Linear independence of odd zeta values using Siegel’s
lemma

Stéphane Fischler*
March 1, 2024

Abstract

We prove that among 1 and the odd zeta values ((3), ¢(5), ..., ((s), at least
0.214/s/ log s are linearly independent over the rationals, for any sufficiently large odd
integer s. This is the first asymptotic improvement on the lower bound, logarithmic
in s, obtained by Ball-Rivoal in 2001.

The proof is based on Siegel’s lemma to construct non-explicit linear forms in val-
ues at odd integers of the Riemann zeta function, instead of using explicit well-poised
hypergeometric series. Siegel’s linear independence criterion (instead of Nesterenko’s)
is applied, with a multiplicity estimate (namely a generalization of Shidlovsky’s
lemma).

The result is also adapted to deal with values of the first s polylogarithms at a
fixed algebraic point in the unit disk, improving bounds of Rivoal and Marcovecchio.

Math. Subject Classification: 11J72 (Primary), 11M06 (Secondary).

1 Introduction

It is well known that ((s) = > 7 n~® is equal, when s > 2 is an even integer, to c*
for some ¢, € Q*. Since 7 is transcendental, so is ((s) in this case. No such formula is
known, or even conjectured to exist, when s > 3 is odd. Eventhough 7, {(3), {(5), ...are
conjectured to be algebraically independent over Q, very few results are known in this
direction.

The first one is due to Apéry [2]: ((3) is irrational. Then the next breakthrough is the
following result of Ball-Rivoal [3, 22]:

1—¢

dimg Spang(1,¢(3),¢(5),...,¢(s)) > TlongOgS (1.1)
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for any € > 0, provided that s is an odd integer large enough in terms of €. This result has
been made effective, and refined, by several authors — but only for small values of s, and
there is still no odd s > 5 for which ((s) is known to be irrational. For large values of s,
the following result is the first improvement on the lower bound (1.1).

Theorem 1. For any sufficiently large odd integer s we have:

\/g
Viogs
Here 0.21 is the rounded value of a real number that we did not try to compute exactly.

As a corollary, there are at least 0.21 \/Ié% irrational numbers among ((3), ¢(5), ..., (s).

dimg Spang(1,¢(3),¢(5),...,¢(s)) > 0.21

This weaker result was proved recently by Lai and Yu [17] with a better numerical constant,
namely 1.19... instead of 0.21, by following the approach of [28] and [27], developed in
[15]. This strategy provides only a lower bound on the number of irrational odd zeta
values, but nothing like (1.1) or Theorem 1 about linear independence. This makes an
important difference: no linear independence criterion is needed, so that the proof is much
more elementary.

o0

e 1ns. From

The proof of Theorem 1 extends to values of polylogarithms Lig(z) =

now on, we fix an embedding of Q in C. Given a positive integer s, and z € Q such that
|z| is small enough (in terms of s and the degree and height of z), the values 1, Li;(2),

, Lis(z) are known to be Q(z)-linearly independent (see [21, 16] for the case z € QQ, and
[9, 7, 1] for the general case). If z € @ is fixed with |z| < 1, this is conjecturally true
for any s but the only known result is the following one (due to Rivoal [23] for z € R, to
Marcovecchio [18] in the general case): for any non-zero z € Q such that |z| < 1 we have

1—¢
(1+10g2)[Q(z) : Q]

provided s € N is sufficiently large in terms of ¢ > 0. We refer also to [14] for algebraic
points z outside the unit disk.
In this paper we improve this lower bound as follows.

dlm@(z) Spal'l@(z)(la Lil(z)a ce 7Li8<z>>

log s

Theorem 2. Let s be a sufficiently large integer. Then for any z € Q such that |z| < 1
and z ¢ {0,1} we have:

026 /s
[Q(2) : Q] Iog s

Of course this result holds trivially at z = 1 (after removing Li;(z) from the family),
since even powers of 7 are linearly independent over Q.

dimg,) Spang,)(1, Liy (2), Lia(2), . . ., Lis(2)) >

Most proofs of irrationality (or linear independence) of odd zeta values start with a

rational function
Cij
QX
0= e

=1 7=0



where ¢; ; € Z. For instance Ball-Rivoal’s proof of (1.1) is based on the following one
(where n is even and s is odd), which is related to a well-poised hypergeometric series:

X =r)m(X +n+1),

F.(X) = d;n!H’“(

(X)h41 ’
where (z), = z(x +1)...(z + a — 1) is Pochhammer’s symbol, d,, = lem(1,2,...,n), and
r= LWJ The point to obtain a linear combination of 1 and odd zeta values, namely
S Fu(t) = 0o + 030C(3) + 05.2C(5) .. + 05 (5) (12)
t=1
with 0;,, € Z such that |g;,| < "M as n — oo, and the absolue value of (1.2) is less
than o"(*+°(M)  Applying a linear independence criterion yields a lower bound 1 — 182 op

log 8
the dimension of the Q-vector space spanned by 1, {(3), {(5), ..., {(s).

In the literature, this strategy has always been applied to an explicit rational function
F,(X), and therefore explicit integers ¢; ;. This has allowed Ball-Rivoal to bound from
below the absolue value of (1.2), and apply Nesterenko’s linear independence criterion
20].

On the contrary, to prove Theorem 1 we apply Siegel’s lemma and obtain in this way
the existence of integers ¢; ;, not all zero, satisfying suitable assumptions. These integers
are therefore not explicit. This allows us to get completely different asymptotic values of
the parameters as s — oo. Whereas logaw ~ —slogs and log 8 ~ (1 4 log2)s in Ball-
Rivoal’s proof, we obtain loga ~ —4.55¢/slog s and log f ~ 20.93log s. In particular the
coefficients ¢; ; are much smaller than in explicit constructions.

Using non-explicit integers ¢; ; makes it impossible to use Nesterenko’s linear indepen-
dence criterion. We use Siegel’s criterion instead, by considering for each n a family of
linear forms instead of just (1.2). This extrapolation procedure is performed using deriva-
tion with respect to both ¢ and z (see parameters p and k in §4.1). Then a multiplicity
estimate (namely a generalization [12] of Shidlovsky’s lemma) is used to provide sufficiently
many linearly independent linear forms. Since z = 1 is a singularity of the underlying dif-
ferential system, we work at the point z = —1 by taking profit of the classical relation
Li;(—1) = (2177 — 1)¢(7) for ¢ > 2.

The structure of this paper is as follows. Section 2 contains the tools we need: a version
of Siegel’s lemma combining equalities and inequalities, a linear independence criterion in
the spirit of Siegel, and a generalization of Shidlovsky’s lemma. In §3 we apply Siegel’s
lemma to construct the integers ¢; ;, or in other words the rational function F,(X), that
will allow us to prove Theorems 1 and 2 in §4.

2 Diophantine tools

We gather in this section the auxiliary Diophantine tools we shall use in the proof of Theo-
rems 1 and 2, namely Siegel’s lemma and linear independence criterion, and a multiplicity
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estimate which is a generalization of Shidlovsky’s lemma.

2.1 Siegel’s lemma

We shall apply the following version of Siegel’s lemma. The new feature with respect to
usual statements (see for instance [24, Chapter 1, Lemmas 1, 4D or 9A]) is that linear
inequalities (namely (2.2) below) appear: there are not only linear equations with integer
coefficients.

Lemma 1. Let N > M > My > 0, and N\;p, € Z for 1 <i < N and 1 <m < M. For

each 1 <m < M, let H,, > 1 be a real number such that \/2?;1 >‘z2,m < H,,. For each m
such that My <m < M, let Gy, > 1 be a real number. Define

1
NI

X = \/N<H1 o Hy Gt - - GM)

Then there exists (x1,...,xx) € ZN \{(0,...,0)} such that

N
Z)\i’mx,» =0 for any m € {1,..., My}, (2.1)
i=1

N
H,X
‘Z)‘mez < e for anym € {My+1,..., M}, (2.2)
i=1 m

and

(2.3)

Inequality (2.2) means that the upper bound deduced from (2.3) using Cauchy-Schwarz
inequality is improved by a multiplicative factor 1/G,,.
In applying Lemma 1 we shall use the following consequence of (2.3):

|z;| < X for any i€ {1,...,N}.

Proof of Lemma 1: Let F denote the set of all x = (1, ..., 2y) € RY such that (2.1) holds:

this is a Euclidean space of dimension D > N — M, with norm given by ||z|| = /3.~ | 2.
It is rational, i.e. given by linear equations (2.1) with integer coefficients \;,,; this is
equivalent to the existence of a basis of I consisting in elements of QV. Then A = FNZY
is a lattice in F', that is a discrete Z-module of rank D; we refer to [24, Chapter 1] for all
notions of geometry of numbers used in this proof. We point out that geometry of numbers
is considered, in [24] and in most references, in the Euclidean space R”. Since we need to

work in F', which is Euclidean with the scalar product induced from the canonical one on
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RY | we fix a linear isometric isomorphism F — RP and use it to carry all definitions and
properties.

The determinant of A, denoted by det A, is the absolute value of the determinant of any
Z-basis of A with respect to an orthonormal basis of F' (because such an orthonormal basis
is mapped to the canonical basis of RP by the above-mentioned isometric isomorphism).
It is equal to the volume of the fundamental parallelepiped of A (see [24, Chapter 1, §2]).

The height of F', denoted by H(F'), is by definition det A (see [24, Chapter 1, §4] or
[25]). Now let F* denote the orthogonal complement of F' in R and consider the vector
U = My -y Avm) € ZN for any m € {1,..., My}. The definition (2.1) of F implies

F+ = Span(uy, ..., up,). Reindexing uy, ..., uyy, if necessary, we may assume that u,
..., uy_p are linearly independent, so that F'+ = Span(uy, ..., uy_p). Denoting by U the
square matrix of size N — D of which the columns are the coordinates of uy, ..., uy_p

in an orthonormal basis of F'*, since F* NZ" contains the Z-module spanned by u,, ...,
un_p we have

N-D N-D
H(F') =det(F* nZY) < |detU| < [] lumll < J] Hm
m=1

m=1

using Hadamard’s inequality (as in [24, Chapter 1, §4, p. 11]). Since H(F) = H(F1) (see
24, Lemma 4C]) and H,, > 1 for any m, we have

det A = H(F) < H H,. (2.4)

m=1

Now let us denote by C the set of all x = (xy,...,2x) € F such that Eqns. (2.2) and
(2.3) hold. We claim that

volC > M (2.5)

M
m=Moy+1 Gm

where volC is the volume of C inside the Euclidean space F. Admitting this lower bound

for now, and comparing it with Eq. (2.4) and the definition of X, we obtain

Mo
volC > 2P H H,, > 2P det A

m=1

since N—My < D < N and H,,,G,, > 1 for any m. Now C is a symmetric compact convex
body, so Minkowski’s first theorem asserts the existence of a non-zero x € CNA = CNZN.
This concludes the proof of Lemma 1, except for the claim (2.5) that we shall prove now.

