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Quantum systems (Q. 5)

• Any Q . S . i s described by a complex H i l b e r t s p a c e , H , We wi l l a s s u m e

H i s finite dimensional, t h a t i s , H e led → w e c a l l i t Q U D i t

i n F o r v .w e l l the i n n e r product i s 5111 W ) .

( o / s ) i s conjugate l i nee r i n f i rs t arg. and l i nee r i n t h e second

→ Riesz Lemma : Any l inear function' f ? H - s ¢ i s given by i n n e r proluct

Ivy s-t . Haese 4 1 4 = 6 1 4 1 4 7
flora= p

' * L inea r functionals from L' t w i l l b e denoted by 591, 541, e t c

t o vectors i n H wi l l be denoted by
195,44
7, e t ,

a - Action of 4 1 EH ' t o n 147 E H i s

<41 (147) = L f 1 4 7
b r a Ke t



• Pure s t a t e s o f Q . 5 . .
r e

→ I n H w e introduce equivalence re l a t i o n :

1 4> n 147 ⇐ > 1 4 7 = 2 1 4 7 £e¢¥¢ , 405

→ Equivalence c l a s s e s o f Mn a r e p u r e states of Q . 5 .

→ Pure s t a t e s a r e points i n P C L )

→ Physicists say p u r e s t a t e s a r e normalized t o T vectors
where w e neglect the 'global phase fector' et '

• Observab les

→ To l e a r n properties of Q . 5 . w e m e a s u r e values of physically
re l evan t quantities, fo r example: s p i n , momentum, energy e t c .

They a r e ca l l ed observables

→ Observables a r e represented by se l fadjoint (Hermitian) operators o n H

F : H → H , F E E t h a t i s a t F Y 7 = 4 - 9 1 4 7 t i e> , 147 E H

G-( F ) - spectrum of F , F - Effa,'t B . ,

B - orthogonal projection onto Hacker ( F - X I )
H=¥oa¥" ↳ t h r



• Observab les

→ To l e a r n properties of Q . 5 . w e m e a s u r e values of physically
re l evan t quantities, fo r example: s p i n , momentum, energy e t c .

They a r e ca l l ed observables

→ Observables a r e represented by se l fadjoint (Hermitian) operators o n H

' * Assume Q . 5. i s i n a s t a t e 145 a nd w e m e a s u r e F

0¥.# L E T
• Possible measurment outcomes a r e E c t )

• Th e probability of getting t e b C F ) i s 1%2)- 8411347
• I f t h e r e s u l t i s 7 t h e s t a t e changes t o

147 → ftp.T#E Ha

• Th e expected v a l u e of F : (FD,#=¥¥⇐F-Rutt) = ( Y / F Y )



s o Free t i m e evolution

a - Assume Q . 5. i s i n a s t a t e 1%5 a t t - t . a nd w e do n o t m e a s u r e

anything

→ E Every Q. 5 . h e s o n e special observable H : H → K called Hamiltonian

→ Free t i m e evolution i s given by t i m e evolution operator UH.to): H - H

14 1 T ) ) - Uct , to) 1 4 . )

t h a t satisfies

i ftp.uct.to) = HUH.to), l l l to.to)- 4
We a s s u m e a f u l l19
con t ro l o v e r Q . 5 , t h a t

i f 141T)) = Ht 14107
,

Ne to ) ) - 1407 i s w e c a n u s e any H

• -UH, t . ) i s unitary

• UH, t . ) - eitt"". Putting to-0 and a c t , o ) - Uc t ) - e''t't

U t t ) 1 5 et-peremeter subgroup o f U K ) generated by Itt



• Mixed s t a t e s

i n s o f a r w e a s s umed t h a t o u r Q . 5 . i s prepared i n a state 1447E d

w h a t i f t h e preparing procedure i s a l s o probabilistic

t h e probability t h a t system HQ's.# - 1 ¥ I s prepared i n s t a t e 14k) i s p k

' → Possible outcomes a r e s t i l l E c t )

← But w e need t o modify P H ) , d e E L F )

