset
of H, and f: H — C' a morphism which is smooth outside 3.

We further assume that the singularities ¥ of the singular fibers of f
are ordinary double points, namely that for every P in 3, the Hessian of f
at P is an invertible matrix.
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Example: ordinary double points and Picard-Lefschetz theorem I

Let H be a smooth N-dimensional analytic manifold, 3 a finite subset
of H, and f: H — C' a morphism which is smooth outside 3.

We further assume that the singularities ¥ of the singular fibers of f
are ordinary double points, namely that for every P in 3, the Hessian of f
at P is an invertible matrix.

One also says that f admits a non-degenerate critical point at every point
P in 3.
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Example: ordinary double points and Picard-Lefschetz theorem I

Let H be a smooth N-dimensional analytic manifold, 3 a finite subset
of H, and f: H — C' a morphism which is smooth outside 3.

We further assume that the singularities ¥ of the singular fibers of f
are ordinary double points, namely that for every P in 3, the Hessian of f
at P is an invertible matrix.

One also says that f admits a non-degenerate critical point at every point
P in 3.

Let A be the image of ¥ by f, and C be its complement subset.
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Example: ordinary double points and Picard-Lefschetz theorem I

Let H be a smooth N-dimensional analytic manifold, 3 a finite subset
of H, and f: H — C' a morphism which is smooth outside 3.

We further assume that the singularities ¥ of the singular fibers of f
are ordinary double points, namely that for every P in 3, the Hessian of f
at P is an invertible matrix.

One also says that f admits a non-degenerate critical point at every point
P in 3.

Let A be the image of ¥ by f, and C be its complement subset.

THEOREM (Picard-Lefschetz): For every x in A, if N is even, the local
monodromy at x of the variation of Hodge structures HNfl(Hé/Co’) is
unipotent; and if N is odd, its only eigenvalues are 1 and —1 and the
multiplicity of —1 is the cardinal |>,|.
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Example: ordinary double points and Picard-Lefschetz theorem II
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Example: ordinary double points and Picard-Lefschetz theorem II

THEOREM (Eriksson, Freixas, Mourougane): If N is odd, the eigenvalue —1
“only appears in ]-"<N71)/2/]-'(‘N7U/2+1”.
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Example: ordinary double points and Picard-Lefschetz theorem II

THEOREM (Eriksson, Freixas, Mourougane): If N is odd, the eigenvalue —1
“only appears in ]-'<N71)/2/]-'(N71)/2+1”.

Consequently, if V is even:
htor,+ (HY "1 (Hg/C)) = hter,stas(HY " (He /C)) = htax,— (HY " (Hs/C))

and if NV is odd:

- . - . N—-1
htar,+ (HY ' (Hg/C)) = htew,— (HY l(hr(uj/C))+T\2

5

v . - . N-1
htex,stan(HY " (He/C)) = htax,— (HY 1 (Hs/C)) + Tm\‘
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Surprisingly, despite these definitions being four decades old, besides
the positivity results of Griffiths and Peters, basically nothing was known
concerning the Griffiths heights of variations of Hodge structures in weight
> 2.
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Surprisingly, despite these definitions being four decades old, besides
the positivity results of Griffiths and Peters, basically nothing was known
concerning the Griffiths heights of variations of Hodge structures in weight
> 2.

A strong incentive to get a better understanding of these numbers has
been the introduction by Kato of Kato’s heights of motives, which are their
arithmetic counterparts, when functions fields of complex curves are
replaced by number fields.
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Surprisingly, despite these definitions being four decades old, besides
the positivity results of Griffiths and Peters, basically nothing was known
concerning the Griffiths heights of variations of Hodge structures in weight
> 2.

A strong incentive to get a better understanding of these numbers has
been the introduction by Kato of Kato’s heights of motives, which are their
arithmetic counterparts, when functions fields of complex curves are
replaced by number fields.

The goal of my PhD thesis was to compute the Griffiths heights in
various significant geometric situations, concerning the middle-dimensional
cohomology of pencils of projective varieties:
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Explicit computations of Griffiths heights in significant geometric
situations 7

Surprisingly, despite these definitions being four decades old, besides
the positivity results of Griffiths and Peters, basically nothing was known
concerning the Griffiths heights of variations of Hodge structures in weight
> 2.

A strong incentive to get a better understanding of these numbers has
been the introduction by Kato of Kato’s heights of motives, which are their
arithmetic counterparts, when functions fields of complex curves are
replaced by number fields.

The goal of my PhD thesis was to compute the Griffiths heights in
various significant geometric situations, concerning the middle-dimensional
cohomology of pencils of projective varieties:

» pencils of projective hypersurfaces;
» Lefschetz pencils;

» pencils of projective surfaces with by = 0.
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Explicit computations of Griffiths heights in significant geometric
situations 7

Surprisingly, despite these definitions being four decades old, besides
the positivity results of Griffiths and Peters, basically nothing was known
concerning the Griffiths heights of variations of Hodge structures in weight
> 2.

A strong incentive to get a better understanding of these numbers has
been the introduction by Kato of Kato’s heights of motives, which are their
arithmetic counterparts, when functions fields of complex curves are
replaced by number fields.

The goal of my PhD thesis was to compute the Griffiths heights in
various significant geometric situations, concerning the middle-dimensional
cohomology of pencils of projective varieties:

» pencils of projective hypersurfaces;
» Lefschetz pencils;

» pencils of projective surfaces with b1 = 0.
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II. GRIFFITHS HEIGHTS OF PENCILS OF PROJECTIVE HYPERSURFACES
AND ALTERNATING SUMS OF GRIFFITHS HEIGHTS
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Pencils of projective hypersurfaces
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Pencils of projective hypersurfaces

Let E be a vector bundle of rank N + 1 over a connected projective
smooth complex curve C', and

7 :P(E) :=ProjS*E’Y — C

the associated projective bundle.
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Pencils of projective hypersurfaces

Let E be a vector bundle of rank N + 1 over a connected projective
smooth complex curve C', and

7 :P(E) :=ProjS*E’Y — C

the associated projective bundle. Moreover let Og(—1) be the tautological
vector sub-bundle of rank one of 7*E, and Og(1) its dual.
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Pencils of projective hypersurfaces

Let E be a vector bundle of rank N + 1 over a connected projective
smooth complex curve C', and

7 :P(E) :=ProjS*E’Y — C

the associated projective bundle. Moreover let Og(—1) be the tautological
vector sub-bundle of rank one of 7*E, and Og(1) its dual.