Given an integer M’ with My < M' < M and vectors v,, € F form € {My+1,...,M'},
we denote by Cp/(Upg41, - - -, Upr) the set of all z € F such that

ml| X
(@, v)| < % for any m € {Mg+1,...,M'}

m



and ||z|| < X, where (-,-) is the scalar product on F' (obtained by restriction from the
canonical scalar product on RY). We shall prove by induction on M’ that

(2X/VD)”

VUMO+1’...,UM/ eF VOICM/(UMO+1)"'7UM/) > = - (26)
m=Moy+1 Gm

This implies the claim (2.5) by taking M’ = M and v, = wym = (A1 m, .., An,m) for any
m € {My+1,..., M}, since Cpr(upys1,---,up) C C because ||uy,| < H,y,.

To begin with, let us prove (2.6) when M’ = My: then Cyy, () is the ball of radius X in F',
centered at the origin. Let (ey, ..., ep) denote an orthonormal basis of F', and B, the set of
all 2 = ajey +...+apep with ay, ..., ap € [-X/V/D, X/v/D]. Then vol By, = (2X/vD)",
and for any = € By, we have ||z]|?> = 3.2, a? < X? so that By, C Cay,(). This concludes
the proof of (2.6) when M’ = M.

Now let us assume that (2.6) holds for some M’ € {M,,...,M — 1}, and prove it
for M' + 1. Let UMo+1y -+, UM'+1 € F.If UM'41 = 0 then CM’+1(UM0+17 . ;UM’+1> =
Corr(Ungg+1, - - -, arr) SO the conclusion is trivial since Gppy1 > 1. Assuming from now on
that vy 41 # 0, we consider the linear map ¢ : F' — F' such that p(vary1) = 5 1, VM4,

and ¢(x) = x for any x € F orthogonal to vy 1. Since Gy > 1 we have ||p(x)]| < ||z]]
for any x € F. Now let f; = ;IHUM/_H. There exist fo,..., fp such that (fi,..., fp)
+

v
is an orthonormal basis of F'. Then the matrix of ¢ in this basis is the diagonal matrix
Diag(~~—,1,1,...,1): it is symmetric, so that

Garret’

(o), y) = (x, (y)) for any x,y € F.
We shall prove now that
O(Crr (P(Vrtg+1)s - - p(varr))) C Carr1 (Vg 15 - - 5 Vv Ungrg1 ). (2.7)
Indeed let x € Cpr (@ (Vagg41), - - - (var)). For any m € {My+1,..., M’} we have

len)l X _ Jlomll X
Gm = Gu

[(p(2), vm)| = [{x, p(vm))| <

On the other hand,

[z, vare )| oseall el _ flosrn ]l X

(o (@), vnra) | = (@, (o) =

Grn Grrn Grrn

Since ||¢(z)]| < ||z|| < X this concludes the proof of (2.7). This inclusion yields

(2X/VD)”
e st e = P,

Vol Corrg1 (Vndgt1s - -+ U, Unarg1) 2>

since ¢ has determinant —GMl , using the induction hypothesis. This concludes the proof
/+1
of Lemma 1.



2.2 Siegel’s linear independence criterion

The proof of Theorems 1 and 2 relies on the following criterion (see [14, Theorem 4] for a
proof), which is based on Siegel’s ideas (see for instance [11, p. 81-82 and 215-216], [19,
§3], [18, Proposition 4.1], or [12, Proposition 4.6]).

Let K be a number field embedded in C, and Ok be its ring of integers. Let K, = R
if K C R, and K, = C otherwise. The house of £ € K, denoted by |E|, is the maximum
modulus of the Galois conjugates of &.

Proposition 1. Let 6y,...,60, be real numbers, not all zero. Let 7 > 0, and (Q,) be a
sequence of real numbers with limit +oo. Let N be an infinite subset of N, and for any
neN let LW = [EEZ)]OSMSI, be a matriz with coefficients in Ok and non-zero determinant,
such that as n — oo with n € N:

and max ]6&?90 4.+ gz()flj)gp’ < Q;‘r+o(1).

0<j<p

Then we have

: Koo : R]
d S Oo,...,0,) > ——— 1).
1My panK( 0 ) p) - [K . Q] (T + )
In the proof of Theorem 1 we apply this proposition with K = Q, @, = p", and
T = —iggg (so that @, = a™), where a and § will be defined in §4.6. The setting is

similar for Theorem 2, with K = Q(z) (see §4.7).

2.3 Multiplicity estimate

Let us state now the generalisation of Shidlovsky’s lemma we shall use, namely [12, The-
orem 3.1]. It is based on Fuchs’ global relation on exponents, following the approach
initiated by Chudnovsky [8, 6] in the fuchsian case and generalized by Bertrand-Beukers
[5] and Bertand [4] using differential Galois theory.

We consider a positive integer N and a matrix A € My(C(z)). We let Sp,...,Sn-1 €
C[X] with deg S; < m for any 7. With each solution Y = *(yq,...,yn_1) of the differential
system Y’ = AY is associated a remainder R(Y") defined by

R(Y)(2) = ) _ Sil2)ui(z).

Let X be a finite subset of P(C) = CU{oo}, with co € X. For each o € X, let (Y});e,, be
a family of solutions of Y’ = AY such that:

e For any j € J,, the function R(Y;) belongs to the Nilsson class at o (i.e., has moderate
growth at o; see [14, §5.1] for a precise definition).
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e The functions R(Y;), for j € J,, are linearly independent over C (as functions on a
small open disk centered at o).

Theorem 3. Let pu denote the order of a non-zero differential operator L € C(z)[;—z] such
that L(R(Y;)) =0 for any 0 € ¥ and any j € J,. Then

D0 ordy(R(Y))) < (m+1)(u — Card Joo) + &1
O’EE jeJa'
where ¢1 is a constant that depends only on A and Y.

In this result we denote by ord, the order of vanishing at o (recall that logarithmic
factors may appear, but they have no influence on the order of vanishing; for instance,
ordy(z¢(log 2)?) is the real part of e, for e € C and i € N).

3 A non-explicit rational function

In this section we construct the rational function F,(X) that will be used in §4 to prove
Theorems 1 and 2. The output of this construction is stated as Theorem 4 in §3.1. Its proof,
based on Siegel’s lemma, is given in §3.5. It relies on a result of [13]: F,(t) = O(|t|™¥") as
|t| = oo if, and only if, P, (1) = 0 for any k < wn. These functions Py (z) are related
to a differential system arising from polylogarithms. In §3.2 we define them, explain this
setting and state as Proposition 2 a technical result used in the proof of Theorem 4. We
prove Proposition 2 in §3.4, after dealing with a lemma of analytic number theory in §3.3.

3.1 Output of the construction

In this section we apply Siegel’s lemma (namely Lemma 1 stated in §2.1) to construct
integers ¢; ; € Z, for 1 <1i < a and 0 < j < n, such that the rational function

F(X)=323 (C—J € Q(X) (3.1)

the expansion of F,(t) as [t| — oo.

Theorem 4. Let a € N and w,Q,r € Q be such that a > 2 > w > 0 and r > 1. Then
for any n > 0 such that rn,wn,{dn € N there exist integers ¢;; € Z for 1 < ¢ < a and
0 < j <n, not all zero, with the following properties:

(i) As [t| = 0o, we have F,(t) = O(|t|~*").
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(ii) Asn — oo, we have |c; ;| < x"H°W) for any i, j, with

(3.2)

wlog2 + 3w? + w?log(a + 1) + %QZ logr>

v=e
a — w

(iii) For any d < Qn we have |Ay| < rd=tnndqeyni+ed)),

Moreover in (ii) and (iii) the sequences denoted by o(1) do not depend on i, j, d, and tend
to 0 as n — oo.

The upper bound (i77) is interesting only when wn < d < Qn, since part (i) means
Ay = 0 for any d < wn. We also point out that, even if it is not explicit in the notation,
the integers ¢; ; depend on a,w, §2, 7, n.

This section is devoted to the proof of Theorem 4; this proof will be completed in §3.5.

A rather easy construction of integers ¢; ; satisfying properties (i) and (¢ii) of Theorem 4
would be to apply Lemma 1, translating (i) as 24 = 0 for any d < wn. However the explicit
expression of A, (see Eq. (3.20) in §3.5) shows that for d close to wn, the equation 2; = 0
is of the form )7, . A;jci; = 0 with integers A;; such that [A; ;| < ner(+°0) Applying
Lemma 1 with such a huge bound would not give as n — 0o a geometric bound on |¢; ;| in
(1), and therefore it would not seem possible to derive any Diophantine application. On
the contrary, to prove Theorem 4 we translate assertion (i) as Py 1(1) = 0 for any k£ < wn
(see §3.5). We shall define these functions Py 1(z) now.

3.2 Setting of the proof

Let @ > 1 and n > 0. In this section we start with arbitrary real numbers ¢; ;, for 1 <¢ < a
and 0 < 5 < n, which may either be fixed or considered as unknowns. We point out that
the result of §83.2 to 3.4, namely Proposition 2 below, will be used 3 times in this paper:
in §3.5 to prove Theorem 4, in §4.3 to prove Lemma 5, and in §4.7 for Theorem 2.

We let Pi(z) = Z?:o ci ;20 for 1 < i < a, and By(z) = 0. We define Py ;(z) for 0 < i <a
and k > 1 as follows: Py ;(z) = Pi(z) for any ¢, and for k > 2:

{ Ppi(z) = P,é_l’i(z) — %Pk_17i+1(z) forl1<i<a

Poo(2) = Py o(2) + 2490 P4 (2) (3:3)

where Pj_1 441 is taken to be the zero polynomial; the motivation for this definition will
be given in §§3.5 and 4.1 (see Eqns. (3.23) and (4.8)). Here (g, 1) € Z? is fixed; we shall
take (g, 1) = (1,1) in the proof of Theorem 1, and (ap, ;) = (1,0) for Theorem 2. It is
not difficult (as in [12, proof of Proposition 4.4]) to prove that z*~1 P, ;(z) is a polynomial
of degree at most n for 1 < i < a, and that 2*71(1 — 2)*"1 P, () is a polynomial of degree
at most n + k£ — 1; this follows also from the proof of Proposition 2 below. We define the
coefficients py,; ; by

{ FPi(2) = 3 o prag? i i > 1, (3.4)

11— 2)F 1P (2) = Zj;{;—l Pro 7.
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It is clear that each coefficient py; ; is a Q-linear combination of the (fixed or unknown)
coefficients ¢y j» we have started with to define Fy, ..., P,. In other words, there exist
rational numbers ¥y, ; ;. ; such that for any £, i, j:

a n
Pij = E E Okijir jo Cir - (3.5)

i'=1j/=0

The point of the next result, which is the main step in the proof of Theorem 4, is to provide
a common denominator (depending only on k) and an upper bound on these coefficients
ki gt -

Proposition 2. For any k > 1 there exists a positive integer 0y, which depends only on k,
a, n, such that:

(i) We have &, < (e*(a + 1))k provided n is large enough in terms of a.
(13) For any i, j, i, j' we have ﬁﬁk’mﬂdf e 7.
(131) For any i, j, i, j' we have

0 [ R2eifl<i<a
(k — 1>! kjggilg'| = max(oco, 041) ka+18max(n’k)5k ZfZ —0.