* Tota l law of probability

P H ) = ETPIE)-pic = E I P,#H)-pic = EI 84,113%7.pk ¥ t r ( s B )
I

probability t h e t h e outcome i s 7

under t h e condition Q. 5 . i s i n t h e state 1%7 g -ftp./lYcXtkl0tr(ETprlYicXYic/
BFEIpktr(lYkXYkl B ) = I I 84113%7-pic



The probability t h a t system HQ's.#-1 1¥ I s prepared i n s t a t e 14k) i s p k

A A g - EI.pk/YkKkl - mixed s ta te

t o Pgh)- t r ( g P , ) = (Px),

→ L F } III,}-BH) - ET x . t re s Px ) - t r ( s t )
XEECE)

→ I f the r e s u l t of measurement i s TEECE ) the s t a t e i s

PIf¥⇒
• Properties of mixed s ta tes g i

r

t o t r ( g ) = EI, P k = T

' SEO, l e> E k ( 9 1 5 9 7 = E I pic 1411471220

→ I f V. FE LCH ) t r ( g .F ) = t r I g z F ) ⇒ g , = g a
( F ) , . = ( F b .



• Pu re s t a t e i s a mixed s ta te t h a t i s given by 14×14
- orthogonal projection onto 4147

• F o r a fixed G I O ,
t r ( g ) - T there a r e many ensemb les 11%7, pic)

← for
which

f - I I pic l 4 eXYk l

• A canonical choice i s t o u s e spectral decomposition of g - III.gdr t e x t e d

° V o n Neumann entropy of s t a t e g i s

5 G t - t r e s

loges,)=§±÷%
•wg[°

51g)-O ⇐ s g i s a

pure s t a t e

• Maximally mixed s te te gone t a l l , 5in)-log ( d )

• Free t i m e evo lu t i on of g i s again unitevy ,
{1%7, pic}

get)- UH,t.)#git.) htt.to) UH, t.) = eittolH.
Tunitery



Systems and subsystems

• Assume w e have IN quantum systems described by Hilber t speces Ha,..., Ya,

¥ ÷ § Q 5Q5, Q 5 2 0 , 5 ,

I t

→ I f systems Ha. .- , Hiv a r e distinguishable. then

H-H,@---0 L N

→ I f systems H . , . . . Nm a r e indistinguishable (and d i m (Hk)-d Vk)

→ Fermions : H - A'"¢"
→ Bo s o n s : H e § " ¢ d

→ W e w i l l focus mostly o n distinguishable c a s e



• As s ume Q . 5 . i s i n t h e pu re s t a t e 147 E s t t h o . - 0 'd ,

¥ t a ¥ µ - Q 5
j l

Wh a t a r e the s t a t e s of 0 , 5 ; . . . , Q5µ?

→ 147=1%701427×0.-014N> E H a simple t e n s o r . T h e n

He Q5k i s i n the s t a t e 1 4 7

We say 147 i s separable o r not entangled

→ N I , H-¢"@¢" H,- Span {1%7, → led>} ,
H E 5pm 41f t ) , - , I fa 7)

b y
J

L gud,t ' s

14>
=¥÷,-2
¥; Ci j le i )@Ifs>

→ To determine s t a t e s of 0,5, and 0,52 w e consider observables



¥ ⇐ ¥ ¥ i O ¥H / H1JET
IE, c- use . ) t . EE E l e n a )

¥÷g{'147 E H , @ H a

I I l '
FET FELCH,@Hc)

( ( H . ) - i Ll' H,@Hc)
( ( H r ) - L I K , @ H z )

F t ' t " F . O N

E z e r N Ox F ,

A s t a t e of a system i s determined by a l l expected va l u e s of observables.