A horizontal hypersurface in the projective bundle P(E) is an effective
Cartier divisor H in P(E) such that the restriction m 5 : H — C' is a flat
morphism.
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Pencils of projective hypersurfaces

Let E be a vector bundle of rank N + 1 over a connected projective
smooth complex curve C', and

7 :P(E) :=ProjS*E’Y — C

the associated projective bundle. Moreover let Og(—1) be the tautological
vector sub-bundle of rank one of 7*E, and Og(1) its dual.

A horizontal hypersurface in the projective bundle P(E) is an effective
Cartier divisor H in P(E) such that the restriction m5 : H — C' is a flat
morphism. Then its fibers H, := 7r|_H1 (z), © € C are hypersurfaces in the
projective spaces P(E,) ~ PY (C). Their degree d does not depend on
x € C, and defines the relative degree of the horizontal hypersurface.
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Pencils of projective hypersurfaces

Let E be a vector bundle of rank N + 1 over a connected projective
smooth complex curve C', and

7 :P(E) :=ProjS*E’Y — C

the associated projective bundle. Moreover let Og(—1) be the tautological
vector sub-bundle of rank one of 7*E, and Og(1) its dual.

A horizontal hypersurface in the projective bundle P(E) is an effective
Cartier divisor H in P(E) such that the restriction m5 : H — C' is a flat
morphism. Then its fibers H, := 7r|_Hl (z), © € C are hypersurfaces in the
projective spaces P(E,) ~ PY (C). Their degree d does not depend on
x € C, and defines the relative degree of the horizontal hypersurface.

The intersection-theoretic height of H is defined by the rational
number:

btiwa (/) 1= | L, e1(©OE()Y N [H] + aNu(E)

=)V +1)N ,/u;(E) c1(wemy /o)™ N [H].
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Pencils of projective hypersurfaces

Let E be a vector bundle of rank N + 1 over a connected projective
smooth complex curve C', and

7 :P(E) :=ProjS*E’Y — C

the associated projective bundle. Moreover let Og(—1) be the tautological
vector sub-bundle of rank one of 7*E, and Og(1) its dual.

A horizontal hypersurface in the projective bundle P(E) is an effective
Cartier divisor H in P(E) such that the restriction m5 : H — C' is a flat
morphism. Then its fibers H, := 7r|_Hl (z), © € C are hypersurfaces in the
projective spaces P(E,) ~ PY (C). Their degree d does not depend on
x € C, and defines the relative degree of the horizontal hypersurface.

The intersection-theoretic height of H is defined by the rational
number:

btiwa (/) 1= | L, e1(©OE()Y N [H] + aNu(E)

=)V +1)N / c1(weemy o)™ N [H].
JP(E)
It depends only on H as a subscheme of the projective bundle
P :=P(E), and not on the actual choice of a vector bundle E such that
P~P(E).
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PPH Theorem

Let C be a connected smooth projective complex curve with generic point
n, E a vector bundle of rank N + 1 on C, and H C P(E) an horizontal
hypersurface of relative degree d, smooth over C, such that my : H — C has
a finite set X of critical points, all of which are non-degenerate.
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PPH Theorem

Let C be a connected smooth projective complex curve with generic point
n, E a vector bundle of rank N + 1 on C, and H C P(E) an horizontal
hypersurface of relative degree d, smooth over C, such that my : H — C has
a finite set X of critical points, all of which are non-degenerate. Then:

12| = (N + 1)(d — 1)~ htine(H/O)
and for e € {+, —, stab}, we have:
htex,.(HY ' (H,/Cy)) = F-(d, N) htin: (H/C),
where, when N is odd:

N+1

Fstab(da N) = 24,2

[(d “ NN — d® — 2dN — 2) + 2(d® — 1)],

N+ 1)(N -1)(d-1)N
Fy(d,N):= Smb(d,N):I:( +1)( 1 ) ) ,
and when N is even:

N +1

Fi(d,N) = Fstap(d, N) := i

[(d —DN(d®N + 2d* — 2dN — 2) — 2(d* — 1)} .
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“Sanity checks”

GRIFFITHS HE!



“Sanity checks”

One finds:

Fitan(3,3) = 3°3-3%-233-2)+2(3° - 1)] =0.

21 12

THOMAS MORDANT GRIFFITHS HEIGHTS OF PENC



“Sanity checks”

One finds:

Fitan(3,3) = 3°3-3%-233-2)+2(3° - 1)] =0.

_= [93
24.32 [ (
When d = N = 3, the PPH theorem then gives:

htex stas (H2 (H,/Cy)) = 0.
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“Sanity checks”

One finds:

Fitan(3,3) = 3°3-3%-233-2)+2(3° - 1)] =0.

_= [93
24.32 [ (
When d = N = 3, the PPH theorem then gives:

htex stas (H2 (H,/Cy)) = 0.

In fact, for a cubic surface, we have: h?° = h%2 = 0 (and h** = 7) and the
sub-bundles F? of the VHS H?(H,,/C,) are flat.
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“Sanity checks”

One finds:

Fitan(3,3) = 3°3-3%-233-2)+2(3° - 1)] =0.

_= [93
24.32 [ (
When d = N = 3, the PPH theorem then gives:

htex stas (H2 (H,/Cy)) = 0.

In fact, for a cubic surface, we have: h?° = h%2 = 0 (and h** = 7) and the
sub-bundles F? of the VHS H?(H,,/C,) are flat.