The first observation is that we have geometric bounds as n — oo (with & < wn): this
solves the problem raised at the end of §3.1. Another crucial remark is the dependence
with respect to a of the upper bound in (7): it is polynomial in a, whereas a direct approach
would lead to an exponential bound, thereby ruining the Diophantine application we have
in mind. Indeed we recall (see the end of the introduction, or §4.6 for details) that we
plan to construct a linear combination of odd zeta values, with coefficients bounded by
pri+e) as n — oo, where 3 is a polynomial in a. To achieve this, the bound in (i) has
to be polynomial in a. This property comes from Lemma 2 below.

In the proof of Theorem 4 we shall not use the case i = 0 of parts (i) and (éiz), but
they will be used in the proof of Lemma 5 in §4.3.

3.3 A lemma from analytic number theory

A crucial step in the proof of Proposition 2 is the use of the following lemma, which is of
independent interest.

Lemma 2. Let a, N > 1. Denote by A, n the least common multiple of all products
Ni...N, where a < a and Ny, ..., N, are pairwise distinct integers between —N and N
such that max N; —min N; < N. Then as N — oo (while a is fized) we have:

Ay = exp (N(Ea: ]1 + 0(1))> < ((a + 1)67+0(1)>N (3.6)

J=1

where v is Euler’s constant.
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The naive version of this lemma would be to use the upper bound A, y < d%,, where
dy =lem(1,2,...,N), leading to A, xy < eN4T°(N). The dependence in @ is much better in
Lemma 2 because we use the assumption that Ny, ..., N, are pairwise distinct.

Proof of Lemma 2: For any prime power p¢ we let f, x(p°) = min(a, L%J) and we consider

A = H pfa,N(pe)

pe<N

where the product is taken over all pairs (p, e) such that p is a prime number, e > 1, and
p® < N. Our goal is to prove that A, y = A. To begin with, we compute for any prime
p < N the p-adic valuation of A as follows:

log N log N
| log p ] L log p ]

WA = 3 funtr) =a[ BTy |, (3.7

log p

Now let us prove that A,y divides A. Let p be a prime number; we shall prove that
V(N1 ... Ny) < v,(A) for any non-zero pairwise distinct integers Ny, ..., N, between —N
and N, with @ < a and max N; — min N; < N. Since |N;| < N for each i, we have

o Sl
(N1 No) =) 0,(N;) = ) Card S, (3.8)
=1 e=1

where S, = {i € {1,...,a}, v,(V;) > e}. Obviously we have CardS, . < a < a, and

max; NV; — min; N;

Card §,,c < | ~ |+1< gJ +1.

Moreover if Card S, = L%J + 1 then min; N; = up® and max; N; = vp® with u,v € Z such
that v —u = L%J Ifu>1thenv > 1+ L#J > N/p° so that vp® > N, which is impossible.
The same contradiction holds if v < —1 because in this case —u > 1+ ng > N/p°.
Therefore we have u < 0 < v; since all N; are non-zero, we obtain CardS, . < L%J and
finally CardS,. < fo,n(p°). Combining Eqns. (3.8) and (3.7) concludes the proof that
A, n divides A.

Let us prove now' that A divides A, y. Let p be a prime number; we shall construct
pairwise distinct integers NN; between 1 and N such that v,(Ny...N,) = v,(A). We write

e = LIOgh()JgVIéa)J +1, so that pe—l < N/& < p°, and k = L%J If Llﬁ)gg];J = Llogi(gjgv;a)J the sum

in Eq. (3.7) is empty, so that letting N; = ip®~! for 1 < i < a we have v,(N;...N,) =

!For the application we have in mind, an upper bound on A, y is enough. We provide its exact
asymptotics for the sake of completeness.
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ale — 1) = v,(A). Assume now, on the contrary, that Ligg];[ | > e. Then we have p* < N
and k> 1; we let N; = ip® for 1 < i < k, and we pick up Npi1, ..., N, among the
L |- L J > a—Fk integers between p°~! and N with p-adic valuation equal to e—1. Then

for any ¢ € {1,...,a} we have e — 1 < v,(V;) < L%J, and for any €’ € {e,..., L%J}

e

the number of indices ¢ such that v,(NN;) > €’ is equal to L%j Therefore we have

ST
Up(Ny ... Ny) =ale—1) + Z L?J = u,(A)

using Eq. (3.7). Finally, for any prime p we have found pairwise distinct integers N;
between 1 and N such that v,(A) = v,(Ny ... N,). Therefore A divides A, y, and equality
holds: A = A, .

To conclude the proof of Lemma 2, we use this explicit expression of A to compute
it asymptotically. In what follows we denote by o(1) any quantity that tends to 0 as
N — oo, with a fixed. Recall that letting ¢(x) = >_ . logp (where the sum is over prime
numbers p and positive integers e such that p® < z), the prime number theorem yields
Y(N) = N(1+ o(1)). Therefore we have

log A = Y fan(p*)logp

pe<N
a—1
= Z alogp—l—z Z klogp
p°<N/a k=1 N _pe N

k1

— ap(N/a) +Zk< (N/k) — (N/(k;+1)))

a

= a(N/a) +Zk’1p N/k) =Y (k= 1) (N/k)

k=2

= ab(N/a) + $(N) — (a— Dp(N/a) + 3 H(N/K)

- Zw N/k) = <Zl/k+o )

At last, > 7, k —log(a+ 1) is non-decreasing with respect to a, and tends to v as a — oo,
so that » ;_, 1/k <~ +log(a+ 1) for any a. This concludes the proof of Lemma 2.

3.4 Proof of Proposition 2

In this section we prove Proposition 2 by computing explicitly the coefficients 9y ; ;. j». We
shall use the following lemma, proved in [10] using Kummer’s theorem on p-adic valuations
of binomial coefficients.

12



Lemma 3. Let N be a positive integer. The least common multiple of the binomial coeffi-

cients (Zj), 0<i<N, is equal to C]l\lfvjll where dyyq = lem(1,2,..., N +1).

We shall use also the following notation. Given integers 0 < ¢ < k, we denote by Hy
the set of all h = (h, ..., hy) € (N*)“ such that hg+...+hy = k; we let Hyp =0 if ¢ > k
or £ < 0. In particular we have Hyy = {h} with h = hy = k.

For h € Hy, and T' € Z, we let

T(T—1)...(T—k+2)
[Too(T+ 1= hy)

where empty products are taken equal to 1; notice that all factors in the denominator
appear also in the numerator, so that x(7,k,h) € Z. Here and below we agree that if
T = Z}O:o hj — 1 for some ig € {0,...,¢ — 1} (which is then unique), then the zero factor
T+1- Z;OZO h; has to be omitted from both products, in the numerator and in the
denominator. In precise terms, we then have T'4 2 < k and

k(T k,h) =

Ik — T —2)!
KTk ) = (LT LB
Mogiger (T +1 =375 hy)

The proof of Proposition 2 falls into 4 steps.
Step 1: Computation of ¥y ; ;. ; for i > 1.

The goal of this step is to prove by induction on k£ > 1 that for any 1 < I < a and any
0 <T <n we have

Orimrr = (=)' Y w(T,kh)  if max(1,I—k+1)<i<I  (3.9)

heHr_;
and Uy, ;17 = 0 otherwise (with ¢ > 1), namely
Vpijor =0 if(i>land j#T)or (i >I+1)or (1<i<I-—k). (3.10)
The value of ¥ ;. j7, namely with ¢« = 0, will be computed in Step 2 below.

An equivalent form of Eqns. (3.9) and (3.10) is the following: for any 1 < i < @ and
any k > 1, we have

n+l—k min(a,i+k—1)

Poi(z) = 3 zt( S (DY /-@(t+k:—1,l<;,h)>. (3.11)

t=1—k I=i heH_

We shall now prove Eq. (3.11) by induction on k& > 1.
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For k =1, Eq. (3.11) holds trivially; indeed it reads Py ;(z) = Y, ¢;2" since Hyq =
{(1)} and k(t,1,(1)) = 1. Let us assume that Eq. (3.11) holds for k — 1, with & > 2. We
recall that

1
Pri(2) = Py_y,(2) — ;Pk_17i+1(z) for1<i<a

with Py ,4+1(2) = 0. Using Eq. (3.11) twice (since it reduces to 0 = 0 if i = a + 1) we
obtain:

n+2—k min(a,i+k—2)
Pei(z) = Z tzt_1< Z Cz,lwrk—z(—l)l_Z Z K(t+k—2k— 1,@))
t=2—k I=i beHl—i,k—l

min(a,i+k—1)

—Zt_1< Z C],H_k_g(—l)l_i_l Z :‘i(t + k — 2, k — 1,@)) .

I=i+1 heHr i1 -1
Letting ¢/ =t — 1 yields

n+1—k mln(a i+k—1)

Py (2 Z Z CI,t'+k71(—1)Ifi
((t’+1) Z KAk —Lk—1L0)+ > k(4 k—1k- 1,@));

heHr_; k1 heHr_;_1 k-1

here zero terms have been added (namely I = i+k—1 in the first sum, if i+k—1 < a, and
I =i in the second term; notice that Hy_ 1,1 = H_14_1 = (). To conclude it is enough
to check that for any ¢, [ such that 1 —k <t <n+4+1—kandi<I <min(a,i+k—1)
we have

(t+1) > wklt+k-1Lk-=11)+ Y = klt+k-1Lk-11") (312)

heHr ;-1 h'eHr_ ;1 k-1

= Y k(t+k—1kh).

heHr_;

Indeed let h = (ho, ..., hi—;) € Hi_;, so that ho + ...+ h;—; = k. If hy_; > 2 then
(t+k—1)(t+k—2)...(t+1)
[To ' (t+ k=20 hy)

where b’ = (ho, ..., hi_i_1,h;_; — 1) € Hi_ik—1. On the other hand, if h;_; = 1 then for
)\:I—i—lwehavetjtk—z:?zohj =t + 1 so that

k(t+k—1,kh) = =(t+1)k({t+k—-1k—1,h)

t+k—D(t+k=2)...(t42)
[0+ k=250 hy)

H(t_‘_k_l?kah): :"i(t—i_k_lak_lah”)
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where " = (hg,...,h;_i_1) € H;i_;_1 1. This concludes the proof of Eq. (3.12), and by
induction that of Eq. (3.11).