HE#Lcd.) R t } , = ( F . ON 7.x > ,
t r (gift)-(411501947 ¥ F E L L A )

f - F . E L M ) ( E ) g , - ( H o t z > µ >
,

t r (g , F a ) - ( 4 1 1 0 E Y ) V E E L C H Z )



• H e ¢"@¢" simple t e n s o r

- I n general 14>
=¥÷,-2
¥; Cij l e i>01757 I f T E T E R t h e nI g o 114×141sa-t r, (14×41)t.FI?ikCTjleiXejl52=l4*Xyz/Phk5tetessgz=tq(lYXYl)
=?j[C.k i t l f i X f j l I

° Entanglement entropy:

Seth 51g,(Y))-15152(Y)) e-III.kiloglpingiloglyi))
PG&E
:]

eigenvehes of gals,

→ I t > - separable state, the tas 145=470×1%7 ⇒ 5ft'D)-O

' * 147-fo, ke,>01ft> t - - - + l ed)@I fd)) ⇒ g o g z - I I I , S e - 2 log(d ) ← m a x i m a l

' * 5e ( Y ) i s i n v a r i a n t w . r . t k - 5 h ( d ) x 5 N ( d ) ac t ion

can w e give any
"reasonable" geometric meaning t o entanglement?



Jymmetriesofsymlecticspaces
• (Ah,w ) -

a compact symplectic manifold, w - non-degenerate 2 -form o n M which i s closed dw=O

• w - nondegenerete: Wb: * (re)→ T
*

M

z , → w ( z , . ,
← Isomorphism between vector fields
and T - forms o n M

• A vector field {EACH) i s celled Hemitonien i f f L'go = D

• We denote space of Hamiltonian vector fields by Henn(M )

• Certen formula Ig w = igodwtd.iq w

• Assume { E Hern(M) . Then

dw(q, o) = O ⇒ w ( q . . ) - closed T - form

• We a s s u m e H"IMI i s t r i v i a l . T h e n 7 FEE-CM) s . t . d F = w ( g , - )

(

• s o w e get a map F # E e
,

d e - w ( q t , . . I



° So w e get a map F a Ee d F - w e see,..)

. I f w e define I t , G)⇐ w ({e. {c.) then

(E-(M), do,-Y) → (Item(M), E.,.])
F ' → { F

← Homomorphism o f l i e algebras
(surjective)[ {F , {G] = { I t , GB

• K - a compact semisimple L i e group

• We cons ider action of K o u (M,w), K ~ M 'that preserves sympletic structure:

smooth mep
→ OI: K x M - a M , E (g.x )

= I g ( x )

diffeomorphism of M → 01g: M -M , Ig,g . (x) - I g , Ig. ( x )

symplectomorphism *
OI} w - w

, Hgek



• Le t K- L i e l k ) - the l i e algebre of K
pm

f- * E k w e define the fundamental

y e a , q.ee,;

.¥g÷€¥°£
¥÷÷µ§qIcp):-ofttteoloexpaxslp)

^ : ( K , E,-3) → (H IM ) , E,-3)

k ⇒ X h e he s t a y ,
← Homomorphism of l i e algebras

[ I , I ] - E x i t

• A s K a a n preserves w every fundematel vector field i s Hamiltonian

Hxek t ix w e 0

Hxek Ipex dµ×= w ( I i )
•

pix c a n be chosen t o be l i nea r i n X E K . MxCp)-(pulp),X ) ,

j

µ : M - = k *
- a momentum map



• Adjoint action of K o n K Agth): g hg'"

• Adjoint action of K o n ktielkli Ady ( x ) = ftp./t=ogexpltX)oj"
,

X Elke

• 'K i s compet hence E l i e ( K ) has Adi invenient i nner product (just take any end exenege)

(NY)-(Adyk) I Adg(Y)) V-X.Y.lk,ge 'k

• Ad,-inverient i n n e r product ( t ) allows to identify k and k*

• F o r a compact s e m i simple K
^

t ) µ× (p) - gulp> I X ) ,

µ : M - s K s - t . HAY E K : 2 ) dµ* = w ( I . . )

equiverience - 3 ) µ(Eg (p)) - Adg pulp) ⇒ f lex ,y ] - {flex, fly}

• Op- 351,1 pll gek) - K-orbit through pe M

• d -peep,- l Adg pulp l y e K I - adjoint orbit through pulp) i n k



K

i § T "G i o
• 52µg, i s symplectic manifold T - Kiri l loy- Kostent-Sourien (KK5) symplectic form o n Rpgs,