We have htn(H/C) > 0if d > 2, and Fian(d, N) > 0 and
Fy(d,N) > 0 as predicted by Peters’ theorem.
But F_(d, N) can be negative!
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Indirect strategy of proof!
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Computation inspired by:
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Indirect strategy of proof!

Computation inspired by:

» Hirzebruch’s computation of the Hodge numbers of projective
hypersurfaces, using the weak Lefschetz theorem and the
Hirzebruch-Riemann-Roch theorem.
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Indirect strategy of proof!

Computation inspired by:
» Hirzebruch’s computation of the Hodge numbers of projective

hypersurfaces, using the weak Lefschetz theorem and the
Hirzebruch-Riemann-Roch theorem.

» Eriksson, Freixas and Mourougane’s work on the BCOV invariants
attached to families of Calabi-Yau manifolds, introduced in the article:
Bershadsky, Cecotti, Ooguri, Vafa: Kodaira-Spencer Theory of Gravity
and Ezxact Results for Quantum String Amplitude, Comm. Math. Phys.
1994.
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Indirect strategy of proof!

Computation inspired by:
» Hirzebruch’s computation of the Hodge numbers of projective

hypersurfaces, using the weak Lefschetz theorem and the
Hirzebruch-Riemann-Roch theorem.

» Eriksson, Freixas and Mourougane’s work on the BCOV invariants
attached to families of Calabi-Yau manifolds, introduced in the article:
Bershadsky, Cecotti, Ooguri, Vafa: Kodaira-Spencer Theory of Gravity
and Ezxact Results for Quantum String Amplitude, Comm. Math. Phys.
1994.

Their work leads to consider, when the smooth fibers of the morphism g are

Calabi-Yau manifolds, the alternating sum:

2n

S (=D P htar, - (H*(Y,/Cy)) = > (—=1)""'p degdet R*g.w? ..

k=0 0<p<n

In this case, it is the degree of the BCOV line bundle, whose metric
properties are studied by Eriksson, Freixas and Mourougane.
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Indirect strategy of proof!

Computation inspired by:
» Hirzebruch’s computation of the Hodge numbers of projective

hypersurfaces, using the weak Lefschetz theorem and the
Hirzebruch-Riemann-Roch theorem.

» Eriksson, Freixas and Mourougane’s work on the BCOV invariants
attached to families of Calabi-Yau manifolds, introduced in the article:
Bershadsky, Cecotti, Ooguri, Vafa: Kodaira-Spencer Theory of Gravity
and Ezxact Results for Quantum String Amplitude, Comm. Math. Phys.
1994.

Their work leads to consider, when the smooth fibers of the morphism g are
Calabi-Yau manifolds, the alternating sum:

2n

S (=D P htar, - (H*(Y,/Cy)) = > (—=1)""'p degdet R*g.w? ..

k=0 0<p<n

In this case, it is the degree of the BCOV line bundle, whose metric
properties are studied by Eriksson, Freixas and Mourougane.

This alternating sum remains relevant for the study of pencils
g:Y — C of arbitrary projective varieties!
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Vector bundle of relative logarithmic differential forms
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Vector bundle of relative logarithmic differential forms
Let Y be a n-dimensional smooth projective analytic manifold.

MORDANT GRIFFITHS HEI O OF HYPER:



Vector bundle of relative logarithmic differential forms

Let Y be a n-dimensional smooth projective analytic manifold. A
divisor with normal crossings is a 1-codimensional analytic subspace D of Y

which is, locally near every point, given by the equation (yi"*...y,* = 0),
where (y1,...,yn) is a local coordinate system and where my, ..., my are
integers.
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Vector bundle of relative logarithmic differential forms

Let Y be a n-dimensional smooth projective analytic manifold. A
divisor with normal crossings is a 1-codimensional analytic subspace D of Y

which is, locally near every point, given by the equation (yi"*...y,* = 0),
where (y1,...,yn) is a local coordinate system and where my, ..., my are
integers.

We will call it a divisor with strict normal crossings if it can be written
as a finite union UZ D; where the D; are smooth.
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Vector bundle of relative logarithmic differential forms

Let Y be a n-dimensional smooth projective analytic manifold. A
divisor with normal crossings is a 1-codimensional analytic subspace D of Y

which is, locally near every point, given by the equation (yi"*...y,* = 0),
where (y1,...,yn) is a local coordinate system and where my, ..., my are
integers.

We will call it a divisor with strict normal crossings if it can be written
as a finite union UZ D; where the D; are smooth. We will call it reduced if
the m; can be taken to be equal to 1.
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Vector bundle of relative logarithmic differential forms

Let Y be a n-dimensional smooth projective analytic manifold. A
divisor with normal crossings is a 1-codimensional analytic subspace D of Y

which is, locally near every point, given by the equation (yi"*...y,* = 0),
where (y1,...,yn) is a local coordinate system and where my, ..., my are
integers.

We will call it a divisor with strict normal crossings if it can be written
as a finite union UZ D; where the D; are smooth. We will call it reduced if
the m; can be taken to be equal to 1.

If D is a divisor with normal crossings, we define the vector bundle of
logarithmic differential forms Q3 (log D): on a neighborhood of a point
mq

where D is defined by the equation (y;"'...y,"* = 0), this bundle is
generated by the family:

(dyl dyk d )
Ty T QY415 - '7dy?1 .
Y1 Yk
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Vector bundle of relative logarithmic differential forms

Let Y be a n-dimensional smooth projective analytic manifold. A
divisor with normal crossings is a 1-codimensional analytic subspace D of Y

which is, locally near every point, given by the equation (y;"...y,* = 0),
where (y1,...,yn) is a local coordinate system and where my, ..., my are
integers.

We will call it a divisor with strict normal crossings if it can be written
as a finite union UZ D; where the D; are smooth. We will call it reduced if
the m; can be taken to be equal to 1.