Step 2: Computation of ¥y ; ;i j» for i = 0.

In this step we shall prove that for any £k > 1, any 0 < j<n+k—1,any 1 <1 <a
and any 0 < T < n we have

min(1,5) -1 n—s'—k+e
Vojrr = > a Yo Y (- (3.13)
e=max(0,j+2—n—k) s'=1—-kt'=—s"—k+e
k—2
S, —+ k — 1 ) Z / ’
| (t"+ Dsgar1 (s +a+2) g 1Up—a-1,1,¢/+5—etk,I,T
— / J— 17 bt
(] t—k+1 Nl

where the coefficients ¥y_o—111+s—c+k, 17 have been computed in Step 1, and o, comes
from Eq. (3.3). With this aim in mind we define functions ¢y .(z) for k > 1 and ¢ € {0,1}
by letting 1 .(2) = 0 and

Uke(2) = Yho1o(2) + 2771 (1= 2) 7 Pecra () (3.14)

for any k£ > 2. Indeed the recurrence relation

o2 + o
Pro(z) = Pi_10(2) + S1—2) Py1,1(2)
with P ¢(z) = 0 yields immediately, by induction:
Pro(z Z Qg e(2) for any k > 1. (3.15)

Let us fix ¢ € {0,1}. Then Eq. (3.14) implies, by induction,

B

-2

w2 =3 (1) (502 Bana2)

«

Il
o

for any k£ > 1. Recall that

n+a+2—k

t
Py o_11(2) = E Ph—a—11t+k—a—2%
t=a+2—k

so that Leibniz’ formula yields

k—2 n4+a+2—k

Viels _Z Z Pr—a—11ttk—a- QZ( ) (t4+e—B)p™ P Ha — B)(1 — 2)1FF,

a=0 t=a+2—k
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Letting ' =t4+e—fF—1and s = —1 — a + [ we obtain

-1 n—s'—k+e k—2
ez Z Z (1—2 Z Ph—a-11p+s ket + Dsgrar1(s +a+2)_ 1.
s'=1—kt'=—s"—k+e a=—1-—s'

Now writing

(1—2)" =(1—2)'F s’i1<_1)020 (s’ +k— 1)

g
=0
and letting j =t + 0 + k — 1 yields
n+k+e—2 -1  n—s'—k+te
wk7€<z) _ (1 N Z)lfk Z P k Z Z ] t'—k+1
j=e s'=1-kt'=—s'—k+e
k—2
8/ —|— ]C — ]_ ) Z ’ ,
o Prk—a—1,1t'+s'+k—¢ (t + 1)s/+a+1(8 + o+ 2>7s’71-
(j —U =k + 1 a=—1-—s'

Using Eqns. (3.5) and (3.15) this concludes the proof of Eq. (3.13).
Step 3: Denominators.
In this step we prove that assertion (ii) of Proposition 2 holds with

5k = di Aa,rnam(k,n)

where Ay max(kn) 18 defined in Lemma 2. Since v < 1, the upper bound (i) on ¢ in
Proposition 2 follows immediately from Lemma 2 and the prime number theorem (namely,

dr = exp(k(1+ o(1)))).
Let us start with the case ¢ > 1. We shall prove that
di A g max(k,n)

(k—1)!

foranyk >1,1<71<a,0<T <n,max(l,/—k+1)<i<Tandanyh = (hg,...,h;_;) €
(N*)I=t+1 quch that hg + ...+ h;_; = k. Using Eq. (3.11) proved in Step 1 and Eq. (3.5),
this is enough to prove assertion (ii) of Proposition 2 for ¢ > 1.

K(T,k,h) € Z (3.16)

To prove (3.16), we recall that
T(T—1)...(T—k+2)

k(T k,h) = .
( ) “1(T+1—Z]0h)

(3.17)

T —k+2>0 then

d ACL max n T Aamax n
k’—(’?)m(T,k,h)—dk< > = (k,n) c7
k—1)! k-1 (T+1-Y o h)
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using Lemma 2, since the 7"+ 1 — Z?:o hj are I —i < a — 1 pairwise distinct integers
between 0 and 7' < n < max(k,n).

If T'—k+2 < 0 then a factor vanishes in the numerator of Eq. (3.17). In proving
Eq. (3.16) we may assume that a factor vanishes in the denominator too, namely 7'+ 1 —
Z)‘O h;, and in this case these factors have to be omitted in Eq. (3.17); we then have

dkAa,max k,n
— ) AT k)
_ (_1)T—k+2 dk Aa ;max(k,n) c7
(k’— 1)< /{3;2 ) HO<)\A<?£I)\O'L 1(T+1—Z] Oh )

using Lemmas 2 and 3, since the T+ 1 — Z;:o hj with A # A\ are I —i—1 < a—2 pairwise
distinct integers between T'— k+2 > —k 42 and T' < n, with distance at most k — 2 from
one another.

This concludes the proof of assertion (ii) of Proposition 2 for i > 1; let us study the
case i = 0 now. Using Eq. (3.13) (see Step 2) it is enough to prove that

d2Aa max(k,n
k(k 7_31;|7 Lt + Dgvarn (s + a+ 2) s 1Ph—a1 145/ —etk € Z

forany £ > 1,0 < e <1, 1—-k < s

< 1, - —k+e <t <n-§—k+se¢,
—1—§ <a<k—2 It follows from Eq. (3.16

) that

dkAa ;max(k,n)

7 1\ a— '+s € 4.

(k‘—l— )|pk 1,1,t'+s'—e+k
Since we have

(k—1—a)!

)

d / 1 t/
(t,+1)s+a+1(8 +Oé+2) -1 = k—kl(s—i_a:,— + )GZ
(")
using Lemma 3, this concludes the proof of assertion (7i) of Proposition 2.

Step 4: Absolute values.

To conclude the proof of Proposition 2, let us prove part (#ii). To bound |ﬁﬁkvi7]~,[¢|
from above, we begin with the case where ¢ > 1 and use Eqns. (3.9) and (3.10) proved in
Step 1. Whenever 1 <1 <aand 0 <T <n we have Card H;_;;, < k=" <k and, for any

h e Hp_;y:
‘—(Tkh‘< P Ycorcomigrsion,
(k k-1
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whereas

‘ Tkh( <1HT<k—2

— k2)

Therefore we obtain

Ok

‘@:jﬁmMMWSkQQﬁiZL (3.18)
Let us deal now with the case i = 0, using Eq. (3.13) proved in Step 2. In this sum
there are at most 2k(k — 1) values of the triple (g, s, «). For each value, the sum over ¢’ of

(jf/;ff;}rl) is bounded by 2¢ %=1 < 25=1 and we have

al ("Hrehy < alomif ¢ > 0,

‘(t’+1)5,+a+1(s’+a+2)_5,_1‘ =< 0ift' <0<t +5+a+1,

ol (17 <al2 <al2bif ¢ 4+ 5 +a+1<0.

Therefore Eqns. (3.13) and (3.18) yield

) ka—i—l 2n+k+max(n,k) 5

Ok
)|79k,0,j,I,T‘ < max(ag, ay k-

(& — 1)

This concludes the proof of Proposition 2.

3.5 Application of Siegel’s lemma

In this section we use Proposition 2 to conclude the proof of Theorem 4. The notation
is the one of §§3.1 and 3.2; the coefficients ¢; ; are related to the function F,(X) we are
trying to construct by Eq. (3.1).

The asymptotic expansion of F, () at infinity reads

[e o]

2l
= Z t—dd for any t such that [t| > n, (3.19)
d=1

where the coefficients 2, are given explicitly (see [13, Eq. (17)]) by
min(a,d) n d—1
) Z (2 B 1)jd ‘¢, ; for any d > 1. (3.20)

=1 7=0
The important point here is that we have also [13, Proposition 2]
-1

Zgld d 1 IOgZ)

—) for any z € C such that |z — 1| < 1 (3.21)
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where
i—1

1 (log 2
ZP ) ((zg—>1)!'

As in §3.2 we consider the rational functions Py ;(z) defined by P, ;(2) = Pi(z) and, for any
k> 2,

(3.22)

1
Pei(2) =P,_1;(2) = =Pi_1441(2) for 1 <i<a (3.23)
: z
where Py 441 is understood as 0; however we are not interested in Py (z) here. Since the

derivative of (—1)i_1% is =(—1)" Q(hEL if i > 2, and 0 if : = 1, we have

-1
(k—1) z 1 (lOg Z)
Rn Zpkz —(1_1) foranyk>1
and in particular
RED(1) = Py (1). (3.24)

Using Eqns. (3.19), (3.21) and (3.24) we see that the following assertions are equivalent:
(1) As |t| — oo, F,(t) = O(|t|~“™).
(17) For any d € {1,...,wn — 1}, Ay = 0.
(i17) As 2z — 1, R,(2) = O((z — 1)*»1).
(v) For any k € {1,...,wn — 1}, R;kil)(l) =0.
(v) For any k € {1,...,wn — 1}, Py1(1) = 0.
Using the notation of §3.2, the last assertion reads Z?:o Pr1,; = 0, or equivalently

|ZZ<Z§’““ )ci/J/ =0 forany k € {1,...,wn — 1} (3.25)

/ 1 j

using the integer 5 (which depends also on a and n) provided by Proposition 2. This
result asserts that (3.25) is a linear system of My = wn — 1 equations in N = a(n + 1)
unknowns ¢ j, with integer coefficients bounded by

'Z’&kljz’j’ =

asn — 00, since k <wn —1and w > 1.

n(1+o(1))
(n + 1)k275;, < ( (a+ 1)we3w) (3.26)

In applying Lemma 1, for any k € {wn, .. — 1} we consider 2, given by Eq. (3.20)
as a linear combination of the unknowns cy j, Wlth integer coefficients bounded in absolute
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value by k?n*. We take M = Qn — 1 and for each k such that My =wn —1 < k < M we
let Gy = "% and Hj, = \/a(n + 1)k®n*. Then Lemma 1 applies, and with its notation

we have
Qn—1

(wn—Dn(1+o(1)) S
X< \/N[<2(CL + 1)“’63w> H TQ”_’“} Mo

k=wn

using Eq. (3.26), so that

On—1
1
2 2
<wlog2+3w +w log(a—l—l)—i-ﬁ E (Qn—k)logr)

k=wn

n(l+o(1))

< n(1+ o(1))

log X

1
(w log 2 + 3w? + w?log(a + 1) + 592 log r).