Haerpip, W, (III):-. CAL I X ,Y] )
fundemertel vector fields 91£)-#Adexpitx, (Eg

)of K Y Ek , Kite#Spy,) t o

• w e p i n that i s :

@quivetioncewplX.Y)
= Tmp, (µ*&,µ*I) I Tomp, ( X . T )

• (Op, Hop) i s symphetic i f f plop: Op → drip, i s diffeomorphism

• Degeneracy of wlop has dimension Dp- dimOp- dimRpgs,



QuanttumExemple

• M = P ( H ) a complex projective space
- symplectic (Kehler) manifold o n which

5414) acts transitively

VEH , I? ] EACH), HE su lk ) -L ie (54184))
1PM)

UCHI

' " "that.entix,
*¥*¥€qI¥i,§

• Ta,P IN i s spanned by vectors XECen), X e s u l k )

cocktail, Ian)]-24111,1¥ ,
X . Y e s u c h )

• w i s SUCH)-invariant

w ( I , I)=w(U*I,' l l* F)



• The momentum map i s : µ : PCH) → s u c h )

pectin)-ifvxvl-o.in#n, I )
← shifted density matrix

corresponding to state I v>

(pelini), X ) = E r (plan)-X) = t r ( I n v i x ) = f i x ) ,"
expected va lue of observable
i X i n the s ta te 1×7

• Assume n o w H - H, @He
,
H E ¢" and take K=5UCd) x 5 h ( d ) ↳ 541012)

k a # i t , ) - U,@U, t 5 4 ( H )

K 7 YOU , [140×112]=[4,140×42112]

• K does not a c t transitively o n PCA )

%-1404147] I U, ,u , e su , ,y
I 99"'y

entangled s ta te ,

• Tangent vectors t o Om oo

(X,,X£) E s n (d )O t s u (d ) gives #O I + I@4)V) EE.Ta , Oh,



° Momentum map of K-cation o n P CH )

p i : P ( H ) → s u l d )O t s u lol)

Attn)-(piglets), filet])) = i (Salem)-III, 52443)- ' I I )
p t

t r, (14×41) t r i (14×41

pity]) ← information about one-qudit measurements (expected va lues)

• Momentum map pi meps On , onto the adjoint o r b i t

51µm,-{ftp.lla.UIptillz)) A . U, E 5 U lo l ) )

.ee#iT"
gumshoe,

K

O D



° For which stetes 147, Oh , i s sympleitic?

° How the degeneracy of why, i s related t o entanglement properties of 147?

14>
=§÷÷Cij

l e i to l f i>
, g,#D= CC't, gz (EY))- CTE

• U,V E 5 h (d)

UOVLY> =
§¥÷,@cut)ij

l e i t o l f p

° We c an choose 4, V e 5 N (d) b .t .
d

14)- E! T i l e i > o l f i )

g .It?)-III. pileixeil SKY?) -III, pi l f ixf i l

• Degeneracy of wlop has dimension

Dee,- dimOE dimspice, - dim 5teb(pilot?))-dim 5tob(Yd)



• Steeb(p i la f ) ) :

UI('
"
'"
'"p.,,,)UF('" '"

'
"m.,..
)

ht:('
"
'"
'"r:p,)UE('" '"

'"r:p.)

✓ r # o f n o n z e r o pi' s

Don- II.m
y.

- t

multiplicities of pie's

→ Separable s t a t e : (
" "no) = Dey, =D ⇒ separable steter a r e only symplectic

K- o r b i t i n 1PM)

→ Maximally entangled stetes off"':,) ⇒ Dey, = 012-t - dimOn,
I

K- orbit o f maximally entangled states.

I s Legrengien Wto,#O

→ The m o r e non-symplatic i s a n K-orbit the m o r e entangled stetets i t contains.