If D is a divisor with normal crossings, we define the vector bundle of
logarithmic differential forms Q3 (log D): on a neighborhood of a point
where D is defined by the equation (y;"'...y,"* = 0), this bundle is
generated by the family:

(dy1 dyk d ) )
Ty ey T l/k+17"'7dyn .
Y1 Yk

If g is a morphism from Y to a smooth curve C, which is smooth over
the complement of a finite subset A, and such that Ya := ¢7'(A) is a
divisor with normal crossings, we define a vector bundle of rank n — 1 on Y
by:

w;lz/c =0y (log Ya) /g™ Q& (log A).
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Main theorem. I

Let C be a connected smooth projective complex curve with generic
point n and Y a N-dimensional connected smooth projective manifold, and
let g: Y — C be a surjective morphism.
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Main theorem. I

Let C be a connected smooth projective complex curve with generic
point n and Y a N-dimensional connected smooth projective manifold, and
let g: Y — C be a surjective morphism.

We assume that there exists a finite subset A C C' such that g is smooth
over C'\ A and that Ya is a divisor with strict normal crossings in'Y .
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Main theorem. I

Let C be a connected smooth projective complex curve with generic
point n and Y a N-dimensional connected smooth projective manifold, and
let g: Y — C be a surjective morphism.

We assume that there exists a finite subset A C C' such that g is smooth
over C'\ A and that Ya is a divisor with strict normal crossings in'Y .

Then we have:

2(N—1)

nz:;) (—1)”*lhtGK,f(H”(K//Cn)) = /Y pAV1(w;/\;C,)m

where [Ty] := [Ty/c] — g*[Tc/c] € K°(Y), and where Td is the Todd genus
and pn—1 is the characteristic class:

N -1

PN-1:1=CN-2 — CN-1+ —5CICN—1.
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“Ingredients” for the proof of the main theorem
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“Ingredients” for the proof of the main theorem
» Steenbrink’s theory:
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“Ingredients” for the proof of the main theorem
» Steenbrink’s theory: identification of the lower Deligne extension of
H"(Y,/Cy) (vesp. of gr HP™4(Y, /C,)) with R"g.(wy /) (resp.
Rig.(wy)), where wi, o == prx},/c, and wy,/ denotes the
logarithmic variant of the relative de Rham complex;
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“Ingredients” for the proof of the main theorem
» Steenbrink’s theory: identification of the lower Deligne extension of
H (Y, /Cy) (resp. of g,V (Y, /C,)) with R"g.(w}c) (resp.
Rig.(wy)), where wi, o == prx},/c, and wy,/ denotes the
logarithmic variant of the relative de Rham complex; establishes the

equality:

2n

Z(—l)kilhtcz«’,f(Hk(Yy,/C,,)) = Z (—1)*"'p degdet R® 9wy
k=0 0<p<n
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“Ingredients” for the proof of the main theorem
» Steenbrink’s theory: identification of the lower Deligne extension of
H (Y, /Cy) (resp. of g,V (Y, /C,)) with R"g.(w}c) (resp.
Rig.(wy)), where wi, o == pri,/c, and wy,/ denotes the
logarithmic variant of the relative de Rham complex; establishes the

equality:

2n

Z(—l)k’*lhtcz«’,f(Hkr(Y,,/C,,)): Z (=1)""'p degdet R°® 9wy o5
k=0 0<p<n

» the Grothendieck-Riemann-Roch theorem:

deg. det R® g, F = / ch(F) Td([Ty]);
%
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“Ingredients” for the proof of the main theorem
» Steenbrink’s theory: identification of the lower Deligne extension of
H (Y, /Cy) (resp. of g,V (Y, /C,)) with R"g.(w}c) (resp.
Rig.(wy)), where wi, o == pri,/c, and wy,/ denotes the
logarithmic variant of the relative de Rham complex; establishes the

equality:

2n

Z(—l)k‘*lht‘ch,(Hk’(Yy,,/C,,)): Z (=1)""'p degdet R°® 9wy
k=0 0<p<n

» the Grothendieck-Riemann-Roch theorem:

deg. det R® g, F = / ch(F) Td([Ty]);
%

» an equality of characteristic classes:

N—-1
> (1)’ 'pch(APEY) Td(E) = py—1(E) mod CH=V*!

p=0

for every vector bundle E of rank N — 1 (already in [BCOV]).
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Main theorem II — Notation
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Main theorem II — Notation
With the notation of the main theorem, let us write the divisor Ya as
follows:
YA = Z m; Dy,
i€l
where [ is a finite set, equipped with a total order <, and where
(m;)i € (N*)! and the D; are pairwise distinct non-singular connected
divisors of Y.
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Main theorem II — Notation
With the notation of the main theorem, let us write the divisor Ya as

follows:
Ya = Z m; D,
iel
where [ is a finite set, equipped with a total order <, and where
(m;)i € (N*)! and the D; are pairwise distinct non-singular connected
divisors of Y.
The set I can be written as the disjoint union:

I=J L,
TEA

where, for every x € A,

L= {iel|g(Di)={z}}.
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Main theorem II — Notation
With the notation of the main theorem, let us write the divisor Ya as
follows:
YA = Z m; Dy,
i€l
where [ is a finite set, equipped with a total order <, and where
(m;)i € (N*)! and the D; are pairwise distinct non-singular connected

divisors of Y.
The set I can be written as the disjoint union:

I=J L,
TEA
where, for every x € A,
—{ieI|g(D:) = {a}}.
For every r > 1, let D" be the r-codimensional closed subscheme of Y

defined by:
p= J (D
JCI,|J|=rieJ
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Main theorem II — Notation
With the notation of the main theorem, let us write the divisor Ya as
follows:
YA = Z m; Dy,
il
where [ is a finite set, equipped with a total order <, and where
(m;)i € (N*)! and the D; are pairwise distinct non-singular connected

divisors of Y.
The set I can be written as the disjoint union:

I=J L,
TEA

where, for every x € A,
{z el|g(D;)= {:c}}
For every r > 1, let D" be the r-codimensional closed subscheme of Y
defined by:
p= J (D

JCI,|J|=ri€J
Finally let:

bi = D; \ D; N .D2 and bij = Dij \ Dij N D3.
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Main theorem II — Statement
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Main theorem II — Statement