This concludes the proof of Theorem 4.

4 Main part of the proof

In this section we prove Theorem 1 stated in the introduction; we explain in §4.7 how to
modify this proof and deduce Theorem 2. We explain the notation and sketch the proof
in §4.1. We obtain an expansion in polylogarithms in §4.2. Then we study the resulting
linear forms: their coefficients (§4.3) and their asymptotic behavior (§4.4). We apply a
multiplicity estimate in §4.5, and conclude the proof in §4.6.

4.1 Setting, notation and sketch of the proof

Let a,r,w,2>1and n > 2, with a,n € Z, r,w,Q € Q, and 1 < w < ) < a; we assume
rn, wn and Qn to be integers. In our application, a, r, w, 2 will be fixed and n will tend
to 0o. We refer to the end of this section (and to §4.6) for the choice of parameters.

Using Siegel’s lemma we have constructed in Theorem 4 (see §3.1) integers ¢; ; € Z, for
1 <7 <aand0<j<n,such that

Yy Xy e )

=1 7=0

satisfies F,(t) = O([t|™") as [t| — oo, with |¢; ;| < x"1H°M) as n — oo, where

wlog 2 4 3w? + w?log(a + 1) + 5% logr
X = exp ( ) (4.1)
a—w
We have also
|Q[d| < Td—anddaXn(l—i—o(l)) (42)

20



for any d < Qdn, where 2, is defined by
— Ay : : _
F.(t) = Z - if |¢] is sufficiently large; (4.3)
d=1

notice that the upper bound (4.2) is interesting only when wn < d < Qn since A4 = 0 for
any d < wn.

For any p > 0, the p-th derivative of F}, is

p ZZCZ;(_'_] i+p

=1 7=0

with (i), =i(i+1)...(i +p—1). We fix an additional parameter h > 0 with h < a. For
any z € C such that |z] = 1 and any p € {0,...,h} we consider

o0

Suplz) =2 (F,gm(t)z—t - Fy’)(—t)zt)

t=rn+1

which is convergent since F),(t) = O(|t|™2) as |[t| — oo. The point here is that even zeta
values should not appear in the linear combination we are trying to construct. A symmetry
phenomenon (related to well-poised hypergeometric series) is used in general to obtain this
property. However we have to consider derivatives of S, ,(z) to apply the multiplicity
estimate, and this property is not transfered to derivatives. We overcome this difficulty as
in [12], by considering the functions Li;(1/z) — (—1)‘Li;(z) instead of just Li;(1/z). This
leads to the definition above of S, ,(2), instead of simply 2™ >>* FP ()2,

We let also

Pi(z) = Zcmzj for1<i<a (4.4)
=0

and we shall prove in Lemma 4 that, if z # 1,
Snp )+ Z P (1@ (Lisp(1/2) = (1) Ligy(2)) - (45)

for some polynomial V,, € Q[X] of degree at most 2rn. For k£ > 1 we shall consider the

(k — 1)-th derivative S,S]fzfl)(z) of S,,,(2). Since the coefficients of the polynomial V,, have
large denominators (that would ruin our Diophantine application), we shall be interested

only in integers k such that k —1 > 2rn 41 > degV/,, so that V},(k_l) = 0.
ForO<p<hand1l<1:<awelet

QUL (2) = 2" P(2) (= 1)"(0), (4.6)
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and also Qgp](z) =0forie{l,....,p}U{a+p+1,...,a+ h}. Then Eq. (4.5) reads

a+h

S +ZQ[P (le 1/2) — (- 1)iLii(z)). (4.7)

Now let Q[lp]o(z) =0, Q[lp]l(z) = QW(2) for any i € {1,...,a+ h}, and for k > 2:

{ l[f]z(z) = 1[51,11(2) Qk “H( z)for1<i<a+h

4.8
i[f]o(z) = 51—/1,0( )+ Z(Zl+lz Qk 11( ) (48)

where Qk Laths1 18 taken to be the zero polynomial. In particular we have ngj]i(z) = 0 for
any i € {a+p+1,...,a+ h}, but not (in general) for 0 < i < p. Since the derivative of

Lis(1/2) — (~1)'Lij(2) is 5% for i = 1, and —%(Lii,l(l /2) — (—1)i—1Lii,1(z)> for i > 2,

we have

a+h
Sff;l)( [p] )+ Z Q[p] (L1l 1/z) — (- 1)iLi¢(z)> for any k >2rn+2  (4.9)

since deg V), < 2rn; when 1 < k < 2rn + 1 an additional term Vp(k_l)(z) appears on the
right hand side. The point is that we have now many linear forms for each value of n, as
k and p vary. This is necessary to apply the multiplicity estimate, and then Siegel’s linear
independence criterion.

For any k > 2rn + 2 we let

g(n)

5
= () QU (— 1) for 0<i<a+h (4.10)

(k— 1) “ka

where §j, is given by Proposition 2 in §3.2 with a replaced by a + h and n by (r + 1)n; then
Eq. (4.9) yields

a+h
Ok

(D TS D = e+ 2GR0 - CUIL(-D. (@)

These are the linear forms we are interested in, with 0 < p < h and 2rn+2 < k < kn
(where k € Q is a fixed parameter such that 2r < k£ < w). We shall prove in Lemma 5

that their coefficients are not too large integers, namely E;n,zz € Z and

] < B0 with 5 = (20 + 1)>H gL

Then in Lemma 6 we shall prove that these linear forms are small :

ﬁénko + Zf;n,L(l —(—1) )Lii(—l)‘ < "o with o = yr~%(2¢*(2a + 1))".
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Assume that (h 4+ 1)(k — 2r) + w > a, and that n is sufficiently large. Then using the
generalization of Shidlovsky’s lemma stated in §2.3 we prove in §4.5 that there are suffi-
ciently many linearly independent linear forms among them; this allows us in §4.6 to apply
Siegel’s linear independence criterion (recalled in §2.2) and deduce that

log v
log 8

Choosing appropriate parameters (namely r = 3.9, k = 10.58, w = 11.58, 2 € Q sufficiently
close to 3.9v/aloga, and h = 0.36 a) enables one to conclude the proof of Theorem 1 (see
§4.6 for details); recall that (1 — (—1)")Li;(—1) vanishes when i is even, and is equal to
2(27% —1)¢(i) when i > 3 is odd.

dimg Spang({1} U {(1 — (=1)")Li;(-1), 1 <i<a+h}) >1—

4.2 Expansion in polylogarithms

Lemma 4. For any p € {0,...,h} there exists a polynomial V,, € Q[X]| of degree at most
2rn such that, for any z € C with |z] =1 and z # 1,

Sup(2) = Vyl2) + 32 2R (1P O (Lices(1/2) = (<) Lig () ).

Proof of Lemma 4: To begin with, we let

Sl(z) =2 > FP) (4.12)

t=rn+1

for z € C, |z| > 1, z # 1. We have

sy = 3 Syl

t=rn+1 i=1 5=0

‘ o Zrn—f-i—j
S 3) MHEICUN P
i=1 j=0 =rn+1+j

since this series is convergent (because |z| > 1 and z # 1)
a n rn+j yn
ST l+j

= 2D el @ (i (1)~ 3 )

(=1

so that

S (2) = Vi) + 30 2 R) (< 1) () Lisip(1/2)

where (as defined above)

Pi(z) = Zcm-zj for1<i<a
=0

23



and

rn+j—1 n
o<l <
V] Z Zc” Y iy o € QL (4.13)
=1 j=0 t=0

Observe that the polynomials P; have degree at most n, and do not depend on p, whereas
V},[OO] depends on p and has degree at most (r + 1)n — 1.

On the other hand we consider, for z € C with |2| <1 and z # 1,
Swplz) = 27 Y FP(-)

= Z i - Cl7]<_1)p(l)p ZTTL+t
L 2l i
a n e ZTn+€+j

= D D (- )T Y

i=1 j=0 l=rn+1—j

a n . ‘ . rn—j Z'f’n-i-f-l—j
= S e P ) (L () - Y D)
i=1 j=0 =1
so that

Shn(2) +szp )P (i)p(—1)" P Li1p(2)

with the same polynomials P;, and

a n 2rn t
“X Y a0 Y g el (1
i=1 j=0 t=rn+j+1 J

Observe that Vp[o] has degree at most 2rn and is a multiple of 2™, Since S, ,(z) =
SV[LO;)](Z) - Sg),]p(z), we let V,(2) = V},[OO}(Z) — V},[O](z); this concludes the proof of Lemma 4.

4.3 Coeflicients of the linear forms

For any algebraic number &, we denote by |E| its house, i.e. the maximum modulus of its
Galois conjugates. To prepare the proof of Theorem 2 (see §4.7) we shall estimate the
coefficients of the linear forms in a slightly more general setting than what is needed in the
proof of Theorem 1.

Let 2o € Q be such that |z| > 1 and zy # 1; denote by ¢ € N* a denominator of z, i.e.
such that gzg € Og(s,) Where Og., is the ring of integers of Q(zp). For any k& > 1 we let

J
= gUrrntk=1 k=1 vkl @ k1)| ][CP]Z(zO) for0<i<a+h (4.15)
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where dj, is given by Proposition 2 in §3.2 with a replaced by a + h and n by (r + 1)n, and
the rational functions .ngj}i(z) are defined by Eq. (4.8). The special case needed in the
proof of Theorem 11is zy = —1, ¢ = 1; then Q(29) = Q and Og(,,) = Z, and E;Zii(zo) = E;",zl
(see Eq. (4.10)).

Lemma 5. We have E;’f,g’i(zo) € Oqg(z) for anyp € {0,...,h}, any i € {0,...,a+ h} and
any k > 1. Moreover, provided k < rkn with a fized k > r + 1 (independent from n), we
have as n — oo:

Kk+r+1

(51, (o) < B0 with 8 = x(8¢" (20 + 1))+ (qmax(L, fal, [T = =)
where x is defined by Eq. (4.1).

Proof of Lemma 5: We fix p and apply the results of §3.2. With respect to the notation
of that section, P;(z) is replaced with Qgp](z), a with a + h and n with (r + 1)n; recall that
deg QEP] <(r+1)nforanyiec{l,...,a+ h} (see Eq. (4.6) and the line following it). We
take ap = a3 = 1 in the notation of §3.2, so that Eqns. (3.3) and (4.8) are consistent. We

write
{ AQE2) = X gy i i > 1,

Zk_l(l _ Z)k;—l@%i}o(z) _ Zgrz—i&l)n—&-k—l Qk,o,jzj-

Then Eq. (4.15) reads

(r+1)n
n - — 6 r n_j .
() (z20) = 11— ) Y G _k1>'Qk,i,jq( g for 1<i<a+h, (4.16)
j=0 '
and
(r+1)n+k—1 5
(n) _ k D ntk—1 g
]:

To fit the notation of §3.2 we write also Q?}(z) = Zg:gl)" ¢ ;20 for 1 < i < a+ h.