Under the hypotheses of the main theorem, the following equality holds:

2(N—1)

n— n 1
Z (1) lhtGK,f(H (Yn/Ch)) = 12 /Ycl(wlvyc)CNfl(W%c) + Z A

n=0 A TEA
where for every x in A, ay € Q is defined by:

gy = % Z( i — 1)me 12 Z ( :Z)Xtop(bij)

iel, (i,§)€I?,
<7

where Xtop denotes the topological Euler characteristic.
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Characteristic classes of logarithmic differentials
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Characteristic classes of logarithmic differentials

N -1 o 1 m; m; o
Qo 2= = Z(mz = 1)Xtop(Di) + 12 Z (3 - ])Xtop(Dij)7

i€ly (i.0)EI2, ’
i<j
1 o .
== [3(N7 1)(mi — 1)Xtop(D2) +/ c1(Ni)en (b (log D; sz))]
i€ly D;
1 .
+2 Z Xtop(Dij) € (1/12)Z,
(i,4)ely,
=<7

where, for every i, A; denotes the normal bundle of the divisor D; in Y.
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Characteristic classes of logarithmic differentials

N -1 o 1 m; m; o
Q1= = > (mi — Dxiop(Di) + 12 > (3 -— - ])Xtop(Dij%

i€ly (i.0)EI2, ’
i<j
1 o .
== [3(N7 1)(mi — 1)Xtop(D2) +/ c1(N)ew (), (1ogDmD2))]
i€ly D;
1 .
+2 Z Xtop(Dij) € (1/12)Z,
(i,4)ely,
=<7

where, for every i, A; denotes the normal bundle of the divisor D; in Y.

IfFE= UZ.EI FE; is a divisor with strict normal crossings in a smooth
manifold X, we have:

c(Qx(l0g E)) = > ip,uc(Qp,),

JCI1

where ig; : Ej =) E; — X.

jeJ
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Applications: pencils of projective varieties with ordinary double points
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Applications: pencils of projective varieties with ordinary double points

Let C be a connected smooth projective complex curve with generic
point 1, H a N-dimensional connected smooth projective complex
manifold, and:

f+H—C

a surjective morphism.
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Applications: pencils of projective varieties with ordinary double points

Let C be a connected smooth projective complex curve with generic
point 1, H a N-dimensional connected smooth projective complex
manifold, and:

f+H—C

a surjective morphism.

We assume that there exists a finite subset 2 of H such that f is smooth
on H\ X and admits a non-degenerate critical point at every point of .
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Applications: pencils of projective varieties with ordinary double points

Let C be a connected smooth projective complex curve with generic
point 1, H a N-dimensional connected smooth projective complex
manifold, and:

f+H—C
a surjective morphism.
We assume that there exists a finite subset 2 of H such that f is smooth

on H\ X and admits a non-degenerate critical point at every point of .
Then for e € {+, -}, the following equality holds:

2(N-1)

n—1 n 1
> (1" s (B (H,/C) = 15 [ en((@hye] Jew-a(( b))
n=0

+ u?\' ‘ZL

(— (TN —9)/24,(5N —3)/24) if N is odd

h Vouy) =
where (u},uy) {(N/24, N/24) if IV is even.
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“Ingredients” for the formula on pencils with ordinary double points
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“Ingredients” for the formula on pencils with ordinary double points

» The construction of the blow-up
viH-—H
of ¥ in H and of the composition
g:=fov: H—sC,
so that the following equality of divisors of H holds:
Ha =2E+ W,

where F and W are smooth divisors with normal intersection;
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“Ingredients” for the formula on pencils with ordinary double points

» The construction of the blow-up
viH-—H
of ¥ in H and of the composition
g:=fov: H—sC,
so that the following equality of divisors of H holds:
Ha =2E+ W,
where F and W are smooth divisors with normal intersection;

» Eriksson, Freixas and Mourougane’s computation of the elementary
exponents of a degeneration with ordinary double points, which implies
the following equality:

N -1

htex,+ (H" (Hy /Cy))) = htar,— (H"(Hy /Cy))) + 8"y =1,

where nn is 1 if N is odd and 0 if N is even;
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“Ingredients” for the formula on pencils with ordinary double points
» The construction of the blow-up
viH-—H
of ¥ in H and of the composition
g:=fov: H—sC,
so that the following equality of divisors of H holds:
Ha =2E+ W,
where F and W are smooth divisors with normal intersection;

» Eriksson, Freixas and Mourougane’s computation of the elementary
exponents of a degeneration with ordinary double points, which implies
the following equality:

N -1
2

bt + (H"(H,/Cy))) = htax, - (H" (H,/Cy))) + 6™~ 'nn 12,
where nn is 1 if N is odd and 0 if N is even;

» a classical computation of characteristic classes on H.
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PH Theorem
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PH Theorem
Let C be a connected smooth projective complex curve with generic
point 1, X a (N + 1)-dimensional connected smooth projective complex

manifold, and
m: X —C

a smooth surjective complex morphism.
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PH Theorem

Let C be a connected smooth projective complex curve with generic
point 1, X a (N + 1)-dimensional connected smooth projective complex
manifold, and

m: X —C

a smooth surjective complex morphism. Let H be a non-singular
hypersurface of X such that the restriction my : H — C' is a flat morphism
and has a finite set o of critical points, all of which are non-degenerate.
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PH Theorem

Let C be a connected smooth projective complex curve with generic
point 1, X a (N + 1)-dimensional connected smooth projective complex
manifold, and

m: X —C

a smooth surjective complex morphism. Let H be a non-singular
hypersurface of X such that the restriction my : H — C' is a flat morphism
and has a finite set o of critical points, all of which are non-degenerate.

If L denotes the line bundle Ox (H) on X, then the following equality
holds:

== [ (=) e@kro).
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PH Theorem

Let C be a connected smooth projective complex curve with generic

point 1, X a (N + 1)-dimensional connected smooth projective complex
manifold, and

m: X —C

a smooth surjective complex morphism. Let H be a non-singular
hypersurface of X such that the restriction my : H — C' is a flat morphism
and has a finite set o of critical points, all of which are non-degenerate.

If L denotes the line bundle Ox (H) on X, then the following equality
holds:

== [ 1= a@) @k o)
Jx
If moreover L is ample relatively to m, then for e € {4+, —}, we have:

htck e (HN?I (Hy/Ch))

= htox (HY 1 (X/C)) + htax (HY T (X/C)) — htox (HY (X/C))

1

+ 12/X [(1 = e1(L)  er(Qx/e)e(Qx ) — cr(L)en (Qx/o)] + viv |2,

(7(N —1)/24,—5(N —1)/24) if N is odd

where (v, vy) = { ((N+2)/24,(N+2)/24)  if N is even.
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Proof of the PH theorem
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Proof of the PH theorem

» The main theorem applied to X/C;
» the main theorem applied to H/C;
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Proof of the PH theorem

» The main theorem applied to X/C;
the main theorem applied to H/C;

v

» the weak Lefschetz theorem which gives, for every n < N — 1, the
equality:
htar (H" (X/C)) = htak,+ (H" (H, /Cy)),

and Poincaré duality;
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Proof of the PH theorem

» The main theorem applied to X/C;
the main theorem applied to H/C;

v

» the weak Lefschetz theorem which gives, for every n < N — 1, the
equality:
htar (H" (X/C)) = htak,+ (H" (H, /Cy)),
and Poincaré duality;

» a classical computation of characteristic classes.
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Applications of the PH theorem: the PPH theorem
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Applications of the PH theorem: the PPH theorem

When the Griffiths-Kato bundles GKo(H"(X/C)), 0 <n < 2N are
trivial on C'| the PH theorem gives the following formula:

htcr e (HN_l (Hy/Ch))

= i /X [(1 — CI(L))il()l(Qﬁ(/C)C(Qk/C) - CI(L)CN(Qk/C)] + q)fv ‘Z|

12 .
(1)
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Applications of the PH theorem: the PPH theorem

When the Griffiths-Kato bundles GKo(H"(X/C)), 0 <n < 2N are
trivial on C'| the PH theorem gives the following formula:

htcr e (HN_l (Hy/Ch))

= i /X [(1 — CI(L))il()l(Qﬁ(/C)C(Qk/C) - CI(L)CN(Qk/C)] + q)fv ‘Z|

12,
(1)
We can notably apply this formula when X is a projective bundle P(E)

where F is a vector bundle of rank N + 1 on C, 7 is the projection, and H
is an horizontal hypersurface of relative degree d of P(E).
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Applications of the PH theorem: the PPH theorem

When the Griffiths-Kato bundles GKo(H"(X/C)), 0 <n < 2N are
trivial on C'| the PH theorem gives the following formula:

htcr e (HN_l (Hy/Ch))

= i /X [(1 — CI(L))il()l(Qﬁ(/C)C(Qk/C) - CI(L)CN(Qk/C)] + q)fv ‘Z|

12 .
(1)

We can notably apply this formula when X is a projective bundle P(E)
where F is a vector bundle of rank N + 1 on C, 7 is the projection, and H
is an horizontal hypersurface of relative degree d of P(E).

The structure of the Picard group Pic(P(F)) then shows that the line
bundle L := Opgy(H) on P(E) can be written as:

L~ Og(d) ® "M,

where M is a line bundle on C.
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Applications of the PH theorem: the PPH theorem

When the Griffiths-Kato bundles GKo(H"(X/C)), 0 <n < 2N are
trivial on C'| the PH theorem gives the following formula:

hter,c(HY ' (H,/Cy))
= i /x [(1 — CI(L))*l(?](Q;(/C)C(Qk/C) — Cl(L)CN(Qﬁc/C)] + va ‘2|

12 .
(1)

We can notably apply this formula when X is a projective bundle P(E)
where F is a vector bundle of rank N + 1 on C, 7 is the projection, and H
is an horizontal hypersurface of relative degree d of P(E).

The structure of the Picard group Pic(P(F)) then shows that the line
bundle L := Opgy(H) on P(E) can be written as:

L~ Og(d) ® "M,

where M is a line bundle on C.
Using computations of characteristic classes, formula (1) applied in this
situation implies the PPH theorem.
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III. PENCILS OF PROJECTIVE HYPERSURFACES AND GEOMETRIC INVARIANT
THEORY
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Motivation and reminders on geometric invariant theory
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Motivation and reminders on geometric invariant theory

Let C be a connected smooth projective complex curve with generic
point 1, and N and d two positive integers.
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Motivation and reminders on geometric invariant theory
Let C be a connected smooth projective complex curve with generic
point 1, and N and d two positive integers.
A smooth hypersurface H,, of degree d in IF’(]CV(C) admits two natural
heights: the stable Griffiths-Kato height }1t(;1(,5,,d;)(HN71(H,,/Cn)) of its
middle-dimensional cohomology,
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Motivation and reminders on geometric invariant theory
Let C be a connected smooth projective complex curve with generic
point 1, and N and d two positive integers.
A smooth hypersurface H,, of degree d in IF’(]CV(C) admits two natural
heights: the stable Griffiths-Kato height }1t(;1(,5,,d;)(HN71(H,,/Cn)) of its

middle-dimensional cohomology, and a height htc 7 ([F7]), constructed using
geometric invariant theory, attached to the point [F] of ]P’(N;d)_l((C(C))

defined by an homogeneous form F' in C(C)[Xo, ..., Xn]q defining H,,.
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Motivation and reminders on geometric invariant theory
Let C be a connected smooth projective complex curve with generic
point 1, and N and d two positive integers.
A smooth hypersurface H,, of degree d in IF’(]CV(C) admits two natural
heights: the stable Griffiths-Kato height }1t(;1(,5,,d;)(HN71(H,,/Cn)) of its