Combining Eq. (3.5) with part (ii) of Proposition 2, we deduce that ﬁq&i,j € Z for any

k, i, j, since ¢, ;, € Z for any ', j'.

yield

Moreover, part (i2i) of Proposition 2 and Eq. (3.5)

Ok
s
for any k, i, j, with &, < (e*(2a + 1))ma&+Dn) according to part (i) — recall that

Proposition 2 is applied with a + h < 2a and (r + 1)n instead of a and n, respectively. We
deduce that

Ok
Mk—Uﬂ“J

S k2a+18maX(k,(T+1)n)5ka((fr’ + ]_)n —|— ]_) maX |C;/ ]/|
il g >

< k291 (8¢%(2a + 1))ma><(k7(7"+1)")a((r + 1)n + 1) max|c, -
Z/,j/ >
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Using Eqns. (4.16) and (4.17) we obtain éplm(ZO) € Oqs) for any 7 € {0,...,2a}, any
k>1and any p € {0,...,h}, and

|

b0l < R 20+ 1)) ECTINa((r 4 1n + k) max [ |
i’

. q(r-i-l)n-‘rk—l max(l, ,Z—O|(T+1 max(l ,—l 7,_|k 1

Now Eq. (4.6) and Theorem 4 yield max; ;[ ;| < (a)ax™1H°W) since h < a. Using the
assumption k£ < kn with Kk > r + 1, this concludes the proof of Lemma 5.

4.4 Asymptotic estimate of the linear forms

Let zy € Q be such that |zy| = 1; we shall take zy = —1 in the proof of Theorem 1, and
adapt the proof of Lemma 6 below in §4.7 to prove Theorem 2. Recall that §;, € N* has
been defined in Proposition 2 (in which a should be replaced with a+h and n by (r+1)n),
and x in Theorem 4.

Lemma 6. Assume thatr > 2, 0<p <h, and 2rn + 2 < k < kn, with k < w. Then we

have 5
G kl)'S,(Lkp D(z0)| < af ™M) with ap = xr~%(e*(2a + 1)),

Proof of Lemma 6: Recall that S, ,(z) = S,[f;](z) — S,[%(z) with the notation introduced
in the proof of Lemma 4. Taking the p-th derivative of Eq. (4.3) (sce §4.1) yields F,"(t) =

Py Qld(ﬁl—zp(d)p for |t| > n. By definition of SLOZ]( ) (see Eq. (4.12) in §4.2) we obtain

o0

o) _1 d
S = sz for [2] > 1, 2 # 1. (4.18)

t=rn+1 d=1

Now Theorem 4 asserts that F,(t) = O(|t|™“") as [t| — oo, so that 2; = 0 for any
de{l,...,wn—1}: the sum on d in Eq. (4.18) starts only at d = wn. Therefore we have
for any k£ > 1:

5k [00] (k—1) . k 1 > Qld t—rn—+ k—2 rn—t—k—+1
G )= T 2. Z td+p k-1 : ’

t=rn+1 d=wn

Since |z| > 1 and t? > 1 we obtain

) (b = (t—rn+k—2 2 o
T AalCIETY ol U (ORI =S

t=rn+1

We bound [24,| trivially (using Eq. (3.20)) for d > Qn, and we use assertion (iii) of
Theorem 4 for d such that wn < d < Qn. Therefore we have

<4 i (t_r:jlk_Q)( ) Zutd (4.19)

t=rn+1

Ok gloc](k-1)
SRS
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where
urg = (d)pd®(n/t)"*" max|c; ;| for d > Qn
Z7.7

and
urg = r(d),d(n/t) " max |¢; ;| for wn < d < Qn.
Z?]

Let us bound the term > 07 w4 in Eq. (4.19). For any d > Qn we have uy g1 /urg <
(145)-(1+2)*-1 < £ for any t > rn+1, provided n is large enough (using the assumption
that €2 > 0). Since r > 2 we obtain

3

o0 > d—n
DowaSuan 3, (3) <4V (n),(Qn)" max e (4.20)
d=0Qn d=0n ’

for any ¢t > rn + 1. On the other hand, for wn < d < QOn we have

Up g = r(“’_m”(d)pd“(rn/t)d_w” H%%X i j] < T(M_Q)"(Qn)p(ﬁn)a H}%X |cis]-
Combining this upper bound with Eq. (4.20) yields

D ra < (4 -+ (@ = w)n)r D (Qn), (Qn)" max e | < 7 (Qn o+ p)* P max| ey

d=wn

so that Eq. (4.19) implies

Ok [oo] (k—1) —Q n = t—rn+k—2\ /rn\wn
_ Tk Qoo < n a+p+1 o o
)(k — 1>!Sn,p (z)‘ <r7"(Qn+p) 5k<an;3X |Cw|> tTEnH k1 ( ; )

(4.21)

We let o = % so that 0 > 1. Let ¢ > rn; then we have t —rn+k—2 <t+(c—1)rn < ot
so that

t—rn+k—2\ /rn\wn—2 _ (ot)F1 srpywn—2 oh=L(rp)k=t  spnywn—k-1
i < — < — <
O [ e e S e =ty ‘

since 7t < 1 and kK + 1 < xn + 1 < wn; recall that (5 —1)! > (kgl)k_l, and orn =k — 1
by definition of o. This proves that

Ntk =2\t o
Z( E 1 )<T) < r*ne” /6. (4.22)

t=rn+1

Using Eq. (4.21), Theorem 4 and assertion (i) of Proposition 2 (where a is replaced with
a+ h < 2a and n with (r + 1)n), we obtain

O __ glacl(k-1) ()

s o <

0
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We now turn to Spp 0]k 1)(2) (recall that S, ,(2) = S,[Lp (z) — Sy[?p( )). As for S,[ﬁ;] above,

we have
oo

Ay (
S[O] Z Z d t pm+tfor|z|<1 z # 1,

t=rn+1 d=wn
so that, for any k > 2rn + 2,

) = Ay( ™+t _
(k_kl)'s J(k—1) _5k Z Z dtd+p p(k_l)zrnﬂ k+1.

t=k—1—rn d=wn

We have
O > rn4t\ /n\en e—
_ % glojk-1)(,| < (_)
el 2 ()67 R

with the same wu; 4 as above, so that

—5k [0)(k—1) —Qn atp+1 > rn +t NN\ wn
‘(k—l)!S"’P (2)] < 0w ™ (Qn 4 p)™ (Ir%?m’j’) 2 oy (7) '

t=k—1—rn
(4.23)
As above let 0 = % > 2; then for any ¢t > k — 1 — rn we have t > (0 — 1)rn so that
rn+t < -%5t, and

rn 4+t <m>wn2 < ( o )kltk—l ek—l <m>wn2
k-1 )\ = \o—1 (k— 1)1\ ¢
k—1 wn—1—k
< G (7)) =
o—1 t

since orn = k—1, 2 <1, k+1 < wn, and ¢ > 2. Using Eq. (4.23), Theorem 4 and
assertion (i) of Propos1t10n 2 as above, we obtain in the same way

Ok oloj(k—1 n(1+0(1))
‘WSL’]Z)( )( )‘ < O_/O .

Since ngp_l)(z) = Skﬁ}(k_l)(z) - S,[S]p(k_l)(z), this concludes the proof of Lemma 6.

4.5 Multiplicity estimate

In this section we apply the multiplicity estimate stated in §2.3 to prove Proposition 3
below, which provides sufficiently many linearly independent linear forms to apply Siegel’s
linear independence criterion.

To state Proposition 3, recall that Pi(z) = >_7_ ¢ 2/ for 1 <i < a. Since the integers
¢;; are not all zero, we may consider

b=max{i € {1,...,a}, 35 €{0,...,n}, ¢;; # 0}
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Then we have 1 <b <a, P, # 0, and Pyyy = ... = P, = 0. Eqns. (4.6), (4.8) and (4.10)
show that Q¥(z), Ef]z(z) and E;"k)m all vanish when b+p+1 < i < a+ h: Eq. (4.11)
becomes a linear form in 1 and the numbers (1 — (—1)")Li;(—1) for 1 <7 < b+ h, namely

_ 619 — n adl .

(—2)F lmsﬁfp V(-1 5( fes prm (1= (=1)")Li(-1) (4.24)
with 2rm + 2 < k < kn and 0 < p < h. The followmg multiplicity estimate provides
b+ h + 1 linearly independent linear forms among them.

Proposition 3. Assume that (h+1)(k—2r)4+w > a, and that n is sufficiently large. Then
there exist integers ko, ..., kyrn € {2rm+2,...,kn} and po, ..., posn € {0,..., h} such that

() S
pj,kj,i]OSiJSbJrh 18 invertible.

the matriz [¢
In this result, the pairs (p;, k;) are obviously pairwise distinct but the integers p; (and

possibly also k;) are repeated.

Remark 1. Let us comment on the assumption (h + 1)(k — 2r) + w > a. To explain
how necessary it is, we claim that if (h + 1)(k — 2r) + w < a then our approach cannot
even exclude the case where (1 — (—=1)")Li;(—=1) € Q for any 1 < i < a+ h. The point
is that the coefficients c; ; are provided by Siegel’s lemma: they are not explicit, and the
only property we can reasonably use in a multiplicity estimate is that F,(t) = O(t~“") as
[t| — oo (see Theorem 4). This amounts to wn + O(1) linear equations in the unknowns
¢ ;, where O(1) denotes a term that is bounded uniformly with respect to n. Assuming that
(1—(=1))Li;(—1) € Q for any 1 <i < a+ h, we claim that all linear forms (4.24) may
vanish, for any 2rn+2 < k < kn and any 0 < p < h. Indeed this would mean that the
integers c; j are solution of a linear system of (h+1)(k —2r)n+wn+O(1) linear equations
with rational coefficients (see Eqns. (4.10), (4.6) and (4.4)). If (h+ 1)(k —2r)+w < a
and n s sufficiently large, this system has fewer equations that the number of unknowns
c;; (namely, a(n + 1)): there is a family of integers c¢; ;, not all zero, that satisfy these
equations. We see no reasonable way to prove that Theorem 4 does not provide this family;
and if it does, all linear forms we are interested in vanish. Therefore we cannot hope to
reach any contradiction if (h+1)(k — 2r) + w < a.

In this section we prove Proposition 3. To get ready for §4.7 (where the proof of
Theorem 1 is adapted to prove Theorem 2), we let zyp = —1 in this section. The proof
works with any zo € Q, provided z, & {0, 1}.

Proposition 3 means that the matrix [EI(D ,3 ;], with rows indexed by 7 and columns indexed

by (p, k), has rank equal to b + h + 1. Assume on the contrary that it has rank at most
b+ h. Then there exist zg, ..., Tprn, not all zero, such that Ziﬁg I(,,zz X
pc{0,...,h} and any k € {2rn +2,...,kn}, with z¢, ..., 2s., € Q because the matrix

has coefficients in Q. Using Eq. (4.10) we obtain

b+h
ZQ,“ZO ;=0 forany k € {2rn+2,...,kn} and any p € {0,... h}. (4.25)

= 0 for any
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Throughout the proof of Proposition 3 we fix a small open disk centered at zy, contained
in C\ {0,1}; all functions of z we consider will be holomorphic on this disk. We define

functions go(2), ..., grrn(z) inductively as follows: go(z) is the constant function equal to
7o; g1(2) is defined by g1(2) = 21 and g{(2) = Z(Zl“z and for 2 <i < b+ h,
1

9i(%0) = v; and gj(2) = —;9171(2)-

In other words, the functions go(2), ..., gpin(2) obey the same differentiation rules as the
functions 1 and Li;(1/2) — (=1)‘Li;(z), 1 <4 < b+ h: the corresponding vectors Y are
solutions of the same underlying differential system Y’ = AgY with Ay € My, p11(Q(2)).
Since zp ¢ {0, 1}, the point z; is not a singularity of this system.

We consider, for any p € {0,...,h}, the function

bth
fol2) = Tp(=) + D QP (:)gi(2) (4.26)
i=0
where T),(2) € Q[z]<am is chosen so that f,(z) = O((z — 20)*™*!) as z — z, (namely,

—T,(2) is the Taylor approximation polynomial of degree at most 2rn of Zb+h QLP (2)g:(2)
around 2g).

Step 1: Vanishing of f,(z) with order at least xn at 2.
We claim that for any p € {0,...,h} we have

fp(2) = O((z — 20)™") as z — 2. (4.27)

Indeed the definition of Q[p ]( ) in Eq. (4.8), intended to compute derivatives of linear
forms in the functions 1 and Li;(1/2) — (—1)'Li;(2), 1 < i < b+ h (see Eq. (4.7)), can
also be used for linear forms in go(z), ..., grrn(z) because they satisfy the same rules of
differentiation. Therefore we have

b+h

flgk’l)(z) )+ Z Q[p] ) for any k > 1.

For any k € {2rn +2,...,kn}, Eq. (4.25) yields fékil)(zo) = 0 since ¢;(z9) = x; and
deg T, < 2rn. This concludes the proof of Eq. (4.27).

Step 2: Defining new polynomials and functions.

The strategy of the proof of Proposition 3 is to apply Shidlovsky’s lemma. The problem
for now is that the functions f, are not ready for this: the polynomials Ql[p } (z) in Eq. (4.26)
should be independent from p. Their dependence in p is rather weak (see Eq. (4.6)), and
we shall overcome this difficulty now (see Eqns. (4.31) and (4.32)).

30



We consider the functions g,(z) defined by:

q
q _
04(2) = Z (p) (—logz)7Pf,(z) for ¢ € {0,...,h}; (4.28)
p=0
here and throughout §4.5, logz can be seen formally. We define also v, .., Yptn,q for

q€{0,...,h} by:

Yig(2) = 0for0<i<h—q-—1

vig2) = Grigy(—logz)*ehforh—g<i<h (4.29)
Yig(2) = Z 0 ( )( log 2)?P(—=1)P(i — h)pGi—hip(z) for h+1<i<b+h

and the following polynomials Sy, ..., Spin € @[2] <orn!

Si(z) = ﬁTh,i(z) for0<i<h
(4.30)

Si(z) = 2P _p(z)forh+1<i<b+h.

Then we have for any g € {0,...,h}:

0(z) = Z(Z)( log )~ T3z _pfid“ 2)i(2) )

using Eqns. (4.26) and (4.28), since Ql[p](z) =0ifi<pori>b+p+1
b

- i (Z)(—logz )P (2 Z( ) ~1og 2)7" " 2 By(2) (=1 (i) gip(2)

p=0 i=1
using Eq. (4.6)
h 1 J
— - ) I M S i+q—h
i;q o - g Ty (e
bth
3 P9y (1) - tom) -1 = 110002
i=h+1 p=0 p
so that
bth
04(2) = D Si(2)yia(2) (4.31)
i=0

by definition of S;(z) and y;4(z). The point in writing g,(z) in this way is that the
polynomials S;(z) are independent from p (or q).
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Step 3: A differential system independent from p (or q).

The construction in Step 2 has an important feature: the vectors Y, = “(Yo.45 - - - Ub+hqg)
are solutions of the same differential system, independent from ¢. This is what we shall
prove now.

In precise terms, we claim that for any ¢ € {0,...,h} we have:
Ui (2) = —Lyi14(2) for 1 <i < b+ hsuch that i # h+1
y;LJrl,q(Z) = é—Hz)yh q(z) (4'32)
Yoq(2) = 0.

We shall check this property now by considering successively various ranges for . If i = 0,
we have yp,(2) = 0if ¢ < h —1 and you(z) = hl. If 1 < i < h—¢q— 1 we have
Yig(2) = yic14(2) = 0. If i = h — ¢ then y;,(2) = ¢! and y;_1,(2) = 0. In the case
where h — ¢+ 1 < i < h, the derivative of y;,(z) = (i#!_w(—log 2)"a" is equal to

iﬁ( log z)T7h=t = —1y, | (2). When i = h+ 1 the derivative of y; 4(2) can
be computed as follows:

Yni14(2) = i() (—l(q p)(—log2)~ gp+1(2)+(—logZ)q*pg;H(Z))
1,

:Z<

+Z (1= log2)" gy (2)) + (~Tog )"

M

= p—l (—1)P(=1log )" P gpia(2)

z+1
2(1—2)

)
since g, 1(2) = —%gp(z) for p > 1, and ¢}(2) = -2t
)

z(1—z)
B z+1 (2
o z2(1-2) Yhal®

since the two sums inside the bracket are opposite of each other. At last, for h+2 < i < b+h
we have a similar computation:

Yig(2) = (Z (=1)” = Ry (—log 2)T ™ gi pip(2)

= q p—l p!
d q! p(l_h)p a-p
+p=0 (Q—p)!<_1) T(_logZ) giihﬂofl(z))
1 q | i—hp_l i_hp
= s M OGS

1

where (pf)"! should be understood as 0 for p = 0. Now — for

(i=h)p—1 + (i=h)p _ (izh=1)p
(p—1)! p! p!
any p > 0, so that y; (2) = Zyl,l,q( z). This concludes the proof of the claim.

32



Step 4: Linear independence of the functions oq, ..., op-

Recall that g, was been defined in Step 1 by Eq. (4.28), for ¢ € {0,...,h}. Let us
prove that these functions are linearly independent over C. Let Ao, ..., A\, € C be such
that ZZ:O Ag04(2) = 0. Then Eq. (4.31) yields

b+h

Z Si(z Z Ag¥iq( (4.33)

Now let y;(z) = ZZ:O AViq(z) for 0 < i < b+ h. Then Eqns. (4.32) yield y,(z) = 0,
Ypa(2) = %yh(z), and y/(z) = —2y;_1(z) for any i € {1,..., b+ h}\ {h+1}.

Assume that Ag, ..., A, are not all zero. Let ¢o be the maximal index ¢q € {0,...,h}
such that A, # 0. Then Eqns. (4.29) yield yn—q,(2) = > 020 Ag¥n—g0.4(2) = Agoq0! # 0 and
yi(2) =0 for 0 <i < h—gqy— 1. We write ig = h — qo, so that y;,(2) = A,q! # 0 and
yi(2) = 0 for 7 < 4.

We shall prove by decreasing induction on « € {ig,...,b+ h} that there exist polyno-
mials Ug g, - - -, Ua,q such that

Ua.o is not the zero polynomial and Z Uai(2)yi(2) =0 for any z € D, (4.34)
i=ig
where D is the open disk we have chosen around z,. This is true for « = b + h by
definition of iy, upon letting Upypi(2) = Si(2): recall that Syip(2) = 2" Py(2) is not the
zero polynomial (by definition of b at the beginning of §4.5), and that (4.33) holds. Assume
that (4.34) holds for some a € {ig+1,...,b+h} and denote by d the degree of U, . Then
the (d 4 1)-th derivative of the zero function can be written as

S — )b d+1<ZUaz 2)yi(z > ZUQU 2)yi(z

=i =10

for some polynomials U, ;, using the expression of y/(z) in terms of y;_;(z) deduced above
from Eqns. (4.32); notice that y,(z) does not appear any more since Uc(zfl; Y —o. Moreover,

(@)
if @ # a+1then Uy _14-1(2) = 2471 — )d“(U(dle (2) — %22(d + 1)) is not the zero

a,a—1

polynomial because U(g‘i)y is a non-zero constant; if @ = h + 1 then ¢/ (z) = (ZlHZ) Ya—1(2)

UC(xd())t . (z—&-l)Uédgz : :
so that —=2= has to be replaced with Sy n the previous formula. In both cases this
concludes the inductive proof of (4.34) for all a € {ip,...,b+ h}.
Now for o = iy we obtain Uy, ;,(2)y;,(2) = 0 for any z € D, where U, ;, is not the zero
polynomial and y;,(2) = Ay qo! # 0. This contradiction concludes the proof of the claim.

Step 5: Defining linearly independent functions g, ..., 0p.
Consider, for g € {1,...,b}, the functions y; 3 defined by

{gi,g(Z)ZOforogigh_i_g_l

Yip(2) = % for h+B8<i<b+h (4.35)
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They satisfy the differential system (4.32); we define

b+h b+h o b .
—logz)Z h=8 (—log2)=*
Si(2)y; 2Py (2)——— = 2"MP(z)————.
= LS = 2 PG e = 2R
(4.36)
Let us prove that the functions g1, ..., g, are linearly independent over C. Let Ay, ...,

Ay be complex numbers, not all zero, such that 2221 As03(z) = 0. Denote by f, the least
index 8 such that Ag # 0. Then we have the following C[z]-linear relation between powers

of log z:
Z Z Mg Py (2) 18 (Flog2)™? _,
( p)!