middle-dimensional cohomology, and a height htc 7 ([F7]), constructed using

geometric invariant theory, attached to the point [F] of ]P’(N;d)_l((C(C))

defined by an homogeneous form F' in C(C)[Xo, ..., Xn]q defining H,,.
Let us recall some notions of geometric invariant theory. Let k£ be an
algebraically closed field, e and v two positive integers, and

p: GLeﬂk- — GLvﬁk

an algebraic group morphism between linear groups over k.
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Motivation and reminders on geometric invariant theory
Let C be a connected smooth projective complex curve with generic
point 1, and N and d two positive integers.
A smooth hypersurface H,, of degree d in IF’(]CV(C) admits two natural
heights: the stable Griffiths-Kato height }1t(;1\f',_g,,,l;)(H‘N71(H,,/Cn)) of its

middle-dimensional cohomology, and a height htc 7 ([F7]), constructed using
geometric invariant theory, attached to the point [F] of ]P’(N;d)_l((C(C))

defined by an homogeneous form F' in C(C)[Xo, ..., Xn]q defining H,,.
Let us recall some notions of geometric invariant theory. Let k£ be an
algebraically closed field, e and v two positive integers, and

p: GLeﬂk- — GLvﬁk

an algebraic group morphism between linear groups over k.
Thanks to geometric invariant theory, we get the open subset PV~ ! of

k,ss
szl defined by the semistable points under the action of PISL, 1 s and a
morphism:
q: Py — M(p) =Py~ //SLep,

v—1
k,ss

which is a good quotient of the k-scheme P by the action of pjst.,_ , -

MORDANT GRIFFITHS HEIG! 0 F HYPERSURFA



Motivation and reminders on geometric invariant theory
Let C be a connected smooth projective complex curve with generic
point 1, and N and d two positive integers.
A smooth hypersurface H,, of degree d in IF’(]CV(C) admits two natural
heights: the stable Griffiths-Kato height ht(;K,_%,l;)(H‘wfl(H,,/Cn)) of its

middle-dimensional cohomology, and a height htc 7 ([F7]), constructed using
geometric invariant theory, attached to the point [F] of ]P’(N;d)_l((C(C))

defined by an homogeneous form F' in C(C)[Xo, ..., Xn]q defining H,,.
Let us recall some notions of geometric invariant theory. Let k£ be an
algebraically closed field, e and v two positive integers, and

p: GLeﬂk- — GLUA’)Q

an algebraic group morphism between linear groups over k.

Thanks to geometric invariant theory, we get the open subset P;;i of
szl defined by the semistable points under the action of PISL, 1 s and a
morphism:

q: Py — M(p) =P //SLe.k,
which is a good quotient of the k-scheme ]P’Z;i by the action of pjst, -

Moreover M (p) is projective and endowed with a natural ample Q-line

bundle L such that:

(]*L ~ OPL,-7| (1)‘
K

v—1.
urk‘ss
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GIT height of a point in PU;1(k(C))
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GIT height of a point in PU;1(k(C))
Now let C' be a connected smooth projective k-curve with generic point
n and P a point in P2 (k(C)).
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GIT height of a point in PU;1(k(C))
Now let C' be a connected smooth projective k-curve with generic point
n and P a point in P25 (k(C)). Using the valuative criterion of properness,
the point
q(P) € M(p)(k(C))

extends into a morphism of k-schemes:

q(P):C — M(p).
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GIT height of a point in PU;1(k(C))
Now let C' be a connected smooth projective k-curve with generic point
n and P a point in P25 (k(C)). Using the valuative criterion of properness,
the point
q(P) € M(p)(k(C))

extends into a morphism of k-schemes:

q(P):C — M(p).

We can then define the GIT height of the point P to be the rational
number:

*

htarr(P) := deg(q(P) L).
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GIT height of a point in PU;1(k(C))
Now let C' be a connected smooth projective k-curve with generic point
n and P a point in P25 (k(C)). Using the valuative criterion of properness,
the point
q(P) € M(p)(k(C))

extends into a morphism of k-schemes:

q(P):C — M(p).

We can then define the GIT height of the point P to be the rational
number:

*

htarr(P) := deg(q(P) L).

It is compatible with base change in the following sense: if 0 : C' — C
is a finite k-morphism of connected smooth projective curves, the following
equality holds:

lltc[j'(Pk((;/>) = deg(o) ht(;”'(P).
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GIT height of a point in PU;1(k(C))
Now let C' be a connected smooth projective k-curve with generic point
n and P a point in P25 (k(C)). Using the valuative criterion of properness,
the point
q(P) € M(p)(k(C))

extends into a morphism of k-schemes:

q(P):C — M(p).

We can then define the GIT height of the point P to be the rational
number:

*

htarr(P) := deg(q(P) L).

It is compatible with base change in the following sense: if 0 : C' — C
is a finite k-morphism of connected smooth projective curves, the following
equality holds:

lltc[j'(Pk((;/>) = deg(o) ht(;”'(P).

If moreover the representation p is homogeneous, namely maps G,Id.
into G, 1d,, then the height htgr is invariant under the action of
GL(k(C)) on P*71(k(C)) through p.
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Application to pencils of projective hypersurfaces
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Application to pencils of projective hypersurfaces

Let us assume that the base field is £k = C, fix N and d two positive
integers, define e := N 4+ 1 and v := (N 1¢ d), and consider the homogeneous
representation:

P GLe,C — GLv,C7 g Sd(tg_l)'
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Application to pencils of projective hypersurfaces

Let us assume that the base field is £k = C, fix N and d two positive
integers, define e := N 4+ 1 and v := (N 1¢ d), and consider the homogeneous
representation:

P GLe,C — GLv,C7 g Sd(tg_l)'

We interpret ]P’féfl as the space of hypersurfaces of degree d in P¥, and
the action of p as the natural action of GLy4t1 on homogeneous
polynomials of degree d with N 4 1 indeterminates.
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Application to pencils of projective hypersurfaces

Let us assume that the base field is £k = C, fix N and d two positive
integers, define e := N 4+ 1 and v := (N 1¢ d), and consider the homogeneous

representation:
P GLe,C — GLv,C7 g Sd(tg_l)'

We interpret ]P’féfl as the space of hypersurfaces of degree d in P¥, and
the action of p as the natural action of GLy4t1 on homogeneous
polynomials of degree d with N 4 1 indeterminates.

For every vector bundle E of rank N + 1 on C whose generic fiber is
trivialised, for every horizontal hypersurface H of degree d in P(E) whose
generic fiber in IP’fcv(C) is defined by an homogeneous polynomial F' which is
semistable relatively to the action of pisLy,,, the following inequality holds:

hterr([F]) < htin(H/C). (2)
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Application to pencils of projective hypersurfaces

Let us assume that the base field is £k = C, fix N and d two positive
integers, define e := N 4+ 1 and v := (N 1¢ d), and consider the homogeneous

representation:
P GLe,C — GLv,C7 g Sd(tg_l)'

We interpret ]P’féfl as the space of hypersurfaces of degree d in P¥, and
the action of p as the natural action of GLy4t1 on homogeneous
polynomials of degree d with N 4 1 indeterminates.

For every vector bundle E of rank N + 1 on C whose generic fiber is
trivialised, for every horizontal hypersurface H of degree d in P(E) whose
generic fiber in IP’fcv(C) is defined by an homogeneous polynomial F' which is
semistable relatively to the action of pisLy,,, the following inequality holds:

hterr([F]) < htin(H/C). (2)

Moreover equality holds in (2) if and only if all the fibers Hy, x € C,
seen as hypersurfaces of degree d of the projective spaces P(Ey) ~ PY, are
semistable relatively to the action of pisLy,, -
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Comparison of the heights htgx siap and htgrr
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Comparison of the heights htgx siap and htgrr

The semistability of projective hypersurfaces relatively to the action of
PSLy,, 18 & “classical" topic: it is well-known that smooth hypersurfaces of
degree d > 2 are always stable (Jordan, Mumford).
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Comparison of the heights htgx siap and htgrr

The semistability of projective hypersurfaces relatively to the action of
PSLy,, 18 & “classical" topic: it is well-known that smooth hypersurfaces of
degree d > 2 are always stable (Jordan, Mumford).

Moreover hypersurfaces of degree d in PV whose only singularities are
ordinary double points are semistable when N > 2 and d > 3 (TM 2023, see
also Tian 1994 or Lee 2008 when d > N + 1).
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Comparison of the heights htgx siap and htgrr

The semistability of projective hypersurfaces relatively to the action of
PSLy,, 18 & “classical" topic: it is well-known that smooth hypersurfaces of
degree d > 2 are always stable (Jordan, Mumford).

Moreover hypersurfaces of degree d in PV whose only singularities are
ordinary double points are semistable when N > 2 and d > 3 (TM 2023, see
also Tian 1994 or Lee 2008 when d > N + 1).

Applying the PPH theorem, one obtains that for every smooth
hypersurface Hy, of degree d in IF’(]CV(C) defined by an homogeneous form F' in
C(O)[Xo, ..., XnN]a, the following equality holds:

htGI(“itn,I)(Hwil(Hn/cn)) - Fs"f,ah(da ]\’v) htGIT([F])

when N > 2, d > 3, and the hypersurface H, of ]P’g(c) admits for model an
horizontal hypersurface H C P(E) in the projective bundle P(E) associated
to a vector bundle E of rank N + 1 on C, satisfying the hypotheses of the
PPH theorem.
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CONCLUSION: ARITHMETIC ANALOGUES 7
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Question: Kato height of an hypersurface over a number field
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Question: Kato height of an hypersurface over a number field
We consider an homogeneous polynomial P € Z[Xq, ..., Xn]4, such that
Disc(P) # 0,
and we consider the smooth hypersurface

H:=(P=0)cCPy.
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Question: Kato height of an hypersurface over a number field
We consider an homogeneous polynomial P € Z[Xq, ..., Xn]4, such that
Disc(P) # 0,
and we consider the smooth hypersurface
H:=(P=0)cCPy.
We want to compute the Kato height:
htx (HY ' (H)) € R

in a “general” situation, for instance when the discriminant Disc(P) is
square-free.
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Question: Kato height of an hypersurface over a number field
We consider an homogeneous polynomial P € Z[Xq, ..., Xn]4, such that
Disc(P) # 0,
and we consider the smooth hypersurface
H:=(P=0)cCPy.
We want to compute the Kato height:
htx (HY ' (H)) € R

in a “general” situation, for instance when the discriminant Disc(P) is
square-free.

The “computations” of my PhD thesis point towards a global strategy
for the computation of Kato’s height over number fields, but there are still
various essential steps left to complete:
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Question: Kato height of an hypersurface over a number field
We consider an homogeneous polynomial P € Z[Xq, ..., Xn]4, such that
Disc(P) # 0,
and we consider the smooth hypersurface
H:=(P=0)cCPy.
We want to compute the Kato height:
htx (HY ' (H)) € R

in a “general” situation, for instance when the discriminant Disc(P) is
square-free.

The “computations” of my PhD thesis point towards a global strategy
for the computation of Kato’s height over number fields, but there are still
various essential steps left to complete:

» Use of the p-adic comparison theorems,
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Question: Kato height of an hypersurface over a number field
We consider an homogeneous polynomial P € Z[Xq, ..., Xn]4, such that
Disc(P) # 0,
and we consider the smooth hypersurface
H:=(P=0)cCPy.
We want to compute the Kato height:
htx (HY ' (H)) € R

in a “general” situation, for instance when the discriminant Disc(P) is
square-free.

The “computations” of my PhD thesis point towards a global strategy
for the computation of Kato’s height over number fields, but there are still
various essential steps left to complete:

» Use of the p-adic comparison theorems,

» Understanding of the asymptotics of the analytic torsions associated to
families of smooth complex hypersurfaces when they acquire
singularities (for which I intend to collaborate with Gerard FREIXAS).
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