B=Bo i=p

Since log z is transcendental over C|z], the coefficient of (log 2)°~% has to be zero: Ag, Py(2) =
0. Since Ag, # 0 and P, is not the zero polynomial (by definition of b, see the beginning
of §4.5), this is a contradiction. This concludes the proof that g1, ..., g, are linearly
independent over C.

Step 6: Application of Shidlovsky’s lemma.

Let us apply the general version of Shidlovsky’s lemma stated as Theorem 3 in §2.3.
We let N = b+ h+ 1 and consider the matrix A € My(Q(z)) that corresponds to the
differential system (4.32). The polynomials Sy,..., Sy, are defined by Eq. (4.30); we
have deg S; < m with m = 2rn (recall that r > 1, deg7}, < 2rn and deg P, < n). We let
¥ ={0,1,00, z0}; recall that zq & {0,1}. Let us start with the vanishing conditions at z.

Eq. (4.31) reads R(Y;)(z) = 04(2) for any ¢ € {0, ..., h}, where Y; = “(y04(2),- - -, Yprnq(2))
is a solution of Y’ = AY. The functions y; ,(z) are analytic at 2z (since zo ¢ {0,1}), and
the remainders R(Y,)(z) = 04(2), for g € J,, = {0,...,h}, are linearly independent over C
(as proved in Step 4). Moreover we have proved in Step 1 that f,(z) = O((z — 20)"") as
z = 29, so that R(Y,)(z) = O((z — 20)"") for any ¢ using Eq. (4.28). Therefore we have

> ord,, (R(Y;)) = (h+ 1)kn. (4.37)

J€dz

Let us consider now the points 0 and co. We let Jy = Jo, = {1,...,b}, and for § in this
set we let Y5 = (Jo.5(2), .. Josns(z)) where the functions J; 5(z) have been defined in
Step 5. Then R(?g)(z) = 0p(%) is given by Eq. (4.36); as proved in Step 5, the functions
R(Y1), ..., R(Y,) are C-lincarly independent. Recall from Eq. (4.30) that S;(z) = O(2™)
as z — 0, and deg S; < (r+1)n, for any i € {h+1,...,b+ h}. Therefore Eqns. (4.35) and
(4.36) yield g3(2) = O(2™(log 2)*7!) as z — 0, and gg(z) = O((1/2)~C+Y7(log(1/2))" )
as z — 00, so that

Z Z ord, ( ) > brn —b(r 4+ 1)n = —bn; (4.38)

oe{0,00} BEJ
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recall that logarithmic factors have no influence on the order of vanishing, e.g. ordy(z¢(log 2)") =
Re(e) for e € C and ¢ € N.
At last, we let J; = 1 and notice that R(Y;)(z) = 81(2) defined by Eq. (4.36) is equal
to 2" R, (z), where R,(z) is defined in Eq. (3.22) (recall that Py.i(2) = ... = P,(z) = 0).
The proof of Theorem 4 (namely (i74) in §3.5) shows that R, (z) = O((z—1)“""1) as z — 1;
therefore we have
ord; (R(Y1)) > wn —1 (4.39)

where R(Y]) is not the zero function (see Step 5).
Combining Eqns. (4.37), (4.38) and (4.39), Theorem 3 yields

((h+1)/~€—b+w>n—1 <@2rn+1)(p—>0)+ ¢

where ¢; depends only on b, h, 2y (but not on n), and p is the minimal order of a non-
zero differential operator L such that L(R(Y)) = 0 for any solution Y of the differential
system Y’ = AY. Now as in [26] we have u < b+ h + 1. Since n is assumed to be
sufficiently large (in terms of b, h, w, r, zo and &, and also therefore in terms of ¢1), we
obtain (h+1)(k — 2r) + w < b. Since b < a, w > 0 and (h+ 1)(k — 2r) + w > a, this is a
contradiction.

4.6 End of the proof

Let a be sufficiently large. In Theorem 1 the numerical constant 0.21 can be replaced
(as the proof will show) by a slightly larger real number. Therefore in the proof we may
assume that a is a multiple of 100. Then we choose r = 3.9, kK = 10.58, w = 11.58, 2 € Q
sufficiently close to 3.9v/aloga, and h = 0.36 a € N, so that (h+1)(k —2r) +w > a. Here
and below all numerical constants are rounded with precision 0.01.

We consider zg = —1 and choose ¢ = 1, so that gzy € Z. We denote by N the set of all
sufficiently large integers n such that rn, kn, wn and Qn are integers. For any n € N we
consider the integers c; ; provided by Theorem 4, and we define b as in §4.5, namely

b=max{i € {1,...,a}, 35 €{0,...,n}, ¢;; # 0}.

Proposition 3 provides integers ko, . . ., kpin, € {2rn+2,...,kn}and po,...,ppn €{0,...,h}
such that the matrix [ﬁg?kﬂ]ogdgwh is invertible. Lemma 5 asserts that EZ(Z,)W € Z for
any 7, j, and

g(”)

Dpj 7kj7i

< gr+o) with g — X(863(2a i 1)>H T+

where x is defined by Eq. (3.2) in Theorem 4, namely

wlog2 + 3w? 4+ w?log(a + 1) + Q% logr

X = exp ( )
a—w

Now we have (using Eq. (4.11) and the definition of b, see the beginning of §4.5)

bth
n n i . - 5k -
ezf,j?kj70+zg;j,’kj7i<1 —(~1) )Lli(—1) _ (—2)k IWS’(LI’C’J’ D(_1),
i—1
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Since k; < kn for any j, we may apply Lemma 6 and deduce that

b+h
000+ D0 (1= (F1)La(=1)| < 040 with @ = 2% = xr~2(26*(2a + 1)),
=1

Finally, Siegel’s linear independence criterion (see §2.2) applies to the ﬁg?kjvi forn € NV,

with @, = " and 7 = —}gég (so that @, 7 = ™), and yields

log
log B

Now recall that a is large enough, r = 3.9, k = 10.58, w = 11.58, Q € Q is close to
3.9v/aloga, and h = 0.36 a. As a — oo the formulas above yield?

dimg Spang({1,log 2} U {¢(7), 3<i<a+h,iodd}) > 1—

(4.40)

O%logr

log x ~ ~ 10.35log a,

log B ~logx + kloga ~ 20.93loga, loga~ —Qlogr ~ —5.31v/aloga

log o [ a
1-— ~ 0.25 .
log 8 log a
Now we have /- ~ 0.86,/ loga(ﬂh) so that

log o a+h
_ 08 L gar, 2t
g8 = VN foga 1)

so that

1

provided a is large enough; here the additional 1 in the right hand side accounts for the
number log 2 in the left hand side of (4.40), that we want to get rid of. Taking s = a+ h
this concludes the proof of Theorem 1.

Remark 2. It follows from the computations above that, as s = a + h tends to oo,

logar ~ —4.55y/slogs and log (8 ~ 20.93log s.

Remark 3. The proof allows one to compute effectively an integer so such that the con-
clusion of Theorem 1 holds for any s > sg.

2
2In the first estimate, the real number 10.35 should be understood as an abbreviation for %g(&g) =

10.3502. ... The same remark applies to the following estimates, and in similar situations below and in
§4.7.
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4.7 The case of polylogarithms: proof of Theorem 2

To prove Theorem 2, we follow the proof of Theorem 1 except that we consider Sr[{f;](z)
(defined in Eq. (4.12)) instead of S, ,(z). Therefore Eq. (4.9) becomes

a+h
Sr[f,;](k_l)( ) + Z Q z)Li;(1/z) for any k > (r + 1)n + 1. (4.41)

The point here is that (with the notation of the proof of Lemma 4 in §4.2) we have
deg Vp[oo} < (r+1)n—1 and deg V},[O} < 2rn. In the proof of Theorem 1 we had to restrict to

integers k > 2rn + 2 so that (V) — VI?)(#=1) = 0, whereas to prove Theorem 2 assuming

k-1
k> (r+1)n+ 1 is enough to ensure that V}D[OO}( ' 0.

Let zp € Q be such that |z9| > 1 and 2y # 1; denote by ¢ € N* be a denominator
of 2y, i.e. such that gzy € Og(s,) where Og(., is the ring of integers of Q(zp). For any
k> (r+1)n+1 welet

n r n+k— — _ (5 .
() (z0) = g FOP RIS (L 1(k _k1)' D(z)for0<i<a+h

where Jj, is given by Proposition 2 in §3.2 with a replaced by a + h and n by (r + 1)n;
in the setting of §3.2 we take ay = 0 and oy = 1 in the recurrence relation (3.3), to
fit the differential system satisfied by the functions 1 and Li;(1/z). Then following the
proof of Lemma 5 (with only one difference: for i = 0, due to the value of (ap, ay)) yields
E( n) (Zo) S OQ (20) and

p,k,i
>n+r+1

€ (z0)] < B0 with By = X(8e3(2a n 1))” - (qmax(l,lz_o|, T— %))

provided k£ < kn and k > r 4+ 1. Moreover Eq. (4.41) yields

r+1)n GOk D) " A, .
g L= ) S () = Ge(e) + D60 (o)LL )
' i=1

for any k > (r + 1)n + 1. Following the proof of Lemma 6 we deduce that

r n — — — 5k’ o0 (k_l) n o
gUrHDmHb=1 kL] ke ST[W] (ZO>‘ < a1(1+ (1))
(k—1)!

with
ar = xr~ g™ (€' (2a + 1)glz0(1 = 2)])".
Then we adapt Proposition 3, assuming that (h+ 1)(k —r — 1) + w > a and considering

integers k such that (r + 1)n + 1 < k& < kn. This enables us to apply Siegel’s linear
independence criterion and deduce that

. _ | ! 1
dimg(z,) Spang.,) ({1} U {Lii(1/20), 1 <i < a+h}) 2 m<1 - 12?2)‘
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Our choice of parameters is the same as in §4.6, except for numerical constants. The only
difference is that the assumptions x > 2r and (h+1)(k —2r) +w > a in §4.6 are weakened
here tox > r+1and (h+1)(k—r—1)4w > a. We choose r = 5.3, k = 8.8343, w = 9.8343,
Q € Q sufficiently close to 3.3v/aloga, and h = 0.3946 a € N (assuming that 10* divides
a), so that (h+ 1)(k —7 — 1) + w > a. As in §4.6 we have, as a — oc:

log x ~ 9.08071oga, logpB, ~17.915loga, loga; ~ —5.5034+/aloga

log ay a+h
1-— > 0264 ——=
log 81 — \/ log(a + h)

provided a is large enough. This concludes the proof of Theorem 2.

so that

Remark 4. If 2 ¢ R then we have [Ky, : R] = 2 in the notation of Proposition 1, so that
the constant 0.26 may be replaced with 0.52 in Theorem 2.
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